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joint work with Allen Moy: A. Moy, G. Muić, On existence of
generic cusp forms on semisimple algebraic groups. Trans.
Amer. Math. Soc. 370 (2018), no. 7, 47314757

we discuss existence of cuspidal automorphic forms for reductive
groups in adelic settings with special regard on local p–adic
components

we explain the generalization of the works of Shahidi, Henniart,
and Vignéras on existence of a generic cuspidal automorphic form
with a supercuspidal representation as a prescribed local
component — the case of a number field

the globalization of a generic local supercuspidal representation in
the function field case has been recently settled by Gan and Lomeli

we show existence of variety of generic (and more general)
automorphic cuspidal representations with local components in
particular Bernstein classes not necessarily supercuspidal
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generic cusp forms on semisimple algebraic groups. Trans.
Amer. Math. Soc. 370 (2018), no. 7, 47314757

we discuss existence of cuspidal automorphic forms for reductive
groups in adelic settings with special regard on local p–adic
components

we explain the generalization of the works of Shahidi, Henniart,
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a generic automorphic representation means that automorphic
representation possesses a non–trivial Fourier coefficients with
respect to a maximal unipotent subgroup (more precisely later)

in a scope of Langlands–Shahidi theory of L–functions

possibly degenerate Fourier coefficients of automorphic cuspidal
forms are important for the theory of automorphic L–functions in
adelic and in a more classical settings such as Siegel modular forms
(Ginzburg, Soudry, Jiang, Gan, Savin, Ikeda, ...)
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G is a semisimple algebraic group defined over a number field k

Vf (resp., V∞) is the set of finite (resp., Archimedean) places

v ∈ V := V∞ ∪ Vf , we write kv for the completion of k at v

if v ∈ Vf , then Ov denote the ring of integers of kv

A is the ring of adeles of k

for almost all places of k , G is a group scheme over Ov , and
G (Ov ) is a hyperspecial maximal compact subgroup of G (kv )
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the group of adelic points G (A) =
∏′

v G (kv ) is a restricted
product over all places of k of the groups G (kv )

the group G (A) is a unimodular locally compact group

G (k) is embedded into G (A) diagonally as a discrete subgroup

the group G∞ =
∏

v∈V∞
G (kv ) is a semisimple Lie group with

finite center but possibly disconnected

we assume that G∞ is not compact

let K∞ and g∞ be a maximal compact subgroup and the (real) Lie
algebra of G∞, respectively
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let dg be a Haar measure on G (A), then the topological space
G (k) \ G (A) has a finite volume G (A)–invariant measure:∫
G(k)\G(A) P(f )(g)dg

def
=

∫
G(A) f (g)dg , f ∈ C∞c (G (A)),

where the adelic compactly supported Poincaré series P(f ) is
defined as follows:

P(f )(g) =
∑

γ∈G(k) f (γ · g) ∈ C∞c (G (k) \ G (A))

we remark that the space C∞c (G (k) \ G (A)) is a subspace of
C∞(G (A)) consisting of all functions which are G (k)–invariant on
the left and which are compactly supported modulo G (k)
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defined as follows:

P(f )(g) =
∑

γ∈G(k) f (γ · g) ∈ C∞c (G (k) \ G (A))

we remark that the space C∞c (G (k) \ G (A)) is a subspace of
C∞(G (A)) consisting of all functions which are G (k)–invariant on
the left and which are compactly supported modulo G (k)

Goran Muić
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introduce the Hilbert space L2(G (k) \ G (A)), where the inner
product is the usual Petersson inner product

〈ϕ, ψ〉 =

∫
G(k)\G(A)

ϕ(g)ψ(g)dg .

it is a unitary representation of G (A) under right translations

a closed subrepresentation L2cusp(G (k) \ G (A)) consisting of all
cuspidal functions

if P is a k–parabolic subgroups of G , then we denote by UP the
unipotent radical of P. For ϕ ∈ L2(G (k) \ G (A)), the constant
term is a function

ϕP(g) =

∫
UP(k)\UP(A)

ϕ(ug)du

defined almost everywhere on G (A)
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ϕ is cuspidal if ϕP = 0 almost everywhere on G (A) for all
proper k–parabolic subgroups of G

the space L2cusp(G (k) \ G (A)) can be decomposed into a direct
sum of irreducible unitary representations of G (A) each occurring
with a finite multiplicity.

let Acusp(G (k) \ G (A)) be the space of K∞–finite automorphic
forms on G (A). This is a (g∞,K∞)× G (Af )–module.

can decompose into algebraic direct sum of irreducible
(g∞,K∞)× G (Af )–modules: Acusp(G (k) \ G (A)) = ⊕jVj

=⇒ L2cusp(G (k) \ G (A)) = ⊕̂jV j a Hilbert direct sum of
irreducible representations of G (A).
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We describe the main result of G. Muić, Spectral
Decomposition of Compactly Supported Poincaré Series and
Existence of Cusp Forms, Compositio Math. 146, No. 1
(2010) 1-20

Acusp(G (k) \ G (A)) is a smooth G (kv )–module for each v ∈ Vf

=⇒ can apply the Bernstein’s theory and decompose according to
the Bernstein classes Mv — a (g∞,K∞)× G (Af )–module
decomposition

Acusp(G (k) \ G (A)) = ⊕MvAcusp(G (k) \ G (A))(Mv ).

a Bernstein class Mv determined by (Mv , ρv ), where Mv is a Levi
subgroup of G (kv ) and ρv is an (irreducible) supercuspidal
representation of Mv , is a equivalence class of such pairs
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Decomposition of Compactly Supported Poincaré Series and
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Existence of Cusp Forms, Compositio Math. 146, No. 1
(2010) 1-20

Acusp(G (k) \ G (A)) is a smooth G (kv )–module for each v ∈ Vf

=⇒ can apply the Bernstein’s theory and decompose according to
the Bernstein classes Mv — a (g∞,K∞)× G (Af )–module
decomposition

Acusp(G (k) \ G (A)) = ⊕MvAcusp(G (k) \ G (A))(Mv ).

a Bernstein class Mv determined by (Mv , ρv ), where Mv is a Levi
subgroup of G (kv ) and ρv is an (irreducible) supercuspidal
representation of Mv , is a equivalence class of such pairs

Goran Muić
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(Mv , ρv ) and (M ′v , ρ
′
v ) are equivalent if we can find gv ∈ G (kv )

and an unramified character χv of M ′v such that M ′v = gvMvg
−1
v

and ρ′v ' χvρ
gv
v i.e.,

ρgvv (m′v ) = χv (m′v )ρv (g−1v m′vgv ), m′v ∈ M ′v .

by definition, Acusp(G (k) \ G (A))(Mv ) is the largest
G (kv )–submodule of Acusp(G (k) \ G (A)) such that its every

irreducible subquotient is a subquotient of Ind
G(kv )
Pv

(χvρv ), for
some unramified character χv of Mv . Here Pv is an arbitrary
parabolic subgroup of G (kv ) containing Mv as a Levi subgroup

we can iterate this for v ranging over a finite set of places, and as
a result, we arrive at the question of non–triviality of a
(g∞,K∞)× G (Af )–module Acusp(G (k) \ G (A))(Mv ; v ∈ T ),
where T ⊂ Vf is a finite and non–empty set of places.
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Theorem. Let T be a finite set of places of k such that G is
unramified over kv for v ∈ Vf − T . For v ∈ T , let Mv be a
Bernstein’s class of G (kv ) determined by (Mv , ρv ). We define P to
be the set of all k–parabolic subgroups P such that a Levi factor of
P(kv ) contains a G (kv )–conjugate of Mv for all v ∈ T . Then we
have the following:
(i) Acusp(G (k) \ G (A))(Mv ; v ∈ T ) 6= 0.
(ii) Assume that P = {G}. Then for a sufficiently small
open–compact subgroup L ⊂ G (Af ) of the form
L =

∏
v∈T Lv ×

∏
v∈Vf−T G (Ov ), there exist infinitely many

K∞–types δ which depend on L such that a
(g∞,K∞)× G (Af )–module Acusp(G (k) \ G (A))(Mv ; v ∈ T )
contains infinitely many irreducible representations of the form
πj∞ ⊗v∈Vf

πjv , where πjv is unramified for v ∈ Vf − T , πjv belongs
to the class Mv and it contains a non–trivial vector invariant under
Lv for v ∈ T , and the irreducible unitarizable (g∞,K∞)–module
πj∞ contains δ: the set of equivalence classes {πj∞} is infinite.
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the theorem is a direct consequence of the spectral decomposition
of compactly supported Poincaré series combined with their
cuspidality criterion developed in the same paper

construction of compactly supported Poincaré series which are
cuspidal functions can be rather delicate, we use theory of
Bernstein classes in the smooth representation theory of p–adic
groups

some of the results can also be obtained by using more delicate
techniques of Arthur–Selberg trace formula as I was informed by
Shin
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back to work with A. Moy

Let U be a unipotent k-subgroup of G .

Let ψ : U(k) \ U(A) −→ C× be a (unitary) character.

we define a (ψ,U)–Fourier coefficient of ϕ ∈ L2(G (k) \ G (A)) by
the integral

F(ψ,U)(ϕ)(g) =

∫
U(k)\U(A)

ϕ(ug)ψ(u)du

which converges almost everywhere for g ∈ G (A).

ϕ is (ψ,U)–generic if F(ψ,U)(ϕ) 6= 0 (a.e.) for g ∈ G

if G is quasi–split over k , U is the unipotent radical of a Borel
subgroup of G defined over k , and ψ is non–degenerate in
appropriate sense, then we arrive at the usual definition of
ψ–generic function Shahidi theory
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Existence of cuspidal automorphic forms for reductive groups over number fields



back to work with A. Moy

Let U be a unipotent k-subgroup of G .

Let ψ : U(k) \ U(A) −→ C× be a (unitary) character.

we define a (ψ,U)–Fourier coefficient of ϕ ∈ L2(G (k) \ G (A)) by
the integral

F(ψ,U)(ϕ)(g) =

∫
U(k)\U(A)

ϕ(ug)ψ(u)du

which converges almost everywhere for g ∈ G (A).

ϕ is (ψ,U)–generic if F(ψ,U)(ϕ) 6= 0 (a.e.) for g ∈ G

if G is quasi–split over k , U is the unipotent radical of a Borel
subgroup of G defined over k , and ψ is non–degenerate in
appropriate sense, then we arrive at the usual definition of
ψ–generic function Shahidi theory

Goran Muić
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we adapt the methods of earlier paper to construct compactly
supported Poincaré series with non–zero (ψ,U)–Fourier coefficients
and with prescribed Bernstein classes

this is probably out of reach of Arthur—Selberg trace formula

we define the following closed subspace of L2cusp(G (k) \ G (A)):
L2cusp,(ψ,U)–degenerate(G (k) \ G (A)) consists of all

ϕ ∈ L2cusp(G (k) \ G (A)) such that ϕ is not (ψ,U)–generic

an irreducible closed subrepresentation U of L2cusp(G (k) \ G (A)) is
(ψ,U)–generic if

U 6⊂ L2cusp, (ψ,U)–degenerate(G (k) \ G (A)).
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supported Poincaré series with non–zero (ψ,U)–Fourier coefficients
and with prescribed Bernstein classes

this is probably out of reach of Arthur—Selberg trace formula

we define the following closed subspace of L2cusp(G (k) \ G (A)):

L2cusp,(ψ,U)–degenerate(G (k) \ G (A)) consists of all

ϕ ∈ L2cusp(G (k) \ G (A)) such that ϕ is not (ψ,U)–generic

an irreducible closed subrepresentation U of L2cusp(G (k) \ G (A)) is
(ψ,U)–generic if

U 6⊂ L2cusp, (ψ,U)–degenerate(G (k) \ G (A)).

Goran Muić
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Main Theorem: Assume that G is a semisimple algebraic group
defined over a number field k . Let U be a unipotent k-subgroup.
Let ψ : U(k) \ U(A) −→ C× be a (unitary) character. Let S be a
finite set of places, containing V∞, large enough such that G and
ψ are unramified for v 6∈ S (in particular, ψv is trivial on U(Ov )).
For each finite place v ∈ S , let Mv be a (ψv ,U(kv ))–generic
Bernstein’s class (i.e., there is a (ψv ,U(kv ))–generic irreducible
representation which belongs to that class such that the following
holds:

if P is a k–parabolic subgroup of G such that a Levi subgroup of
P(kv ) contains a conjugate of a Levi subgroup defining Mv for all
finite v in S , then P = G .
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Existence of cuspidal automorphic forms for reductive groups over number fields



Main Theorem: Assume that G is a semisimple algebraic group
defined over a number field k . Let U be a unipotent k-subgroup.
Let ψ : U(k) \ U(A) −→ C× be a (unitary) character. Let S be a
finite set of places, containing V∞, large enough such that G and
ψ are unramified for v 6∈ S (in particular, ψv is trivial on U(Ov )).
For each finite place v ∈ S , let Mv be a (ψv ,U(kv ))–generic
Bernstein’s class (i.e., there is a (ψv ,U(kv ))–generic irreducible
representation which belongs to that class such that the following
holds:
if P is a k–parabolic subgroup of G such that a Levi subgroup of
P(kv ) contains a conjugate of a Levi subgroup defining Mv for all
finite v in S , then P = G .

Goran Muić
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Then, there exists an irreducible subspace in L2cusp(G (k) \ G (A))
which is (ψ,U)–generic such that its K–finite vectors π∞ ⊗v∈Vf

πv
satisfy the following:

(i) πv is unramified for v 6∈ S .

(ii) πv belongs to the class Mv for all finite v ∈ S .

(iii) πv is (ψv ,U(kv ))–generic for all finite v .
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In ordinary generic case, the local results of Rodier can be used to
reformulate the requirement that the classes Mv are
(ψv ,U(kv ))–generic in its standard form

in this particular case, the theorem is a vast generalization of
similar results of Henniart, Shahidi, and Vignéras about existence
of cuspidal automorphic representations with supercuspidal local
components.

the theorem gives first examples for general G of generic
automorphic forms without local supercuspidal components

THANK YOU!
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