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@ In 1998, Dong, Li, and Mason, greatly expanded this notion
by defining higher level Zhu algebras An,(V), forne€ Z., and
established further functorial relations, e.g.
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V-modules with nonzero  «—
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@ Question: What extra information can A,(V) provide, for
n e Z,, beyond what Ay(V) gives?
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Slgebras @ For VOAs that admit indecomposable non-simple modules,
Katrina Barron the higher level A,(V) (i.e. n > 0) can be used to construct
Praliminarios and such modules, in particular if they have indecomposables not

Motatos generated by their level zero degree space.

@ The Zhu algebras A,(V) can be used to calculate the graded
pseudo-traces for V-modules, following Miyamoto 2004.

@ Thatis: if V is Co-cofinite (and thus has a finite number of
indecomposables), but is irrational (not of semi-simple
representation type), then the space of graded dimensions
does not span the space of one-point functions C{(V), and is
not invariant under the action of SLy(Z).

@ But, if generalizations called pseudo-traces are included,
then the space of all such g-series does span C{(V) and
satisfies modular invariance.

@ Applications: K.B. and N. Vander Werf, Intersections of
screening operators arising from rank two lattice VOAs (2018
& 2019). (See also K.B. and N. Vander Werf, Letters in Math.
Phys. 2019.)
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Katrina Barron @ Let Vbe aVOA. For ne N, and u, v € V homogeneous, let

define R oy )
+ x)V u,x)v
Basic Definitions UonV = ReS X2n+2
— Level nZhu
o the urmios Let O,(V) be the subspace of V spanned by elements of the
L form uop, v and (L(—1) + L(0))v for u,v € V.
@ The vector space A,(V) is defined to be the quotient space
V/On(V).

@ Then O,(V) is a two-sided ideal of V, and A,(V) is an
associative algebra under the multiplication x, defined by

wtu+n
U*nV—Z( 1)m(ern>ReSX(1+x) Y(u,x)v,

Xn+m+1

for u, v € V homogeneous.
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- @ Thus there is a natural surjective algebra homomorphism

Basic Definitions . An( V) — An_1 ( V) (1 )
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algebras An(V), v+ On( V) — v+ Oy ( V)
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neN

@ Modules for A,(V): An A,(V)-module, U, is said to factor
through A,_+1(V) if ker m = O,_1(V) acts trivially on U, giving
U a well-defined A,_1(V)-module structure.
@ Modules for V: A weak V-module W is called admissible or
N-gradable if
w =[] w(k).
keN
with viyW(k) c W(k+wtv —m—1)forve V., meZ, ke N.
@ Without loss of generality, we can assume W(0) # 0.
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Functors on the module categories of A,(V)

and of V.

Dong-Li-Mason define two functors

Category of Category of
Q, : weak V-modules — A,(V)-modules (2)
Category of Category of

L, : Ap(V)-modules — N-gradable V-modules (3)

as follows:

Let W be a weak V-module and define
Q(W)={weW]|viw=0ifwtv,<—n forveV
of homogeneous weight}. (4)
Then Q,(W) is an A,(V)-module by letting
[al=a+ On(V) e Ay(V) actas o(a) = awra1 (5)

forae V.
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T To define L,, some further notions a necessary:
Let

V=c[t,t "o v/(DC[tt o V), (6)
S where D= 9 91 10 L(—1).

algebras Ap(V),
and the functors
Qp and Lp, for

PEMN For v € V, denote by v(m) the image of v & t™in V. Then Vis a
Z-graded Lie algebra by defining deg v(m) = wtv — m—1 and

G, ZO() WG+ k),

foru,ve V,j keZ.

Denote the homogeneous subspace of degree m by V/(m). Then
V(0), is a Lie subalgebra of V.
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D) is a well-defined Lie algebra epimorphism.
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Qp and Lp, for
neN

Thus, for U an A,(V)-module, we can lift U to a module for the Lie
algebra ¥/(0), and then to one for P, = @Dp<_n V(p) & V(0) by

letting V/(—p) act trivially for p # 0.

Define . A
Mn(U) = Indg, (U) = U(V) @y e, U.

M,(U) is N-graded as follows: Let U be degree n. Denote by
U(V)x the degree k space of 2/( V) induced from V. Define the
i-th degree subspace of M,(U) to be M,(U)(i) =U(V);_pU.
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Ma(U) = Ind}, (U) = U(V) @upy U.

would be an N-gradable V-module, except that it does not in
Basic Definitions general satisfy associativity. Also, there is another subspace that

e is in general nontrivial that we need to quotient out by. It so
and the functors

Qp and Lp, for happens that the associativity relations are contained in this
et second subspace!

Let U* = Hom(U, C). Extend U* to M,(U) first by an induction to
M,(U)(n) and then by letting U* annihilate B,., Ma(U)(/).

Set
J={veMU) |, xv)=0foral v e U, xecuU(V)}

and then let
La(U) = M, (U)/J.
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Katrina Barron The following is a modification of a theorem of Dong, Li ,and
Mason:

Theorem [K.B., N. Vander Werf, and J. Yang, Jour. Pure Appl.

Alg. 2019]:

Let U be a nonzero A,(V)-module, for n € N.
Mt icoers @ L,(U) is an N-gradable V-module.

pertaining to the
non-semi-simple

s @ If we assume further, for n > 0, that there is no nonzero
submodule of U that can factor through A,_1(V), then

Lo(U)(0) £0, and Qn/Qn_1(Ln(U)) = U.

Note that the added assumption in bold is in general necessary
as we shall see in an example below.
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Corollary [K.B., N. Vander Werf, and J. Yang, Jour. Pure Appl.

Alg. 2019]:

Suppose that for some fixed n € Z., A,(V) has a direct sum
decomposition

An(V) = An_1(V) & AR(V),
pertaining to the

nonsemisincie  JIelY A}, (V) a direct sum complement to A,_1(V), and let U be an
An(V) module. If U is trivial as an A,_¢(V)-module, then

Qn/Qp—1(Ln(U))

Main Theorems

IR

U.

This will also be illustrated in comparing two examples below,
after which we will give some more results about the structure of
L,(U) for U indecomposable.



Example 1: Heisenberg VOA

W RS h = spanca with a bilinear form (-, -) such that (o, «) = 1. Let

h=heCltt "] ®Ck
be the affinization of h with bracket relations
[a(m), b(n)] = m(a, b)dm+nok, abeb,
[k, a(m)] = 0,
where we define a(m) = a®@ t" forme Z and a € b.

Example 1:
Heisenberg VOA Set

bt =potC[f] and H =pet'C[t]

Consider the induced h-module given by

~

V. = M) =U(H) @uciierscy C1 = S(h™)  (iinearly)
— Cla(=1)1,a(=2)1,a(=3)1,...].
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Example 1: Heisenberg VOA

CHEERR V= M;(1) with wa = Ja(—1)%1 + aa(—2)1, for a € C, is a VOA
o with c = 1 — 128°, and

Ao(Ma(1)) = Clx, y]/(x* — y) = C[x],
where x = a(—1)1+ Op(V) and y = a(—1)?1 + Og(V).

Proposition [K.B., N. Vander Werf, and J. Yang, Jour. Pure Appl.

Alg. 2019]:
For V = My(1),

Example 1:

Hotsenberg VOA Ai(V) =Cx,y]/(x® — y) (X2 — y + 2),

where x = a(—1)1 + Oy(V) and y = a(—1)?1 + Os(V).

Furthermore, since Iy = (x? —y) and Iy = (x® — y + 2) are
relatively prime, i.e. N/ =0, and kh + /; = C[x, y], we have

Ai(V) = Clx, y1/(x* — y) ® Clx, y1/(x* — y + 2) = C[x] & C[x].




Example 1: Heisenberg VOA

Higher level Zhu That |S for V — M3(1 )’ we have

algebras
Katrina Barron A1(V) g Ao(v) EBAE)(V)

and thus if U is an indecomposable A;(V)-module that is itself not
an Ao(V)-module then

Q1 /(L1 (U)) = U.

In particular, the original statement of Dong, Li and Mason holds
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CHEGER  That is for V = Mj(1), we have

Katrina Barron A1(V) g Ao(v) EBAE)(V)

and thus if U is an indecomposable A;(V)-module that is itself not
an Ao(V)-module then

Q1/Q(L1(U)) = U.
In particular, the original statement of Dong, Li and Mason holds
forn=1and V = My(1).
wuel  More concretely, the indecomposable modules for
Ao(Ma(1)) = Clx, y1/(y — x*) = C[x]
are given by
Uo(A k) = CIx, Y1/ (v = x3), (x = A)FT) = Clx]/(x = AT (8)
for A e Cand k € N, and
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Example 1: Heisenberg VOA

Thatis for V = M,(1), we have
Ai(V) = Ao(V) @ Ay(V)

and thus if U is an indecomposable A;(V)-module that is itself not
an Ao(V)-module then

Q1/Qo(L1(U)) 2 U.
In particular, the original statement of Dong, Li and Mason holds
forn=1and V = My(1).
More concretely, the indecomposable modules for
Ay(Ma(1)) = C[x, y]/(y — x*) = C[x]
are given by
Un(A, k) = Clx, y1/((y = %), (x = ) T) = Clxl/(x = )T (8)
forAe Cand k € N, and

Lo(Uo(A, k)) = Ma(1) @c Q(A, k),
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Example 1:
Heisenberg VOA

where Q(\, k) is a (k + 1)-dimensional vacuum space such that
«(0) acts with Jordan form given by

A
0
0

OO -

1
A
0

OO -

> = O

[eNeNe]

[eNeNe]

—_ saa
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algebras where Q(\, k) is a (k + 1)-dimensional vacuum space such that

Katrina Barron O[(O) aCtS W|th Jordan form g|Ven by
(A1 0 0]
0 X 1 00
00 0 0
. L 9)
0 0O A
|0 0 0 0 Al
Example 1:
Heisenberg VOA The zero mode of w, which is given by
L) = 3 a(-mja(m) + za(0F - aa(0)  (10)

mezZ.,

acts on Q(, k) such that the only eigenvalue is 312 — a\, which is
the lowest conformal weight of M,(1) ® Q(A, k).
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Example 1:
Heisenberg VOA

L(0) — ($A2 — aX)Idk with respect to a Jordan basis for a(0)

acting on Q(\, k) is given by

- OO O

[eNeNe)

A

[eNeNe)

a

coco -

- OO O

o O |

0
0
0

>Nl

o |
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L(0) — ($A2 — aX)Idk with respect to a Jordan basis for a(0)

acting on Q(\, k) is given by
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acting on Q(\, k) is given by

[Nl

OO0 ---

A

a

0

0

0

- OO

A

Thus L(0) is diagonalizable if and only if:
(i) k = 0, which corresponds to the case when Mz(1) ® Q(\, k) is

irreducible;

(i k=1and A = a;
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0
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0
0
0
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L(0) — ($A2 — aX)Idk with respect to a Jordan basis for a(0)
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acting on Q(\, k) is given by

i A—a
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o

Thus L(0) is diagonalizable if and only if:
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0
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(i) k = 0, which corresponds to the case when Mz(1) ® Q(\, k) is
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Higher level Zhu
algebras

Katrina Barron

Example 1:
Heisenberg VOA

L(0) — ($A2 — aX)Idk with respect to a Jordan basis for a(0)
acting on Q(\, k) is given by

[0 A—a f—-a 0 - 0 0 ]

0 0 Xx—a j-a - 0 0

0 0 0 X-a - 0 0
T (1)
0 O 0 0 - X—a }-a

0 0 0 0 -0 A-a

0 0 0 0 0 0 |

Thus L(0) is diagonalizable if and only if:

(i) k = 0, which corresponds to the case when Mz(1) ® Q(\, k) is
irreducible;

(i k=1and A = a;

or

(i) k >1and A =a=].

These Ma(1) @ Q(A, k) exhaust all the indecomposable
generalized M,(1)-modules.
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meN
where M;(1)n is the weight m space of the vertex operator
algebra M,(1) and thus M,(1)m ® Q(\, k) is the space of

generalized eigenvectors of weight m + 15/\2 — a\ with respect to
L(0).
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The N-grading of M;(1) ® Q(), k) is explicitly given by
Ma(1) @ QA k) = [ Ma(1)m ® Q(X, k)
meN

where M;(1)n is the weight m space of the vertex operator
algebra M,(1) and thus M,(1)m ® Q(\, k) is the space of
generalized eigenvectors of weight m + 15/\2 — a\ with respect to
L(0).

The indecomposable modules for

Ai(Ma(1)) = Clx, Y1/ ((y = X2)(y — x* = 2)) = Ao(Ma(1)) @ C[x]

are given by the indecomposable modules Uy (A, k) for
Ao(Ma(1)) = C[x] as before or by

Ur(\, k) = Clx, Y1/ (y—=x7=2), (x=A)*T) = Cx]/(x=A)**" (12)
for A € C and k € N, in which case,
UM\ K) 2 a(—1)1@Q(N k) and  Ly(Ui(A k) = Ma(1)@Q(A, k).
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module is shifted up one.
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U= U(A k), Li(U)(0)=0, and Qi/Qo(Ls(U)) = Ui(A k) 2 U
or
U=U(\k) Li(U)0)=Q\k)#0, and Q/Qo(L1(U)) = U.

Note however that in the case of U = Uy(\, k), the M;(1)-module
Li(U) isin fact Ma(1) ® Q(A, k) but the grading as an N-gradable
module is shifted up one.

By regrading to obtain an N-gradable M,(1)-module such that the
first nonzero degree is 0, this module is again just Ma(1) ® Q(A, k).



Thus the possible cases for Q4/Qo(L1(U)) for U an
indecomposable A{(M,(1))-module are

U= U\ k), Li(U)(0)=0, and Q1/Q0(L1(U)) = Ur(\, k) 2 U
or

U= U(\k) Li(U)(0)=Q(\k)#0, and Q1/Q(L1(V)) = U.
Note however that in the case of U = Uy(\, k), the M;(1)-module

Li(U) isin fact Ma(1) ® Q(A, k) but the grading as an N-gradable
module is shifted up one.

By regrading to obtain an N-gradable M,(1)-module such that the
first nonzero degree is 0, this module is again just Ma(1) ® Q(A, k).

Thus A;(Ma(1)) gives no new information about the
indecomposable M,(1)-modules not already given by Aq(Mz(1)).
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Example 2: Virasoro VOA

Higher level Zhu

algebras @ Let £ = spanc{Ls, €| n € Z} be the Virasoro algebra with
Katrina Barron central charge c.
@ Let £2% = spanc{Ls,c|n > 0}.
@ Let C. 4 be the 1-dimensional £=°-module where ¢ acts as ¢
for some ¢ € C, Ly acts as h for some h € C, and L, acts
trivially for n > 1.

@ Form the induced £-module

M(c,h) = U(L) ®,>0 C¢ p.

Viaatng VoA @ Write L(n) for the operator on a Virasoro module
correspondingto Ly, and 1, =1 € Cg p.
@ Then

Wvir = M(c,0)/(L(=1)1c0)

has a natural VOA structure with vacuum vector 1 = 1., and
w = L(_2)1C,0'
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algebras Proposition [K.B., N. Vander Werf, and J. Yang, Jour. Pure Appl.
Katrina Barron Alg 201 9]

Ao(Vvir) Clx, y1/(y — x* — 2x)

Clxl,

=
=

where x = L(—2)1 + Og(Vvir) and y = L(—2)?1 + Oo(Vvir), and
A(Vur) = Clx.yl/(y = X2 = 2x)(y — x* — 6x + 4)
Clx,y'1/(X'y"),

Example 2: Where X = L(_2)1 + O1(VV/"') and y = L(_2)21 + O1(VVfI')'
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"o M Proposition [K.B., N. Vander Werf, and J. Yang, Jour. Pure Appl.
Katrin n Alg 201 9]

Ao(Vvir) = Clx,yl/(y — x* —2X)
~ (C[x],

where x = L(—2)1 + Og(Vvir) and y = L(—2)?1 + Oo(Vvir), and

A(Vuir) = Clx,y]/(y — x2 —2x)(y — x® —6x +4)
CX,y'1/(xy"),

Example 2: Where X = L(_2)1 + O1(VV/"') and y = L(_2)21 + 01(VVfI')'

Virasoro VOA

Il

Modules for rings such as C[x’, y']/(x'y’) were classified in 1969
by Nazarova and Roiter, showing a rich array of types of modules
arising from the fact that

A1(V) = (C[X, y]//ol1 with Nk #0.
This nontrivial intersection of ideals gives interesting examples.
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An illustrative family of V\;-modules

Higher level Zhu

e In particular, illustrative examples for:

Katrina Barron

1. The necessity of the extra condition we imposed on the
An(V)-module U for Q,/Q,_1 o L,(U) = U to hold;

2. When A,_1(V) is not naturally isomorphic to a direct summand
of Ap(V), how the structure of indecomposable V-modules is
affected.

For instance: For k € Z,, we have

Example 2:
Virasoro VOA U

CHOYI/((y = X2 = 2x) T (y — X — 6x + 4))
CIx]/(x — 1)<

Il

are indecomposable A;(Vy;)-modules that do not factor through
Ao(Vvir), but do have a nontrivial submodule that factors through

Ao(Vvir).



An illustrative family of V\;-modules

Hiigher level Zhu More concretely, let w be a lowest weight vector for the Virasoro

algebras

e e algebra such that

L(0)kw #0; L(O)*'w =0.

Set .
U" = spanc{L(—1)L(0)'w | i=0,... k}.
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An illustrative family of V\;-modules

I it More concretely, let w be a lowest weight vector for the Virasoro

algebras

Katrina Barron algebra Such that
L(0)kw #0; L(O)*'w =0.

Set .
U" = spanc{L(—1)L(0)'w | i=0,... k}.

Lemma [K.B., N. Vander Werf, and J. Yang, JPAA 2019]:

As Ai(Vvyir)-modules,
U=C[x]/(x — 1)t =

Example 2:
Virasoro VOA

under the isomorphism
p:U— U, (x—1)— L(-1)L(0)'w,

where (x — 1)’ is the image of (x — 1)’ in U under the canonical
projectionand i =0, ..., k.
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algebras
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An illustrative family of V\;-modules

R So U = spanc{L(—1)L(0)'w | i=0,...,k} # 0 and U has the

algebras

Katrina Barron nontrivial submodule corresponding to
spanc {L(—1)L(0)"w},
that factors through Aq(Vvir), although U does not.

We have

Li(U) My (U)/J = U(Vvir) @up,y U)/J
= spang{L(—m)L(—np) - L(—n)L(0)w | i=0,... K,

reN, iy >nmn>--->n>1}tmodJ
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An illustrative family of V\;-modules

R So U = spanc{L(—1)L(0)'w | i=0,...,k} # 0 and U has the

algebras

Katrina Barron nontrivial submodule corresponding to
spanc {L(—1)L(0)"w},
that factors through Aq(Vvir), although U does not.

We have
Li(U) = Mi(U)/J = U(Vir) @upy U)/J
= spang{L(—n)L(—mp) - L(—n,)L(O)'w | i =0, ...,k
Example 2: rENa n1 2”22"'an21}m0d;/
Virasoro VOA
and

Q(Li(V) = Li(U)(0)® spanc{L(~1)L(0)w + J}

Qi(L1(U)) = Li(U)(0)e Li(U)(1) & higher degree terms
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Higher level Zhu And thus

algebras

Katrina Barron

Q1/Q(L1(U)) = U/spanc{L(—1)L(0)*w}
@ higher degree terms
z U,

illustrating the necessity of the extra condition in our Main
Theorem (modifying a theorem of Dong, Li and Mason).

Observe that this is due to the fact that A{(V) does not have

Ao(V) as an isomorphic direct sum component for V = Vy; (in

Bample2: comparison to M(1) which does have Ay(M,(1)) isomorphic to a
direct sum component of Ay(Ma(1)).

And that this is due to the fact that A;(Vvir) = C[x, y]/(p(x)q(x))
where p(x) and g(x) have nontrivial intersection, i.e., are not
relatively prime, where as A{(M(1)) = C|x, y]/(p(x)q(x)) where
p(x) and g(x) have trivial intersection, i.e. are relatively prime.
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Ln(Qn/Q-1(W)) 2 W since W # (W(n))

even if W is simple: Let ¢ # 0, and
@ L(c,0) = the unique simple minimal VOA with central charge
¢, up to isomorphism, i.e.,
L(c,0) = Vi (c,0)/T(c,0)

for T(c,0) the largest proper ideal.
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I it Virasoro Example 2: An example where

algebras

Katrina Barron

Ln(Qn/Q-1(W)) 2 W since W # (W(n))

even if W is simple: Let ¢ # 0, and

@ L(c,0) = the unique simple minimal VOA with central charge
¢, up to isomorphism, i.e.,

L(c,0) = Vy;(c,0)/T(c,0)

for T(c,0) the largest proper ideal.

Eemros @ Let V=W =1L(c,0). Then W(0) = C1, with 1 = 1. o), and
W(1) = 0. Thus in this case

Qo(W) = C1 = W(0) = W(0) & W(1) = Q,(W).
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Katrina Barron

Ln(Qn/Q-1(W)) 2 W since W # (W(n))

even if W is simple: Let ¢ # 0, and

@ L(c,0) = the unique simple minimal VOA with central charge
¢, up to isomorphism, i.e.,

L(c,0) = Vy;(c,0)/T(c,0)

for T(c,0) the largest proper ideal.

Eemros @ Let V=W =1L(c,0). Then W(0) = C1, with 1 = 1. o), and
W(1) = 0. Thus in this case

Qo(W) = C1 = W(0) = W(0) & W(1) = Q,(W).

Therefore
Li(Q1/Q(W)) =02 W.
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fatrina Barron Ln(Qn/Qn_1 ( W)) % W Since Qn/Qn_1 ( W) # W(n),

for W indecomposable but nhonsimple, and V simple:
@ Let V= L(c,0) and ¢ # ¢y q for ¢p 4 the minimal series.
@ Then V = L(c,0) = Vy;(c,0) and V is a simple VOA.
@ Let W = M(c,0) which is not a simple V-module but is
indecomposable.
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fatrina Barron Ln(Qn/Qn_1 ( W)) % W Since Qn/Qn_1 ( W) # W(n),

for W indecomposable but nhonsimple, and V simple:
@ Let V= L(c,0) and ¢ # ¢y q for ¢p 4 the minimal series.
@ Then V = L(c,0) = Vy;(c,0) and V is a simple VOA.
@ Let W = M(c,0) which is not a simple V-module but is
indecomposable.
@ Since M(c,0)/(L(—1)) is simple, we have
Q(W) = spanc{1,L(-1)1}
o = W)ow()
Qi(W) = spang{1,L(—1)1,L(-1)?1}
= W()® W) o CL(—1)%1.

@ Thus
Q1 /Qo(W) = CL(~1)1,
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Ln(Qn/Qn_1 (W) 2 W since  Qn/Qu_1(W) # W(n),

for W indecomposable but nonsimple, and V simple:
@ Thus
Qq/Qo(W) = CL(-1)%1
which does not factor through Aq(V) since y — x2 — 2x acts
as 2L(—1)L(1) on CL(—1)?1, which is nontrivial.
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Virasoro Example 3, continued: An example where

Ln(Qn/Qn_1 (W) 2 W since  Qn/Qu_1(W) # W(n),

for W indecomposable but nonsimple, and V simple:
@ Thus
Qq/Qo(W) = CL(-1)%1
which does not factor through Aq(V) since y — x2 — 2x acts
as 2L(—1)L(1) on CL(—1)?1, which is nontrivial.
@ Then L{(CL(—1)?1) = (L(—1)1) since

Example 2:

Virasoro VOA L(—1)1 = JL(1)L(—1)?1 and this spans the zero degree
space of Ly(CL(—1)?1).

@ Therefore we have

L1(Q1/Q0(W)) = Li(CL(—1)?1) = (L(~1)1) % M(c,0) =
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Categorical
relationships for
indecomposable
An(V) and
V-modules

Categorical aspects of simple A,(V) and
V-modules

Theorem [DLM]:

° Q,(W) 2 @r_, W(k) with equality if W is simple.

@ If Uis a simple A,(V)-module, then L,(U) is a simple
N-gradable V-module.

@ L,and Q,/9,_1 induce mutually inverse bijections on the
isomorphism classes of simple objects in the category of
An(V)-modules which cannot factor through A,_1(V) and
simple objects in the category of N-gradable V-modules.

What can we say about indecomposable modules in the
corresponding categories?

In general, if W is not simple, we can have Q,(W) 2 @y_, W(k),
as our Virasoro VOA family of modules illustrates.
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If U is an indecomposable A,(V)-module, then L,(U) is generated
by U and thus is an indecomposable N-gradable V-module.

Furthermore, if U is finite-dimensional, then L,(U) is an
indecomposable N-gradable generalized V-module.
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Categorical aspects for indecomposable
modules

Higher level Zhu

slaebres Proposition [K.B., N. Vander Werf, and J. Yang]:

Katrina Barron

If U is an indecomposable A,(V)-module, then L,(U) is generated
by U and thus is an indecomposable N-gradable V-module.

Furthermore, if U is finite-dimensional, then L,(U) is an
indecomposable N-gradable generalized V-module.

Here an N-gradable generalized V-module is an N-gradable
V-module that admits a decomposition

W:]_[WA

AeC

Categorical

relationships for

indecomposable Where
An(V) and

V-modules

Wy = {w € W|(L(0) — Mdw)w = 0 for some j € Z, },

and Wy, = 0 for fixed A and for all sufficiently small integers n.
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Theorem [K.B., N. Vander Werf, and J. Yang]:

o If Wis a N-gradable V-module that is generated by W(n)
such that Q;(W) = @) _, W(k), for j = nand n— 1, then

Ln(2,/Q20—1(W)) = W/W,
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Categorical questions for indecomposable
modules
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algebras

Katrina Barron When |S Ln(Qn/an-] ( W)) =~ W?
Theorem [K.B., N. Vander Werf, and J. Yang]:

o If Wis a N-gradable V-module that is generated by W(n)
such that Q;(W) = @) _, W(k), for j = nand n— 1, then

Ln(2,/Q20—1(W)) = W/W,

for some submodule W, of W.
@ Furthermore, suppose W satisfies the following property:

Categorical W = 0 for w e W <~ VWO W(n) == O

relationships for
indecomposable

An(V) and Then

V-modules

Lo(Qn/ Q1 (W)) = W.
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Structure of W = L,(U)

Theorem [K.B., N. Vander Werf, J. Yang]:
Let U be an A,(V)-module and W = L,(U). Then

n 2n+1

P wW() c (W) c @ Wi

/=0 /=0

and so all singular vectors, Qo( W), must be contained in

Do W()-
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Structure of W = L,(U)

Theorem [K.B., N. Vander Werf, J. Yang]:

Let U be an A,(V)-module and W = L,(U). Then

n 2n+1
P w) c (W) c P w(),
j=0 J=0

and so all singular vectors, Qo( W), must be contained in

Do W()-

Corollary [K.B., N. Vander Werf, J. Yang]:

If W= L,(W(n)), then W must satisfy the following:
(i) W is generated by W(n);
(i) For w € W, we have Vw n W(n) = 0 if and only if w = 0;

(i) Qn(W) C @2"“ W(j) and Qo(W) C @7, W()).
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R First note that in the two papers:

Katrina Barron

@ K.B., N. Vander Werf, and J. Yang, The level one Zhu algebra
for the Heisenberg vertex operator algebra, to appear in
Proceedings of the Conference on Affine, Vertex and
W-algebras, Istituto Nazionale di Alta Matematica, Rome,
Italy, 11—15 Dec. 2017, ed. D. Adamovic and P. Papi,
Springer INAAM Series.

@ K.B., N. Vander Werf, and J. Yang, The level one Zhu algebra
for the Virasoro vertex operator algebra, to appear in
Proceedings of the International Conference on Vertex
Operator Algebras, Number Theory and Related Topics,
11-15 Jun. 2018, ed. M. Krauel, M. Tuite, and G. Yamskulna,
Contemp. Math., Amer. Math. Soc.

we construct A;(M(1)) and A;(Vvi), respectively, using only the

Beyond level 1

and oher VOA itself and some minimal information about the irreducible
sppleatons modules of the VOA.
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Level n for Heisenberg VOA

goelll  K.B. and D. Addabbo: Level 2 and higher level for Heisenberg &
Virasoro VOAs, as well as other constructions .... to appear soon.
For example:

Katrina Barron

Proposition [K.B. and D. Addabbo]:

For V = Mj(1), there exists a surjection
¢ Clx, yllz, w] — Ax(V)

where C[x, y][z, w] is the associative polynomial algebra in
commuting variables

x> a(—=1)14+0(V) and y— a(—1)21+ 0x(V)
and non-commuting variables

z=a(-1)*14+0(V) and w a(—1)*"1 4+ Ox(V).

Beyond level 1
and other
applications

Moreover.......... |




Example of level two for Heisenberg VOA

Higher level Zhu
algebras

Katrina Barron

Beyond level 1
and other
applications

Proposition [K.B. and D. Addabbo]:
Moreover for ¢ : C[x, y][z, w] — Az(V) the following polynomials

py(X,y)
pZ(X7ya Z)
pW(X7y727 W)

are contained in Ker ¢:

(=) —y+2)(x* -y +4)

(x® — 2)(x® — z +12x)((x® — z + 12x)? — 36)

(x* — w)(x* — w + 12x2)((w + 3x* + 24x?
—42x)? —12(w + 3x* + 24x2 — 42x))




Example of level two for Heisenberg VOA

Higher level Zhu
algebras

Proposition [K.B. and D. Addabbo]:

Moreover for ¢ : C[x, y][z, w] — Az(V) the following polynomials
are contained in Ker ¢

Katrina Barron

py(x.y) = (X =y)(x* =y +2)(x* —y+4)
pz(x,y,2) (x® = 2)(x® — z +12x)((x® — z + 12x)? — 36)
pw(X,y,z,w) = (x* —w)(x* — w+ 12x)((w + 3x* + 24x°
—42x)? —12(w + 3x* + 24x2 — 42x))

and in fact

Ax(V) = Clx,y, 2z, w]/((x* = y),(x® = 2), (x* — w))
OCx, y,z,w]/(X2 — ¥y +2),(x* — z + 12x), (x* — w + 12x?)
®C[x,y,z,w]/(X2 — y + 4), (2% — 1), (W? — W), (xZ — 2x),

Beyond level 1
and other

applications (XW - WX)7 ((2W - l7'/2)4 - 1 ))
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Proposition [K.B. and D. Addabbo]:
Or equivalently

Ax(V) C[x] ® C[x] ® (M=(C) ® C[x])

A1(V) @ (Mx(C) ® Clx]) .

1R
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