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Topic of the talk

o Let A=Z[z,...,z] be an integral domain of characteristic 0
which is finitely generated over Z.

@ Assume that r > 0.

@ We consider several types of Diophantine problems over A:
Thue equations

hyper- and superelliptic equations

the Schinzel-Tijdeman equation

unit points on curves

division points on curves

Main goal

Prove effective results for such equations, i.e. results which imply
that these equations have finitely many solutions and provide a
theoretical way to find all these solutions
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Historical remarks — The 1980's

@ Gyobry in the 1980's introduced effective specializations to
prove effective results over a special type of finitely generated
domain

@ Using this method Gyory proved effective results over special
finitely generated domains for
@ unit equations
norm form equations
index form equations
discriminant form equations
polynomials and integral elements of given discriminant

@ Brindza, Pintér, Végsd and others used this method to prove
results for several other types of equations
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Historical remarks — Recent years

@ In 2011 Evertse and Gyory extended the method of Gy6ry
making possible to prove effective finiteness results for
arbitrary finitely generated domains.

@ Using the improved method several effective results have been
proved for diophantine equations over finitely generated
domains:

e unit equations in two unknowns — Evertse and Gyéry, 2011
e Thue equations — B., Evertse and Gyéry, 2014

hyper- and superelliptic equations — B., Evertse and Gyory,

2014

the Schinzel-Tijdeman equation — B., Evertse and Gyory, 2014

unit points on curves — Bérczes, 2015

division points on curves — Bérczes, 2015

the generalized Catalan equation — Koymans, 2017

discriminant equations — Evertse and Gydry, 2017

decomposable form equations — Gyéry, 2077
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The finitely generated domain A

o Let A=Z[z,...,z] be as above, and put
I ={feZX,...,X]| f(z1,...,2,) =0}.

Then we have
A=Z[Xy,..., X]/I.

Further, the ideal / is finitely generated, say
I =(f,...,f).

o We may view fi,..., f; as a representation for A.

@ Ais a domain of char 0 <= [ is a prime ideal with / NZ = (0)

e Given a set of generators {f1,...,f;} for | this can be checked
effectively
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Representing elements of A

Let A be as above and let K be its quotient field.

@ For a € A, we call f a representative for «, or we say that f
represents «, if f € Z[X1,...,X;] and a = f(z1,..., z).

e Further, for « € K we call (f, g) a representation pair for a,
or say that (f, g) represents o if f, g € Z[X1,..., X;], g &/
and a = f(z1,...,2)/g(z1,...,2).

e Using an ideal membership algorithm for Z[Xi, ..., X;] one
can decide effectively

o whether two polynomials ', " € Z[ X1, ..., X;] represent the
same element of A, ie., f' —f" €l

o whether two pairs (f',g’'), (f",g") in Z[ X, ..., X;] represent
the same element of K, ie.,, g’ €/, g” ¢ | and
f‘/g// _ f'//g/ e I
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Effective computations in A

@ Based on results of Aschenbrenner one can perform arithmetic
operations on A and K by using representatives.
e For 0 # f € Z[X1,...,X.], denote by
e degf the total degree of f
o h(f) the logarithmic height of f, i.e. the logarithm of the
maximum of the absolute values of its coefficients.
o s(f) the size of f, which is defined by

s(f) := max(1,deg f, h(f)) for f#0
s(0):=1
@ It is clear that there are only finitely many polynomials in

Z[Xi,...,X,] of size below a given bound, and these can be
determined effectively.
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The result on unit equations

Theorem (Evertse and Gydry, 2013)

Assume that r > 1. Let a,b,c € A\ {0} and let &, b, & be
representatives for a, b, c, respectively. Assume that fi,...,f; and
3,b, & all have degree at most d and logarithmic height at most h,
where d > 1,h > 1. Then for each solution (¢,n) of the equation

ac+bn=c ine,ne A"

there are representatives & ¢ i,/ of e,e™1,m,n"t, respectively,

such that

s(8), s(£'), s(); (1) < exp ((2d)" (h + 1))

where c is an effectively computable absolute constant > 1.
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The Thue equation over finitely generated domains

We consider the Thue equation over A,
F(x,y)=0 in x,y €A, (1)
where
F(X,Y)=aX"+a X" 'Y .- +a,Y" € AX, Y]

is a binary form of degree n > 3 with discriminant Dg # 0, and
d € A\ {0}. Choose representatives

80,1, -+, dn,0 € Z[X1, .., X

of ag, a1, ..., an,0, respectively.

We must have 6 ¢ 1, Dg ¢ | which can be checked effectively.

A. Bérczes Diophantine equations over finitely generated domains



Introduction Finitely generated domains
Results over arbitrary finitely generated domains

The result on Thue equations over A

Let

max(deg f1, ..., deg f;,deg dp, deg 41, . . . ,deg 4, deg 5) <d
max(h(f), ... h(f), h(d), (1), .-, h(3), h(3)) < b,
(2)

where d > 1, h > 1.

Theorem (Bérczes, Evertse and Gyéry, 2014)

Every solution x,y of equation (1) has representatives X,y such
that

s(X),s(y) < exp (n!(nd)e’(p O (h+ 1)) . (3)
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Effectiveness of the above Theorem

The above result on Thue equations implies that the equation is
effectively solvable in the sense that one can compute in principle a
finite list, consisting of one pair of representatives for each solution
(x,y) of the equation. Indeed:

o Let fi,...,f € Z[X1,...,X;] be given such that Ais a
domain, and let representatives d, a1, . . ., an, 0 of
ao, ai, - -.,an, 0 be given such that §, Dg & .

o Let C be the upper bound from (3).

@ Check for each pair of polynomials X, y € Z[X1, ..., X] of size
at most C whether F(%,7)— 4 € I.

@ Check for all pairs X, y passing this test whether they are
equal modulo I, and keep a maximal subset of pairs that are
different modulo 1.
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Hyper- and superelliptic equations

We now consider the equation

F(x) =dy™ in x,y €A, (4)

where
F(X) = aoX" + a1 X" 1 +... 4+ a, € AX]

is a polynomial of degree n with discriminant Dg # 0, and where
d € A\ {0}. We assume that either m = 2 and n > 3 (hyperelliptic
equation), or m > 3 and n > 2 (superelliptic equation). Choose again
representatives

30,81, .- dnd € Z[X1, ..., X/]

for ag, a1, ..., an,d, respectively.

We must have § ¢ /, Dg & I which can be checked effectively.
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Results for hyper- and superelliptic equations

Let

max(deg f1, ..., deg f;,deg dp, deg 41, . . . ,deg 4, deg 5) <d
max(h(f), ... h(f), h(d), (1), .-, h(3), h(3)) < b,
(5)

where d > 1, h > 1.

Theorem (Bérczes, Evertse and Gyéry, 2014)

Every solution x,y of equation (7) has representatives X,y such
that

5(%), 5(7) < exp (m*(nd)* ") (h + 1)) (6)
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Effectiveness of the Theorem on hyper/superelliptic
equations

The above result on hyper- and superelliptic equations implies that
the equation is effectively solvable in the sense that one can
compute in principle a finite list, consisting of one pair of
representatives for each solution (x,y) of the equation. Indeed:

o Let f1,...,f € Z[Xy,...,X;] be given such that A is a
domain, and let representatives 4, a1, . . ., an, 0 of
ag, a1, ..., an, 0 be given such that 6, Dg & .

o Let C be the upper bound from (6).

o Check for each pair of polynomials X,y € Z[Xi, ..., X;] of size
at most C whether F(X) — dy™ € I.

@ Check for all pairs X, y passing this test whether they are
equal modulo |, and keep a maximal subset of pairs that are
different modulo I.
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Result on the Schinzel-Tijdeman equation

We now consider again the equation
F(x) = dy™ in x,y €A,meZsy, (7)

but now in three variables x, y, m.
Under the above assumption on A, F and § we have

Theorem (Bérczes, Evertse and Gyéry, 2014)

Assume that in (7), F has non-zero discriminant and n > 2. Let
x,y € A, m € Z> be a solution of (7). Then

m < exp ((nd)eXp ) (h + 1)) (8)
ify €Q, y #0, y is not a root of unity,
m < (nd)>* %) ify ¢ Q. (9)
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Unit points on curves

e A:=7Z|z,...,z] adomain which is finitely generated over Z,
as Z-algebra

@ K the quotient field of A

@ K the algebraic closure of K

o A* K*, K" denotes the unit group of A, K, K, respectively.

e [ a finitely generated subgroup of K*

o T the division group of

e F(X,Y) € A[X, Y] a polynomial, such that F is not divisible

by any polynomial of the form
X"Y" — « or XM —aY" (10)

for any m, n € Z>q, not both zero, and any a € A.

Consider the equation

F(x,y)=0 inx,yel (11)
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Historical remarks for unit points and division points on
curves

Let
C:={(x,y) € (C*)? | F(x,y) =0}

e Lang (1960) - finiteness of C N T2 (ineffective)

o Liardet (1974) - finiteness of C N r (ineffective)

@ Bombieri and Gubler (2006) — effective finiteness of C N T2 in
the algebraic case

e B., Evertse and Gy6ry (2009) — explicit effective finiteness of
CNT in the algebraic case

Prove effective versions of the results of Lang and Liardet in the
case of arbitrary finitely generated groups.
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Recall that
o A=1Zz,...,z] integral domain finitely generated over Z
@ We assume that r > 0
o A=Z[Xy,...,X,]/T for
I:={feZlX,....,.X]| f(z1,...,2) =0}
o we have T = (f1,...,ft)
Let I C ZZ>0 be a non-empty set, and let

FIX,Y)= Y aX'Yi e AX, Y]
(ij)el

be a polynomial which fulfils the following condition:

F is not divisible by any non-constant polynomial of the form

X"Y"—a or X" —aY" where m,n€ Z>g and o € K"
(12)
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Unit points on curves over finitely generated domains

o F is given by representatives d; € Z[Xi, ..., X/] of its
coefficients a;; € A
@ We assume that d > 1 and h > 1 are real numbers with

{ degfi,...,degf;,degd; < d forevery (i,j) el (13)

h(f),..., h(f), h(d;) < h for every (i,j) € l.

Theorem (Bérczes, 2015)

If A is a finitely generated domain as above, and F fulfils the
condition (12) then for all elements (x,y) of the set

C = {(x,y) € (A*)*|F(x,y) = 0} (14)

there exist representatives X, y, X' and y' of x, y, x_* and y~ 1,

respectively, with their sizes bounded by

exp {(2d)exp O(r)(2N)(Iog* N)-exp O(r) . (h + 1)3} )
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Effectiveness of the above Theorem

The above result is effective, i.e. it provides an algorithm to
determine, at least in principle, all elements of the set C.
@ there are only finitely many polynomials of Z[ X, ..., X/]
below our bound in the theorem
e (x,y) € C is clearly fulfilled if and only if there are
polynomials X, y,X', y' € Z[ X1, ..., X;] with their sizes below
the bound (5), which fulfil

-8 -1,y -1, F(8,y) e T. (15)

@ so we can enlist all 4-tuples (X, y, X", y') with
s(X),s(y),s(x"),s(y") being smaller than our bound

@ using an ideal membership algorithm check if (15) is fulfilled

e finally, group all the tuples in which (X, ¥) represent the same
pair (x,y) € (A*)? and pick out one pair from each group

@ so we get a list consisting of one representative for each
element of the set C.
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Assumptions for the results on division points

e F(X,Y) e A[X, Y] is a polynomial as above
@ Y1,...,7%s € K* are arbitrary non-zero elements of K

@ they are given by corresponding representation pairs
(gla hl)a s (g57 hS)

ol := {7{1...745 | /1,...,/56Z}
oMN={0cK|ImeZs: dmeTl}
Further, we assume that

deg fi,...,degf;,deggi, ... deggs,deghy, ... deghs,degd; < d
h(fi), ..., h(f;), h(g1), ..., h(gs), h(h1),..., h(hs), h(&;) < h,

where (i,j) € I and d, h are real numbers with d > 1 and h > 1.
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Division points on curves |.

Theorem (Theorem for division points on curves — part (i))

(i) Let A, T, and F be as specified above. Define the set

C:={(x,y) € ()*|F(x,y) = 0}. (16)

Then there exists a suitably large effectively computable constant
C1 such that for

My = N6(2d)exp{C1(r+s)}(h+ 1)45
and m :=lem(1,..., My) we have

xmerl and ymer,

for every (x,y) € C.
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Division points on curves Il.

Theorem (Theorem for division points on curves — part (ii))

(ii) Let m be the exponent fixed in part (i) and recall that

C:={(x.y) € (N)*|F(x,y) = 0}. (17)

Then there exists an effectively computable constant C and
integers t1 x, ..., tsx,t1y,...,tsy, With

tix, tiy < exp {exp {N12(2d)ex"{c2(’+5)}(h + 1)85}} (18)
fori=1,...,s, such that

tl,x ts,x

XM =y s y™m = 'y{l’y e (19)
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Reduction to a larger domain B

@ 71,...,Zg — maximal alg. independent subset of z;,...,z

o Ag:=Z[z,...,2z4), Ko :=Q(z1,...,2q)

@ The field K is a finite extension of Ky, i.e. K = Ko(w)

@ We shall construct an integral extension B of A in K such that

AC B := Aow, f1], (20)

where f € Ag and w is a primitive element of K over Ky
which is integral over Ag, with minimal polynomial
F(X)=XP+ FAXP1 + ...+ Fp € Ag[X], and with

D, deg f,deg Fi, h(f), h(Fi) < C(d. h, r)

@ Further, we choose f in such a way that some "important”
elements are units in B.

@ We bound the size of the solutions of our equation in x € B,
which yields the same bound for the solutions x € A.
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Measuring in the domain B

@ To a € K we associate the up to sign unique tuple
(Payos- -5 Pap—1,Qa) € AEH such that

D-1
a=Q;" ZPQJWJ with (1)
j=0
Qo #0, gcd(Pao,...,Pap-1,QRa) =1
e We put
{ ﬂ?goe := max(deg Py, ..,deg P, p_1,deg Qq) (22)
h(c) :== max(h(Pa), .-, h(Pa,p-1), h(Qx)),

where deg P, h(P) denote the total degree and logarithmic
height of a polynomial P with rational integer coefficients.

@ For a € Adega, h(a) and deg @, h(&) can be bounded by
each other. (The bounds also contain some parameter of A.)
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Bounding the deg of elements of B
using function field results

@ We look at K (more precisely at an extension of K) as a
function field in one variable, over an algebraically closed field

@ We do this for all variables z1, ..., z;, where this is a maximal
algebraically independent subset of z,..., z,

@ Using results (mainly of Mason) we bound the function field
heights of the element in question in each such function field

o Next we use a result of Evertse and Gydry, to estimate the
deg of the element by a bound depending on their function
field heights and parameters of the domain A.

A. Bérczes Diophantine equations over finitely generated domains



The method of Evertse and Gyory
Some words on the proofs Some words about the proof of the Theorem on division points

Kronecker-Gydry Specializations — Bounding heights h(x)

o Let A=Zz1,...,z)=Z[X1,..., X]/(f,..., fm) and let
0 A=-Q:zz—=&e€Q (i=1,...,r)
be a specialization homomorphism. Then
©(A) € ¢(B) € Os
where Qg is a suitable S-integer ring in some number field.
@ Thus, ¢ maps the solutions of the equation under
investigation to the solutions of a similar equation over Os.
@ We apply ‘many’ specializations to A and apply our effective
results to the resulting equations over Og
@ This gives, for each solution x and specialization ¢, effective
upper bounds for the number field heights of ¢(x) and its
field conjugates.
@ Using these and a result of Evertse and Gy8ry we deduce
upper bounds for h(x).

A. Bérczes Diophantine equations over finitely generated domains



The method of Evertse and Gydry
Some words on the proofs Some words about the proof of the Theorem on division points

Main steps of the proof of the Theorem on division points

Recall part (i) of the Theorem for division points on curves

(i) Let A, T, and F be as specified above. Define the set
C:={(xy) € (N)?|F(x,y) = 0}. (23)

Then there exists a suitably large effectively computable constant
C; such that for

MO o N6(2d)exp{C1(r+s)}(h+ 1)45
and m:=lcm(1,..., Mp) we have

x"erl and ymer,

for every (x,y) € C.
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Main steps of the proof of
part (i) of the Theorem on division points

for (x,y) € C we bound the degree of the field K(x, y)

@ we estimate the smallest positive integer exponent M such
that for (x,y) € C we have x" yM € 'y, where 'k denotes
the K closure of T, i.e. the largest subgroup of I which
belongs to K*

o for v € [k we estimate the smallest positive integer exponent
m(v) such that ™) ¢ T

@ The number my := M - m(xM) - m(y™) will have the property
xMo y™ ¢ [ however it depends on (x,y).

@ Since we have the estimate

mo < NO(2d)POU+9))(h 4 1)% .= M.

the number m :=lem(1,..., Mp) will be a uniform exponent
with x™ y™ e T.
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Recall part (ii) of the Theorem on division points

Theorem (Theorem for division points on curves — part (ii))
(ii) Let m be the exponent fixed in part (i) and recall that
C:={(x.y) € (N)*|F(x,y) = 0}. (24)

Then there exists an effectively computable constant C and
integers t1 x, ..., tsx,t1y,...,tsy, With

tix, tiy < exp {exp {N12(2d)ex"{c2(’+5)}(h + 1)85}} (25)
fori=1,...,s, such that

t1,x ts x tyy ts,y

XM =y s yT =T s (26)
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Reformulation of part (ii) of the Theorem on division
points

Let us fix m to be the integer specified in part (i) of our Theorem
and consider the set

Cr:={(x0,y0) €M | Ix,y €T : x™ = x0,y™ = yo, F(x,y) = 0} .
(27)

Proposition

Let (xo, yo0) € C1. Then there exist representatives Xy and o for xo
and yy, respectively, with the property

deg %o, deg o < exp {Nﬁ(zd)exp O(r+3) (h + 1)45}

h(%), h(¥o) < exp {exp {N12(2d)exp o(r+s)(h n 1)85}} (28)
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Reducing our equation to an equation over [

o Let p be a primitive m*™ root of unity. There exists

G(U, V) =3 jjes biyU' VI € AU, V] with b; # 0 and

m m m—1 m—1 k |
cxmym =11, II_, Fe'x.p'Y)  (29)
and such that b;; have representatives E,-j with bounded size.
e G(X,Y) is divisible by a non-constant polynomial of the form
X2YP _ qor X2 — aYP with a € 7*, a,b € Z>o if and only
if F(X,Y) is divisible by a non-constant polynomial of the
form X“YY — B or X — BYY with B € K, u,v € L.
@ The set
Ci:={(x0, %) €M | 3x,y €T :x" =x0,y" = yo, F(x,y) = 0}
is equal to the set

C2 := {(x0,y0) € I* | G(x0,0) =0} .
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Effectiveness of the Theorem on division points

e Consider the above defined polynomial G(X, Y)

@ For all values of the exponents t;, tj, below the bound
specified in part (ii) of our Theorem we check

t ts
Gy ...yl ™ . vs”) = 0.

o If this is true then the elements

t1 t1y tsy

X0 =" - Yo="7" s
have at least one mt" root x and y, respectively, such that
F(x,y) =0.

Further, each element of C can be obtained in such a way.
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An open question

In this talk | presented effective finiteness results for the equation
f(x,y)=0 inx,y€g

where G is the group
e G = A%
e G=T.

Open problem

Give effective result for the above equation for G = A*.

Why is this open?

We do not know how to effectively determine a set of generators of
A* when A =Z|z,...,z].

A. Bérczes Diophantine equations over finitely generated domains



The method of Evertse and Gydry
Some words on the proofs Some words about the proof of the Theorem on di

Thank you for your attention!
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