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Plan of talk

Basics of conormal variety
A brief introduction & basics

Classical Steinberg theory for G/B x G/B
Explain classical Steinberg variety shortly

Mirabolic RSK by Travkin
Introduce mirablic triple flag variety and explain results obtained by
Travkin

Double flag variety for symmetric pairs
Generalize the Steinberg theory to in two ways:
Generalized Steinberg theory for type A &
Exotic Steinberg theory for type A
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Basics for Conormal variety (cf Chriss-Ginzburg [CG97])

G : algebraic group / C & g = Lie (G) X : smooth variety G
T*X : cotangent bdle (symplectic) “~ G by Hamiltonian action

v hence 3 moment map 1 pux : T*X —— g*

G\X 320 : G-orbit v TFX : conormal bdle

Definition—Lemma
V= uxt0) = {(x,€) | &(zx) =0 (Vz e g)} = T*X : conormal variety

— * .
= |_|@eX/G ToX (hence the name of conormal variety)

Corollary
Assume #X /G < 0. (finitely many orbits)

Y is equi-dimensional of dim X and
Y = Ugex /G T3X  gives irred decomposition as an alg variety

Oe X/G (bijection)

IrrY > T5X

(.. TgX : irreducible and dim TX = dim X)
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Classical Steinberg Theory

G : reductive alg grpd0 B < G : Borel subgrp & % := G/B : flag variety
p: T*% — N : moment map (Springer resolution)

Z = T*B xnr T*PAB : Steinberg variety (or conormal variety)
= {((bl,Xl), (bz,Xz)) | Xx;j € b; ﬂN,Xl + Xp = 0}
Theorem (Steinberg)

Irr(Z) = {2 | we W} so that Z = J,,ciy 2w : Irred decomp
©(Zy) = Oy for 31 Oy € N/G : nilpotent orbit

In this way, we get a map oW —->N/G

Example (G = GL,: Robinson-Schensted correspondence)

N/G ~ P(n) : partitions via Jordan NF Oy «— A
For x € Oy v lrr(%By) ~ STab) : std tableaux
d:W=S5,—-Zn=N/G Fiber: ®~1(\) ~ STab) x STab,

Nishiyama (AGU) Steinberg theory for symmetric pairs 2019/06/25



Generalizations 1: mirabolic case

Triple flag variaty (mirabolic case)

by Finkelberg-Ginzburg-Travkin[FGT09] Travkin[Tra09]
G = GL(V) o B : Std Borel subgrp

B =G/B=F(V) : variety of complete flags
X:=BxABxV (notethat V=P(V) >~ G/Pupir & #X/G < )

Theorem (Zelevinsky)

X/G~W:={W=(w,0) | we S,,0: decreasing seq in w} J

T*X = T*BxT*BxT*V < (BxN)?>xVxV* : cotangent bundle

Proposition (Steinberg variety = conormal variety)

Z ={(by,bo, u1,up,v,v¥) |uiebjn N, ve V, v¥ e V¥ s.t. (»)}

- U(W o)eW Z(W,J) : irred decomp
| (*) m+wm+vev =0
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mirabolic RSK correspondence

N < g : nilpotent variety (as above)
Theorem (Enhanced nilpotent cone)

N x V)/G ~ {(\, w)||N + ] = n} Achar-Henderson [AH08]
~ P :={(v,0)|vi=0; > vii1} Travkin

Theorem (Mirabolic RSK (Travkin))

B Z = scrg 2w - irred decomp (W = (w,0) € W)
2| SO(ZW) = {(u1,u2,v) | (u1,v) & (1,0), (12, v) & (v, 0)}
— (1,0,V) e Pxy'P
oW - PxpB & O (1,0,0)) ~ STab(v) x STab(v/)
: mirabolic RSK correspondence (3 combinatorial algorithm)
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Generalizations 2: Double flag variety for symm pairs

Henderson-Trapa[HT12] (G, K) = (GL2p, Spy,,)
X=VxG/B < K/QurxG/B
Quir = Stabk (line) so that K/Quir ~ P(V)
Fresse-N[FN16] (G, K) = (GL,,GL, x GLq) (n=p+ q)
V=C'=Vr@V- (Vf=CP,V- =C9)
X = K/Quir X G/P < VT x Gry(V)
Qumir = Stabk (line in V1) so that K/Quir ~ P(V™)
Fresse-N [FN19] (G, K) = (GL2,, GL, x GL,) - - this talk
V=C"=VteVv  (VEx~C")
X = K/By x G/P ~ FUVH)x FUV ) x Gro(V)

Bk = B, x B, € K : Borel subgroup
P = Stabg(V™") € G : maximal psg
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Exotic moment maps for Double flag var: General setting

G: reductive alg grp /C K < G: a symmetric subgroup

By definition, 30 € Aut G: involution s.t. £ = g? (f-fixed pts)
wo g =t@s: Cartan decomp (s = g_(’ ={xeg|b(x) =—x})

@ P c G: parabolicin G
@ Q c K: parabolicin K (afterwards Q = Bg: Borel subgrp)

X := K/Q x G/P: double flag variety for symmetric pair ([NO11])

Assumption (Always assume below)

Assume #X/K <0 (<= #Q\G/P < ) L % is of finite type

Many examples: N-Ochiai [NO11] &
Even classification (Q or P: Borel) by N-He-Ochiai-Oshima [HNOO13]
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moment map: . T*X ~T*(K/Q)xT*(G/P) ————— ¢
w w
(x, 905 ys o) ———= x +y’

Conormal variety: Y = p3x'(0) = H@ex/K T5%

:{(X,CIO;%PO) |XEC|0L, yepév X+y9:O}

Here qg =u(qo) & pg =u(po) are nilpotent radicals

Definition
generalized Steinberg map

906:3}—)-/\[?’ 809((X7Cl0;y7130)):y0=—><7

exotic moment map

e Y —s W ((xq0y,p0) =y ! =x+y.

v

The image of =% need not be in a nilpotent variety. But if u(p) is abelian

& g is of type A, the image is in N, the nilpotent variety in s (see [FN16]).
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Symmetric pair of type Alll

From now on, concentrate on the symmetric pair

(G,K) = (GL2,(C), GL,(C)x GL,(C))
LW ({5, n), U(n)xU(n))
Complexification of Hermitian symmetric of tube type

e Q = Bk = B, x B,: Borel subgrp in K,

@ Ps =KxM,= {(g Z) | a,be GL,,z € M,}: Siegel psg in G

v~ double flag variety:

X = K/Bk x G/P ~ (FL(C") x FL(C")) x Gr,(C?")
FU(V): set of complete flags in V
Gr,(V): Grassmannian of r-subsp in V

Lemma ([FN16])

In the above setting, exotic moment map takes Y (conormal variety) to N
(nilpotent variety for G/K ) so that it induces ®~7 : X/K — N,/ Ad K
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Two moment maps (Steinberg & exotic) ¢*? induce orbit maps

e X/K — N/ AdK, o9 x/K — N,/AdK
Call them generalized Steinberg map & exotic moment map
by abuse of terminology

Key point
G/Ps ~ Gro(C?") ~ M3, ,/GL, (M3, ,: full rank matrices)

Identification via
Ae M3, ,/GL, < [A] := Im A€ Gr,(C*")
maximal parabolic subgroup Pa = Stabg([A]) € G/Ps

v~ rewrite the conormal fiber using
AEMgnn (bK,pA)EK/BKXG/PSZ.}:
Fiber at (bk,pa) € Oa  (Qa: orbit through (bk,pa)):

yA:{y:<VaV Z)El\/[z,,]aeu+ beu,, Imy c [A]  Kery}
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3 two moment maps (Steinberg & exotic)
% X/K — N/ Ad K, ® 7 X/K — N/ AdK
Recall: Ae M3, , < [A] =ImAe Gr,(C2") < pa = Stab([A])

Lemma
A complete representative of the orbits for the action

Br x B, M3, ““GL,(C) s given by
_ o T o
(B % By)\M3y/GLa(C) = {( 1) € M, | 71,72 € Ta}/Sn,

T,: the set of partial permutations and S, acts by right
wo o XK~ (T, x T,)°/Sn,
where © denotes “full rank” & S, acts diagonally

Thus two moment maps induces combinatorial maps:

&Y (Ty x Tp)°/Sn— P(n)? & &0 (T, x T,)°/S, — P(2n)*
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Generic orbits in X/K ~ Gr,(C?")/Byk

Below, we will concentrate on the orbit through A = ( 71— )
n

for a partial permutation 7€ T,

Let us denote it by O, := Qg4

v~ 3 combinatorial algorithm which gives
(A, ) e 2(n)? & Ne 7+

o
2n,n

from the above generic Ae M
Thus we have arrived at the problem to give
& T, — 2(n? & & T,— 2(2n)*

explicitly
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generalized Steinberg map ¢/ : X/K — N/ Ad K

Take 7€ T, and recall A = (E ) e M3, , & orbit through A: O, := O,
n b

v gen Steinberg map: ®%(Q,) = Oy x O, (3\, pe 2(n))
In this setting, Image of conormal fiber is

O (Va) = {(tw, —wr) e ul xu; | we M,}
Interesting coincidence

This is the very same as the conormal variety for the action:
B x By M,

Notice the resembrance with the Steinberg's setting:
(G/Bf x G/B;)/G ~B\G/B, ~~ Bi xB, ~GL,cM,

Repalce GL, by the full matrix space M,!!

Nishiyama (AGU) Steinberg theory for symmetric pairs 2019/06/25 14 / 26



Proposition
Consider the action: B, ~~ M, B,
orbit decomposition: B \M, /B, ~ T,
For T*M, ~ M2 3 (x,y), moment map : u(x,y) = (xy, —yx)

The moment map image of irred comp Y, generates a pair of
nilpotent GL,-orbits Oy x O,, &
The correspondence T +— (A, j1) agrees with ®?

Theorem

There is a combinatorial algorithm to give the correspondence:
T (A, 1) or o0 T, > P2(n)?

Let us explain the algorithm...
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Algorithm for gen RS correspondence |

Take € T, - permutation notation:

= (el oy o) =

_ <j1 2 drompomp e mnr)
ii i - i, 0 0 --- 0 )°

o r = rank 7 (the rank of the matrix 7);

0 1 <fp<--<jr & mp<mp<---<mp_, : increasing sequence

o ix #0 (1 < k <r): permutations

o {l1,....lp—r}:=[n\{i1,...,ir} & U1 <lp<---<{lph_,: increasing

We put o = (‘:1 Ji2 Jlr> : the non-degenerate part of 7
L e
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Algorithm for gen RS correspondence I

Robinson-Schensted-Knuth correspondence tells ([Ful97])
RSK(o) = (Ty, T2) € STab(v') x STab(v') (I € L2(r))
s.t.  contents(Ty) = {i,...,ir}
contents(T2) = {Jj1,...,Jr}
Put v:= '/ (transpose is more convenient)

Perform row insertions (row bumping) ([Ful97]):
Ti="Ty—lp Ly g —ly—1y
7—; = tT2‘_mn—r‘_mn—r—1 o M < My,

Theorem (gen RS correspondence)

Assume that &(7) = (\, ), i.e,  (AdG)?-p(Tg M,) =0y x O,

Then (\, i) is given by (shape(ﬂ),shape(:l'\g)) above
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go_(l 2345 (2 3 5
™o 4501 74 5 1

RSK(0) = (Ty, To) Ta =28 7o =213) oy =[]

e 12| T2 T
leé‘” 3e2—% T2=§5‘ 41 =1[2]5 )\ZELMZEH
= = = 3
i [~
1 2 3 45 2 4
7_0401o> "‘(4 1)
RSK(o) = (T1, T2) T1= T = v =[]
T1: 14<*5<*3<*2:i T2:<—5<—3<—1:£ )\:7 =LU
4] 7 O

3 partial permutations with A = p («~ premutations always have
A= p)

Note: \\v & p\v are column strips
i.e., there is at most one box in each row
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Theorem
Assume that &(1) = (A, ), ie,  (AdG)2-p(Tg M,) = Oy x O,

Then (\, p) = (shape(fl'\l),shape(?'\g)) holds.  (already stated)
Conversely, for V(ﬁ, 7’;) € STab(\) x STab(u),

ifdlve P, (0<r<n) st.\v & p\v are column strips,

Al 7€ T, of rank r s.t. the corresponding tableaux is (7'\1, 7'\2)
3 bijection between T,, & the set

(7'\1, Ta; v) eSTab(\) x STab(u) x £, |
(A\p)EP2, 0<r<n A\, p\v : column strips

Corollary
. n s2?
4T, = d.m(r@o Indg, o (CS: @sgn®2))

where CS, ~ @, p,(,r) ® (O‘l(,r))*.' regular repr of S, x S,
fiber ®L(A, 1) (A p) € 22) < isotypic comp p" @ (p}i")*

v

3 Astonishing coincidence with mirabolic RS (private comm by Henderson)
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Relation to mirabolic RS by Travkin

V = C" tentatively & put X = Z(V)x F(V)xV
Recall Travkin:
X/GL, ~ W = {W = (w,0) | we Sp,o: decreasing in w}

bijection

{((v, T1), (', T2);0) | T1 € STab(v), T2 € STab(v'), (v,1'; 0) € Px (9P}

Our formula tells:
B\M,/B,; ~ T, = (partial permitations)

bijection

{((\, T1), (1, T2);v) | T1 € STab(\), To € STab(u), (A, u;v) € Th}
{(

where T, := {(\, ;v) | A\v, p\v : column strip}
Coincidence
These are all in bijection!! 37 geometric interpretation
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Exotic moment map & ?: X/K — N;/Ad K

T

Conormal fiber Y4 at A = (1 ) o the image by ¢

is:
“(Vy) = {(W Z) |z=7wr, TWeu}, wreu,}

Then ®=9(0,) = Op € N/ Ad K densely intersects with RHS
v~ determines the signed Young diagram A € Wzin

3 A recipe how to calculate A from 7 --- but before that we need

Notations & terminology
e For A€ Z(n), A<k: the first k columns of A

o Ne 9;{7: signed Young diagram (left & upper adjusted) of 2n boxes
filled with + in alternating manner in each rows; #+'s = #—'s=n

o Acy: the first k columns of A (including +'s)
H#A<k: # of boxes in Agk H#A<k(£): # of £'sin Ak
@ Then #\<x determines A &  #A<k(£) determines A completely
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The Recipe r=rank7, s:=n—r =null7

Already knew gen RS correspondence: genRS(7) = (A, ;1) € £ (n)?
obtained an auxirially partition v € Z(r) from nondeg part o

complete to

1o o Jromp omp - omg a permutation
= hn b - i 0 0 --- 0
~ Jijocr jemimy - mg 12 - §>
=i 1 5 - € Son_
(1112--- i1 2 .o 5 £y by - L 2n—r

wherel<2<..-<35<1<2<---<n
Put 1) := fshape(RS(7)) € P2,—, (note the transpose)
Theorem (Exotic RS correspondence)
For any 0 < k < 2n, the signed Young diagram N satisfies :
A k even ! k even
SN (+)= HFA<k S (=)= i<k
#n<k—s k odd #Hr<k+s k odd

Conversely these conditions determine N uniquely
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Corollary

If T €S, is a permutation, then N is a union of [T I—1TI= (the

length of the rows are both \;) for 1 < i < {()\).

(. If 7 is a permutation, then A = u=v =nand n—r = 0)

Example
1 23 4567 ~ (1 212 3 4567
6050213 T"\476152213

DD+

2019/06/25
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Thank you for your attention!!

[ RO R S R P R
H N W oA oo =

From:
https://en.wikipedia.org/wiki/Viennot%27s_geometric_construction
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