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Principal subspace

g simple Lie algebra of type Xl

g̃ = g⊗C[t , t−1]⊕Cc⊕Cd affine Kac-Moody Lie algebra of type X (1)
l

[x(j1), y(j2)] = [x , y ] (j1 + j2) + 〈x , y〉 j1δj1+j2,0c, [d , x(j)] = jx(j),
where x(j) = x ⊗ t j for x ∈ g and j ∈ Z
ñ+ = n+ ⊗ C[t , t−1], n+ = ⊕α∈R+nα, nα = Cxα

V highest weight g̃-module with highest weight vector v

Principal subspace of V

WV := U(ñ+)v
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Modules of affine Lie algebra
k ∈ N

N(kΛ0) - generalized Verma module

N(kΛ0) = U(g̃)⊗U(g̃+) CvN(kΛ0)

PBW∼= U(g̃−)

g̃+ =
⊕

n≥0(g⊗ tn)⊕ Cc ⊕ Cd , g̃− =
⊕

n<0(g⊗ tn) - subalgebras
of g̃
1⊗ vN(kΛ0) = vN - highest weight vector
a vertex operator algebra with a vacuum vector vN

L(kΛ0) - standard (integrable highest weight) g̃-module

vL - a highest weight vector of L(kΛ0)

simple vertex operator algebra
every level k standard g̃-module is L(kΛ0)-module
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Quasi-particles

αi , 1 ≤ i ≤ l ,

xαi (z) =
∑
m∈Z

xαi (m)z−m−1 = Y (xαi (−1)vN , z)

xαi (m) - quasi-particle of color i , charge 1 and energy −m

r ∈ N, m ∈ Z

Quasi-particle of color i , charge r and energy -m

xrαi (m) =
∑

m1,...,mr∈Z
m1+···+mr =m

xαi (mr ) · · · xαi (m1)

xrαi (z) = Y (xαi (−1)r vN , x) =
∑
m∈Z

xrαi (m)z−m−r
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Character of the principal subspace

V = N(kΛ0) or V = L(kΛ0)

h̃ = h⊕ Cc ⊕ Cd the Cartan subalgebra

(WV )−mδ+r1α1+...+rlαl the weight subspaces of WV with respect to h̃

Character of the principal subspace

ch WV =
∑

m,r1,...,rl≥0

dim (WV )−mδ+r1α1+...+rlαl q
m

l∏
i=1

y ri
i
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Motivation

principal subspaces were first introduced and studied by
Feigin-Stoyanovsky

B. Feigin and A. Stoyanovsky, Quasi-particles models for the
representations of Lie algebras and geometry of flag manifold;
arXiv:hep-th/9308079.

if g̃ is of type A(1)
1 we have a connection of ch WL(Λi ), i = 0,1 with

Rogers-Ramanujan identities

ch WL(Λ0) =
∑

r≥0
qr2

(q;q)r
=
∏

i≥0
1

(1−q5i+1)(1−q5i+4)
, where

(q; q)r =
∏r

i=1(1− q i )

ch WL(Λ1) =
∑

r≥0
qr2+r

(q;q)r
=
∏

i≥0
1

(1−q5i+2)(1−q5i+3)
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Motivation
G. Georgiev constructed combinatorial bases of principal
subspaces of L(k0Λ0 + kjΛj) of A(1)

l

G. Georgiev, Combinatorial constructions of modules for
infinite-dimensional Lie algebras, I. Principal subspace, J.
Pure Appl. Algebra 112 (1996), 247–286;
arXiv:hep-th/9412054.

ch WL(k0Λ0+kj Λj ) =
∑

r (1)
1 >···>r (k)

1 >0

q
∑k

t=1 r (t)2

1 −
∑k

t=1 r (t)
1 δ1,jt

(q; q)
r (1)
i −r (2)

i
· · · (q; q)

r (k)
i

yn1
1

· · ·

∑
r (1)
l >...>r (k)

l >0

q
∑k

t=1 r (t)2

l −
∑k

t=1 r (t)
l−1r (t)

l −
∑k

t=1 r (t)
l δl,jt

(q; q)
r (1)
l −r (2)

l
· · · (q; q)

r (k)
i

ynl
l ,

where ni =
∑k

t=1 r (t)
i for i = 1, · · · , l .
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Characters of principal subspaces WL(kΛ0)

Characters of the principal subspace WL(kΛ0)

For any untwisted affine Lie algebra g̃ and for any integer k > 1 we have

chWL(kΛ0) =
∑

r (1)
1 ≥···≥r (k1)

1 ≥0...
r (1)
l ≥···≥r

(kl )

l ≥0

q
∑l

i=1
∑ki

t=1 r (t)2

i −
∑l

i=2
∑k

t=1
∑µi−1

p=0 r (t)
i′ r(µi t−p)

i∏l
i=1(q)

r (1)
i −r (2)

i
· · · (q)

r
(ki )

i

l∏
i=1

yni
i ,

where ni =
∑

t≥1 r (t)
i for i = 1, . . . , l , µi = ki

k ′i
,

ki =
2k
〈αi , αi〉

and where

i ′ =


l − 2, if i = l and g = Dl ,

3, if i = l and g = E6,E7,

5, if i = l and g = E8,

i − 1, otherwise.
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Motivation

WN(kΛ0) = U(ñ+)vN

ñ<0
+ = n+ ⊗ t−1C

[
t−1]

Isomorphism of ñ<0
+ -modules

WN(kΛ0)
∼= U(ñ<0

+ )

if g̃ is of type A(1)
1 , then

ch WN(kΛ0) = 1∏
m≥0(1−yqm) = 1 +

∑
r (1)
1 ≥···≥r (m)

1 ≥···≥0
m≥1

q
∑m

t=1 r (t)2

(q; q)r (1)−r (2) · · · (q; q)r (m)

y r

generalization of the theorem of Euler and Cauchy:

1
(yq)∞

=
∞∑

m=0

qm2
ym

(q)m(yq)m
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Main result

Identites from the characters of WN(kΛ0)

For any untwisted affine Lie algebra g̃ we have
1∏

α∈R+
(α; q)∞

=

=
∑

r (1)
1 ≥···≥r (m)

1 ≥···≥0...
r (1)
l ≥···≥r (m)

l ≥···≥0

q
∑l

i=1
∑

t≥1 r (t)2

i −
∑l

i=2
∑

t≥1
∑µi−1

p=0 r (t)
i′ r(µi t−p)

i∏l
i=1
∏

j≥1(q)
r (j)
i −r (j+1)

i

l∏
i=1

yni
i ,

where ni =
∑

t≥1 r (t)
i for i = 1, . . . , l , µi = ki

k ′i
,

ki =
2k
〈αi , αi〉

and where

i ′ =


l − 2, if i = l and g = Dl ,

3, if i = l and g = E6,E7,

5, if i = l and g = E8,

i − 1, otherwise,

(α; q)∞ = (qya1
1 ; q)∞ · · · (qyal

l ; q)∞

(qya1
1 ; q)∞ =

∏
r≥1

(1− qya1
1 qr−1),

α =
∑l

i=1 aiαi , and the sum on the right hand side of goes over all descending infinite sequences of nonnegative integers with
finite support.
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Principal subspace WL(Λ0) of F (1)
4

◦
α1
− ◦
α2
⇒ ◦
α3
− ◦
α4

g = n− ⊕ h⊕ n+

nα = Cxα, α ∈ R+

n+ = ⊕α∈R+nα

WL(Λ0) = U(ñ+)vL ⊂ L(Λ0)

Lemma

WL(Λ0) = U(ñα4)U(ñα3)U(ñα2)U(ñα1)vL

ñαi = nαi ⊗ C[t , t−1]
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Quasi-particle monomials

xn
r(1),iαi (mr (1),i ) · · · xn2,iαi (m2,i)xn1,iα1(m1,i)

color-type ri ;
∑r (1)

i
p=1 np,i = ri

charge-type
(

nr (1),i , . . . ,n1,i

)
; 0 ≤ nr (1),i ≤ · · · ≤ n1,i ,

dual-charge-type (r (1)
i , r (2)

i , . . . , r (s)
i );

r (1)
i ≥ r (2)

i ≥ . . . ≥ r (s)
i ≥ 0,

s∑
p=1

r (p)
i = ri

r (1)

r (2)

r (3)

r (4)

n4 n3 n2 n1
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Principal subspace WL(Λ0) of F (1)
4

VOA relations on L(Λ0) (Dong-Lepowsky, Li, Meurman-Primc):

x2αi (z) = 0⇒ x2αi (m)vL = 0, m ∈ Z, 1 ≤ i ≤ 2
x3αi (z) = 0⇒ x3αi (m)vL = 0, m ∈ Z, 3 ≤ i ≤ 4

b(α4) · · · b(α1)vL

xn
r(1)
4 ,4

αl (mr (1)
4 ,4

) · · · xn1,4α4(m1,4) · · · xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1)vL

n
r (1)
i ,i
≤ . . . ≤ n1,i ≤ 1, 1 ≤ i ≤ 2

n
r (1)
i ,i
≤ . . . ≤ n1,i ≤ 2, 3 ≤ i ≤ 4

· · · · · · · · · · · ·
vL
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Difference conditions for i = 1

xα1(m
r (1)
1 ,1

) · · · xα1(m2,1)xα1(m1,1)

m1,1 ≤ −1 initial condition

mp+1,1 ≤ mp,1 − 2, 1 ≤ p ≤ r (1)
1 difference two condition

Relation among quasi-particles of the same color

x2α(z) = 0⇒

⇒
∑

m1+m2=−2m

xα(m1)xα(m2) = 0,
∑

m1+m2=−2m−1

xα(m1)xα(m2) = 0
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Difference conditions for i = 1

mp,1 ≤ −1− 2(p − 1), 1 ≤ p ≤ r (1)
1

(q; q)r =

=
∑
m≥0

{ number of partitions of m with at most r parts}qm

r (1)
1∑

p=1

(−1− 2(p − 1)) = r (1)
1

2

contribution to the character:∑
r (1)
1 ≥0

qr (1)
1

2

(q; q)
r (1)
1

y r (1)
1
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Difference conditions for i = 2

xα2(m
r (1)
2 ,2

) · · · xα2(m1,2)xα1(m
r (1)
1 ,1

) · · · xα1(m2,1)xα1(m1,1)

mp+1,2 ≤ mp,2 − 2, 1 ≤ p ≤ r (1)
2 difference two condition

mp,2 ≤ −1 + r (1)
1 , 1 ≤ p ≤ r (1)

2

Relation among quasi-particles of different colors

r (1)
2∏

p=1

r (1)
1∏

q=1

(1−
zq,1

zp,2
)xα2(z

r (1)
2 ,2

) · · · xα2(z1,2)xα1(z
r (1)
1 ,1

) · · · xα1(z1,1)vL

∈
r (1)
2∏

p=1

z−r (1)
1

p,2 WL(Λ0)

[[
z1,1, ..., zr (1)

2 ,2

]]
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Difference conditions for i = 2

xα2(m
r (1)
2 ,2

) · · · xα2(m1,2)xα1(m
r (1)
1 ,1
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r (1)
2∏

p=1

r (1)
1∏

q=1

(1−
zq,1

zp,2
)xα2(z

r (1)
2 ,2

) · · · xα2(z1,2)xα1(z
r (1)
1 ,1

) · · · xα1(z1,1)vL

∈
r (1)
2∏

p=1

z−r (1)
1

p,2 WL(Λ0)

[[
z1,1, ..., zr (1)

2 ,2

]]
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Difference conditions for i = 2

mp,2 ≤ −1− 2(p − 1) + r (1)
1 , 1 ≤ p ≤ r (1)

2

contribution to the character:

∑
r (1)
2 ≥0

qr (1)
2

2
−r (1)

1 r (1)
2

(q)
r (1)
2

y r (1)
2
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Difference conditions for i = 3

xn
r(1)
3 ,3

α3(m
r (1)
3 ,3

) · · · xn1,3α3(m1,3)xα2(m
r (1)
2 ,2

) · · · xα2(m2,2)xα2(m1,2)

mp,3 ≤ −np,3

x3α3(z) = 0
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Difference conditions for i = 3

xn
r(1)
3 ,3

α3(m
r (1)
3 ,3

) · · · xn1,3α3(m1,3)xα2(m
r (1)
2 ,2

) · · · xα2(m2,2)xα2(m1,2)

mp,3 ≤ −np,3
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Difference conditions for i = 3

Relation among quasi-particles of different colors

r (1)
3∏

p=1

r (1)
2∏

q=1

(1−
zq,1

zp,2
)min{2nq,2,np,3}xα3(z

r (1)
3 ,3

) · · · xα3(z1,3)

xα2(z
r (1)
2 ,2

) · · · xα2(z1,2)vL

∈
r (1)
3∏

p=1

z
−

∑r(1)
2

q=1 min{2nq,2,np,3}
p,2 WL(Λ0)

[[
z1,2, ..., zr (1)

3 ,3

]]

mp,3 ≤ −np,3 +

r (1)
2∑

q=1

min
{

2nq,2,np,3
}
, 1 ≤ p ≤ r (1)

3
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Difference conditions for i = 3

Theorem (Feigin-Stoyanovsky, Georgiev, Jerković-Primc)
For charges n1 and n2 such that n2 6 n1, we have:(

dp

dzp xn2αi (z)

)
xn1αi (z) = Ap(z)x(n1+1)αi

(z) + Bp(z)
dp

dzp x(n1+1)αi
(z),

where p = 0,1, . . . ,2n2 − 1 and Ap(z),Bp(z) are some formal series
with coefficients in the set of quasi-particle polynomials.
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Difference conditions for i = 3

express 2 monomials of the form

xα3(mp+1,3)x2α3(mp,3), xα3(mp+1,3 − 1)x2αi (mp,3 + 1)

as a linear combination of monomials

xα3(j2)x2αi (j1) such that j2 6 mp+1,3 − 2, j1 > mp,3 + 2 and

j1 + j2 = m1 + m2

for np+1 = np one can express 2np+1 monomials

xnp+1α3(m2)xnpα3(m1) with m1 − 2n2 < m2 6 m1

express as a linear combination of monomials

xnp+1α3(j2)xnpα3(j1) such that j2 6 j1 − 2n2

and monomials which contain a quasi-particle of color i and
charge np + 1.
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Difference conditions for i = 3

mp,3 ≤ −np,3 − 2np,3(p − 1) +

r (1)
2∑

q=1

min
{

2nq,2,np,3
}
, 1 ≤ p ≤ r (1)

3

mp+1,3 ≤ mp,3 − 2np,3, np+1,3 = np,3

np,3 = 1, for 1 ≤ p ≤ r (2)
3 + 1

mp,3 ≤ −1− 2(p − 1) + r (1)
2

np,3 = 2, for 1 ≤ p ≤ r (2)
3

mp,3 ≤ −2− 4(p − 1) + 2r (1)
2

contribution to the character:

∑
r (1)
3 ≥r (2)

3 ≥0

qr (1)
3

2
+r (2)

3
2
−r (1)

2 (r (1)
3 +r (2)

3 )

(q; q)
r (1)
3 −r (2)

3
(q; q)

r (2)
3

y r (1)
3 +r (2)

3
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Difference conditions for i = 4

xn
r(1)
4 ,4

α4(m
r (1)
4 ,4

) · · · xn1,4α4(m1,4)xα3(m
r (1)
3 ,3

) · · · xα3(m2,3)xα3(m1,3)

mp,4 ≤ −np,4 − 2np,4(p − 1), 1 ≤ p ≤ r (1)
3

mp+1,4 ≤ mp,4 − 2np,4, np+1,4 = np,4
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Difference conditions for i = 4

Relation among quasi-particles of different colors

r (1)
4∏

p=1

r (1)
3∏

q=1

(1−
zq,3

zp,4
)min{nq,3,np,4}xα4(z

r (1)
4 ,4

) · · · xα4(z1,4)

xα3(z
r (1)
3 ,3

) · · · xα3(z1,3)vL

∈
r (1)
4∏

p=1

z
−

∑r(1)
3

q=1 min{nq,3,np,4}
p,4 WL(Λ0)

[[
z1,3, ..., zr (1)

4 ,4

]]
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Difference conditions for i = 4

mp,4 ≤ −np,4 − 2np,4(p − 1) +

r (1)
3∑

q=1

min
{

nq,3,np,4
}
, 1 ≤ p ≤ r (1)

4

mp+1,4 ≤ mp,4 − 2np,4, np+1,4 = np,4

np,4 = 1, for 1 ≤ p ≤ r (2)
4 + 1

mp,4 ≤ −1− 2(p − 1) + r (1)
3

np,4 = 2, for 1 ≤ p ≤ r (2)
4

mp,4 ≤ −2− 4(p − 1) + r (1)
3 + r (2)

3

contribution to the character:

∑
r (1)
4 ≥r (2)

4 ≥0

qr (1)
4

2
+r (2)

4
2
−r (1)

3 r (1)
4 −r (2)

3 r (2)
4

(q; q)
r (1)
4 −r (2)

4
(q; q)

r (2)
4

y r (1)
4 +r (2)

4
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Principal subspaces of F (1)
4

Basis for the principal subspace WV⋃
n

r(1)
i ,i
≤...≤n1,i

{b = b(α4) · · · b(α1)v

= xn
r(1)
4 ,4

αl (mr (1)
4 ,4

) · · · xn1,4α4(m1,4) · · · xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1)v :∣∣∣∣∣∣ mp,i ≤ −np,i +
∑r (1)

i−1
q=1 min

{
kinq,i−1,np,i

}
− 2(p − 1)np,i ,1 ≤ p ≤ r (1)

i ,

mp+1,i ≤ mp,i − 2np,i if np+1,i = np,i , 1 ≤ p ≤ r (1)
i − 1


n

r (1)
i ,i
≤ . . . ≤ n1,i ≤ 1, 1 ≤ i ≤ 2

n
r (1)
i ,i
≤ . . . ≤ n1,i ≤ 2, 3 ≤ i ≤ 4

ch WL(Λ0) =
∑

r (1)
1 >0

r (1)
2 >0

q
∑2

i=1 r (t)2

i −r (t)
1 r (t)

2

(q)r (1)(q)
r(1)
2

2∏
i=1

yni
i

×
∑

r (1)
3 >r (2)

3 >0

r (1)
4 >r (2)

4 >0

q
∑4

i=3
∑2

t=1 r (t)2

i −
∑2

t=1 r (t)
3 r (t)

4 −r (t)
2 (r (1)

3 +r (2)
3 )∏4

i=3(q)
r (1)
i −r (2)

i
· · · (q)

r (2k)
i

4∏
i=3

yni
i ,
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Basis of principal subspace WL(kΛ0) of F (1)
4

Basis for the principal subspace WV⋃
n

r(1)
i ,i
≤...≤n1,i

{b = b(α4) · · · b(α1)v

= xn
r(1)
4 ,4

αl (mr (1)
4 ,4

) · · · xn1,4α4(m1,4) · · · xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1)v :∣∣∣∣∣∣ mp,i ≤ −np,i +
∑r (1)

i−1
q=1 min

{
kinq,i−1,np,i

}
− 2(p − 1)np,i ,1 ≤ p ≤ r (1)

i ,

mp+1,i ≤ mp,i − 2np,i if np+1,i = np,i , 1 ≤ p ≤ r (1)
i − 1


n

r (1)
i ,i
≤ . . . ≤ n1,i ≤ k , 1 ≤ i ≤ 2

n
r (1)
i ,i
≤ . . . ≤ n1,i ≤ 2k , 3 ≤ i ≤ 4

ch WL(kΛ0) =
∑

r (1)
1 >···>r (k)

1 >0

r (1)
2 >···>r (k)

2 >0

q
∑2

i=1
∑k

t=1 r (t)2

i −
∑k

t=1 r (t)
1 r (t)

2∏2
i=1(q)

r (1)
i −r (2)

i
· · · (q)

r (k)
i

2∏
i=1

yni
i

×
∑

r (1)
3 >···>r (2k)

3 >0

r (1)
4 >...>r (2k)

4 >0

q
∑4

i=3
∑2k

t=1 r (t)2

i −
∑2k

t=1 r (t)
3 r (t)

4 −
∑k

t=1 r (t)
2 (r (2t−1)

3 +r (2t)
3 )∏4

i=3(q)
r (1)
i −r (2)

i
· · · (q)

r (2k)
i

4∏
i=3

yni
i ,
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Basis of principal subspace WN(kΛ0) of F (1)
4

Basis for the principal subspace WV⋃
n

r(1)
i ,i
≤...≤n1,i

{b = b(α4) · · · b(α1)v

= xn
r(1)
4 ,4

αl (mr (1)
4 ,4

) · · · xn1,4α4(m1,4) · · · xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1)v :∣∣∣∣∣∣ mp,i ≤ −np,i +
∑r (1)

i−1
q=1 min

{
kinq,i−1,np,i

}
− 2(p − 1)np,i ,1 ≤ p ≤ r (1)

i ,

mp+1,i ≤ mp,i − 2np,i if np+1,i = np,i , 1 ≤ p ≤ r (1)
i − 1


n

r (1)
i ,i
≤ . . . ≤ n1,i , 1 ≤ i ≤ 2

n
r (1)
i ,i
≤ . . . ≤ n1,i , 3 ≤ i ≤ 4
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Character of WN(kΛ0)

1∏
α∈R+

(α; q)∞
=

=
∑

r (1)
1 >r (2)

1 >···>0

r (1)
2 >r (2)

2 >···>0

q
∑2

i=1
∑

t≥1 r (t)2

i −
∑

t≥1 r (t)
1 r (t)

2∏2
i=1(q)

r (1)
i −r (2)

i
· · ·

2∏
i=1

yni
i

×
∑

r (1)
3 >r (2)

3 >···>0

r (1)
4 >r (2)

4 >···>0

q
∑4

i=3
∑

t≥1 r (t)2

i −
∑

t≥1 r (t)
3 r (t)

4 −
∑

t≥1 r (t)
2 (r (2t−1)

3 +r (2t)
3 )∏4

i=3(q)
r (1)
i −r (2)

i
· · ·

4∏
i=3

yni
i
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Proof of linear independence
Sketch for the level k = 1:

∑
a

cabavΛ0 = 0

ba

· · · · · · · · · · · ·
vΛ0

Idea:

∑
a

cab′avΛ0 = 0

b′a

· · · · · · · · ·
vΛ0

b′avΛ0 are elements of principal subspace of level 1 standard C(1)
3 -module with a highest weight Λ0.
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Proof of linear independence

In the proof of linear independence we employ
operator Aθ

Aθ = Reszz−1 xθ(z) = xθ(−1)

[Aθ, xα(m)] = 0
AθvΛ0 = xθ(−1)vΛ0

Aθ
∑

a

cabavΛ0 =
∑

a

cabaxθ(−1)vΛ0 = 0
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Proof of linear independence
In the proof of linear independence of we employ

the “Weyl group translation” operators eθ and eα1

eα = exp x−α(1) exp (−xα(−1)) exp x−α(1)

exp xα(0) exp (−x−α(0)) exp xα(0), α = θ, α1

eαvΛ0 = −xα(−1)vΛ0 , for α -long root
xβ(j)eα = eαxβ(j + β(α∨)),

∑
a

cabaxθ(−1)vΛ0 =
∑

a

cabaeθvΛ0 = eθ
∑

a

cab′avΛ0 = 0

repeat until
∑

a cab′axα(−1)vΛ0 = 0

∑
a

cab′axα(−1)vΛ0 =
∑

a

cab′aeαvΛ0 =
∑

a

cab′′avΛ0 = 0
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Basis of the principal subspace WN(k ′Λ0)

In the proof of linear independence in the case of WN(k ′Λ0) we use:
fk ′ : WN(k ′Λ0) →WL(k ′Λ0)

fk ′(x(k ′+1)αi
(z)) = 0, i = 1,2

fk (x(2k ′+1)α2(z)) = 0, i = 3,4
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Principal subspaces in the case of E (1)
6 , E (1)

7 and E (1)
8

g̃ - of type E (1)
6 , E (1)

7 and E (1)
8

L(Λ0), L(Λ1), L(Λ6) the standard g̃ - modules of level 1 in the case
of E (1)

6

L(Λ0), L(Λ1) the standard g̃ - modules of level 1 in the case of E (1)
7

L(Λ0) the standard g̃ - modules of level 1 in the case of E (1)
8

let k ≥ 1

set
Λk = k0Λ0 + kjΛj

k = k0 + kk

L(Λk ) the level k standard g̃ - module
vΛk highest weight vector
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Principal subspaces in the case of E (1)
6 , E (1)

6 and E (1)
8

principal subspaces are

W (Λk ) = U(ñ+)vΛk

W (Λk ) ⊂W (Λj)
⊗kj ⊗W (Λ0)⊗k0 ⊂ L(Λj)

⊗kj ⊗ L(Λ0)⊗k0

vΛk = vΛj ⊗ vΛj ⊗ · · · ⊗ vΛj︸ ︷︷ ︸
kj−factors

⊗ vΛ0 ⊗ vΛ0 ⊗ · · · ⊗ vΛ0︸ ︷︷ ︸
k0−factors
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Principal subspaces in the case of E (1)
6

g is of type E6

◦
α1
− ◦
α2
−

◦α6
|
◦
α3
− ◦
α4
− ◦
α5

Basis for the principal subspace WV⋃
n

r(1)
i ,i
≤...≤n1,i

{b = b(α1) · · · b(α6)v

= xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1) · · · xn
r(1)
6 ,6

α6(m
r (1)
6 ,6

) · · · xn1,6α6(m1,6)v :∣∣∣∣∣∣ mp,i ≤ −np,i +
∑r (1)

i′
q=1 min

{
nq,i ′ ,np,i

}
− 2(p − 1)np,i −

∑np,i
t=1 δi,jt ,1 ≤ p ≤ r (1)

i ,

mp+1,i ≤ mp,i − 2np,i if np+1,i = np,i , 1 ≤ p ≤ r (1)
i − 1

 ,

where i ′ = 4,6 if i = 3 and i ′ = i + 1 if i = 1,2,4, and

jt =

{
0, if 1 6 t 6 k0,

j , if k0 < t 6 k0 + kj .

Marijana Butorac Principal subspaces 37/44



Principal subspaces in the case of E (1)
7

g is of type E7

◦
α1
− ◦
α2
−

◦α7
|
◦
α3
− ◦
α4
− ◦
α5
− ◦
α6

Basis for the principal subspace WV⋃
n

r(1)
i ,i
≤...≤n1,i

{b = b(α7)b(α2)b(α3)b(α4)b(α5)b(α6)b(α1)v

= xn
r(1)
7 ,7

α7(m
r (1)
7 ,7

) · · · xn1,7α7(m1,7) · · · xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1)v :∣∣∣∣∣∣ mp,i ≤ −np,i +
∑r (1)

i′
q=1 min

{
nq,i ′ ,np,i

}
− 2(p − 1)np,i −

∑np,i
t=1 δi,jt ,1 ≤ p ≤ r (1)

i ,

mp+1,i ≤ mp,i − 2np,i if np+1,i = np,i , 1 ≤ p ≤ r (1)
i − 1

 ,

where i ′ = 1,3 if i = 2, i ′ = i + 1 if i = 3,4,5, and i ′ = 5 if i = 7 and

jt =

{
0, if 1 6 t 6 k0,

j , if k0 < t 6 k0 + kj .
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Principal subspaces in the case of E (1)
8

g is of type E8

◦
α1
− ◦
α2
− ◦
α3
− ◦
α4
−

◦α8
|
◦
α5
− ◦
α6
− ◦
α7

Basis for the principal subspace WV⋃
n

r(1)
i ,i
≤...≤n1,i

{b = b(α8)b(α6)b(α5)b(α4)b(α3)b(α2)b(α7)b(α1)v

= xn
r(1)
8 ,8

α8(m
r (1)
8 ,8

) · · · xn1,8α8(m1,8) · · · xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1)v :∣∣∣∣∣∣ mp,i ≤ −np,i +
∑r (1)

i′
q=1 min

{
nq,i ′ ,np,i

}
− 2(p − 1)np,i ,1 ≤ p ≤ r (1)

i ,

mp+1,i ≤ mp,i − 2np,i if np+1,i = np,i , 1 ≤ p ≤ r (1)
i − 1

 ,

where i ′ = 5,7 if i = 6, i ′ = i − 1 if i = 2,3,4,5, and i ′ = 5,7 if i = 8.
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Principal subspaces in the case of D(1)
l

g is of type Dl

◦
α1
− ◦
α2
− · · · −

◦αl
|
◦

αl−2
− ◦
αl−1

Basis for the principal subspace WV⋃
n

r(1)
i ,i
≤...≤n1,i

{b = b(αl) · · · b(α1)v

= xn
r(1)
8 ,8

α8(m
r (1)
8 ,8

) · · · xn1,8α8(m1,8) · · · xn
r(1)
1 ,1

α1(m
r (1)
1 ,1

) · · · xn1,1α1(m1,1)v :∣∣∣∣∣∣ mp,i ≤ −np,i +
∑r (1)

i′
q=1 min

{
nq,i ′ ,np,i

}
− 2(p − 1)np,i −

∑np,i
t=1 δi,jt ,1 ≤ p ≤ r (1)

i ,

mp+1,i ≤ mp,i − 2np,i if np+1,i = np,i , 1 ≤ p ≤ r (1)
i − 1

 ,

where i ′ = l − 2 if i = l , i ′ = i − 1 otherwise and

jt =

{
0, if 1 6 t 6 k0,

j , if k0 < t 6 k0 + kj .
,

where j = 0,1, l − 1, l .
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Characters of WΛ

Theorem

Set ni = r (1)
i + · · ·+ r (k)

i for i = 1, . . . , l . For any rectangular weight
Λ = k0Λ0 + kjΛj of level k = k0 + kj we have

chWL(Λ) =
∑

r (1)
1 >···>r (k)

1 >0...
r (1)
l >···>r (k)

l >0

q
∑l

i=1
∑k

t=1 r (t)2

i −
∑l

i=2
∑k

t=1 r (t)
i′ r (t)

i +
∑l

i=1
∑k

t=1 r (t)
i δijt∏l

i=1(q)
r (1)
i −r (2)

i
· · · (q)

r (k)
i

l∏
i=1

yni
i .
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Further directions
extend these approach to principal subspaces of affine Lie
algebra of type F (1)

4 (B(1)
l , C(1)

l and G(1)
2 ) this is ongoing program

with S. Kožić and M. Primc

L(Λ0), L(Λ4) the standard g̃ - modules of level 1 in the case of F (1)
4

let k ≥ 1

set
Λk = k0Λ0 + kjΛj

k = k0 + kk

L(Λk ) the level k standard g̃ - module
vΛk highest weight vector

principal subspaces are

W (Λk ) = U(ñ+)vΛk
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Further directions
we expect:

For any rectangular weight Λ = k0Λ0 + kjΛj of level k = k0 + kj for F (1)
4 we have

ch WL(kΛ0) =
∑

r (1)
1 >···>r (k)

1 >0

r (1)
2 >···>r (k)

2 >0

q
∑2

i=1
∑k

t=1 r (t)2

i −
∑k

t=1 r (t)
1 r (t)

2∏2
i=1(q)

r (1)
i −r (2)

i
· · · (q)

r (k)
i

2∏
i=1

yni
i

×
∑

r (1)
3 >···>r (2k)
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∑2k
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i −
∑2k

t=1 r (t)
3 r (t)

4 −
∑k

t=1 r (t)
2 (r (2t−1)

3 +r (2t)
3 )+

∑k4
t=1 r t

4δ4,jt∏4
i=3(q)

r (1)
i −r (2)

i
· · · (q)

r (2k)
i
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i=3

yni
i
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Thank you!
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