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Highest weight vectors in plethysms

This talk is based on a joint work with Kazufumi Kimoto .

If π1 : GL(V1)→ GL(V2) and π2 : GL(V2)→ GL(V3) are
polynomial representations with characters χ1 and χ2, then the
character of

π2 ◦ π1 : GL(V1)→ GL(V3)

is called the plethysm of χ1 and χ2 and is denoted by χ2 ◦ χ1.

Example. If V1 = Cn, V2 = Sm(Cn), V3 = Sk(V2) = Sk(Sm(Cn)),
then χ1 = hm, χ2 = hk (complete symmetric polynomials)
and χ2 ◦ χ1 = hk ◦ hm.

Plethysm can be extended to an operation on symmetric
functions.
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Highest weight vectors in plethysms

Open problem in combinatorics: Express the plethysm
sλ ◦ sµ of two Schur polynomials as a linear combination of
Schur polynomials.

Not much is known about this.

Answers for hk ◦ hm is only known for k ≤ 4.
k=2,3: Thrall (1942)
k=4: Foulkes (1954)

Equivalent problem in representation theory: Decompose
the GLn representation Sk(Sm(Cn)) into a direct sum of
irreducible representations and find the multiplicities.

The case k ≤ 4 was done in the paper “(GLn,GLm)-duality and
symmetric plethysm” by Howe in 1988.
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Highest weight vectors in plethysms

Our goal:

Find all the GLn highest weight vectors in S2(Sm(Cn)) and in
S3(Sm(Cn)).

The results will give more explicit information on these
representations. In particular,

highest weight vectors =⇒ multiplicities.

Strategy: For fixed k, define a graded algebra which can be
decomposed as

⊕∞
m=0 Sk(Sm(Cn)).

Then the GLn highest weight vectors in this algebra spans a
subalgebra.

Find generators and relations, and a basis for this subalgebra.
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Construction of the algebra
⊕∞

m=0 Sk(Sm(Cn))
We have

Sk(Sm(Cn)) = (

k︷ ︸︸ ︷
Sm(Cn)⊗ · · · ⊗ Sm(Cn))Sk

where Sk is the symmetric group on {1, 2, ..., k}.

Let P(Cn) = {polynomial functions on Cn}.
For g ∈ GLn and f ∈ P(Cn),

(g.f )(X) = f (gtX) X ∈ Cn.

Then as a representation of GLn,

P(Cn) =
⊕
m≥0

Pm(Cn) ∼=
⊕
m≥0

Sm(Cn).
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Next, consider

P(Mnk) = P(Cn ⊕ Cn ⊕ · · ·Cn) ∼= P(Cn)⊗ P(Cn)⊗ · · · ⊗ P(Cn)

∼= (
⊕
m1≥0

Sm1(Cn))⊗ (
⊕
m2≥0

Sm2(Cn))⊗ · · · ⊗ (
⊕
mk≥0

Smk(Cn))

∼=
⊕

m1,...,mk≥0

Sm1(Cn)⊗ Sm2(Cn)⊗ · · · ⊗ Smk(Cn).

Let Q ⊂ P(Mnk) with

Q ∼=
∞⊕

m=0

Qm where Qm ∼=
k︷ ︸︸ ︷

Sm(Cn)⊗ · · · ⊗ Sm(Cn) .

Extract Sk -invariants

QSk =

∞⊕
m=0

QSk
m , where QSk

m
∼= Sk(Sm(Cn)).
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QSk =

∞⊕
m=0

QSk
m , where QSk

m
∼= Sk(Sm(Cn)).

QSk is a graded algebra, and each Sk(Sm(Cn)) is a
homogeneous component of QSk .

Next step: Find all the GLn highest weight vectors in QSk .
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Some notaton:

Young diagrams

D = = (6, 4, 4, 2) or (6, 4, 4, 2, 0) etc.

`(D) = 4, the number of rows in D.

Young diagram D
with `(D) ≤ n

↔ polynomial representation
ρD

n of GLn = GLn(C)

If D = (k) has only one row, then ρ(k)n ∼= Sk(Cn).
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An =

t =


t1 0

. . .

0 tn

 ∈ GLn

 , Un =




1 ∗
. . .

0 1


 .

For D = (λ1, ..., λn), let

ψD
n : An → C, ψ(t) = tλ1

1 · · · t
λn
n .

Then

ρD
n = irreducible GLn module with highest weight ψD

n

and (
ρD

n
)Un

= CξD, t.ξD =
[
ψD

n (t)
]
ξD, ∀t ∈ An



Highest weight vectors in plethysms

So to find GLn highest weight vectors in QSk , we consider the
algebra

(QSk)Un = {Un invariants in QSk}.

Since the actions by Sk and Un commute with each other,

(QSk)Un = (QUn)Sk .

A nice basis for the algebra QUn may be deduced from SMT
(standard monomial theory).

Project the basis to (QUn)Sk to obtain a spanning set of (QUn)Sk .

Finally get a basis for (QUn)Sk from this spanning set.
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Standard Monomial Theory states that the algebra

P(Mnk)
Un ∼=

⊕
m=(m1,...,mk)∈Zk

≥0

[Sm1(Cn)⊗ Sm2(Cn)⊗ · · · ⊗ Smk(Cn)]Un

is generated by {δI : 1 ≤ i1 < i2 < · · · < ip ≤ k} where

δI =

∣∣∣∣∣∣∣∣∣
x1i1 x1i2 · · · x1ip
x2i1 x2i2 · · · x2ip
...

...
...

xpi1 xpi2 · · · xpip

∣∣∣∣∣∣∣∣∣
and a set of products of the form δI1δI2 · · · δIq (called standard
monomials) forms a basis for P(Mnk)

Un .

The basis elements which belong to QUn forms a basis for
QUn .
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The case k = 2
Find the highest weight vectors in S2(Sm(Cn))

P = P(Mn2(C)) = polynomial algebra on


x11 x12
x21 x22
...

...
xn1 xn2

.

P = P(Mn2) ∼= P(Cn ⊕ Cn) ∼= P(Cn)⊗ P(Cn)

∼=
⊕

m1,m2≥0

Sm1(Cn)⊗ Sm2(Cn)

Q ⊂ P with Q ∼=
⊕
m≥0

Sm(Cn)⊗ Sm(Cn).

QS2 ∼=
⊕
m≥0

(Sm(Cn)⊗ Sm(Cn))S2 ∼=
⊕
m≥0

S2 (Sm(Cn)) .
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By STM, the algebra PUn is generated by

x11, x12,

∣∣∣∣ x11 x12
x21 x22

∣∣∣∣ .

Proposition. The algebra QUn ∼=
⊕

m≥0(Sm(Cn)⊗ Sm(Cn))Un is
a polynomial algebra generated freely by

α = x11x12 and γ =

∣∣∣∣ x11 x12
x21 x22

∣∣∣∣ ,
and for each m, the set

{αm−aγa : 0 ≤ a ≤ m}

is a basis for (Sm(Cn)⊗ Sm(Cn))Un .
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GLn weight of α = x11x12 is (2, 0, 0, ..., 0).

GLn weight of γ =

∣∣∣∣ x11 x12
x21 x22

∣∣∣∣ is (1, 1, 0, ..., 0).

So GLn weight of αm−aγa is (2m− a, a, 0, ..., 0),

Sm(Cn)⊗ Sm(Cn) ∼=
⊕

0≤a≤m

ρ
(2m−a,a)
n ,

and αm−aγa is the unique GLn highest weight vector in ρ(2m−a,a)
n .

Now Sm(Cn)⊗ Sm(Cn) ∼= S2(Sm(Cn))⊕ Λ2(Sm(Cn)).

Which of the representations ρ(2m−a,a)
n are in S2(Sm(Cn))?

Just check how the transposition (1 2) ∈ S2 transforms the
highest weight vectors.
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The transposition (1 2) ∈ S2 acts by (1 2).xi1 = xi2 and
(1 2).xi2 = xi1.

So (1 2).α = x12x11 = α, (1 2).γ =

∣∣∣∣ x12 x11
x22 x21

∣∣∣∣ = −γ,

(1 2).αm−aγa = (−1)aαm−aγa

So αm−aγa ∈ S2(Sm(Cn)) if and only if a is even, and this gives

S2(Sm(Cn)) ∼=
⊕

0≤a≤m
a even

ρ
(2m−a,a)
n

Λ2(Sm(Cn)) ∼=
⊕

1≤a≤m
a odd

ρ
(2m−a,a)
n .
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The case k = 3: Find highest weight vectors in S3(Sm(Cn))

P = P(Mn3(C)) = polynomial algebra on


x11 x12 x13
x21 x22 x23
...

...
...

xn1 xn2 xn3

.

P ∼= P(Cn)⊗ P(Cn)⊗ P(Cn)

∼=
⊕

m1,m2,m3≥0

Sm1(Cn)⊗ Sm2(Cn)⊗ Sm3(Cn)

Q ⊂ P with Q ∼=
⊕
m≥0

Sm(Cn)⊗ Sm(Cn)⊗ Sm(Cn).

QS3 ∼=
⊕
m≥0

S3 (Sm(Cn)) .
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(
QS3

)Un
=
(
QUn

)S3 ∼=
⊕
m≥0

S3 (Sm(Cn))Un .

Proposition. (SMT + some work) For 1 ≤ i, j ≤ 3, let

δij =

∣∣∣∣x1i x1j

x2i x2j

∣∣∣∣ and γ1 =

∣∣∣∣∣∣
x11 x12 x13
x21 x22 x23
x31 x32 x33

∣∣∣∣∣∣ .
Then the algebra QUn ∼=

⊕
m≥0(Sm(Cn)⊗ Sm(Cn)⊗ Sm(Cn))Un is

generated by

α1 = x11x12x13, β2 = x13δ12, β3 = x12δ13,

γ1, γ2 = δ12δ13δ23.
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MainTheorem. Let α2 = β2
2 + β2

3 − β2β3 and
α3 = 2(β3

2 + β3
3)− 3(β2

2β3 + β2β
2
3). Then the set

B = {ξ(a,b,c,d,e,f ) = αa
1α

b
2α

c
3γ

2d+f
1 γ2e+f

2 : a, b, d, e ∈ Z≥0, c, f ∈ {0, 1}}

is a basis for (QS3)Un = (QUn)S3 .

m GLn weight
α1 1 (3)

γ1 1 (1, 1, 1)

α2 2 (4, 2)

γ2 2 (3, 3)

α3 3 (6, 3)

The GLn weight of ξ(a,b,c,d,e,f ) is
D = (λ1, λ2, λ3) where

λ1 = 3a + 4b + 6c + 2d + 6e + 4f
λ2 = 2b + 3c + 2d + 6e + 4f
λ3 = 2d + f

and ξ(a,b,c,d,e,f ) ∈ S3(Sm(Cn))

where m = a + 2b + 3c + 2d + 4e + 3f .



Highest weight vectors in plethysms

MainTheorem. Let α2 = β2
2 + β2

3 − β2β3 and
α3 = 2(β3

2 + β3
3)− 3(β2

2β3 + β2β
2
3). Then the set

B = {ξ(a,b,c,d,e,f ) = αa
1α

b
2α

c
3γ

2d+f
1 γ2e+f

2 : a, b, d, e ∈ Z≥0, c, f ∈ {0, 1}}

is a basis for (QS3)Un = (QUn)S3 .

m GLn weight
α1 1 (3)

γ1 1 (1, 1, 1)

α2 2 (4, 2)

γ2 2 (3, 3)

α3 3 (6, 3)

The GLn weight of ξ(a,b,c,d,e,f ) is
D = (λ1, λ2, λ3) where

λ1 = 3a + 4b + 6c + 2d + 6e + 4f
λ2 = 2b + 3c + 2d + 6e + 4f
λ3 = 2d + f

and ξ(a,b,c,d,e,f ) ∈ S3(Sm(Cn))

where m = a + 2b + 3c + 2d + 4e + 3f .
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Examples

Highest weight vectors in S3(S1(Cn))

S3(S1(Cn)) = S3(Cn) = ρ
(3)
n is irreducible and has only one

highest weight vector

α1 = x11x12x13.
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Highest weight vectors in S3(S2(Cn))

m GLn weight
α2

1 1 + 1 = 2 (3) + (3) = (6)

α2 2 (4, 2)

γ2
1 2 (2, 2, 2)

Thus,
S3(S2(Cn)) ∼= ρ

(6)
n ⊕ ρ(4,2)n ⊕ ρ(2,2,2)n .
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Highest weight vectors in S3(S3(Cn))

m GLn weight
α3

1 1 + 1 + 1 = 3 (3) + (3) + (3) = (9)

α1α2 1 + 2 = 3 (3) + (4, 2) = (7, 2)

α3 3 (6, 3)

α1γ
2
1 1 + 2 = 3 (3) + (2, 2, 2) = (5, 2, 2)

γ1γ2 3 (4, 4, 1)

Thus,

S3(S3(Cn)) = ρ
(9)
n ⊕ ρ(7,2)n ⊕ ρ(6,3)n ⊕ ρ(5,2,2)n ⊕ ρ(4,4,1)n .



Highest weight vectors in plethysms

Highest weight vectors in S3(S4(Cn))

m GLn weight
α4

1 1 + 1 + 1 + 1 = 4 4(3) = (12)

α2
1α2 2 + 2 = 4 (6) + (4, 2) = (10, 2)

α1α3 1 + 3 = 4 (3) + (6, 3) = (9, 3)

α2
1γ

2
1 2 + 2 = 4 (6) + (2, 2, 2) = (8, 2, 2)

α1(γ1γ2) 1 + 3 = 4 (3) + (4, 4, 1) = (7, 4, 1)

α2
2 2 + 2 = 4 2(4, 2) = (8, 4)

α2γ
2
1 2 + 2 = 4 (4, 2) + (2, 2, 2) = (6, 4, 2)

(γ2
1)2 2(2) = 4 2(2, 2, 2) = (4, 4, 4)

γ2
2 4 (6, 6)

S3(S4(Cn)) = ρ
(12)
n ⊕ ρ(10,2)

n ⊕ ρ(9,3)n ⊕ ρ(8,4)n ⊕ ρ(8,2,2)n

⊕ ρ(7,4,1)n ⊕ ρ(6,6)n ⊕ ρ(6,4,2)n ⊕ ρ(4,4,4)n .
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Highest weight vectors in S3(S5(Cn))

m GLn weight
α5

1 5(1) = 5 5(3) = (15)

α3
1α2 3 + 2 = 5 3(3) + (4, 2) = (13, 2)

α1α
2
2 1 + 2(2) = 5 (3) + 2(4, 2) = (11, 4)

α2
1α3 2 + 3 = 5 2(3) + (6, 3) = (12, 3)

α3
1γ

2
1 3(1) + 2 = 5 3(3) + (2, 2, 2) = (11, 2, 2)

α1(γ2
1)2 1 + 2(2) = 5 (3) + 2(2, 2, 2) = (7, 4, 4)

α2
1(γ1γ2) 2(1) + 3 = 5 2(3) + (4, 4, 1) = (10, 4, 1)

α1γ
2
2 1 + 4 = 5 (3) + (6, 6) = (9, 6)

α1α2γ
2
1 1 + 2 + 2 (3) + (4, 2) + (2, 2, 2) = (9, 4, 2)

α2α3 2 + 3 = 5 (4, 2) + (6, 3) = (10, 5)

α2(γ1γ2) 2 + 3 = 5 (4, 2) + (4, 4, 1) = (8, 6, 1)

α3γ
2
1 3 + 2 = 5 (6, 3) + (2, 2, 2) = (8, 5, 2)

γ2
1(γ1γ2) 2 + 3 = 5 (2, 2, 2) + (4, 4, 1) = (6, 6, 3)
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Thus,

S3(S5(Cn)) = ρ
(15)
n ⊕ρ(13,2)

n ⊕ρ(12,3)
n ⊕ρ(11,4)

n ⊕ρ(11,2,2)
n ⊕ρ(10,5)

n ⊕ρ(10,4,1)
n

⊕ ρ(9,6)n ⊕ ρ(9,4,2)n ⊕ ρ(8,6,1)n ⊕ ρ(8,5,2)n ⊕ ρ(7,4,4)n ⊕ ρ(6,6,3)n .
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Highest weight vectors in S3(S6(Cn))
m GLn weight

α6
1 6(1) = 6 6(3) = (18)

α4
1α2 4(1) + 2 = 6 4(3) + (4, 2) = (16, 2)
α2

1α
2
2 2(1) + 2(2) = 6 2(3) + 2(4, 2) = (14, 4)

α3
1α3 3(1) + 3 = 6 3(3) + (6, 3) = (15, 3)
α4

1γ
2
1 4(1) + 2 = 6 4(3) + (2, 2, 2) = (14, 2, 2)

α2
1(γ

2
1 )

2 2(1) + 2(2) = 6 2(3) + 2(2, 2, 2) = (10, 4, 4)
α3

1(γ1γ2) 3(1) + 3 = 6 3(3) + (4, 4, 1) = (13, 4, 1)
α2

1γ
2
2 2(1) + 4 = 6 2(3) + (6, 6) = (12, 6)

α2
1α2γ

2
1 2(1) + 2 + 2 = 6 2(3) + (4, 2) + (2, 2, 2) = (12, 4, 2)

α1α2α3 1 + 2 + 3 = 6 (3) + (4, 2) + (6, 3) = (13, 5)
α1α2(γ1γ2) 1 + 2 + 3 = 6 (3) + (4, 2) + (4, 4, 1) = (11, 6, 1)
α1α3γ

2
1 1 + 3 + 2 = 6 (3) + (6, 3) + (2, 2, 2) = (11, 5, 2)

α1γ
2
1 (γ1γ2) 1 + 2 + 3 = 6 (3) + (2, 2, 2) + (4, 4, 1) = (9, 6, 3)
α3

2 3(2) = 6 3(4, 2) = (12, 6)
α2

2γ
2
1 2(2) + 2 = 6 2(4, 2) + (2, 2, 2) = (10, 6, 2)

α2(γ
2
1 )

2 2 + 2(2) = 6 (4, 2) + 2(2, 2, 2) = (8, 6, 4)
α2γ

2
2 2(1) + 4 = 6 (4, 2) + (6, 6) = (10, 8)

α3(γ1γ2) 3 + 3 = 6 (6, 3) + (4, 4, 1) = (10, 7, 1)
(γ2

1 )
3 3(2) = 6 3(2, 2, 2) = (6, 6, 6)

γ2
1γ

2
2 2 + 4 = 6 (2, 2, 2) + (6, 6) = (8, 8, 2)
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S3(S6(Cn)) = ρ
(18)
n ⊕ρ(16,2)

n ⊕ρ(15,3)
n ⊕ρ(14,4)

n ⊕ρ(14,2,2)
n ⊕ρ(13,5)

n ⊕ρ(13,4,1)
n

⊕ 2ρ(12,6)
n ⊕ ρ(12,4,2)

n ⊕ ρ(11,6,1)
n ⊕ ρ(11,5,2)

n ⊕ ρ(10,8)
n ⊕ ρ(10,7,1)

n

⊕ ρ(10,6,2)
n ⊕ ρ(10,4,4)

n ⊕ ρ(9,6,3)n ⊕ ρ(8,8,2)n ⊕ ρ(8,6,4)n ⊕ ρ(6,6,6)n .



Highest weight vectors in plethysms

What about k = 4, i.e. highest weight vectors in S4(Sm(Cn))?

The calculation is too complicated.

On the other hand, the method can be used to find all highest
weight vectors in S2(ρD

n ) where D = (λ1, λ2, 0, ..., 0) has at most
2 rows.

Will try the 3-row case.

Thank you
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