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Summary

Mathematical modelling of multiphase flow in porous media is of great practical
importance in problems of petroleum and environmental engineering such as petroleum
reservoir and groundwater aquifer simulation, radioactive waste management and seques-
tration of CO2. The variations of the physical properties of the porous medium occur at
many distinct space scales and strongly affect the fluid flow and transport through the
heterogenous porous media.

In this thesis we study a model of the immiscible compressible two-phase flow in
porous media in a new formulation, which has been lately established in [8] and [11].
The usual equations describing such flow are the mass conservation law and the Darcy-
Muskat law for each of the phases, which make a system of coupled nonlinear evolutionary
partial differential equations. By using the notion of the global pressure, the original
system is transformed to a fully equivalent system of nonlinear parabolic equations for the
global pressure and the phase saturation, which is more convenient for the mathematical
analysis and numerical solving. The main difficulties in the analysis of this problem are
the nonlinearity, degeneracy and coupling of the equations.

Direct numerical and analytical methods for problems of flow in a porous medium
are impossible or inefficient due to its considerable inhomogeneity. Homogenization theory
aims to describe the macroscopic behavior of a highly heterogeneous system by replacing
it with a simpler homogenized or effective medium whose global characteristics are a good
approximation of the initial ones.

In this thesis we derive three new results on the existence and homogenization for the
new fully equivalent global pressure model of immiscible compressible flow in porous media.
The previous results for this type of flow were obtained for the phase formulation whereas
the notion of the global pressure as introduced in [21,48] for incompressible immiscible
flows is employed to obtain the a priori estimates and compactness results. In comparison
to them, the common feature of our contributions is also that the hypotheses on the data
are significantly relieved, so that we make only the physically justified assumptions, as

the ones that appear in some realistic applications. In particular, our results include the



case of an unbounded capillary pressure function as well as the discontinuous porosity and
absolute permeability tensor.

The first result of this thesis is an existence result for the immiscible flow of water
and gas. Our result extends the existence result in [12] which is valid for the two strictly
compressible phases. Other preceding results on the existence for immiscible compressible
flow [68-72,75-77] set much more restrictive assumptions on the data. Moreover, we cover
the case of the non homogenous Dirichlet and Neumann boundary data. The proof uses
an appropriate regularization and a time discretization. We use a modified compactness
result, as in [12,76,95], to pass to the limit in nonlinear terms.

The second contribution in the thesis is the rigorous justification of the homogeniza-
tion process for the immiscible flow of two compressible fluids in a strongly heterogeneous
porous medium of a single-rock type. So far the only homogenization result concerning this
type of problem for the compressible flow was [6], where the water-gas flow was studied
assuming the boundedness of the capillary pressure. On the microscopic level, the periodic
heterogenous porous medium is scaled by €, 0 < ¢ < 1 which represents the typical size
of the periodicity blocks with respect to the domain size, and the medium porosity and
the permeability are modeled as e-periodic functions. Passage to the limit as ¢ — 0 in
the microscopic problem is performed by means of the two-scale convergence technique
of [2], with the aid of the compactness result from [6]. We obtain a nonlinear homogenized
problem with effective coefficients which are computed via a cell problem.

As a third result of this thesis, we establish the convergence of the homogenization
process for a double porosity model of the immiscible gas-water flow in a naturally frac-
tured reservoir. This type of porous media consists of a disconnected periodically spaced
system of blocks of usual porous media, matrix, which are separated by a net of thin frac-
tures. The matrix keeps most of the fluid while the flow in the fissures is much readier
due to their notably higher permeability. In the double porosity model the ratio of the
permeability of the matrix and the fractures is of order 2, where ¢ is the periodicity pa-
rameter. Such scaling preserves the flow from the matrix to the fractures. We make use of
the classical compactness results of [95] and [5] to pass to the limit as € — 0, using the two-
scale convergence. This leads to the homogenized problem for the fracture flow where an
additional source-like term arises which depicts the matrix-fracture flow. Its non-explicit
form is caused by the nonlinearity and the coupling in the system. On the other hand, in
the limit as € — 0 to each point of the reservoir corresponds a matrix block. The double
porosity model comprises the set of the equations for each matrix block, that capture the
flow at the medium-size scale. In order to obtain the effective matrix problem and identify

the fracture source term we use the notion of the dilation operator, introduced in [25].



Our contribution presents an extension of the result of [14] to the fully equivalent global

pressure formulation.






Sazetak

Matematicko modeliranje visefaznog toka kroz poroznu sredinu od velike je prakti¢ne
vaznosti u problemima naftnog inzenjerstva i zastite okolisa, kao s§to su na primjer simulacije
nalazista ugljikovodika i podzemnih voda, upravljanje odlagalistima radioaktivnog otpada
u dubokim geoloskim slojevima te sekvestracija C'O,. Varijacije fizickih svojstava poroznog
medija se javljaju na puno razlic¢itih prostornih skala i znacajno utjecu na tok i transport
kroz heterogenu poroznu sredinu.

U ovoj disertaciji proucavamo novi model nemjesivog dvofaznog toka kompresibilnih
fluida u poroznoj sredini koji je nedavno izveden u [8] i [11]. Jednadzbe koje opisuju takav
tok su zakon saCuvanja mase te Darcy-Muskatov zakon za svaku od faza, Sto daje sustav
vezanih nelinearnih evolucijskih parcijalnih diferencijalnih jednadzbi. Uvodenjem pojma
globalnog tlaka, osnovni sustav se transformira u potpuno ekvivalentni sustav nelinearnih
parabolickih jednadzbi za globalni tlak i zasi¢enje jedne od faza. Ta je formulacija pogod-
nija za matematicku analizu i numericko rjeSavanje problema. Glavne poteskoce pri analizi
ovog problema su nelinearnost, degeneracija i vezanost u jednadzbama.

Zbog nezanemarive heterogenosti porozne sredine, direktne numericke metode te
metode matematicke analize za tok fluida kroz poroznu sredinu su vrlo neefikasne ili ¢ak
nemoguce. Cilj teorije homogenizacije je opisati makroskopsko ponaSanje snazno het-
erogenog sustava tako da ga se zamijeni jednostavnijim homogeniziranim ili efektivnim
medijem ¢ije globalne karakteristike dobro aproksimiraju karakteristike polaznog medija.

U ovoj disertaciji izvodimo tri nova rezultata o postojanju rjesenja i homogenizaciji
za spomenuti novi, potpuno ekvivalentni model nemjesivog dvofaznog toka kompresibilnih
fluida kroz poroznu sredinu. Prethodni rezultati za ovakav tok su dobiveni za model u
faznoj formulaciji, a pri tome je koncept globalnog tlaka koristen u obliku u kojem je
izveden za nestlacivi nemjesivi tok u [21,48], te je upotrijebljen za dobivanje apriornih
ocjena i rezultata kompaktnosti. U usporedbi s tim rezultatima, rezultati ove radnje su
dobiveni uz znatno oslabljene ulazne pretpostavke koje su fizikalno opravdane, tako da
je dozvoljen slucaj neogranicenog kapilarnog tlaka te diskontinuiteta poroznosti i tenzora

apsolutne permeabilnosti.



Prvi doprinos ove disertacije je rezultat postojanja slabih rjesenja za nemjesivi tok
vode i plina. Nas rezultat prosiruje rezultat egzistencije za dva stlac¢iva fluida koji je dobiven
u [12]. Postoje i drugi rezultati egzistencije za nemjesivi tok stlacivih fluida [68-72,75-77],
koji se odnose na aproksimacijske modele te kod kojih su pretpostavke na podatke (narocito
na funkciju kapilarnog tlaka) znatno restriktivnije. Rezultat koje je dokazan u ovoj radnji
uklju¢uje nehomogene Dirichletove i Neumannove rubne podatke. Dokaz se temelji na
odgovarajucoj regularizaciji i vremenskoj diskretizaciji. Za prijelaz na limes u nelinearnim
¢lanovima koristi se modificirani rezultat kompaktnosti, kao u [12,76,95].

Nadalje, u disertaciji je prikazano strogo opravdanje procesa homogenizacije za
nemjesivi tok stlacivih fluida u jako heterogenoj poroznoj sredini koja se sastoji od jednog
tipa stijene. Jedini raniji rezultat homogenizacije za ovaj tip problema je [6], gdje je
razmatran tok vode i plina uz pretpostavku ogranicenosti kapilarnog tlaka. Periodicka
heterogena porozna sredina se na mikroskopskoj razini opisuje malim parametrom ¢ > 0
koji predstavlja odnos karakteristicne velicine periodickog bloka i veli¢ine cijele domene.
Tada su poroznost i permeabilnost sredine predstavljene kao periodicke funkcije perioda
€. Za prijelaz na limes kad ¢ — 0 u mikroskopskom problemu koristi se tehnika dvoskalne
konvergencije razvijena u [2]. Pri tome se za nelinearne funkcije upotrebljava rezultat
kompaktnosti iz [6]. Na taj nac¢in uspostavlja se nelinearni homogenizirani problem te se
efektivni koeficijenti iskazuju kao rjesenja odgovarajucih lokalnih problema.

Trec¢i prilog ove radnje je dokaz konvergencije postupka homogenizacije za model
dvostruke poroznosti za nemjesivi tok vode i plina u lezistu s pukotinama. Ovaj tip porozne
sredine sastoji se od matrice - nepovezanog sustava periodicki rasporedenih blokova koji
funkcioniraju kao standarna porozna sredina, i mreze uskih pukotina koje okruzuju ma-
tricu. Najveéi dio fluida se nalazi u matrici, a s druge strane tok se ve¢inom odvija u
pukotinama koje su znatno propusnije. U modelu dvostruke poroznosti se propusnost ma-
trice skalira s 2 (gdje je € parametar periodi¢nosti), §to ¢uva tok iz matrice u pukotine od
degeneracije ili neogranicenog rasta kad ¢ — 0. U dokazu se za prijelaz na limes koriste
klasicni rezultati kompaktnosti [95], [5] te dvoskalna konvergencija. To daje homogenizirani
problem za tok u pukotinama u kojem se javlja ¢lan koji predstavlja izvor fluida iz matrice
na makroskopskoj razini. Zbog nelinearnosti i vezanosti u sustavu jednadzbi, ovaj ¢lan
nije u eksplicitnom obliku. S druge strane, kad ¢ — 0 za svaku tocku domene se dobiva
po matri¢ni blok te model dvostruke poroznosti ukljucuje i sustav jednadzbi za svaki od
tih blokova, kojima je sacuvana mikroskala u efektivnom problemu. Pomocéu operatora
dilatacije koji je uveden u [25] izvode se efektivne matri¢ne jednadzbe te se identificiraju
izvori u frakturama. Prikazani rezultat predstavlja prosirenje rezultata [14] na potpuno

ekvivalentnu formulaciju pomocu globalnog tlaka.
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Chapter 1

Introduction

The subject of this thesis is mathematical modelling of immiscible compressible two-
phase flow in heterogenous porous media with the main applications of water-gas migration
through engineered and geological barriers of a deep repository for radioactive waste and
air-water flow in hydraulic structures. In particular, we investigate three typical problems
for a new model of such flow problems, which has been lately derived by the concept of
the global pressure in [8] and [11] and which is fully equivalent to the original equations.
Namely, this work contributes to the area of the mathematical analysis of multiphase flow
in porous media by a new existence result of weak solutions of the system modelling the
immiscible flow of one incompressible and one compressible phases (such as water and
gas), given in Chapter 4, as well as by new homogenization results for the immiscible
compressible two-phase flow which are presented in Chapter 5 for the case of an ordinary

heterogenous porous media, and in Chapter 6 for the naturally fractured reservoir.

Multiphase flow in porous media

Many petroleum and environmental engineering problems notably rely on the mod-
elling and prediction of fluid flow and transport through heterogeneous porous media. For
instance, some of the techniques in production of hydrocarbons from petroleum reservoirs
enforced during the secondary and tertiary oil recovery are water or gas injection with
intent to increase reservoir’s pressure. The processes occurring therein are mathematically
modeled as multiphase and multicomponent flow in porous media. CO, sequestration is a
relatively new technique aimed to prevent the release of large quantities of carbon dioxide
into the atmosphere from fossil fuel use in power plants and other industries. The idea of
this method is the sequestration of CO5 into underground geologic formations (for instance,
depleted oil or gas fields), wherein a flow of water and gas comes about. The long-term

management of the hazardous radioactive waste produced by nuclear industry has been an



issue of an increasing concern [20,88]. One of the methods investigated and implemented
since the 1950s is the disposal of the radioactive waste in engineered facilities located deep
underground in stable geologic formations which act as the natural geologic barriers and are
selected according to their capability to isolate radioactive waste from the biosphere.The
corrosion of metallic components used in the repository design, such as steel lines, waste
containers, and water radiolysis by radiation issued from nuclear waste produce gas, mainly
hydrogen; certain amounts of methane and carbon dioxide are usually generated by the
microbial activity which is also likely to transform some hydrogen into methane. Therefore,
one faces a problem of possible two-phase flow of (ground)water and gas, which may result
in a pollution of the groundwaters. Also, the creation and transport of a gas phase is an
issue of concern with regard to capability of the engineered and natural barriers to evacuate
the gas and avoid overpressure, thus preventing mechanical damages. The underground
water flow is an object of study in hydrology and soil science for numerous applications to
civil and agricultural engineering. In many countries the supply of drinking water for more
than half of the population comes from the groundwater [28,73]. It is accordingly of great
importance to maintain the acceptable groundwater quality, which can be threatened by
incidental spills of harmful substances generated by industry, by the disposal dumps or
by leaking of the storage tanks. The environmental remediation technologies which deal
with the removal of the pollution or contaminants from the environmental media such as
soil, groundwater, sediment, or surface water are based on the properties of underground
fluid flow. In general, mathematical models and numerical simulations of multiphase flows
help to gain a better understanding of the process, to predict the flow behavior and ulti-
mately to develop and optimize the remediation or harmful materials storage techniques
with respect to cost and efficiency.

This thesis is concerned with the immiscible compressible isothermal two-phase fluid
flow in a porous medium, concerning capillary effects, gravity and heterogeneity. A stan-
dard way of modelling that problem is to use the mass conservation equations and the
Darcy-Muskat law for each of the fluids, which gives the system of two highly coupled
nonlinear evolutionary partial differential equations. The disadvantage of this formulation
is the degeneracy of the relative permeability functions which does not allow to derive the
uniform estimates for the phase pressure gradients. Also, the phase pressures are math-
ematically not well defined over time globally in the domain since their evolution terms
disappear in the regions without the corresponding fluid. With a view to achieve a more
tractable form of the governing system, these starting equations are algebraically converted
into distinct alternate forms and the primary variables of the system can be selected in

several ways. This choice strongly affects the mathematical analysis and numerical meth-



ods used in the problem solving and simulations. It has been known for some time that
the fractional flow approach, where the flow of the two phases is observed as a total flow of
one fictional mixed fluid and the single phases act as fractions of the total flow, is partic-
ularly convenient. Additional decoupling of the equations is accomplished by introducing
a new variable called the global pressure which is taken as an independent variable in this
formulation, along with one of the phase saturations.

The notion of the global pressure originates from [21,48] and since then many au-
thors investigated this idea from the mathematical analysis point of view as well as for
the numerical simulations in hydrology and petroleum reservoir engineering (see for exam-
ple [28,51-53]). The fractional flow / global pressure formulation is more suitable for the
mathematical treatment due to the clear type of the equations and the coupling between
the equations of the system being relieved. It also enables one to establish uniform bound
on the global pressure gradient. Moreover, this form of the multiphase immiscible flow has
been verified as advantageous over the other formulations with regards to the computa-
tional efficiency [28,53]. In [48] the global pressure was introduced for the incompressible
two-phase flow. As far as two compressible phases, in [48] formulation with the global
pressure was obtained assuming that the capillary pressure is low and that the phase mass
densities and the other pressure dependant coefficients can be evaluated at the global pres-
sure instead of the corresponding phase pressures, with a neglectable error. Although this
approximate model is widely used in applications, the results and the numerical simula-
tions of [11] show that for some types of immiscible compressible two-phase flows, such as
water-air system in hydrogeological applications, this assumption is not satisfied and in
that setting approximation of this kind can result in unacceptably large errors, especially
in the loss of the mass balance for the nonwetting phase. Only recently the fractional flow
formulation which is fully equivalent to the original system has been established in [8] for
the immiscible flow of water and gas, and in [11] for the general case of two immiscible
compressible fluids; that model is a topic of our thesis. The said procedure leads to a
degenerate coupled system consisting of a nonlinear parabolic equation for the global pres-
sure and a nonlinear convection-diffusion equation for the saturation. In [13] the numerical
simulations were performed for this model in the case of porous media with several rock
types. A fully equivalent formulation for a three-phase flow is derived in [47].

Two-phase flow in porous media has been extensively mathematically analyzed for a
long time, followed by the numerous literature and many developed methods. In the case of
two incompressible phases, the questions of the existence and regularity of weak solutions
have been studied in [4,21,23,36,48,49,61,65,78,79,101,102]. The existence results for the
multi-component model have been lately established in [46,64,80,84,96,97], and the mis-



cible compressible flow in porous media and the corresponding existence issues have been
treated by [17-19,55,67]. Still, the first results on the existence for immiscible compress-
ible two-phase flow have been derived just recently. Namely, the authors of [45,48,68-71]
considered the immiscible two-phase flow with one or more compressible fluids in certain
approximate models based on the aforementioned assumption on the mass densities, with
the global pressure being introduced in the way it was done in [21,48] for incompressible
immiscible flows. In [68] some terms related to compressibility were disregarded, while
in [68-72] more regularity was assumed for the porosity, absolute permeability and the
capillary pressure functions which excludes the case of discontinuous medium coefficients
and unbounded capillary pressure as it appears in some applications, such as gas migration
through engineered and geological barriers for a deep radioactive waste repository. A more
general immiscible compressible two-phase flow model was studied by [72,75-77]. In these
works the models in phase formulations were studied while the feature of the global pressure
inducted as in [48] for the incompressible flow is employed in order to establish the a priori
estimates. These results are established under the assumption that the capillary pressure
is bounded and no discontinuity of the porosity and the permeability is permitted. Exis-
tence results of weak solutions for the fully equivalent global pressure formulation for the
two-phase compressible flows are obtained in [12] under some realistic assumptions on the
data which cover the cases of unbounded capillary pressure function, and the discontinuous

porosity and absolute permeability tensors.

Homogenization

The fluid flow and transport in the subsurface is considerably affected by the inho-
mogeneity of the porous medium. Namely, the porous medium is characterized by several
distinct spacial scales and its permeability and the porosity vary on many different length
scales. Mathematically, this feature is expressed by the rapidly oscillating coefficients of
the equations which describe multiphase flow in heterogenous media. In order to provide
realistic analysis and predictions of the flow and transport behavior, one needs the models
which accurately account for the strong heterogeneity effects of the medium. However,
these variations make direct analytical and numerical methods for solving boundary value
problems for the equations of this type at the field-scale extremely difficult and often practi-
cally infeasible. It is therefore desirable to use methods that represent the effects of subgrid
scale variations on larger scale flow results in a way which allows the use of a coarse com-
putational grid. A standard approach is to average or upscale physical parameters such as

porosity and absolute permeability to obtain the macroscopic laws capturing their integral



effects on multiphase flow. The homogenization theory has been developed with a view to
rigorously mathematically describe the various physical processes in highly inhomogeneous
materials, in particular, in the porous media, such as in oil reservoir simulation or hydroge-
ology. The objective of homogenization is to replace the governing equations by a simpler
set of equations (homogenized or effective equations) for which the solution can be resolved
on a reasonable coarse-scale mesh and which provide a good approximation of the average
behavior of the solution of the governing equations. In its simplest form, the coefficients
of the equations describing the original processes are replaced by effective or macroscopic
coefficients. As a result, the characteristics of the original, highly heterogeneous material
are well-approximated by those of the effective locally homogeneous material.

The mathematical theory of homogenization or upscaling has been comprehensively
developed since the early 1960s and the methods as well as literature in this area have
been numerous. We may refer to to the classical books [31], [59] and [93] for an advanced
general presentation of mathematical homogenization, and in [74] one can find an extensive
collection of applications of homogenization to porous media. For recent reviews on other
upscaling methods, see for instance [62,66] and the bibliography therein.

The homogenization of one phase flow in the framework of the geological radioactive
waste disposal was considered in [33,34,40,41,44]. Many authors have studied the homog-
enization and upscaling of incompressible immiscible two-phase flow in porous media, for
instance [30,35,37,38,42,43,73,74,83,89,90,94,99]. Homogenization results for compressible
miscible two-phase flow in porous media were obtained in [17,56]. On the other hand, for
immiscible compressible two-phase flow, the first homogenization result was only recently
established in [6]. In that work the model of water-gas flow in original phase form is used
with the simplified global pressure formulation used for obtaining the a priori estimates
and compactness results. Moreover, the bounded capillary pressure function is assumed
which is too restrictive for some realistic problems.

A distinct kind of porous medium is noticed in a naturally fractured reservoir which is
often met in hydrology and petroleum applications, in particular the sedimentary rocks that
compose a hydrocarbon reservoir. This type of porous medium consist of a discontinuous
system of periodically repeating matrix blocks of ordinary porous media surrounded by a
connected system of thin fissures. It has been first observed in the engineering literature in
1960s that flow in such fractured reservoirs is quite unlike that in an ordinary, unfractured
porous media. Instead, the flow behaves as if the reservoir possessed two porous structures,
one associated to the fractures, and the other to the porous rock, with disparate features:
the permeability of the fractures is much higher than those of the matrix and hence the

majority of fluid flow takes place through the fracture system while the matrix occupies



most of the volume of the reservoir and most of the fluid is situated there. A double
porosity model was proposed on physical grounds by [27,85,91,100] to describe the flow
of one or more fluids in a naturally fractured reservoir. Since then it has been widely
used for engineering applications in geohydrology, petroleum reservoir engineering, civil
engineering and soil science to model the effect of natural fractures on subsurface fluid flow
and subsequent reservoir performance. Namely, in this model the fractured reservoir is
replaced by an equivalent imaginary coarse grained porous medium for which the fractures
act as pores, while the matrix blocks could be seen as fictive grains.

Regarding the mathematical homogenization of flow in a naturally fractured porous
medium, the first result was the description of a general form of the double porosity model
for a single phase flow in [22]. Then in [25] this general model was rigorously justified from
the point of view of homogenization theory and also the dilation operator was introduced.
The global behavior of single phase flow in fractured media is studied as well in [15, 16],
where the variable ratio of the block permeability to the fractures permeability as well
as the fractures to the blocks dimensions are considered. The first contribution on the
derivation of the double porosity model for two-phase flow in a fractured medium is [26],
where the effective equations of the double porosity model are established formally by
asymptotic expansion for completely miscible incompressible flow, and immiscible incom-
pressible two-phase flow. In [39] the double porosity model for immiscible incompressible
two-phase flow in a reduced pressure formulation is rigorously justified by periodic homog-
enization; the same problem was considered by [103] who studied the cases of the ratio of
the permeabilities in the matrix blocks and in the fractures being of order £2, smaller than
€2 and greater than £2, respectively, where ¢ is a small parameter depicting the size of a
matrix block with respect to the domain size. This study revealed that in the first case,
the limit model is of a dual porosity type, the second one leads to a single-porosity model
for the fracture flow, while the last one yields another type of single-porosity model for the
fractures, with an additional source term arising from matrix blocks. For the displacement
of one compressible miscible fluid by another in a naturally fractured reservoir, the double
porosity model was rigorously derived in [54] and for compositional three-phase flow it was
established by the formal asymptotic expansion in [24,50]. Furthermore, [101] investigates
the existence of weak solutions for the model of the immiscible two-phase flow in fractured
porous media. Finally, the first result on the immiscible compressible two-phase flow in
this context is [14] where only lately the double porosity model has been established for

the water-gas flow in a global pressure formulation, whose existence is given in [75].



Overview of the thesis

In Chapter 2 we firstly exhibit the standard notions and equations for the two-phase
immiscible flow in porous media, as in [28]. Afterwards we present the global pressure
formulation of the problem for the compressible flow, both the simplified and the fully
equivalent formulation, as well as the global pressure formulation of the incompressible
flow [48]. At the end of the Chapter a review of existence results concerning the two-phase
flow in porous media is provided.

In Chapter 3 we explain the concepts of homogenization and upscaling. In particular,
the notion of the two-scale convergence is defined and the standard results regarding it are
quoted. We also introduce a dilation operator and list its properties. The Chapter is
concluded by a review of homogenization results for the two-phase flow.

The existence of weak solutions for the two-phase immiscible compressible flow in
porous media in a fully equivalent global pressure - saturation formulation is established
in Chapter 4. The results of this Chapter have been published in [9]. We study the case
of an incompressible wetting phase and a compressible non-wetting phase. The model
takes into account gravity, capillary effects and heterogeneity, and an isothermal condition
is assumed. On the boundary of the domain we impose non-homogeneous Dirichlet and
Neumann conditions. We also present some physically reasonable assumptions on the
data, as in [12], as well as on the boundary data. The proof of the existence of weak
solutions under such assumptions is based on using an appropriate regularization and a
time discretization. The main difficulty is the degeneracy of the equations caused by
annulation of the diffusivity coefficient. Hence we add a small constant n > 0 to it,
and in the same time we regularize the singular capillary pressure function to overcome
the integrability problems. This brings us to a regularized problem with a parameter
n > 0. To establish the existence of weak solutions for the evolution equations in the
regularized system, we discretize in time with a small parameter h > 0, which leads to a
sequence of elliptic approximations. Schauder’s fixed point theorem is used to establish the
existence for a discretized problem. A priori estimates with respect to the space and time
variable, uniform in h and 7 are obtained by using convenient test functions, proposed
in [72]. In order to pass to the limit in nonlinear terms as h — 0 we also employ a
generalization of compactness lemma from [48] and from [95] (see also [11,71,75]) which
allows the discontinuities of the porosity, and some auxiliary results. Thus the existence
for a regularized system is shown. Analogous arguments are used to pass to the limit as
17 — 0 in the regularized problem which proves the main result.

The last two Chapters contain the new homogenization results for the new, fully

equivalent global pressure formulation for the two-phase immiscible compressible flow.
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Therein we rigorously justify the homogenization process for a single and a double porosity
model by using the two-scale convergence technique.

More precisely, Chapter 5 is concerned with a flow of two compressible phases through
a highly heterogeneous porous medium consisting of a rock of a single type and possessing
a periodic microstructure. This Chapter comprises the results from [10]. Our purpose
is to describe the effective problem for this model and to prove the convergence of the
weak solutions of the microscopic system to the weak solutions of this effective problem,
under certain physically justified assumptions on the data. At the beginning we expose the
equations describing the problem at the microscopic level depending on a small parameter
e, whose at least one weak solution has been proved to exist in [12]. The appropriate test
functions are employed to establish the a priori estimates independent of ¢ for these weak
solutions. To obtain the compactness for the weak solutions of the microscopic problem
we use a new compactness result of [6]. This enables to pass to the limit as ¢ — 0 in the
microscopic equations by employing the two-scale convergence arguments. Thereby the
homogenized equations are obtained.

Finally, in Chapter 6 we consider an immiscible flow of an incompressible wetting
phase and a compressible non-wetting phase in a fractured porous medium. Namely, the
objective is to write up the corresponding homogenized problem and to show the conver-
gence of the weak solutions of the microscopic problem to weak solutions of the homogenized
problem. We firstly present the microscopic problem which depends on € and recall the
corresponding existence result from Chapter 4 which is valid under some realistic assump-
tions on the data. Similarly as in the two previous Chapters, the a priori estimates uniform
with respect to ¢ are established. By using the classical compactness results of [95] and [5]
we then establish the compactness for the weak solutions of the microscopic problem. The
two-scale convergence is employed to obtain the effective equations for the fracture flow.
However, the nonlinearities and the coupling of the system give rise to a non-identified
term which represents an upscaled matrix-to-fractures flow source term. Moreover, the de-
duced two-scale convergence results for the matrix solutions are insufficient to establish the
homogenized matrix system. These inconveniences are resolved by transforming the weak
solutions with help of the dilation operator. More precisely, first we obtain the equations
for the dilated solutions for € as well as their limit functions as € — 0, which correspond to
the two-scale limits of the non-transformed matrix solutions. We establish also a certain
compactness result which enables to pass to the limit in the equations satisfied by the
dilated functions as well as in the corresponding boundary conditions. Eventually it allows

us to finish the proof of the main result.



Chapter 2

Modelling immiscible two-phase flow
in porous media by the concept of

global pressure

2.1 Introduction

This Chapter contains the presentation of the model describing immiscible compress-
ible two-phase fluid flow in porous media in the global pressure formulation. We begin
by introducing in Section 2.2 the basic notions and presenting the standard system of
macroscopic equations for the two-phase immiscible compressible flow; herein we follow
the references [28,29,48,53,73]. In Section 2.3 we briefly explain the transformation of
the standard system to the fractional flow form, or the global pressure saturation form,
in the case of two incompressible phases, as in [48]. The idea behind the fractional flow
reformulation is to consider the two-phase flow as a total fluid flow of a single mixed fluid,
in which the individual phases can be seen as fractions of the total flow. Introducing a
new variable (global pressure P) leads to a system where the coupling between the two
equations is weakened and the new formulation is more suitable for mathematical and nu-
merical analysis of the problem. An overview of the existence results for the immiscible
incompressible two-phase flow is included. Next, following [11,104], [48], the concept of
the global pressure applied to two-phase immiscible compressible fluid flow is presented
in Section 2.4. Firstly in Subsection 2.4.1 we derive a fractional flow formulation of the
original equations by considering the total low. By this procedure, the coupling between
the two coupled equations is weakened, and the problem gains a well defined mathematical
structure. In order to further decouple the system, a new variable called the global pressure

was introduced in [21,48] and a formulation with the global pressure and one saturation



as primary variables was developed for the incompressible flow. Until recently, a global
pressure formulation for two and three phase compressible flow models had been used only
in a certain approximate form proposed by [48]. More precisely, it is assumed that one
can disregard the error created by evaluating the phase densities at the global pressure
instead of the corresponding phase pressures. It was shown [11] that for some types of im-
miscible compressible two-phase flows this assumption is not satisfied. In Subsection 2.4.2
we present the fully equivalent fractional flow formulation which was recently established
without any simplifying assumptions in [8] for the immiscible flow of water and gas, and
in [11] for the general case of two immiscible compressible fluids. Next, in Subsection 2.4.3
we consider a simplified fractional flow formulation based on approximate calculation of
mass densities. Lastly in Section 2.5 we overview the references concerning the existence

for the immiscible compressible two-phase flow, and some related results.

2.2 Two-phase immiscible flow in porous media

2.2.1 Definitions

The porous medium € C R"™ is any body that consists of a solid part called solid
matriz and the connected void space (or pore space) that can be filled with one or more
fluids. For example, soil, sand, wood, cork, ceramics, sponge, bread, lungs, kidneys, bones
can be considered as porous media.

The porous medium can be observed at several different space scales. At the molecular
scale (about 1072 m) the individual fluid molecules can be detected. These are replaced
by a hypothetical continuum on the microscopic scale (about 1073 m) which is determined
by a characteristic size of a pore. Here the individual solid grains and pore channels are
visible. Finally, the scale of order of 10 m is referred to as the macroscopic scale. The
porous medium is at this scale modeled as a continuum in which one does not distinguish
the solid phase from the fluid phases present in the pore space. At this length size the
different types of rock with different average grain sizes can be identified.

The flow of one or more fluids in the pore space of a porous medium is described at the
microscopic level by the Navier-Stokes equations with appropriate boundary conditions.
This model is unapplicable in practice due to the unknown geometry of the pore space
and the discrepancy between the dimensions of pores (of order of micrometer) and the
space dimensions of the domain (field) (up to few kilometers) which disables the numerical
simulations on the microscopic level. Indeed, one is typically not interested in the flow

variations at the pore space scale, although multiphase flow problems at the microscale
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have been studied and different approaches have been used for solving them numerically,
see e.g. [92] and the references therein. Therefore, the model is commonly considered at the
larger, macroscopic level where the exact description of the microscopic configuration is not
needed. Namely, the porous medium is taken as a continuum where each point represents
elementary volume of the porous medium that is taken large enough to ensure that both
solid phase and the fluid in the pore space are contained in it. For more information on the
identification of the size of such representative elementary volume [29], [73] or [28] can be
consulted. Then each point of the macroscopic continuum is assigned average values over
elementary volumes of quantities given at the microscopic level, such as the fluid pressure
and velocity.

The basic macroscopic properties of a porous medium are porosity and absolute per-
meability. The porosity ® of a porous medium is defined as the ratio of a pore volume to
the total volume of the porous medium. We assume that the rock is not deformable, so
that the porosity does not depend on the pressure of the fluid. The absolute permeability
tensor K [m?] (a symmetric tensor) is a measure of the ability of a porous material to
permit the fluids flow through it. We consider the heterogeneous porous medium whose
macroscopic properties vary in space through the domain, but not in time.

We will consider the flow of two fluids in porous media assuming that at the micro-
scopic level there exists a surface tension at the boundary of the two fluids. As a result,
the fluids can not mix and a sharp interface between the fluids is formed. The two flu-
ids separated by the well defined surface are called immiscible and are referred to as the
phases. This type of flow is indicated as an immiscible flow. In multiphase immiscible
flow, a wetting and a non-wetting phase are discerned: if a contact angle between the solid
surface and the fluid-fluid interface for one of the fluids is less than 90° then it is called the
wetting phase fluid, the other fluid is then the non-wetting phase fluid. In other words, one
phase wets the porous medium more than the other. Generally, water is the wetting fluid
relative to oil and gas, while oil is the wetting fluid relative to gas. Throughout this work
we will use indices j € {w, g} or j € {w,n} to denote the wetting and the non-wetting
phase, respectively.

The individual fluid phases are characterized by the following macroscopic properties:
their densities p; [kg/m?®] which are assumed to depend only on the phase pressure P,
[Pa] = [N/m?] (the temperature represents just a parameter, i.e., the isothermal flow is

considered); the compressibility v; of the fluid phase which is defined as

1 9p;(P;)
pi(P;) OP;

vj = [Pa™"]
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and the dynamic viscosity p; [Pa s| that is assumed to be constant in this work. The
volumetric phase velocity (macroscopic apparent velocity, Darcy velocity) of the phase j €
{w,n} is denoted by q; [m/s].

For the multiphase flow, phase saturations S;, j € {w,n} are the macroscopic vari-
ables measuring the quantities of the volume of individual phases at the point in the
macroscopic model. Obviously it is S;(z,t) > 0, j € {w,n}, and ), Sj(z,t) = 1.

At the microscopic level, the two immiscible fluids are separated by a clearly de-
fined curved interface whose form is determined by the surface tension. This phenomenon
gives rise to a discontinuity in microscopic pressure throughout the contact surface. The

magnitude of that jump of the pressure is called the capillary pressure P.. It is equal to
P.=FP,—-P,>0

and it is described by the Young-Laplace law. The macroscopic capillary pressure can
in general also depend on temperature and fluid composition due to changes in surface
tension but in this work it is assumed to depend on the saturation solely.

In practice, one uses some of the functional correlations between the capillary pressure
and the saturation that contain parameters which try to account for the different pore space
geometry and are used in order to fit the models to the experimental data. Most commonly
used models are the functions of Van Genuchten and Brooks-Corey (see [29, 73]).

The phase relative permeability krj, j € {w,n}, is the macroscopic adimensional
quantity indicating to what extent the flow of the phase is prevented by the presence of
the other phases in the pore domain. It holds kr;(S; = 0) = 0 and S; — kr;(5;) is an
=55 e {w,n}.

_Mj’

increasing function, j € {w,n}. The phase mobility \; is defined by A;

2.2.2 Governing equations

The standard system of equations describing the immiscible, compressible isothermal
two-phase fluid flow in a porous medium at the macroscopic level consists of the mass

conservation equations for the individual fluid phases, j € {w,n} ( [29,48,73]):

B0 (p,(P)S,) + div(p,(P)ay) = . 2.1)

combined with the Darcy-Muskat law for each phase, j € {w,n}:

a; = —Ni(SHK(V P — p;i(P))g). (2.2)
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Here ® and K are the porosity and the absolute permeability of the porous medium, and
for j € {w,n}, p;, P;, Sj, q; and A; are the mass density, pressure, saturation, volumetric
velocity and the mobility of the phase j, respectively; F; is the source/sink term and g is
the gravity acceleration, a downward-pointing, constant vector. The Darcy-Muskat law is
an experimentally obtained relation of the volumetric phase velocity to the corresponding
phase pressure gradient. It can also be derived by homogenization or local averaging
techniques (see, e.g., [74]) from momentum conservation of the Navier-Stokes equations at
the microscopic scale. The system is closed by adding the capillary pressure law as well as

the condition that the two phases fill the whole pore space:

Pc(Sn) = Pn - Pwa (23)
S+ Sy = 1. (2.4)

In this work the porosity and the absolute permeability are assumed to depend only on
the space variable, and the capillary pressure and relative permeabilities are considered as
functions of the saturation only.

The governing system (2.1)-(2.4) with the primary unknowns P;, S; and q; consists
of the two nonlinear partial differential equations (2.1), (2.2) which are highly coupled
through the two algebraic relations (2.3), (2.4). These basic equations can be algebraically
manipulated and combined into different modified forms. Also, there are few possible ways
to choose primary (independent) variables in this system and concomitantly to eliminate
the remaining unknowns (dependent variables). As a result, different mathematical formu-
lations of the same model can be obtained. Mathematical analysis and especially numerical
methods used in the simulations for the given model considerably depend on the choice of
the form of the model (see e.g. [11,48,51-53]).

The formulation of the flow equations that is derived using the individual phase mass
balance laws and choosing one phase pressure and one phase saturation as primary un-
knowns has two major deficiencies that make it not tractable for a mathematical study: the
types of the equations are not evident; the equations are degenerate due to the vanishing of
the relative permeabilities in the zones where the corresponding phases disappear. There-
fore, another approach to modelling multiphase flow in porous media has been employed
in order to obtain a different formulation of the model, with advantageous mathematical
properties. Namely, by introducing appropriate new functions, the original equations are
transformed into a formulation that we will refer to as the fractional flow formulation or
the global pressure - saturation formulation, which employs a new, ”pressure-like” variable

called the global pressure and one saturation as the primary variables. The transformed
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system is less coupled and has a well defined mathematical structure. Another advantage
of using the global pressure is that enables one to obtain uniform bound on the global
pressure gradient, while the uniform estimates for the phase pressure gradients are not
available due to the degeneracy of the relative permeabilities. The global pressure for-
mulation for immiscible two-phase flow in porous media is presented in the next Section.
Since it was introduced, the global pressure formulation has been utilized in a wide range of
numerical simulations, particularly in hydrology and petroleum reservoir engineering (see
for instance [48,53] and the references therein). It has been proven that this fractional flow
approach is far more efficient than the original phase formulation from the computational

point of view [53].

2.3 Immiscible incompressible two-phase flow in porous

media by the concept of global pressure

Consider now the case of two-phase flow with incompressible fluids. Following [48],
the aim of this Section is to present the fractional flow formulation of the system (2.1)-(2.4)

and introduce the global pressure for the incompressible case, as in [21,48].

2.3.1 Fractional flow formulation for the incompressible case

In order to distinguish the coefficients of the fractional flow formulation in the in-
compressible case from the corresponding coefficients for compressible phases, considered
in the next Section, a superscript ¢ is used.

With the choice of S,, and P,, as the main unknowns in (2.1)-(2.4), the total mobility
is defined by

N(Sn) = A(Sn) + A (Sy),

and the fractional flow functions are

, Ai(Sn)
: Sn = j-—a ) .
F(S) = gy 3 € o)
Next, the total velocity
qt = qw _I— qn

is introduced and from (2.2) it can be expressed as

@ = —K M (S)V Py + M(S0) V) + Kg () + An(Si)pn) -
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From the initial system (2.1)-(2.4), after summing up the two mass conservation equations

one obtains the following system:

div(q,) = Fu/pw + Fu/pn, (2.5)
a; = —N(S0)K (VPy + f1(S0)VEA(S,) = p'(Sn)g) » (2.6)
@%Sn + div(f:(S,)a, — Kgb'(S,)) + div(Ka'(S,)VS,) = %, (2.7)

where the coefficients are defined by

P'(8n) = (Pwdu(Sn) + Paa(Sn)) /N (Sh),
A (Sn) = Auw(Sn) An(Sn) /A (Sn),

)

Pn)

ai(Sn) —o ( W) P, (Sn
b'(Sn) = ' (Sn) (P

9

The pressure equation (2.5), (2.6) is coupled to the equation for the saturation (2.7) via
the gradient of the capillary pressure. In the following Subsection it is shown citing [21,48]
that by introducing an appropriate new variable, the coupling between the two equations

can be additionally relieved.

2.3.2 Global pressure formulation for the incompressible case

The idea introduced in [21,48] is to induct a new pressure-like variable P, called the
global pressure, in such a way that (2.6) takes the form of a Darcy law for the pressure
P, with a non-degenerate coefficient. That is, a function ~(S,) and a quantity P that

represents some mean pressure are needed such that
A (Sn)V Py + X(Sn)VE, =(S,)VP. (2.8)
Using (2.3) it is easy to see that (2.8) is fulfilled is we take v(S,) = A%(S,). Then we have
VP, + fi(S,)PAS,)VS, = VP,

which is satisfied if 5

P=P,+ fh(s)PL(s)ds. (2.9)
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Using (2.3), the relation (2.9) implies

PP, P0)— [ fi(s)P(s)ds. (2.10)

w c
0

We note that by choosing the non-wetting saturation as a primary unknown, the capillary
pressure S — P.(S) is increasing function. Therefore, (2.9) and (2.10) yield

P, <P<P,.

Finally, taking into account (2.10), the system (2.5)-(2.7), and therefore the original
governing equations (2.1)-(2.2), is transformed into the following system with primary

variables P and S,,:

div(qt) = Fw/pw + Fn/pm (2'11)
q, = —N(S.)K (VP - p'(S,)g) , (2.12)
@‘985;" + div(fi(S,)q, — Kebi(S,)) + div(Ka'(S,)VS,) = %, (2.13)

The new system (2.11)-(2.13) is referred to as the fractional flow or global pressure-
saturation formulation of the system (2.1)-(2.4) for the two incompressible fluids. It con-
sists of the global pressure equation (2.11), which is an elliptic equation with the parameter
t €]0,T[, and the nonlinear convection-diffusion equation for the non-wetting saturation
(2.13), whose diffusion term a’ degenerates as it satisfies a’(S, = 0) = a’(S, = 1) = 0.
These two equations are coupled through the total velocity q, and the coefficients which
depend on S,,. By introducing the global pressure, the transformed system is established
that is less strongly coupled and the derived equations are well mathematically structured.
Introduction of the global pressure for the two-phase immiscible compressible flow is con-

sidered in the next Section.

2.4 Immiscible compressible two-phase flow in porous

media by the concept of global pressure

For two and three-phase compressible flow, the concept of the global pressure was
introduced in [48]. The authors derived the formulation with the global pressure and
one saturation as primary variables under the assumption that the phase densities vary

slowly with the pressure and that the capillary pressure, a difference between P, and
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P,, is small. In this case, it was considered that the error caused by evaluating phase
density p; at the global pressure P instead of the phase pressure P; can be ignored. This
assumption has been since employed in petroleum engineering applications [51,53]. A
numerical analysis performed in [11] revealed that such simplified models based on a mass
density approximation can be used safely in applications where the mean field pressure
is high, capillary pressure is low and the wetting phase is not highly compressible, such
as the oil reservoir simulations, but are inadequate in many underground gas and water
flows where the difference between the phase pressures and the global pressure can be
significant. Only recently, the global pressure formulation for two-phase flow in porous
media has been derived without any simplifying assumptions. Namely, the formulation
that is fully equivalent to the original phase equations, where the phase pressures and the
phase saturations are primary unknowns, was established for the water-gas flow in [8], and
for the general case of two compressible fluids in [11]. A fully equivalent global pressure
formulation for three-phase flow was derived in [47]. The global pressure formulation is
more suitable for mathematical and numerical analysis, for more details see [12,13,104].
The current Section begins by establishing the fractional flow formulation of two-phase
compressible flow in Subsection 2.4.1. Then the fully equivalent global pressure formulation
for two-phase compressible immiscible flow is presented in Subsection 2.4.2, and a brief

display of the simplified model is given in Subsection 2.4.3.

2.4.1 Fractional flow formulation for the compressible case

We consider the system (2.1)-(2.4) in the case of two compressible fluids and select
the non-wetting saturation S,, and the wetting phase pressure P, for primary variables.

Following the path used in the incompressible case, we introduce the total flux

Q; = pu(Pu)qy + pn(FPn)d,,
and the following nonlinear coefficients: the total mobility function
A(Sn; Pu) = pu(Pu) Mo (Sn) 4 pn(Po)An(Sn), (2.14)
the fractional flow functions

£i(Sn, Py) = BTN e Ly n}, (2.15)

17



and the nonlinear functions

P(Sn: Pu) = (pu(Pu)* Mo (Sn) + pu(Pn)*Aa(S0)) /A
a(Sn, Pu) = puw(Pu) pr(P) A (Sn) An (Sn) /A

a(Sp, Py) = —a(Sy, Py

b(Syn, Py) = a(Sn, Py)(pw

s
N

After summing the equations (2.1)-(2.4), one obtains the transformed system

CI’%(pw(Pw)(l — 50) + pu(P)Sy) +divQ, = F,, + F,, (2.16)

Qt = _)‘(Sna Pw>K (pr + fn(Sm Pw)vPC<Sn) - p(Sm Pw)g) ) (2'17)
0

= (pn(Pa)S1) + div(fu(Sus Pu)Qu = b(Sh, P)Kg) + div(a(S,, P)KVS,) = F. (218)

In regards to the primary system (2.1)-(2.4), the new system for the unknowns P, and S,
is less coupled and its structure is more evident. Namely, (2.18) is a nonlinear convection-
diffusion equation for the saturation, while the pressure equation (2.16) is a nonlinear
parabolic equation that is still strongly coupled to the saturation equation through the
gradient of capillary pressure and the time derivative term.

As mentioned before, the idea of [21,48] is to introduce the global pressure P in order

to further decouple the equations (2.16)-(2.18). This accounts for posing
VP, + fu(Sn, Pu)VP.(S,) = w(S,, P)VP, (2.19)

where a function w(S,, P) and the variable P are to be determined.

Let us point out that the fractional flow formulation in the compressible case could
have alternatively be derived by using the total velocity q, = q,, + q,, instead of the total
flux, which would induce equations in a non-conservative form. This formulation has been
studied in [6,14,68-72,75-77]. However, the total flux behaves more smoothly [52].

2.4.2 Fully equivalent model

In this part we present the fully equivalent global pressure formulation for two com-
pressible fluids, following [11,104] which we refer to for details.

In order to resolve (2.19), we assume that the wetting-phase pressure is an unknown
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function P, related to a new variable P (the global pressure) by
P, = P,(S,, P). (2.20)

Combining (2.19) and (2.20) leads to

Oy
05,

(S, PYVS, + %(SR, PYVP = w(Su, PYVP — f2(Sus Pu(Sus P)) P(S0) VS,

Since P and S, are independent variables this yields the equations

Z%(Sn, P) = — fu(Sn, Pu(Sa, P))PLS,), (2.21)
0P,
5p Om P)=w(Sn, P). (2.22)

By integrating (2.21) one obtains the equation for the wetting pressure function P, (.S,, P) :

PSPy =P [ (s Pu(s. P))P(s)ds. (2.23)

0
where it is set P,(0, P) = P. Then the formula for the non-wetting phase pressure follows,

Sn
P,(S,,P)=P+ P.(0) + fuw(s, Py(s, P))P.(s)ds. (2.24)
0
After introducing the capillary pressure u = P.(S,) as an independent variable, which
simplifies the form of the equation, the integral equation (2.23) can be rewritten as a Cauchy

problem for an ordinary differential equation with the parameter P as follows [11,104]:

= = - = - , u>0
R ds A pw( Py (t, P)) Ay (S) + pu(Poy(u, P) + u) A (9)) (2.25)

P,(0,P) =P — P,(0),

dP,(u, P) pu(Po(u, P) + u)An(S)

~

where we denote f(u) = f(S,(u)) utilizing the monotonicity of the capillary pressure. The
problem (2.25) has a global solution P, (u, P) [11] and we put

Poy(S,, P) = Py(Pu(Sy), P).
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For known P, (S, P), the function w is determined from (2.22) and it holds [11]

OP,(S,, P)  OP,(S,, P)

w(Sh, P) = —55 P

(2.26)

Next, the coefficients in (2.16)-(2.18) are now functions of the global pressure P instead of
the phase pressures P, and P,,, and of the non-wetting saturation. Thus we denote (using

the same letters for the new functions)

Puw(Sny P) = pu(Pu(Sn; P)), pu(Sn, P) = pu(Pu(Sn, P) + Pe(S,)),

A(Sn, P) = puw(Sn, P)Aw(Sn) + pn(Sns P)An(Sh), (2.27)
(8,2 = 25 U e o, @2y

p(SmP) = p(Sn,Pw(Sn,P)), Oé(Sn,P) - Oé(Sme),
(S, P) = a(Sn, Pu(Sus P)), b(Sus P) = b(Su, Pu(Sn, P)).

Then one can calculate [11]

Ceen [ — S"V . s Puw (S, P)pn(s, P)Aw(s)\n(s)P.(s) .
w5 ) =esp (= [t Py =l UG PR R )

where the phase compressibilities are given by

piu(Pw(Snv P))
Pu( P (S, P))’

P (P (Sn, P))
pn(Pn(Sm P)) '

Vi (Sn, P) = vn(Sy, P) =
Finally, we replace P, by P,(S,, P) in the equations (2.16)-(2.18) and employ (2.19) to

establish the following system of equations for S,, and P:

‘P%(pw(sm P)(1 = S,) + pn(Sn, P)S,) + divQ, = F, + F,,, (2.29)
0

D= (pn(Sns P)Sy) + div(fu(Sns P)Q, = b(Sy P)Kg) + div(a(S,, PIKVS,) = Fo. (2:31)

Let us emphasize that the equations (2.29)-(2.31) are fully equivalent to the system (2.16)-

(2.18), and therefore to the initial standard two-phase flow equations (2.1)-(2.4), as argued
in [11,104].

Remark 1 Having the global pressure at the disposal, the total flow @, is rewritten in the
form of the Darcy-Muskat law in (2.30), as intended. Hence the global pressure can be
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seen as a mizture pressure where the two phases are considered as mixture constituents,
and (2.29) may be interpreted as the mass conservation law of the "idealized” compressible
fluid replacing the mizture of the two fluids. Furthermore, from (2.23) and (2.24) one can
obtain the “energy equality” (see [11])

(S, PY A (S0)KV Py - V Py + p(Sny P)A(S)KV P, - VP,

(2.32)
= A(S,, P)w(S,,, P))KVP - VP + a(S,, P)KVP,(S,) - VP.(S,),

which indicates physical relevance of the global pressure and will be used to obtain the a

priori estimates on the solutions. Moreover, it is P, < P < P,.

Lastly, by introducing the functions
Aj(Sn, P) = pj(Sn, P)Aj(Sp)w(Sn, P), j € {w,n}, (2.33)

the system (2.29)-(2.31) is rewritten as ( [8,11]):

9 . .
(P (S, P)(1 = 8,)) = div(Au(Sy, PYKVP) + div(a(S,, P)KVS,) (2.34)
+ div(Ay(Sn) pu(Sn, P)*Kg) = F,,
) . .
O (pn(Sn, P)Sy) = div(An(Sn, PYKVP) = div(a(S,, P)KVS,) (2.35)

+ div( A (Sp) pn(Sy, P)°Kg) = F,.

The system (2.34)-(2.35) for the unknowns P and S, contains two nonlinear degenerate
parabolic equations which are highly coupled. Chapter 4 of this work is devoted to proving
that there are weak solutions for this model of two-phase immiscible flow in porous media

in the case of one compressible and one incompressible fluid.

2.4.3 A simplified model

As in [48], now we reconsider the equation (2.19) adopting a hypothesis that the phase
densities (and the other nonlinear functions defined via phase pressures) can be computed
at the global pressure P instead of the corresponding phase pressures, in other words, that
the phase pressure in the non-wetting fractional flow function can be replaced by the global

pressure P. In this situation, (2.19) is reduced to

VP, + fu(Sn, P)VP.(S,) = w(S,, P)VP (2.36)
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and it is easy to see that (2.36) will be fulfilled if one puts
P, =P +~(S,, P), (2.37)

where
Sn

v(Sn, P) = — i fn(s, Py(s, P))P.(s)ds. (2.38)

From (2.36) and (2.37) it follows that

W(Sy, P) =1+ S, P). (2.39)

G
ap’
Taking into account the initial approximation assumption, p,(P,) is replaced by p,(P),

pn(Py) by pn(P) and consequently the coefficients for a simplified model are defined as

follows:

)\Sim(Sn,P) = puw(P)Au(Sn) + pn(P)An(Sn),

S P) = AT )

P (Sns P) = (pu(P)*X(Sn) + pu(P)*An(Sn)) /A ),
a*™(Sp, P) = pu(P)pn(P)Aw(Sn) An(Sn) /A (Sn, P),
aSlm(SmP> = (Sn,P)PC/(Sn),

b (S, P) = (S, P)(pu(P) = pu(P)).

(Sp, P
(

Finally one obtains the simplified global pressure formulation of the system (2.16)-(2.18):

0 (pu(PY(1 — S0) + pulP)S,) + NG, = Fu + F, (2.40)
Q, = —N""(S,, P)K (w(S,,, P)VP — p*"™(S,, P)g) , (2.41)
82 (pu(P)S,) + div(£7(S,, P)Q, — b (S,,, PKg) + div(a*™ (S, PYKVS,) = F,

ot
(2.42)

Again, the total flux is expressed in a form of Darcy’s law in (2.41).

Let us remark that the simplifying assumption on the phase densities considered in
this Subsection leads to a fractional low model in which the coefficients are calculated from
the mass densities, the relative permeabilities and the capillary pressure, in contrast to the
formulation (2.29)-(2.31) which demands solving a large number of the Cauchy problems
for ordinary differential equation. For this reason the approximate model (2.40)-(2.42)
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is attractive in the applications. In [11,104] the error introduced by replacing the phase
pressures with the global pressure in the calculations of the mass densities is investigated
by comparison of the coefficients of the two models and by performing the numerical
simulations. As mentioned previously, this study detected that the simplified model can
be used securely in applications with high mean field pressure and relatively small capillary
pressure, if the wetting phase is not highly compressible, such as oil-gas systems. However,
in hydrogeological applications, where capillary pressures may be increased with respect
to mean field pressure, this approximation can cause unacceptably large errors, especially

in the prediction of total mass of the non-wetting phase [11].

2.5 A review of the existence results for the two-phase

How

The partial differential equations describing the flow of multiple phase flow in porous
media have been studied by many authors in the past few decades. In particular, the
existence and regularity of weak solutions for the incompressible immiscible two-phase
flow has been shown under various assumptions on physical data in [4,21,23,36,48,49,61,
65,78,79,101,102]. For immiscible two-phase flows of one or more compressible fluids with
exchange between the phases, i.e. for partially miscible flow or multi-component model
(like hydrogen dissolved in water), existence of weak solutions to these equations under
some assumptions on the compressibility of the fluids and the finite transfer velocity among
the phases has been recently established in [46,64,80,84,96,97]. The miscible compressible
flow in porous media and the corresponding existence issues have been investigated in
[17-19, 55,67]. In [63] the existence for three-phase immiscible incompressible flow in
porous medium is proved under Chavent’s "total differentiability” condition. When a
porous medium is exposed to a mechanical deformation, that is, in the case when the
porosity depends on the pressure, the existence for a two phase incompressible flow was
shown in [61].

On the other hand, for immiscible compressible two-phase flow in porous media only
recently several results have been obtained. Regarding immiscible two-phase flows with one
or more compressible fluids without any exchange between the phases, some approximate
models were studied in [45,48,68-71]. Namely, in these works the phase mass densities are
assumed to depend not on the physical pressure, but on the global pressure. This assump-
tion was introduced in [48] taking advantage of the fact that the densities vary slowly with
the pressure and that the difference between the phase pressures, i.e. the capillary pressure

is small, so the density can be evaluated at intermediate global pressure. As shown in [11],
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the models based on the mass density approximation can be suitable in oil reservoir simu-
lations but are inadequate in many underground gas and water flows where the difference
between the phase pressures and the global pressure can be significant. Moreover, [45] is
concerned with the existence for compressible immiscible flow of two fluids if the porosity
depends on the global pressure and on the space variable. In [68] certain terms related
to the compressibility are neglected. The contributions [68-72] pose stronger assumptions
on the regularity of the porosity, absolute permeability and the capillary pressure function
which excludes the case of discontinuous medium coefficients and unbounded capillary
pressure.

The authors of [72,75-77] consider a more general immiscible compressible two-phase
flow model in porous media. In these contributions, the models are based on phase formu-
lations, i.e. the main unknowns are the phase pressures and the saturation of one phase,
and the feature of the global pressure as introduced in [21,48] for incompressible immis-
cible flows is used to establish a priori estimates. The results are established under the
restrictive assumption that the capillary pressure is bounded, and no discontinuity of the
porosity and the permeability is permitted.

Existence results of weak solutions for the fully equivalent global pressure formulation
for the two-phase compressible flows are obtained in [12] under some realistic assumptions
on the data which cover the cases of unbounded capillary pressure function, and the dis-
continuous porosity and absolute permeability tensors.

In Chapter 4 of this thesis a new existence result is established for a model of water-
gas flow in porous media in the fully equivalent formulation using the concept of the
global pressure. This work extends the results of [12] to the case of an incompressible
phase (water) and a compressible phase (gas). Due to the incompressibility of one phase,
establishing a priori estimates and passage to the limit is more involved in this case. In
comparison to earlier existence results for this type of flow, the required hypotheses on
data are significantly weakened, so that only physically relevant assumptions are made.
In particular, our result includes the cases of unbounded capillary pressure function, and
the discontinuous porosity and absolute permeability tensors. Also, the non homogenous

Dirichlet and Neumann conditions on the boundary are allowed.
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Chapter 3

A review of homogenization of

two-phase flow in porous media

This Chapter is intended to provide a preparatory material for the homogenization
results for two-phase immiscible compressible flow in the case of ordinary porous media
and fractured porous media, which will be presented in Chapters 5 and 6, respectively.
The current chapter is organized as follows. In Section 3.1 we indicate the basic ideas
of mathematical homogenization theory and display the definitions and results concerning
the notion of two-scale convergence which is going to be employed in the homogenization
process. Section 3.3 provides a detailed exposition of the concept of double porosity for
the flow in fractured porous media and in Subsection 3.3.1 we introduce the dilation op-
erator, which is going to be used in Chapter 6. Finally, Section 3.4 contains a review of
contributions in mathematical homogenization of flow in porous media, with the results on

two-phase immiscible flow pointed out.

3.1 Introduction

Many relevant scientific and engineering problems in physics, chemistry or geology
describe phenomena that occur at various length and time scales, for example heat, sound,
current and stress distribution in composite materials, macroscopic properties of crystalline
or polymer structures, atmospheric turbulence, and in particular our primary interest, flow
and transport in porous media. Composite materials are characterized by the fact that
they contain two or more finely mixed constituents. Therefore, a common feature of com-
posite materials is presence of two length scales which are well separated: the macroscopic
scale, describing the overall behavior of the composite, and the microscopic one, depicting

the heterogeneities which are small with respect to the global dimension of the material.
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In general, one is interested in the overall properties of the composite materials. These
are usually "better” than the average behavior of their individual constituents and due
to that trait, the composites are widely used in industry nowadays. Likewise, since the
characteristic dimension of a porous medium domain is much larger than the characteristic
dimension of a pore, one observes two or more various spacial scales characterizing a porous
medium.

Physical properties of a heterogenous porous medium, such as porosity or absolute
permeability, may notably vary from one point of the domain to another. This counts to
strong variations of the characteristic functions of the medium which figure in the governing
equations. Numerical simulation models of flow and transport in porous medium should
be capable to determine the value of these functions at every point of the domain. If
a highly heterogenous medium is placed in a standard framework, one faces difficulties
in computations performed on the basis of the original equations because heterogeneity
occurs at many different length scales. More precisely, the mesh fineness should fit a size
of a heterogeneity block, which is very small and therefore, in view of the size of the model
domain, a full numerical simulation of the flow and transport in porous medium directly on
a microscopic or pore scale over many time steps becomes infeasible, even with the modern
computers and parallel computing technology at disposal. Hence, it is desired to develop
methods for representing the effects of finer scale variations on larger scale flow results.
The standard approach for numerical simulations of flow in heterogeneous reservoirs is to
average or upscale physical parameters such as porosity and absolute permeability, which
allows the use of a coarse computational grid.

It is often reasonable to assume that the microstructure of the porous medium is
periodic. Taking this into account, the problems of flow and transport in heterogenous
porous medium, for instance in oil reservoir simulation or hydrogeology, are modeled by
using partial differential equations with periodically and rapidly oscillating coefficients.
The periodic homogenization is a fundamental tool for treating this type of problems.

In general, the aim of homogenization theory is to establish the macroscopic be-
havior of a system which is microscopically heterogeneous by taking into account its mi-
croscopic properties, in order to describe some characteristics of the considered heteroge-
neous medium (for instance, thermal or electrical conductivity of a composite material,
or the porous medium permeability and porosity). In other words, a strongly heteroge-
neous medium is replaced by a fictitious homogeneous one (the ’homogenized’ or effective
medium), whose global characteristics are a good approximation of the initial ones. From a
mathematical point of view, the idea of the homogenization is to model the problem using

techniques of asymptotic analysis to account for the fine scale variations. In this sense,
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the microscopic heterogeneities are represented by a small positive length parameter ¢, the
typical size of a pore. Rather than considering a single heterogeneous medium with a fixed
length scale gy, the microscopic model is embedded in a series of similar problems with
periodic coefficients parametrized by a length scale ¢, from which, as € tends to zero, the
homogenized macroscopic or effective problem is obtained. Mathematically, the work that
needs to be done in the homogenization procedure is to establish rigorously the convergence
in some sense of the corresponding solutions of a sequence of boundary value problems,
depending on a small parameter, to some limit, and to explicitly describe a limit boundary
value problem that the limit function solves. In other words, the goal is to replace the
governing equations with highly oscillatory coefficients by a simpler set of equations with
uniform macroscopic or effective coefficients whose solution can be numerically resolved on
a reasonable coarse-scale mesh and this solution approximates the average behavior of the
solution of the governing equations.

Let us remark that in this context the Darcy-Muskat law can be understood as a
"first level of homogenization” for a passage from the pore scale to the macroscale, where
a porous medium is homogenized or averaged in a sense that the pore and the matrix are
no longer distinguishable.

Since the initial contributions in the mathematical theory of homogenization (Spag-
nolo) in the late 1960s, the literature in this area has been vast. For an advanced general
presentation of mathematical homogenization one can consult the classical books [31], [59]
and [93]. An extensive collection of applications to porous media can be found in [74].

In subsequent Section we overview the standard methods of mathematical homoge-

nization that are going to be employed in the following.

3.2 Methods of homogenization

Historically premier and anyhow basic technique of periodic homogenization is the
two-scale asymptotic expansion or method of multiple scales (see [31,59,74,93]).

Let the periodic structure of the porous medium €2 be described by a small parameter
e > 0 representing the ratio of a cell size to the size of the domain. Denote the reference cell
by Y =]0, 1[¢. The solutions of the microscopic problem with rapidly oscillating coefficients
in €2 depend on ¢ and on the position z € Q. Let u® be such a solution for ¢ > 0. Two
scales describe the problem: the variable x is the macroscopic or the "slow” variable, while
y = £ depicts the microscopic scale ("fast” variable). Indeed, if x € €2, by the definition of
the reference unit cell Y, there exists a unique & € Z? such that £ =y+k for somey €Y.

Accordingly, x gives the position of a point in the physical domain €2 of the microscopic
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model while y denotes its position in the standard cell Y. This suggests that one may

assume u° having the (formal) asymptotic expansion, with respect to e, of the form
uf (1) = ug(z,y) + cur(x,y) + 2us(z,y) + - -, (3.1)

where the coefficients u;(x, y) are Y-periodic in second variable and y = £ (the dependence
of the solution on time is left out since it is not subject to scaling by ). The derivatives

follow the rule
1 } ) 1. 1 1
V=V,+-V,, div=div, + =div,, A=A, +2-A,, + 5A,.
€ € € €

After inserting (3.1) into the equations and comparing the coefficients of the different
powers of €, a series of equations for the unknowns u; is obtained. Finally, the homogenized
limit of the starting equation is the equation for ug which is obtained by averaging with
respect to y of the equation for £°.

Mathematically, the method of two-scale asymptotic expansions is only formal be-
cause, a priori, there are no arguments to ensure that (3.1) holds true. Also, the process
is carried out arguing as if the coefficients were smooth, while in applications they are
not even continuous. Still, the model obtained by this type of inference can be utilized
to anticipate the limit macroscopic model which afterwards needs to be rigorously justi-
fied. Moreover, the process provides a better apprehension of the structure of the effective
model.

Generally speaking, one needs to prove the convergence of the sequence (u°) ase — 0
in some sense to a solution of the effective problem that was formally obtained by the
asymptotic expansion. In order to prove the needed convergence results, several different
approaches and methods can be employed. We mention here two of the most commonly
used: the energy method and the two-scale convergence method.

The energy method or variational method of oscillating test functions is a homoge-
nization method due to Tartar [98]. In its general form, this method does not require any
geometrical assumptions on the behavior of the coefficients of the partial differential dif-
ferential equations describing the microstructure, like periodicity or statistical properties.
The key idea is to use an appropriate set of oscillating test functions, instead of a fixed
test function, in the weak formulation of the problem. The special form of the chosen test
functions permits to replace products of weakly convergent sequences with products of a
weakly and a strongly convergent sequence. Thus, one can pass to the limit in the vari-
ational formulation using a compensated compactness argument ( [98]; see also [74]). In

particular, for the case of periodic coefficients the test functions are periodic. The energy
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method is more general and successful in homogenizing many different types of equations,
but it is also not entirely satisfactory because it consists of two steps, the formal derivation
of the homogenized problem and then the rigorous justification of it, which have little in
common and are partly redundant.

In this work we will use the mathematical homogenization method as described in [74]
and [90] for flow in porous media. Namely, we employ the asymptotic expansion and the
two-scale convergence method. Contrary to the energy method, the two-scale convergence
method is restricted to the periodic homogenization problems but at the same time, it is
simpler and more efficient in the periodic setting. The method of the two-scale convergence

is based on the new type of convergence which is presented in the next Subsection.

3.2.1 Two-scale convergence

The concept of two-scale convergence has been introduced by G. Nguetseng in [86,87]
and the theory was further developed by Allaire in [2,3].

The new notion of convergence is motivated by the following. In problems of periodic
homogenization, one works with the sequences of functions g.(z) = g(%), where g is some
periodic function. The weak limit as € — 0 of g. depends only on the average of g over the
basic period. In particular, it does not keep any information on the shape of the oscillations
present in the sequence g.. Furthermore, during the process of rigorous justification of the
effective model, there is typically a need to pass to the limit in products of only weakly
convergent sequences which is impossible since in this case the limit of the product is not
the product of the limits.

This feature of weak limits can be interpreted as an inability of the class of test
functions used in the definition of weak convergence. Therefore, the class of test functions
should be modified in order to pick up the oscillations via some other type of weak limits.
As mentioned earlier, a resolution was proposed by Tartar’s ”compensated compactness”
arguments. Nevertheless, a simpler solution appeared in the concept of the two-scale
convergence. Loosely speaking, the test functions that are used in the definition of the
two scale convergence are able to describe the oscillations through the two-scale limit.
Namely, a two-scale limit is function of variable x and an additional variable y with the
local behavior of the sequence being conserved in y.

The current Subsection will provide the definitions and the standard results on the
two-scale convergence from [2] (see also [59,74]), slightly modified for the case of homog-
enization with a parameter ¢ (like for example in [60]). However, we point out that these
modifications do not affect the proofs from [2] in any essential way.

We start by introducing the notation. € will denote an open subset of R?, the time
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interval of interest is |0, 7 and Qp = Q2x]0,T[. The reference cell is Y =]0,1[%. In the
sequel the following spaces of Y-periodic functions will be used: C’;’O(Y) is the space of

infinitely differentiable functions in R? which are periodic of period Y; L2(Y) consists

2
loc

(RY), Y-periodic, and D(Qp; C;°(Y)) denotes the space of infinitely smooth and

compactly supported functions in Q7 with values in the space C3°(Y).

of functions in L
in H!

loc

(R?) which are periodic of period Y; H)(Y') is the space of functions

We recall now the definition of the two-scale convergence and the key results con-

cerning this notion.

Definition 1 A sequence of functions (v¢) in L?*(Qr) two-scale converges to a limit
vo € L*(Qr x Y), denoted by v°(z,t) K vo(z,y,t), if for any function ¢(x,y,t) €
D(Qp; CR(Y)), one has

lim [ o°(x,t)p(z, f, t)dxdt = / vo(z, y, t)p(x,y, t)dydzdt. (3.2)
e—0 QT € QTXY
If, in addition,
iy 0720y = ol 3.3

the sequence v¢ s said to strongly two-scale converge to v.

Loosely speaking, the two-scale convergence of a sequence v°(z,t) to a function

v(x,y,t) can be interpreted as v°(z,t) being close to v(x, Z,t) for small values of € > 0.

Remark 2 Any sequence (v°) which converges strongly in L*(Qr) to a limit v(z,t), two-
scale converges to the same limit.
The two-scale convergence implies the weak convergence: if a test function ¢(x,t)

independent of y is taken in (3.2), it follows directly that

v = olwt) = [ we )y
Y

Moreover,
li_I>I[1)||U€||L2(QT) > |lvollz2@prxyy = V] z2(0p-

For any smooth function a(x,y,t) which is Y -periodic in y, the associated sequence

a®(z,t) = a(x, £,t) two-scale converges to a(x,y,t).

We see that the two-scale limit contains more information on the behavior of a se-
quence than its weak limit as it takes into account its oscillations.
The fundamental result concerning the new notion of two-scale convergence is the

following compactness theorem ( [2], also [60,81]).
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Theorem 1 From each bounded sequence (v¢) in L*(Qr) we can extract a subsequence, and
there exists a limit vo(z,y,t) € L*(Qr x Y) such that this subsequence two-scale converges

to vy.

If uniform bounds on derivatives of the functions (v°) hold true in addition, more
information on the two-scale limit of the sequence (v°) is given by the next theorem ( [2,
60,81]). Set H = {u € H)(Y): [, udy =0} = H)(Y)/R.

Theorem 2 i) Let (v°) be a bounded sequence in L*(0,T; H(Q)) with a subsequence
that converges weakly to a limit v in L*(0,T; H'(2)). Then, along this subsequence,
v® two-scale converges to v(x,t). Also, there exists a function vy in L*(Qp; H) such

that, up to a subsequence, Vv® two-scale converges to Vv + V vy,

i) Let (v¢) and (eV,v°) be two bounded sequences in L*(Q7). Then there exists a func-
tion V(z,t,y) in L*(Qp; H) such that, up to a subsequence, v° and eV, v° two-scale
converge to V(x,t,y) and to V,V(xz,t,y), respectively.

Let us point out that the two-scale convergence results can justify a posteriori the
homogenization results obtained formally by the multiple-scale method. More precisely,
the two-scale limit of the sequence (v°) is essentially the first term in the multiple scales
expansion of v°. In general it will depend on the oscillations through the auxiliary variable

y. Furthermore, for the functions v*, v and v; from Theorem 2 it holds
x x
vi(z,t) = v(z, =, t) + vz, —,t) + -
€ €

In other words, a uniform bound on the gradient of v® is enough to justify the second term
in the multiple scales expansion of v°.
A special shape of text functions will be used when passing to the two-scale limit in

Chapter 5, which is allowed by the next result.

Theorem 3 ( [81, Theorem 9]) Let 1 < p,q < +o0 with %—l—% = 1. Let (u®) be a sequence

in LP(Qr) which two-scale converges to w. Then

e—0

lim/ u(z, t)Y(x, z,t)dmdt = / / u(z,y, t)(x,y,t)dydxdt,

Qr € Qr JY

Jor every v of the form (x.y,t) = vr(z,)dhs(y), ¥ € L), vy € LI(Y) with 1 <
r,s < +oo and such that % + % =1.

Finally, an additional condition (3.3) posed for the strong two-scale convergence yields

in return a kind of strong convergence and allows to pass to the limit in some products of
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two weakly convergent sequences in L?(Qr). The precise assertions are contained in the

following Theorem [2].

Theorem 4 Let v° € L*(Qr) be a sequence that strongly two-scale converges to vy €
L*(Qr x Y). Then, for any sequence w® € L*(Qr) which two-scale converges to a limit

wo € L2(Qp x Y), it holds
Ua(xa t)w€<x7 t) - / Uo(ZE, Y, t)wo(l', Y, t)dy in D,(Q)
Y
Moreover, if the Y -periodic extension of vo(z,y,t) belongs to L*(Qr; Cp(Y)), we have
. - x
}:1_1)1(1) ||v®(x,t) — vo(z, = Ol 2 = 0.

The second result of Theorem 4 is referred to as a corrector type result which corresponds to

the prior remark on the relation of the two-scale limit and two-scale asymptotic expansion.

3.3 The concept of double porosity

In this Section we present the double porosity model which has been introduced on
physical grounds by engineers and thereafter studied from mathematical point of view
to describe the flow of one or more fluids in a naturally fractured reservoir. The new
result concerning the double porosity model for immiscible compressible two-phase flow in
a fractured reservoir is obtained rigorously by homogenization in Chapter 6.

A naturally fractured reservoir is the one containing many interconnected fracture
planes throughout its extent. The fractures are formed in response to stress which may
originate from high fluid pressure, thermal loading, the movements of the Earth’s crust or
formation of land folds, over millions of years. Accordingly, a fractured reservoir consists
of layers of materials of very different petrographic characteristics. This type of porous
medium is frequently encountered in hydrology and petroleum applications, for instance
the sedimentary rock that composes a hydrocarbon reservoir. Actually, fractured reser-
voirs make up a large and increasing percentage of the world’s hydrocarbon reserves [85].
The drawback of such reservoirs is their extreme complexity due to the vast number of
variables and their interactions which makes them much more difficult to deal with than
with unfractured ones.

It has long been known that the fluid flow mechanism in such reservoirs is significantly
different from that of an ordinary, unfractured reservoirs. Specifically, the flow occurs as if

the reservoir possessed two porous structures, one associated to the porous rock, and the
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other one to the system of fractures. The former being considered as a porous medium
has been justified in the petroleum engineering literature by assuming that the cracks are
partially filled with rock debris.

In the scope of this work we study the totally fractured reservoir that arises for
instance in the modelling of granular materials. Namely, this is a fractured reservoir in
which the system of fractures is so well developed that the matrix is broken into isolated
individual blocks or cells. Consequently, in such a setting no flow takes place directly from
block to block, but only an exchange of fluid between the cell and the surrounding fracture
system is possible. There are also more general situations of partially fissured reservoirs
where not only the fracture system but also the matrix of cells may be connected, so there
is some flow directly within the cell matrix (see, e.g., [56,60,74]).

Accordingly, a naturally fractured reservoir is considered as a porous medium con-
sisting of two superimposed continua, a discontinuous system of periodically repeating
medium-sized matrix blocks interlaced on a fine scale by a connected system of thin fis-
sures. It is assumed that the width of the fissures is considerably greater than the char-
acteristic size of the pores, so that the fractures are notably more permeable than the
system of pores in the porous matrix blocks. Hence, the reservoir’s effective permeability
is increased with respect to the permeability of the merely rock matrix. The transport of
fluids through the reservoir primarily takes place within the fracture system where the flow
is much readier than in the porous rock. On the other hand, the matrix stores most of the
fluid. These contrasts cause great difficulties in modelling such mediums. Neither fractures
nor matrix, or their interactions must not be neglected in a model of the flow. A discrete
approach in modelling a fractured reservoir is not feasible since the fractures are typically
too small compared to the size of the reservoir, and too numerous. The idea is therefore to
homogenize the reservoir. However, a straightforward homogenization of the entire reser-
voir yields a single porosity model with some averaged overall permeability and porosity
of the reservoir [32,82]. This approach is not adequate since it ignores the contrasts in the
properties of the two very distinct porous structures present in the reservoir, as well as
their interaction which has a strong influence on the flow. This exchange between matrix
blocks and fractures is a microscale process whose effects only must be incorporated in a
large scale description, while the process itself must be withheld on a microscopic level.

A more appropriate way of modelling a naturally fractured reservoir turned out to be
the so-called double porosity model (also referred to as the double porosity /permeability
model or the dual-porosity model). In this model the whole medium is replaced by an
equivalent imaginary coarse grained porous medium for which the fractures play the role

of the pores, while the matrix blocks could be seen as fictive grains. At the macroscopic
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level, the flow occurs in the fractures - the more permeable part of the reservoir, and the
matrix block system plays the role of a global source distributed over the entire medium.
The matrix-fracture coupling on a fine scale is expressed by an additional memory or source
term in the macroscopic fracture equations. At the same time, as € tends to 0, infinitely
many matrix blocks are obtained. In that sense, in the limit model for each point of the
domain there is an associated matrix block, congruent to a standard matrix block, in which
the equations are given that capture the flow at the medium-size scale. In summary, the
double porosity model justifies its name since it preserves two scales: a macroscopic scale,
corresponding to the high porosity of fractures, and a microscopic one, corresponding to
the low porosity of the matrix blocks.

The double porosity /permeability concept was first derived experimentally as a phys-
ical notion and described by several authors in the engineering literature ( [27,85,91,100]).
Since then it has been used in a wide range of engineering applications related to geohydrol-
ogy, petroleum reservoir engineering, civil engineering or soil science. The model of [27]
assumes that the typical dimension of the fracture is far larger than that of the pores,
that the permeability in the fractures is much greater than that of the matrix blocks and
that the ratio of the volume of the fractures to the total volume is less than the porosity
of each block, since the fractures occupy a smaller volume than the pores. It treats the
interaction between fractures and matrix as a transfer function proportional to the differ-
ence between the pressures of the matrix blocks and fissures. Moreover, quasistationary
exchanges between matrix and fractures are assumed. The supplementary memory terms
are caused by not including such an assumption. Rigorous mathematical proofs for the
dual-porosity model have not been available until [25] where the linearized single phase
flow was considered.

Let us finish the introductory part by few remarks concerning the principles and tools
of homogenization that we will use subsequently.

In a naturally fractured porous medium there are three distinct length scales: the
thickness of the fractures is about 10~m, the average distance between fractures, i.e. the
size of the matrix blocks is about 0.1 to 1m, and the size of the reservoir may be about
10* — 10*m [50]. The basic assumption for the model that we obtain is the existence of a
representative elementary volume that is very small with respect to the size of the domain,
but large enough to capture the interchanges between the matrix and the fractures.

The fracture planes in a fractured reservoir often form a fairly regular geometric pat-
tern and we will work with the matrix blocks represented by identical squares or cubes.
However, cracks generally originate from geological phenomena (shear, folding) which usu-

ally have predominant fracturing directions so for example parallelepiped could also have
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been chosen for the reference cell. An underlying assumption is that the flow is uniform
at the surface of each matrix block. Besides, we are supposing a periodic structure of the
medium which is standard hypothesis (there are studies in a probabilistic framework [38]).
In this work we study the double porosity model assuming that the width of the fractures
is of the same order as the blocks sizes, in other words, the volume fraction of the fissured
part and the non-fissured part are kept positive constants of the same order. The various
cases of the ratio between the fractures and matrix block sizes have been considered for
instance in [16].

The microscopic model consists of the usual equations describing Darcy flow in a
reservoir with the specific feature of a highly discontinuous porosity and permeability
coefficients. Over the matrix domain the permeability is scaled by a parameter £2, where ¢
represents the size of a matrix block in regard to the size of the whole domain. This scaling
conserves the flow between the matrix and the fractures from degenerating or blowing up as
the block size tends to zero [26]. From other point of view, the characteristic time scale for
any parabolic evolution in a single matrix block is of order 2 [39]. Anyhow, by scaling by
g2 the form of the matrix equations on the standard cell is maintained independently of the
value of ¢ and in the limit a double porosity model is obtained. The matrix gravitational
term is compensated additionally by e~! for the same reason. In [103] the author studies
other scaling factors for the matrix permeability. Indeed, if the ratio of the permeability
for the matrix and the fractures is smaller than of order €2, the flow in the matrix blocks
contributes very little to the fracture system and the microscopic models converge to the
equations for the fracture flow in the entire domain as ¢ tends to 0. On the other hand, if
the ratio is greater than €2, in the matrix blocks the flow is very fast and saturations are
almost constant. In this case, the macroscopic model is of a special single-porosity type.

The homogenization procedure consists of letting a characteristic size of each block,
€, to zero.

Now we set up notation and terminology for the description of the fractured porous
medium.

A fractured reservoir 2 C R%, d = 2, 3 is considered to be a bounded, two-connected
domain with periodic structure. Let Y =]0,1[?= Y,, UT U Y} be the unit cell, where
Y,, is a matrix block domain surrounded by a fracture domain Yy and I' is a smooth
internal boundary between two parts. A small parameter ¢ > 0 is used to describe the
ratio of a matrix block size to the size of €2, and the fracture thickness is considered to
be of order . We assume that the reservoir €2 is covered by the disjoint copies of €Y
shifted for the translations from A, where A is an infinite lattice. For each ¢ > 0 and

each x € Q, ¢¢(x) stands for the lattice translation point of the e-cell domain containing

35



x, that is, ¢¢ :  — eA is defined by considering x € €Y + ¢(x). More precisely, if
v € (Y + k) for some k € Z% then ¢*(x) = ek. Further, x, are the characteristic
functions of Y,, r € {f,m}, extended by Y-periodicity to R%. The system of matrix
blocks, the system of the fractures and the matrix-fracture interface will be denoted by
O, = {z € & xm(2) = 1}, QF = {z € Q; xs(£) = 1} and I, respectively. Here
Xo(®) = x (%), r € {f,m}. Ttis Q = Q7 UT*UQF U

3.3.1 Dilation operator

In Chapter 6 we will present a homogenization result for the model of the immiscible
compressible two-phase flow in a fractured porous medium. Using the two-scale conver-
gence, one obtains the effective equations which contain a source-like term modelling the
matrix-fracture interaction. This term is in a non-explicit form due to the non-identified
two-scale limit that it involves. This difficulty is a consequence of the nonlinearity and
the strong coupling in the problem. In order to provide the explicit form for this term,
we will employ the suitable dilation operator which was introduced in [25] and afterwards
used in [14,39,54,103]. The term periodic modulation is used for the same concept [39]. In
this Subsection we provide the definitions and the basic properties of the dilation operator

which we are going to need in Chapter 6.

Definition 2 For given € > 0 we define a dilation operator D mapping a measurable
function ¥ € L*(2, x]0,T[) to a measurable function D% € L*(Q2 x Y,,x]0,T[) by

(DY) (z,y,t) = Y(ey + (x),t) forxeQ, yeY,, te€]0,T]. (3.4)

Remark 3 For given € > 0 and for given function v which is defined on the matriz part
Q. of the reservoir, the dilated function D%t is defined on the fived domain €.

D=1 is constant in x on a fived e-block in 2, that is, on any (Y + k), k € Z.

For a fized x € Q, DY (x,Y,,) = €Yy, + ().

One can extend D by periodicity to allow y € Upcga(Ym + k) and consequently D=

15 regarded as 'Y -periodic function in its second argument.

Essentially, the dilation operator provides the link between the macroscopic domain
scaled by € and the microscopic level of the standard cell. Namely, it transforms a macro-
scopic (slow) variable z = ey + ¢*(x) € (Y + k) into the microscopic variable y € Y.

The main properties of the dilation operator are given by the following Lemma ( [25],

Lemma 2):
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Lemma 1 Forv,w € L*(0,T; H'(Q,)),
| D°v|| L2y, xjo,7) = |1V 2008, xj0,77) 5
V, (D) = eD*(V,v) a.e. in Q x Y, x]0,T7,
[V (D=0) | z2(@xvimxjo,r)d = €D (Vo) || (225 vimxjo.rp)e = €IVl (2202, x10,70)45
(DEU, DE’LU)L%Qmex]O,T[) = (U, w)L2(Q§nx}o,T[),

(D0, w) L2(x v x]o,r) = (Vs D*W) 120y, x]0,17) -

Furthermore, if we consider g € L*(Qr) as an element of L*(Q x Y,,x]0,T|) which does
not depend on y, then

Dfg — g strongly in L*(Q x Y,,x]0,T[) as € — 0. (3.5)

The two-scale convergence is related to the weak convergence of dilated sequences in

a manner described by the undermentioned result (the proof can be found in [39]).

Lemma 2 Let (uf) be a uniformly bounded sequence in L?(QF, x]0, T[) which satisfies the

conditions
Deuf — u° weakly in L*(Q; L;(Ym))
and
e & 28 * 2 . T2
X — U € L (QTaLp(Y»a
then

u’ =u* a.e in QxY,x]0,T].

In addition, we present another result concerning the dilations (see [103]).

Lemma 3 Ifuf € L2, x]0,T|) and x5,u° 22 u € L2(Qyp; L2(Y,)) strongly, then D*u® —
u strongly in L*(Q X Y,,%]0,T]).

Remark 4 The concept of the dilation operator is closely related to the motion of the
unfolding operator which was introduced in [57]. The definition and the properties of the
unfolding operator can be found in [58] which contains all the proofs for this approach with

some extensions and applications.
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3.4 Review of homogenization results for immiscible

two-phase flow

This Section contains a review of the references studying the problems of homoge-
nization for the two-phase immiscible flow in porous media, both for ordinary porous media
and for the fractured porous media. We also mention the contributions concerning the ho-
mogenization of the single phase flow, and the miscible displacement of one compressible
fluid by another.

3.4.1 Single porosity

An extensive reviews on upscaling methods for flow simulation models are given
in [62,66]. More information on the homogenization of one phase flow in the framework of
the geological disposal of radioactive waste can be found in [33,34,40,41,44]. Many authors
have studied the homogenization and upscaling of incompressible immiscible two-phase flow
in porous media, see for instance [30,35,37,38,42,43,73,74,83,89,90,94,99]. Homogenization
results for compressible miscible two-phase flow in porous media were rigorously obtained
in [17,56], and a solute transport in a highly heterogeneous aquifer was upscaled by means
of the asymptotic expansion in [7]. On the other hand, for immiscible compressible two-
phase flow in porous media, the first result was only recently established in [6]. In that
work homogenization results were obtained for water-gas flow in porous media using the
phase formulation, under the assumption that the capillary pressure function is bounded
which is too restrictive for some applications.

A new result which extends such results to immiscible flow of two compressible phases
in porous media in the global pressure formulation including the case of unbounded capil-

lary pressure function is presented in Chapter 5.

3.4.2 Double porosity

A general form of the double porosity model for a single phase flow in a naturally
fractured reservoir has been first described in [22]. The model was derived by explicitly
considering fluid flow in individual matrix blocks. In presence of gravity, a linearized
approximation of the density function is considered. In [25], this general model is rigorously
justified from the point of view of homogenization theory, using the dilation operator that
the authors introduce in this paper. One-phase flow model in a fractured porous medium is
studied also in [15], where the authors rigorously obtain the effective models for two types

of fractured porous medium: the medium characterized by the asymptotically vanishing
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volume fraction of fractures, and the case when the width of the fractures and the porous
block size are of the same order. In [16] the global behavior of single phase incompressible
flow in fractured media is discussed with respect to different parameters such as the fracture
thickness, the size of blocks and the ratio of the block permeability and the permeability
of fissures, and oscillating source terms.

The first contribution on the derivation of the double porosity model for two-phase
flow in a fractured medium is [26], where the effective equations of the double porosity
model are established by formal technique of asymptotic expansion for the cases of com-
pletely miscible incompressible flow, and immiscible incompressible two-phase flow. For
the case of immiscible incompressible two-phase flow in a reduced pressure formulation, the
double porosity model is rigorously justified by periodic homogenization in [39]. Another
result on the two-phase incompressible immiscible flow in fractured media is established
in [103]. In this work three different situations are considered: when the ratio of the per-
meabilities in the matrix blocks and in the fractures is of order €2, smaller than ? and
greater than €2, respectively. For the first case, the limit model is of a dual porosity type.
The second case leads to a single-porosity model for the fracture flow, while the last one
yields another type of single-porosity model for the fractures, with the addition of a source
term from matrix blocks. For the displacement of one compressible miscible fluid by an-
other in a naturally fractured reservoir, the double porosity model was rigorously derived
in [54]. A dual porosity model for compositional three-phase flow was established by the
formal asymptotic expansion in [24,50]. Furthermore, [101] studies the existence of weak
solutions for the model of the immiscible two-phase flow in fractured porous media. More
precisely, four relations for the phase mobilities and capillary pressures are presented and
the corresponding problems are shown to have an appropriately formulated weak solution
when any of these relationships are satisfied. Finally, the double porosity model for the
compressible flow of two fluids in an approximate form with the global pressure has only
lately been established in [14].

Chapter 6 in this thesis presents a new result on the rigorous justification of the
homogenization process for a double porosity model of immiscible compressible two-phase

flow through a fractured porous medium in a fully equivalent global pressure formulation.
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Chapter 4

An existence result for water-gas
immiscible flow in global pressure

formulation

4.1 Introduction

The objective of this Chapter is to present proof of the existence of the weak solutions
for the fully equivalent global pressure formulation of immiscible, compressible two-phase
flow in porous media, under physically relevant assumptions and allowing the non ho-
mogenous Dirichlet and Neumann boundary conditions. The system under study consists
of incompressible wetting phase and compressible non-wetting phase, such as water and
hydrogen in the context of gas migration through engineered and geological barriers for
a deep repository of nuclear waste. The difficulties in dealing with this type of equations
are generated by the nonlinearities and the coupling of the equations as well as by the
degeneracy of the diffusion term in the saturation equation and the degeneracy of the time
derivative term in the global pressure equation, where both weaken the energy estimates
and make a proof of compactness results more involved. The results of this Section are
contained in [9].

Section 4.2 begins with the formulation of the mathematical and physical model
under consideration, then the assumptions on the data are stated and the main result
on the existence of weak solutions of the problem is presented. This result is proved in
three steps. In Section 4.3 we define the adequate regularized system by introducing a
small regularization parameter > 0 and state the existence result for weak solutions of
the regularized problem. Section 4.4 provides a construction of the approximate solutions

to the regularized system by replacing the time derivatives with finite differences with a
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small time step h > 0 and the existence result for the corresponding system, as well as a
maximum principle for the saturation. In Section 4.5 we establish uniform estimates with
respect to h and 7 using suitable test functions. This allows us to pass to the limit when
h — 0 which gives the existence of a weak solution for the regularized problem; this is
performed in Section 4.6. Finally, in Section 4.7 we pass to the limit as n — 0 using an
adapted compactness result, as in [12,76,95], and prove the existence of weak solutions of
the problem defined in Section 4.2.

4.2 Mathematical model and the main result

Here we study the model of water-gas immiscible flow in the fully equivalent global
pressure formulation which is presented in Subsection 2.4.2 of Chapter 2. Throughout
the current Chapter, the wetting phase (water) and the non-wetting phase (gas) will be
indicated by subscripts w and g, respectively. The system is formulated with the non-
wetting phase saturation S := S, and the global pressure P as primary variables, and the
phase pressures P,,, P, are expressed through S and P in (2.23)-(2.24). Accordingly, recall

the problem in question:

0

@a(pw(s, P)(1—=15)) —div(Ay(S, P)KVP) + div(a(S, P)KVS) (4.1)
+ diV(/\w(S)pg(S, P>2Kg) = Fu,
0 . .
@a(pg(s, P)S) — div(Ay(S, P)KVP) — div(a(S, P)KVS) (42)

+div(Ag(S)py (S, P)°’Kg) = F.

Here & = ®(z) is the porosity, K = K(z) is the absolute permeability tensor of the porous
medium, F,, F, are known source terms and the gravity vector is denoted by g. It is
assumed that the wetting phase is incompressible (p,, = const.) and the non-wetting
phase (gas) is compressible, p, = py(P,).

As mentioned in Remark 1, one of the advantages of inducting the global pressure
is that from the uniform estimates on the degenerate quadratic terms \;(S;) KVFP; - VP,
j € {w,g}, one obtains the uniform bound on the global pressure and the degenerate
capillary term. In order to remove the degeneracy of the capillary term in the a priori
estimates, the non-wetting phase saturation S, will be replaced by a new variable 6 [12]
(the saturation potential, cf. [4]) which is defined by

s
0=p(5)= /o \/ Aw(8)Ag(8)Pi(s)ds. (4.3)
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Since f is strictly increasing, the transformation is well defined and we set S = (3)~1.
Still, this change of variables does not eliminate the degeneracy from the diffusion term in
the equations.

By introducing the coefficient A(S, P) as

Aw(5)Ag(5)

A(‘S? P) prpg(s, P) /\(S P)

: (4.4)
and rewriting the system (4.1)-(4.2), we obtain the following equations describing the flow
of water and gas in an equivalent formulation by the concept of the global pressure (as
in [8]):

—pwq%—‘j — div(A, (S, P)KVP) + div(A(S, PYKV0) + p2div(\,(S)Kg) = F,,, (4.5)
@%(pg(s, P)S) — div(A,(S, P)YKVP) — div(A(S, P)KVE) + div(A\,(9)p,(S, P)°’Kg) = F,.

(4.6)

The system (4.5)-(4.6) is completed with the boundary and initial conditions as fol-
lows. Let a porous domain Q C R¢, d = 1,2, 3, be a bounded, connected, Lipschitz domain.
Throughout the whole thesis, we maintain the following notation: the domain boundary is
considered to be decomposed as 02 = I'p U T'y, the time interval of interest is 0,7 and
we denote Q = Qx]0,T[, I'7 = T;x]0,T[, i € {D,N}. The boundary conditions for the

system in consideration are imposed in this way:

0=0p, P=Pp onlF, (4.7)
Q, n=G, Q, n=G, onl}. (4.8)

Here Pp, 0p, G, and G, are given functions, n is the outward unit normal to 02 and

Q,, = puy, = —AulS, PYKVP + A(S, PYKVE + g2\, (S)Kg,
Q, = p,(B))d, = —Ay(S. PYKVP — A(S, PYKVO + p, (S, P)*A,(S)Keg

are the phase mass fluxes with q; being the volumetric velocity of the j-phase, j € {w, g}.
The Dirichlet boundary data Pp, fp are assumed to be defined in the whole domain Q).
In order to express their regularity the following space and the corresponding norm are

introduced:
W={pe LQ(O,T;Hl(Q)): p e L=(0,T; Ll(Q)),ﬁtgo € Ll(Q)}, (4.9)
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The values of the non-wetting saturation and the phase pressures on the Dirichlet boundary

are defined by
SD:‘S(HD)a PwD:Pw(SDva)a PgD:Pg(SD7PD>a

where S = 71,

The initial conditions are
0(x,0) = by(x), P(z,0)=po(x) in (4.10)

We are going to prove the existence of weak solutions of the coupled system (4.5),
(4.6) with the boundary and initial conditions (4.7), (4.8) and (4.10) under the following

assumptions:

(A.1) The porosity ® belongs to L>(f2), and there exist constants, 0 < ¢,, < ppr < +00,
such that 0 < ¢,,, < ®(x) < ¢y a.e. in Q.

(A.2) The permeability tensor K belongs to (L*(92))**?, and there exist constants 0 <
km < ky < 400, such that for almost all z € Q and all £ € R? it holds:

km€]* < K(2)€ - € < karl€[*.

(A.3) The relative mobilities satisfy Ay, A, € C([0, 1[;RT), A\, (Sw = 0) = 0 and A,(S,
0) = 0; A, is an increasing function of S;. Moreover, there exist constants Ay >
Am > 0 such that for all S € [0, 1]

0 < Am < Aul(S) + Ag(S) < Aur.

(A.4) There exist constants pe i, > 0 and M > 0 such that the capillary pressure function
S P.(S), P.€ C([0,1[;RT) nC'(]0, 1[; R™), for all S €]0, 1 satisfy

PC’(‘S) Z pc,min > O, (411)

/ CB(s)ds + \a(S)h(S)PI(S) < M. (4.12)
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Moreover, there exist S# €]0,1[ and v > 0 such that for all S €]0, S#]

S2TPI(S) < M, (4.13)

P.(S) — P.(0) < MSP/(S). (4.14)
(A.5) There exist 0 < 7 < 1 and C' > 0 such that for all S;,55 € [0, 1]

S5 T
C / Ag($)Aw(s)ds| > 151 — Sa.
s

1

(A.6) py > 0, p, is a C*(R) increasing function, and there exist p,,, ppr > 0 such that for
all p € R it holds

Pm < pg(P) < prr, 0< pl(p) < pu-

(A7) F,,F, € L*(Q); F, > 0 a.e. in Q.

(A.8) The boundary and initial data satisfy:

Pp,P.(Sp) e W, 0 < Sp <1ae. inQ;
Guw, Gy € L*(Ty), Gy <0;
p0,90 < L2<Q), 0 < 60 < ﬂ(l) a.e. in Q.

Remark 5 Assumptions (A.1) — (A.3) are classical for porous media. The strength of sin-
qularities in the capillary pressure and its derivative at the end points S = 0,1 is controlled
by (A.4), which is together with (A.5) used to prove the Hélder continuity of the functions
S =371 and (S, P) — py(S, P)S in the proofs of Lemma 8 and Lemma 9. Let us point
that, as a consequence of incompressibility of the wetting phase, the restrictions on the cap-
illary pressure P, in (4.13), (4.14) are given only at S = 0, which is less strict compared
to the corresponding assumptions in [12], where both phases are compressible.

The requirements on the sign of the boundary data in (A.7) and (A.8) are necessary
only if the capillary pressure curve is unbounded at S = S, = 1. In that case the restrictions
Fy, >0 and G, <0 do not allow extraction of the wetting phase from the domain, since
otherwise we can not control the growth of the wetting phase pressure to —oo.

From the assumptions Pp, P.(Sp) € W in (A.8) it easily follows that the functions
P,p = P,(Sp, Pp) and P,p = P,(Sp, Pp) also belong to the space W. These are the con-
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ditions on boundary data that allow us to obtain uniform a priori estimates in Section 4.5.
Furthermore, due to (4.11) in (A.4) it is also Sp € W.

Remark 6 The boundedness of the phase mobilities and the phase densities in (A.3) and
(A.6) imply the following bound for the gas pressure:

|Py(S, P)| < C(IP| + 1), (4.15)
while for the wetting phase pressure we have
P,(S,P) <P, (4.16)

due to S +— P.(S) being an increasing function. These bounds are going to be used to
obtain the uniform a priori estimates in Chapter 6. Indeed, while the non-wetting pressure
P, is bounded, the wetting phase pressure P, is unbounded when S — 1 ( [12,104]; cf.
Remark 5).

Remark 7 It can be seen using (A.3) and (A.6) (see [8]) that w is a positive smooth

function for which there is a constant C such that
e <w(S,P)<1in0,1] x R. (4.17)

It also follows from (4.11) and (A.5) that S = B! is Holder continuous with exponent T.

More precisely,
pz:-min T
77’5'2 — 81 <[B(S2) — B(S[" (4.18)

In order to incorporate the Dirichlet boundary condition, the following space is in-

troduced:
V={uce Hl(Q);u|pD = 0}.

The existence result for weak solutions of the system (4.5)-(4.6) with the boundary
and initial conditions (4.7)-(4.10) is stated in the following theorem.

Theorem 5 Let (A.1)—(A.8) hold. Denote S = S(6). Then there exists (P, ) such that

Pec L*0,T;V)+ Pp, 0 € L*(0,T;V) +0p, 0<0 < B(1) a.e. inQ,
0,(®S) € L*(0,T; V"), 0,(®py(S, P)S) € L*(0,T;V");
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for all v € L*(0,T;V)

T
o / (0,(BS), Pt + / Au(S, PYKVP - Voo — A(S, PYKVO - Vil dardt
0 Q

(4.19)
—/)\w(S)pvangodxdt:/ngodxdt— Gupdodt,
Q Q ry
T
/ (4(®p, (S, P)S), d)dt + / [A,(S, PYKVP - Vi) + A(S, PYKVE - Vi dadt
0 Q
(4.20)
_ / 2, ()py (S, P)?Kg - Vipdudt = / Fpdadt — / G pdodt.
Q Q rf

Furthermore, for all ¢ € V' the functions
£ / BSydr, ¢ / Bp,(Py(S, P))Sibda
Q Q

are continuous in [0, T| and the initial conditions are satisfied in the following sense:

( /Q <I>S¢da:> (0) = /Q Dsotde,

(/QCDPg(Pg(S,P))Swdx) (0) :/Slcppg(pg(807p0))80wd$’
where so = S(6y).

The proof of Theorem 5 is complicated primarily by the degeneracy of the equations
caused by vanishing of the diffusion coefficient A(S, P) at both ends S = 0 and S =
1. Therefore, we will introduce a regularized problem with a strictly positive coefficient
A(S, P) by adding a small positive constant 7 to it. In the same time we will regularize
the unbounded capillary pressure function and prove Theorem 5 by passing to the limit as
1n — 0 in the regularized problem. The other difficulty in proving Theorem 5 is vanishing
of the time derivative term in equation (4.20) in the region where the gas phase is not
present since therein the gas density can not be determined by its evolution. This trouble

will be treated in Section 4.7 with appropriate compactness theorem.

4.3 Regularized problem

In this Section we construct the regularized problem which is formulated with the
global pressure P and the non-wetting phase saturation S as primary variables. Introduc-

tion of this non-degenerate approximate problem is motivated by the following. A priori
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estimates, uniform with respect to the regularization parameter 7, will be developed in
Section 4.5 by using the phase pressures P, (S, P) and P,(S, P) as test functions in the
variational formulation of the problem. This use of the phase pressures generates a new
problem since, under the hypothesis (A.4) on the capillary pressure, the wetting and the
non-wetting phase pressure partial derivatives with respect to S can be unbounded at
S =1and S = 0 and thus for P,S € L*0,T; H(Q)), P,(S, P) and P,(S, P) may not
be valid test functions. Therefore, following the idea of [12], we will correct the capillary
pressure function by introducing a regularized capillary pressure derivative, a regularized

capillary pressure and regularized phase pressures as follows:

2(1 — 5)20=LO) 4 (28 —1)Pi(n) for S <1y
R,(P.(S)) = ¢ PU(S) forn<S<1-mn, (4.21)
P(1—n) for1—n<S<1
S
PI(S) = P.(0) +/ R,(Pi(s))ds, (4.22)
P}(S,P) =P+ P.(0) + /S fw(s, P)R,(P.(s))ds, (4.23)
P(S, P) / £,(s, PYR,(P.(s)) ds. (4.24)

It is clear that P (S, P) — P(S, P) = P(S). Some properties of the regularized capillary
pressure are listed below (the details can be found in [12,104]).

For any n > 0, P/’(5) is a bounded, monotone, C([0, 1]) function, and P7(S) = P.(S)
for S € [n,1 — n|. For sufficiently small n from (A.4) it follows that

d
—P7 > in/2 . 4.2
TG PHS) 2 Dunin/2> 0 (4.25)

Also, |R,(P.(S))| < pl e < +o0 for some constant p,, .-
Further, there is a constant M > 1 such that

R,(P.(S)) < MP.(S), for S €]0,1]. (4.26)

If S > n, it is easy to check (4.26) with M = 1. To establish (4.26) for S < n we use (4.14)
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in (A.4) to get:

<201 %)MPC’(U) n <2§ C1)P(n) < (2M + DP{(n) < (2M + 1)PL(S).

since the capillary pressure function is concave near S = 0. Let us point out that (4.14)

is assumed only to obtain (4.26), and moreover, (4.26) will be utilized solely in order to

establish the estimates, uniform in 7, on the regularized boundary data (see Remark 8).
The derivatives of the regularized phase pressures are mutually equal, as in the non-

regularized case and it holds

or] 0P}
oP 0P

where

. o [ SV 5 ,prg(S
w(S, P) = p</0 o(5,P) (P (s)+p($P))\(3))

39
>
g
/\
>/
:U
3
oY
o
~—
~—
U
Vsl
N———

It is easily seen that

VP! =w(S, P)VP — f,(S, P)R,(P.S))VS5, (4.27)
VP! =w'(S, P)VP + f,(S, P)R,(P.(S))VS5, (4.28)

so that Pj, P e L*(0,T; H'(2)) for P,S € L*(0,T; H'(Q)), as intended.
Another step in defining the regularized problem is substituting the function A(S, P)
by A"(S, P), for n > 0, defined by

Puwpy(S, P)

AT(8, P) = PES

Aw(S)Ag(S)R,(PL(S)) +n > 0. (4.29)

At last, we are going to consider the regularized version of the system (4.5), (4.6) in which

we will replace py(S, P) by

Now the regularized system is defined as

os"
. P — div(AT (ST PMKNY P iv(A"(S". PYKV S
pu® o = div(AL (5", PHKYPY) + div(A(S", PYKVS") o

+ pdiv(Au(S")Kg) = Fu,
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00 (p1(S", P")S") — div(A7(S", PTYKV P") — div(A"(S", PTYKVS")

ot (4.32)

+ div()\g(S")pZ(S", Pn)QKg) = Fy,

where we define
AL(S, P) = puru(S)w(S, P),  ANS, P) = py(S, P)Ag(S)w"(S, P) (4.33)
and introduce the regularized total mobility
A"(S, P) = AL (S, P) + A)(S, P), (4.34)

and the regularized function :

S
_ /0 Sha(5)0g(5) Ry (P(5)) ds. (4.35)

We will denote 87 = (37)7*
Now we quote some uniform estimates and limits for the regularized coefficients,

proved in [12], Lemma 1.

Lemma 4 Assume (A.4) and (A.6). Then there ezists a constant C > 0, independent of

n, such that
IPX(S. P)| < C(P| + 1), (4.36)
Py(S,P) < P, (4.37)
[Aw(S)P(S, P)| < C([P] +1), (4.38)
e 9% < wW(S,P) <1, (4.39)
and the following sequences converge uniformly in [0,1] x R asn — 0:
PJ(S,P) = Py(S, P), (4.40)
w(S, P) — w(S, P), (4.41)
AJ(S,P) = A;(S, P), j € {w, g}, (4.42)
B"(S) — B(S) wuniformly in [0,1]. (4.43)

Remark 8 From the assumption on the boundary data Pp, P.(Sp) € W in (A.8) it is easy
to show, as mentioned in Remark 5, that P,p, Pyp, 5(Sp) € W. We define the reqularized
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phase pressure boundary values by Py, = P})(Sp, Pp) and P,, = P](Sp, Pp). Now using
the estimate (4.26) we can also show that the norms ||| Py ||, [[|P/pl|| and [[[37(Sp)]|| are

uniformly bounded with respect to the parameter n. For example,
VP!, =w"Sp, Pp)VPp — f,(Sp, Pp)R,(P.(Sp))VSp,
which, by (4.26) and (4.39), gives the estimate
IVPip| < |VPp|+ MP(Sp)|VSpl,
leading to
| Popllzzorm @) < C(L+ [ Pollze,mm @y + |1 Pe(Sp)ll 20,101 @)))-

The boundedness for the other two norms defining the norm ||| - ||| and for P;p can be

obtained analogously. Also, due to uniform convergence in (4.43) we have
B"(Sp) — 0p = B(Sp) weakly in L*(0,T; H'(2)) as n — 0. (4.44)

The variational formulation of the regularized problem as well as the result on the

existence of its weak solutions is stated in the following theorem.

Theorem 6 Assume (A.1)~(A.4), (A.6)—(A.8) hold and po,sy € H' (). For alln > 0
sufficiently small there exists (P",S™) satisfying

P"e L*(0,T;V) + Pp, S"€ L*(0,T;V) + Sp, 0< S"<1 a.e. inQ,
O (PS), 0 (®p2(S", PT)S") € L*(0, T V');

for all ¢, € L*(0,T;V)
T
— / (O,(DST), p)di + / (A7 (S7, PYKV P - Vip — AY(S", PYKVS" - Vip|dadt
0 Q

- / Ao (SN2 Kg - Vipdrdt = /
Q

ngpdxdt—/ Gypdodt,
Q

T
I“N

(4.45)
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/0 (Ou(@p(S7, PT)S™), )t

+ /Q [AT(S7, PRV P" - Vi + A(S", PYKVS" - Vo] dudt (4.46)
- /Q A (ST)pI(S™, PY?Kg - Vipdadt = /Q Fpdudt — /F  Gydodt.
Furthermore, S, p1(S", P")S" € C([0, T); L*(%)) and N
S™(-,0) = s0, pg(S", P")S"(-,0) = p}(s0,p0)s0 a.e. in L. (4.47)

Theorem 6 will be proved by performing the following steps: the discretization of
the time derivatives with a small parameter A > 0, establishing uniform estimates for the
solutions of the discretized problem, and passing to the limit as h — 0. These are presented

in three following sections, respectively.

4.4 Time discretization

In this Section we deal with the regularized problem (4.45)-(4.47) for a fixed n > 0
and for simplicity of the notation we skip the dependence of the saturation and the global
pressure on the small parameter 7 in writing.

In order to discretize the regularized system (4.45)-(4.46), the time derivative is
approximated by a backward difference. Namely, for each positive integer N the interval
[0, T is divided into N subintervals, each of length h = T'//N. Let t,, = nh and J,, =|t,,_1, t,,]
for 1 <n < N, and for any h > 0 denote the time difference operator by

Po(t) = u(t + hi)l - v(t)'

Next, for any Hilbert space H, let
Ih(H) ={v e L>®(0,T;H): v is constant in time on each subinterval J,, C [0,T]}.

Besides, for any v" € [;,(H) we set v™ = (v")" = v"|; and assign to v" a piecewise linear

in time function

al t t t—1t
~h n n—1 —n-1 pn ~h __ . h .0
ot = E ( v + —, > XJ,(t), 0*(0)=2"(0)=wv (4.48)
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which satisfies
o, 0" (t) = 07" (t), fort #mnh,n=0,1,...,N.

Lastly, for any function f € L'(0,T;H) we define f* € I,,(H) by

1

i) = 7 f(r)dr, teJ,.
In

The discrete problem is defined as follows: find P"* € [,,(V)+ P and S € [,,(V)+ S},
such that for all ¢ € [, (V),

—Pu / DO S"pdrdt + / [A7(S" PMYKVP" .V — A1(S", PMKVS" - V|dxdt
Q Q

(4.49)

- / Ao (SMp2Kg - Vodadt = / Frodrdt — / G" pdodt,

Q Q rt
for all ¥ € [,,(V),
/ SO "(p1(S", PM)S™ )y dadt
Q

+ / [A(S", PMKVP" - Vo + AN(S", PMYKVS" - Vi]dadt (4.50)

Q

- / Ag(S")pl(S", P*)’Kg - Vipdadt = /
Q

h h
AL S / GMydodt,

Iy
and S" = sy, P" = p, for t = 0.

The following Proposition gives the existence result for the discrete system (4.49),
(4.50), (4.47).

Proposition 1 Assume (A.1)~(A.8). Then there exists a solution P* € 1,,(V) + Pp, Sh €
(V) + SE of (4.49), (4.50); moreover, 0 < S" <1 a.e. in Q.

Proof. The proof is based on the Schauder fixed point theorem.

For fixed 1 < k < N, it is enough to prove that for known P! € V 4 Pg_l, Sk=1 ¢
V + Sf{l such that 0 < S* ! < 1, the following problem has a unique solution P* €
V + Pk SFeV + Sk

%” d(SM — SF)pdx + / [A7(S*, PRV P* .V — A"(S*, PFYRVS* . Vldr
Q Q

(4.51)
—/Aw(S’“)piKg-Vsodwz/Fiwdw—/ Grpdo
Q Q I'n
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for all p € V| and

1
7 [ @ss Pt (st P s

- / [A2(S*, PYYKVP* - Vi + A"(S*, PMKV S - V] da (4.52)
Q

— / Ag(SM)p2(S*, P*)*Kg - Vipda = / Frpda — / Ghpdo
Q Q In
for all ¢ € V. Alternatively, one can show the existence of a unique solution of the
equivalent system which consists of (4.52) and the sum of the equations (4.51) and (4.52).
This is achieved by applying the Schauder theorem to the mapping 7: L?(Q2) x L*(Q) —
L2(Q) x L*(9) defined by T (S, P) = (S, P). Here (S, P) is a solution of the following linear
system: for all p € V

% /Q ®(HNZ(S), P) — H"(S**, P*1))pdx + /Q A"(Z(S), PYKV P - Vipdx

- / H)(2(5), P)Ke - Vo - H)(Z(5), P)Fhglda (4.53)
Q

—/Q(Fjj%—F;)godx—/ (GZ%—G’;)gde,

I'n
and for all Y € V

3 [ 2Z(3).P)Z() - s P s
Q

+ / [AN(Z(S), P)KVP - Vi + A"(Z(S), P)KVS - Vi]dz
A B B - (4.54)
- / N (Z(3)p1(Z(5), PYKg - Vo — g Z(5)., P),(Z(3), P)Fiylds

= / Flpda — / Gyvdo,
Q I'n

where H", H{ and HJ are certain nonlinear functions of S and P, and Z(S) is an appro-
priate cut-off function for S € [0,1] (see [12]). In here, (4.53) is a linear elliptic equation
for the pressure P, and for given P, (4.54) is an elliptic problem for the saturation S. The
uniform ellipticity is guaranteed by (4.29) and the solutions of these elliptic equations exist
from the Lax-Milgram lemma.

O

54



4.5 Uniform estimates

In order to pass to the limit as h — 0 in (4.49)-(4.50), we need a priori estimates
uniform with respect to h. Recall that the problem is considered for fixed n > 0 which is
skipped in writing. We will establish in this section the estimates that are uniform in h
and also in 1. For k € {1,..., N} we set

r]g“ = pg(Pg”(Sk,Pk))Sk

and denote by 7“5 and fg the corresponding functions which are piecewise constant in time

and the associated piecewise linear in time functions, respectively.

Proposition 2 Suppose that the assumptions of Proposition 1 hold. Let (P");, and (S")y,
be the sequences of solutions to (4.49)-(4.50). Then the following bounds hold, uniform
with respect to h:

1 P™| 207,01 )) + 1S | £20,m01 ) + 187(S™) | 220,781 (02)) < € (4.55)
thHm(o,T;Hl(Q)) + HT’ZHLZ(O,T;Hl(Q)) + ||f3|!L2(o,T;H1(Q)) <C, (4.56)
10:(@S™)[| 20,7507 + 10:(PFI) | 20,791y < C. (4.57)

Proof. First, we quote some identities that are going to be used throughout the proof.
From the relations (4.27), (4.28) and the definitions of the functions A” and (" we can
obtain the following representations of the regularized wetting and non-wetting phase fluxes

(without gravity term)

A1(S, PYKVP — A7(S, PYKVS = pyre(S)KVP? — KV S, (4.58)
AI(S, PYKV P + A(S, PYKVS = p, (S, P)A\,(S)KV P! + 7KV, (4.59)

as well as the equality

Puru(SYKV PL -V P14 py(S, P)A\,(S)KV P! - VP!

w S7 P
= A"(S, P)w" (S, P)KVP - -VP + %KW&"(S} -V B1(8S). (4.60)
In this section, for simplicity, we assume that P.(0) = 0. From now on, C,CY,...
denote generic constants that do not depend on A or 7.
Let us consider the discrete problem taken at a time level k, that is, the variational

equations (4.51), (4.52). Similarly as in [72,75-77] we use the following test functions in
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(4.51), (4.52):

pp*
g9 dp
o= (P = (P* = PI) and v =o(Pp) = [ ,
Pu b g Pt pg(p)

respectively, where we write Pf’k = P!(S* P*) and Pjnbk = P/,(Sh, Pp), j € {w,g}. Note
that p(P*) and 1 (P*) are admissible test functions for the system in consideration due
to (4.27), (4.28). The sum of the equations (4.51) and (4.52) with the chosen test functions
reads by taking into account the relations (4.58) and (4.59):

1 B _ _ Pyt dp
_/QCI)[(Sk 1—Sk)Pﬂ’kvL(pg(Pg’”k)Sk—pg(Pg’k 1)Sk 1)/0 ]d:c

h Pg(p)
1
+ o Ao (S%) pu KV PTF — nKV S*] - V PTdy
w JQ)
1
+ /Q p (Pm[Ag(s’“)pg(s’f,Pk)Kvpgv’f+nKVSk] - VP da
g g
1 Py dp
=7 / (p[(Skil - Sk)quﬁ + (Pg(Pgn’k)Sk - pg(P:’kl)Skl)/ ]dx
h Jq 0 Pg(p)
1
- o Mo () pu KV PF — nKV S*) - VP d:
w J )
1 4.61
+ /Q p (Pnyk)[)\g(Sk)pg(Sk,Pk)KVPg’k+77KVSk] VP dx (461)
g\* gD
+ [ Mo (S puKg - VPTF £\, (S)p,(PPF)Kg - V PM|dx
0 g g\t g g
. k ) 0,k k pf,(PJ”“) . 0.k
M (S%)puKg - VPIS + Ay (S7) " Kg - VP/yldx
Q pg( gD
+ / [iF’“(P"’k—P"’k)nLF’“ / v dp |dx
Qpw " wp I Py Py(P)
1 m g
—/ [—GZ(Pg’k—PlZg)—f—G];/ b |dx.
Iy Pw P pa(P)
Let us denote the integral terms in the expression (4.61) by 7, Za, ..., Zig, respec-

tively. Denote the discrete time derivative terms as

n,k

1 7 1
Zi= 3 [ @SSRy (P )5 (P st [ T~ o [ axtas,
h Jq 0 Pg(p) h Jq
1 b d 1
Z, -t / D[(S41—SF) P14 (g (P S*— py (PPF1) 541 / P Yy = / b X da.
h Jq 0 Pg(p) h Jq
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We can obtain as in [12,75], using the monotonicity of the non-wetting phase mass density

and the monotonicity of the capillary pressure,

Pn,k d Pn,kfl d
_ g D B B 9 D
L R B e
o Pe(p) 0 PaP) 4 o
P;],kfl dp ( 6 )
_'_p Pn,kfl Skfl Z H" Sk,Pk —_ H" Skfl’Pkfl 7
(PPt [ 2 HIE P~ A )

where the function H" is introduced by

Py s
H"(S,P) = (,og(P;)/o pj(];) —P;> S+/O PY(2)dz.

Since S > 0 a.e. in @) and P, > 0, we then have

H"(S,P) > (,;g(p;v)/o ! pj(z;) _ pgﬁ) S.

Using the monotonicity and the boundedness of the gas density in (A.6), it is easy to show

that v,(p) = p,(p) Oppd(z) p > 0, and consequently

H(S, P) > 0. (4.63)

The second discrete time derivative term can be transformed as follows:

N N pg’iﬁD’C dp
Zi=) Xi=) [(8" = SHPIp+ (ps(Py")S" = py(PPH1) S / ]
— — o Pe(p)
N
S AR SE TR
k=1
P"L’? d PnbN d
g p N pNy\ oN g P
~oPylsnmnsa [ U py(Bp(sY. PY)SY [
I 010 0 pg(p) I 0 pg(p)
N ;Dk dp
— Z pg(Pgn,k—l)Sk—l / :
P Pt pg(P)
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and by using (A.1) and (A.6)

N
> / dXF |
k=1

2
= d)MpM(Sup/ |P£D|dx+sup/ |P;7D|da:+/(|8 "PTA 4 |07 PRV dwdt)  (4.64)
t Q

m

CIPLpll= @@y + 1Pgpllz=omrvey + 10:Pipll@ + 10 Pl ra)-

Next, for the terms Z, and Zs, we apply the equality (4.60), relations (4.27) and
(4.28), and use (A.2), (A.3), (A.6) and the bounds (4.25), (4.39) to obtain

Ay o2 o -
Tyt Ty > &/ IV P2y 4 Pmfm Pk /|V@"(Sk)y dx
pM Avpiy

km c,min k
+ pomPe. /|VSk|2dx—n MwM/|VPk|~|VSk|dx.
2pm Q 2pm  Ja

It follows that one can find a constant C} and a constant 7y, such that for all 0 < n <,
Zo+ Z3 > cl/g(|vp’f|2 + [VB(SH) > +n|VS*|?)dz.
Using the relations (4.27), (4.28) we first get
Zs+ Zg = /Q Ao (SPYK(w"(S®, PF)V P — f£,(S*, P*)R,(P/(S%))VS*) - VP dx
" /Q m Ao (55)py (8, POK(WI(S*, PYYVP* + £, (5%, PY)R,(PL(SH)VSY) - ¥ Pda

KVSH . VP k.
pg(Pgn’Dk) w

1
—77/ p—Kvsk vpggdx+n/
w Q

By applying the definition of 5" given by (4.35), and by using (A.2), (A.3) and (A.6) we

then obtain
Ankarwarpar E|( nk
| Zs + Zg| < — IVP*|(|VP D|+|VP9D|)d:c
PM)‘MkM n/ ok 0,k
T IVﬁ (SIN(V IS+ VP da

77— / VMV RIS+ [V P ) de
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and finally we get
|25+ Zo| < Cs / (VPP + VISP +n[VS*)dx + Cs / (IVPIpl* + [V Py ]*)de,

where Cy > 0 can be chosen arbitrary small.
Similarly, using (4.27), (4.28) and (A.2), (A.3) and (A.6) yields

Ak

2 2
| Z7 + Zs| §2AMpMkam\g\/ yvp’“PdeMp—Amgj/ IV B"(S™)|*dx
Q mim Q

A2k
yAuprkulg] /(|vpgg|+|vpgg|)dz.
Pm Q
Hence it can be seen that for any Cy > 0,
| Z7 + Zs| < 04/9(|vplf|2 + |VB"(SH)[P)dx + 05/9(1 + |VPIS? + VP d.

In order to estimate Zgy, we use the uniform bounds on the regularized phase pressures
(4.36) and (4.37), the assumption (A.6) and the nonnegativity of the source term F, in
(A.7) to obtain

1
200 < = [ (IFSI+ DAY+ 1) + IFSIPZEL + SR de,

which leads to

12| < Gy / PR + C / (L4 |FEP 4 |F5P 4 PP 4 | PSR,

for arbitrary Cys > 0.
Finally, in a similar manner, (4.36), (4.37), (A.6), the condition G,, < 0 in (A.8) and
the trace theorem imply that for any Cs > 0 it holds

& &
| Z10] < 08||Pk||§{1(9) + Cy(1 + ||P17)DH?{1(Q) + 1 Pyh ”1%11(9) + ||GZ|‘%2(FN) + ||G§H%2(FN))'
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Collecting the estimates for Z;, 7 = 1,...,10 we get for arbitrary small Cy > 0,
C3>0

%/@(H”(Sk,Pk)—H"(S’“‘l,Pk‘l))dx
Q

e / (IVPHP + VA1 (SH)? + 5|V SH2)da
Q
1
< —/¢dex+02(/ |VPk|2dx+/ ]V,B”(Sk)|2dx+n/ |V S*|2dx)
h Q Q Q Q

7k ,k’
+ Cs /Q |P*PPdx + Cy(1 + ||P£D||%2(0,T;H1(Q)) + |1 P)p H%Q(O,T;Hl(Q))

+||F£||2L2(Q)+||F;||%2(Q)+HGZH%2(FN) _’_HGI;H%Q(FN))'

We multiply this inequality by h, sum it for £ = 1,..., N, take into account (4.64)

and use the Poincaré inequality for P to find

/@H"(Sh,Ph)(T)derCl/(|VPh|2 + |VBUSM) P + n|VS"|?)dadt
Q Q
< Co(1+ | FullZg) + 1Folli2) + 1Pl 20 7.8 02 (4.65)

P + Pl + G ullTawr) + 11GalTarr) + /Q H" (s, p’)dz.

The first term in (4.65) is nonnegative due to (4.63), and the last term is uniformly
bounded with respect to n which can be easily seen from the estimate (4.36). Further, all
the other terms on the right-hand side of the inequality (4.65) are bounded, uniformly in
n, which follows from (A.7), and from the uniform boundedness of the regularized phase
pressure boundary data which is a consequence of (A.8), as commented in Remark 8. Now
we employ the Poincaré inequality and the fact that Pp,Sp € L*(0,T; H'(2)), as well as
$"(Sp) being bounded in L?(0,T; H*(2)) independently of 1, which is assured by (4.44)
(see Remark 8). Therefore, the uniform estimate (4.55) is established.

To prove (4.56), we first note that the functions S* S r and # are uniformly

g g
bounded in L*(Q). Next, using the relations (4.27) and (4.28) we easily obtain

(Vrh| < C (VP! + |VSh)), |VSh < OVSh, |Vil] < Cy(|VP" + |V S")).

These estimates brought together with the uniform bound (4.55) yield the estimate (4.56).

Eventually, for the time derivative of ®S™ we obtain from the variational equation (4.49),
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for any ¢ € 1,(V):
—Pu / PO (PSM)pdrdt = — / [A7(S" PMYKVP" -V + A1(S" PMKVS" - Vy|drdt
Q Q

+/ Ao (8™ p2 Kg - Vdrdt —l—/ Frodxdt — / G" ododt.
Q Q rt

(4.66)
By using the estimate (4.55), the boundedness of the coefficients independently of h and
n, and the density of Upsoln (V) in L*(0,T; V), one establishes the first estimate in (4.57).
The estimate on the time derivative of @fg is obtained analogously, using (4.50). This

completes the proof of Proposition 2. O

Let us re-emphasize that the uniform bounds obtained in Proposition 2 are also
independent of 1, which will be the key point in establishing uniform a priori estimates for

the solutions of the non-degenerate problem in Proposition 4.

4.6 Proof of Theorem 6

In this Section we will perform passage to the limit as A — 0 in the discrete problem.
Since one does not establish the almost everywhere convergence of the global pressure in
the whole domain @, in order to identify the limit of the function p,(Py(S", P"))S", we
need to use an auxiliary result that is now presented. This result covers also an analogous

problem which occurs when passing to the limit as n — 0 in Section 4.7.

Lemma 5 Let n > 0 be fized and let (S%)., (P?). be sequences satisfying as € — 0:
i) S¢—= S ae in@;0<5 <1 ae inQ;
ii) P° — P in L*(Q);
i1) pg(Py(S%, P%))S® — 1] a.e. in Q.

Then ] = pg(Py(S, P))S. The same is true if P(S, P) is replaced by Py(S, P), and r} by
ry.

Proof. Let us denote QT = {(x,t) € Q : S(x,t) > 0} and Q° = {(z,t) € Q : S(z,t) = 0}.

Consider first the case S > 0. From i) and tii) we conclude that, as e — 0,

pg(P)(S%, P7)) — %g a.e. in QT
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and

PI(S%, P9) = (pg) (22

;) a.e. in Q7

due to the smoothness and monotonicity of py. Using the boundedness of the function
A (S)PL(S) in neighborhood of S =1 (which is a consequence of the assumption (4.12) in
(A.4)) and (A.3), (A.6), for any Si, Sy we obtain

|BJ (51, P) = Pj(Ss, P)| < C(|PI(S1) — BI(S2)| + |51 — S2)
and therefore

P(S, P°) — (pg)—l(%g) a.e. in Q*.

Since P+ PJ(S, P) is invertible (see (4.39)), we have P* — X a.e. in Q%, for some X.
From ii) we have X = P so0 ry = py(P}(S, P))S a.e. in Q*. On the other hand, if S =0,
then the boundedness of p, and i) imply

pg(PI(S%, P*))S — 1y = 0= py(PI(S, P))S ae. in Q"

The same argument holds if P] is replaced by Py. O

Before stating the results of convergence for the weak solutions of the discrete prob-
lem, we cite a compactness lemma from [12, Lemma 7] which is going to be applied to es-
tablish the strong convergence of the sequences S* and 7’3 as h — 0. Indeed, [12, Lemma 7]
is a generalization of a classical compactness result from [95] (cf. [71]), and its proof is based

on the simple modification of Lemma 8 in [95] (see [11, Lemma 8§]).

Lemma 6 (Lemma 7, [12]) Let Q be a bounded open set and Q = Q2x]0,T[. Let (r")=o
be a family of functions in L*(Q) and let ® € L°°(Q) be such that 0 < ¢,,, < ®(x) < dpy <
+o00. Let V. C HY(Q), dense in L*(Q) and 0 < o < 1, p > 2. Assume that (r"),o satisfies:

o (1) is uniformly bounded in L*(0,T; WP (Q));
o (0;(®r"))nso is uniformly bounded in L*(0,T;V").
Then (r") o is relatively compact in L*(Q).

Now we obtain the convergence results holding as h — 0 as well as the maximum

principle for the saturation.
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Proposition 3 If the assumptions of Theorem 6 are satisfied then the following conver-

gence results hold true as h — 0, up to a subsequence:

18" = 82y + I = Pl 2y — 0, (4.67)
St — S e L*0,T;V) + Sp weakly in L*(0,T; H*(Q)), strongly in L*(Q), (4.68)
rh = rg = pg(PI(S, P))S strongly in L*(Q), (4.69)
B1(S") — p1(S) € L*(0,T; V) + B"(Sp) weakly in L*(0,T; HY(Q)) and a.e. in Q, (4.70)
P" ~ P e L*0,T;V) + Pp weakly in L*(0,T; H(Q)). (4.71)

Moreover, 0 < S <1 a.e. in @ and

D (®S") — 9,(®S)  weakly in L*(0,T;V"), (4.72)
Oy (7)) — 0,(Pry)  weakly in L*(0,T; V). (4.73)

Proof. In order to prove (4.67) we employ the test functions ¢ = (S*~! — S*)( in (4.51)
and ¢ = (r¥ — r¥=1)¢ in (4.52), where ¢ and £ are arbitrary positive functions in C§(£2),
used to eliminate the non-homogenous boundary conditions (cf. [12, Proposition 4] and

also [75, Proposition 3.3]). From (4.51) we hence obtain
Po [ o(Sk1 — S%)2¢da
b Jo
= / [AT(S*, PFYKVP* — A"(S*, PFYRV S - V((SF! — SF)()dw
Q
+ / Mo (S¥)p2Kg - V((SF1 = SF)) + Fia(SF ' — S (de — | GE(SF' — 5%)(do.
Q

I'n

(4.74)

Since the coefficients are bounded, one proceeds from (4.74) as follows:

OmPw _ _
T Q(S”“ b= S2(dr < C(1+ VP20 + IV S* 2@ IV ((S* = S5Ol 120

+ CUIFE 2 () + 1Go ll2ny) 10557 = S5)C |20
This leads to the further estimate

PmPm
(S = 89Vl

< C(L+ VP |2 + 1VS* I r2@) (IVS* 2y + IVS*Hlr2e))
CIFulz@ + 1GulE2 ),
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and, after multiplying by A and summing for £ from 1 to N, to

N
PmPm Z (S5 — Sk)\/ZH%?(Q) <CO(1+ ||VPhH%2(Q) + 2||Sh||%2(Q) + QHVS}LH%%Q)

k=1
+H50H%2(Q) + HVSOH%Q(Q) + HFZZH%Q(Q) + ”Gmi%rfv))-

By applying a priori estimates from Proposition 2 and using sy € H'(Q), we conclude that,

for a constant C' independent of ~ and 7,

=2

>N = 89VCl < C.

k=1

Furthermore, it is easy to compute that for bounded ¢ it holds

2

- h _
108" = 8¢ = 5 D (8" = S )72y,

k=1

w

which means that
1(S™ = S™)V/Cl2g) — 0 as h — 0.

Due to the positivity of ¢ in €2 we finally obtain, possibly along a subsequence, employing
the Lebesgue thorem,
HSh — Sh||L2(Q) —0as h—0.

The second estimate in (4.67) can be derived analogously.

The weak convergence results for the sequences P", S" and 47(S") in L*(0,T; H'(9))
follow from the a priori estimates in Proposition 2. Since P% — Pp in L*(0,T; H*(Q)), we
can conclude P € L*(0,T;V)+ Pp. In the same manner it follows that S € L*(0,T;V)+Sp
and 6 € L2(0,T;V) + 0p, where 0 is the weak limit of 87(S").

Next, the uniform estimates (4.56) and (4.55) in Proposition 2 allow us to apply
Lemma 6 to a sequence S and to obtain the relative compactness of S* in L2(Q). From
(4.67) it follows that S™ is relatively compact in L?(Q). Combined with the weak conver-
gence of S to S, this completes the proof of (4.68). The fact that 0 < S" < 1 ae. in Q
implies that 0 < S <1 a.e. in Q.

The limit of 37(S") is identified using a.e. convergence of S”.

Using the same arguments as for S”, we obtain that f;} — 1, strongly in L*(Q)

and also rg — 1, strongly in L?(Q). Moreover, the limit r, is identified by Lemma 5 as
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ry = py(PI(S, P))S.

Finally, the existence of the weak limits (4.72) and (4.73) is a consequence of the
estimate (4.57) and the limits are identified in a standard way. Therefore Proposition 3 is
proved.

O

The final step in proving the existence of weak solutions of the regularized system
(4.31)-(4.32) is to pass to the limit as h — 0 in the discrete system (4.49)-(4.50). Since
we have established the pointwise convergence of the global pressure P" only on the set
where the limit of saturation is strictly positive, in order to pass to the limit as h — 0 in
the nonlinear functions of S and P we are going to utilize their particular form which is
recognized in the following lemma. Let us remark that this result will be used for passing

to the limit as n — 0 as well.

Lemma 7 Let F € C(]0,1] x R) and let there exist functions Fy, F» € C([0,1]) such that
Fi(S) < F(S,P) < Fy(S) and F1(0) = F5(0). Denote QT = {(z,t) € Q : S(x,t) > 0}.
Then for any two sequences (S¢)., (P%)., such that, as e — 0, it holds

i) S¢— S a.e inQ;
ii) P° — P a.e. in QT,
we have
F(S¢,P%) — F(S,P) a.e. in Q. (4.75)

Proof. For a.e. (z,t) € Qt, F(S%, P°) — F(S,P) because of the continuity of F' and
the pointwise convergences of its arguments S¢ and P°. When S = 0, one has due to the

boundedness and the continuity of F; and Fy
F(S°,X) = L:= F1(0) = F»(0) = F(0,X) for any X € R,

and hence (4.75) is established. O

Remark 9 [t is easy to verify that Lemma 7 can be applied to all (nonlinear) coefficients

in (4.49)-(4.50) and that these coefficients converge to the following limits a.e. in Q as

65



h—0:

AL (S", P") = AL(S, P),  A"(S", P") — A"(S,P),  fu(S", P") = fu(S,P),
AI(S", P"y — AI(S, P),  Ag(S™M)pl(S™, PM)? — Ag(S)pl(S, P)?,
pa(S™, P") fy(S", P*) = pii(S, P) fy(S, P).

Now we employ the convergence results in Proposition 3 and Remark 9 to pass to
the limit as h — 0 in the discrete system (4.49)-(4.50) and obtain (4.45)-(4.46). Next, we
conclude in a standard way that py(P;(S, P))S,S € C([0,T]; L*(2)) and that the initial

conditions are satisfied (see [12]). This completes the proof of Theorem 6.

4.7 Proof of Theorem 5

In this section we prove the existence of weak solutions for the degenerate problem.
From now on we express again the dependence of the solution of the regularized problem
on the parameter n. Our final step is passing to the limit as n — 0 in the regularized
problem (4.45), (4.46). Note that Theorem 6 on the existence of the weak solutions for the
regularized problem holds assuming that the initial data py, so belong to H'(Q2). Therefore,
in order to be able to apply Theorem 6, we will replace the initial conditions sy and py by
the regularized initial conditions s; and p{ from H'(Q) such that s] — sq and pj — pg in

L2(2) and a.e. in Q when 7 tends to zero.

Proposition 4 For sufficiently small n, let (P",S"), be the sequence of solutions given
by Theorem 6. Denote P = PJ(S", P"). The following bounds are valid, uniform with

respect to 1:

| P\ 20,111 (02 < C, (
I187(S") | 220,11 () < C, (
vV S| 20y < C, (4.78
[0:( @S | L20,77) + Hat((I)IOQ(P;)Sn)HL2(O,T;V’) <C. (

Proof. We pass to the limit as h — 0 in the estimate (4.65) which is uniform in 7, and

then make use of the weak lower semicontinuity of the seminorms f fQ |V f|?dzdt to
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obtain

/(|vpn|2+ |V6"(S”)]2)da:dt+n/ V.S 2dud
Q Q

<C(1+ HFwH%Q(Q) + HFQH%Q(Q) + HPDH%Q(O,T;Hl(Q)) + 2217+ P I
FGulZagr) + 1Gs [

Using Remark 8 and the Poincaré inequality, (4.76), (4.77) and (4.78) follow imme-
diately. The uniform estimates for the time derivatives of the functions ($S57), and
(®py(P))S™), follow in a standard way from the estimates (4.76)-(4.78) by setting an
arbitrary ¢ € L?(0,T;V) in the weak formulation (4.45)-(4.46). This completes the proof
of Proposition 4. O

The compactness results for the families (S7), and (py(P7(S", P"))S"), will follow
from the two following Lemmas, which can be considered as special cases of Lemma 5

in [12] (see also [75], Lemma 4.3) and therefore we will not give the proofs.

Lemma 8 For any ¢ > 0 and for any ny > 0, the set

AP ={5:0<n <mno, [IB"S)le20rmr) < ¢ |0:(PS)L2mvry < c}
is relatively compact in L*(Q).

Lemma 9 For any ¢ > 0 and for any ny > 0, the set

B = {py(P](S,P))S: 0<n<mo, [Pleomrm ) <c
H/Bn<S)HL2(O,T;H1(Q)) <c Hat(q)pg<P;7(Sv P))S)||L2(0,T;V’) < C}

is relatively compact in L*(Q).

The limit behavior as n — 0 of the solutions to the regularized problem given by
Theorem 6, as well as the maximum principle for the saturation, is described by the

following result.

Lemma 10 Let 6" = 57(S"). The following convergence results hold, up to a subsequence,
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as n — 0.

P"— P € L*(0,T;V) + Pp weakly in L*(0,T; H'()), (4.80)
0" — 0 € L*(0,T;V) +0p weakly in L*(0,T; H () and a.e. in Q, (4.81)
ST — S(6) strongly in L*(Q), (4.82)
O (®S™) — 0,(PS(0)) weakly in L*(0,T; V"), (4.83)
Oy (P py(PI(S", P")S™) — 0,(Ppy(Py(S(8), P))S(0)) weakly in L*(0,T;V").  (4.84)

Moreover, 0 < 6 < (1) a.e. in Q.

Proof. Weak convergences of (P7), (8"), 0;(®S") and 0y(®py (P (S, P7))S") follow from
the uniform bounds (4.76), (4.77) and (4.79) in Proposition 4. Herein, the boundary values
of the limits P and 6 in ', are kept equal to Pp and 6p, respectively. Strong convergence of
S"t0 S in L*(Q) is a consequence of Lemma 8, and the limit can be identified as S = S(6).

Moreover, Lemma 9 gives that
pg(PI(S", P")S" — L, in L*(Q) and a.e. in Q.
Taking into account the uniform convergence of P in (4.40), it follows
pg(P,(S", P")S" — L, in L*(Q) and a.e. in Q,

and the limit can be identified as L, = p,(S, P)S by applying Lemma 5. Finally, this
enables us to identify the limit given in (4.84) in a standard way. This completes the proof

of Lemma 10.
O

Remark 10 Using Lemma 7 we get the following convergence results a.e. in ), asn — 0,

Aw(S™, PT) = Ay(S, P),  A(S™, P") = A(S, P), fu(S", P") = fu(S, P),
Ag(S7, P = Ag(S, P),  Ag(ST)pI(S™, PT)2 = A, (S)py(S, P)?,
PSP f(ST, P7) — py(S, P) (S, P).
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Finally, we insert a test function ¢ € C*([0,T]; V) such that o(T) = 0 into (4.31).

After the integration by parts in the time derivative term we obtain
pw/ OS50y pdxdt + / [AT(S"T, PYKVP" -V — A(S", PHKVO" - Vpldzdt
Q Q
— / Ao (SN2 Kg - Vdzdt —n / KV S" - Vpdxdt
Q Q
= / Fypdxdt — / Gupdodt — pw/ Dslo(0)dz.
Q ry Q
Here we take into account the definitions (4.29), (4.4) and (4.35) which give
AN(ST, PV ST = A(S", PT)VB"(S™) +nV.ST.

We can pass to the limit as 7 — 0 in the nonlinear terms using pointwise convergence in
Remark 10 and uniform convergence in Lemma 4. The penalisation term tends to zero due
to (4.78). Thus we obtain

pw/ S0y pdxdt + / [Aw(S, P)KVP - Vo — A(S, P)KVE - V|dxdt
Q Q
- / Ao (9)p2 Kg - Vodadt

Q

:/ngodxdt—/
Q r

where S = §(0). In the same way, taking a test function 1 € C*([0,T]; V) with ¢ (T) = 0
we get by integration by parts from (4.46)

Guedodt — pw/ Dsop(0)dz,
Q

T
N

- / ®pl(S", P S"Opddt
Q
+ / [A7(S", PTYKV P - V4 + A(S", PRV - Vipdadi
Q
- / A (SM)p1(S™, P")?Kg - Vipdwdt + 1 / KV S" - Vipdzdt
Q Q

:/Fgwd:cdt— Ggwdadt+/@pg(sg,pg)sgw(())dx,
Q 0

T
1_‘N
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and after passing to the limit as n — 0,
— /q)pg(S, P)Soppdt + / [Ay(S, P)KVP -Vip+ A(S, P)KVEO - Vi)|dxdt
Q Q
— [ (S)00(S. PYKe - T = py (5, P (5, P Epvidri
Q

:/Fgwd:vdt—/ Ggwdadt—i—/@pg(so,po)sow(O)d:B.
Q ry

N Q

Using the fact that the functions ®p,(S, P)S and ®S belong to C([0,7]; V') and
by an integration by parts, we easily conclude that the initial condition in Theorem 5 is

satisfied and the proof of Theorem 5 is completed.
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Chapter 5

Homogenization of immiscible
compressible two-phase flow in a

global pressure formulation

5.1 Introduction

In this Chapter we present a homogenization result for the model of immiscible com-
pressible two-phase flow in porous media in the fully equivalent global pressure formulation,
focusing our attention to a strongly heterogeneous porous media of a single-rock type with
a periodic microstructure. A general case of two compressible fluids is considered, taking
into account gravity and capillary effects. Under some realistic assumptions on the data, a
nonlinear homogenized problem is obtained. The effective coefficients of the macroscopic
model are described as solutions of a cell problem, and the upscaled model is rigorously
mathematically derived by means of the two-scale convergence. This Chapter contains
results from [10]. In Section 5.2 we formulate the problem describing the microscopic be-
havior for our model and we state the assumptions on data. For completeness, we quote the
existence result for weak solutions of the microscopic problem obtained in [12]. The main
result of the current Chapter is the homogenized model which is presented in Section 5.3.
The a priori estimates with respect to the space and time variables of weak solutions of the
microscopic problem are obtained in Section 5.4, and Section 5.5 is devoted to establishing
the compactness results for weak solutions of the microscopic problem, which are needed
to pass to the limit as ¢ — 0 in the microscopic equations. Finally, the homogenization

result is proven in Section 5.6, using the two-scale convergence technique.
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5.2 Mathematical formulation

Our starting point is a microscopic model defined on a domain with a periodic mi-
crostructure. More precisely, we model a reservoir  C R¢, d = 1,2,3, as a bounded,
connected, Lipschitz domain with a periodic structure. In such a geometrical configuration
of the reservoir with strongly and quickly varying petrographic properties, we assume that
the porosity and the absolute permeability tensor are rapidly oscillating functions of the
microscopic scale y = z /e, where z is the macroscopic scale and ¢ > 0 is a small parameter
depicting the characteristic size of the periodicity blocks of the periodic reservoir. Namely,
let () = ®(z/e) and K°(z) = K(x/e) be the porosity and the absolute permeability
of the porous medium, where ® and K are Y-periodic functions of y and the unit cell is
noted by Y =]0, 1[¢. Recall the notation Q = 2x]0,T[, 92 = 'pUTy and I'7 = T';x]0, T,
ie{D,N}.

The two compressible phases will be indicated by the subscripts w (wetting phase)
and n (non-wetting phase) throughout the current Chapter. Let S&, S¢ := S¢, P:, P:
be the saturations of the wetting and the non-wetting phases, and the pressures of the
wetting and the non-wetting phases, respectively. The global pressure is denoted by P,
and 0 = [(S°) is the saturation potential, where § is defined in (4.3). As presented in
Subsection 2.4.2, the phase pressures are related to the global pressure and the non-wetting
saturation by

ge

PEim PE(SE, P = P+ P0) + [ fuls, P)P(s)ds, (5.1)
0

Pt = P5(S°, PF) = PE(SE, PF) — P.(S°). (5:2)

The microscopic equations for the compressible two-phase flow in a heterogenous porous

medium in the global pressure formulation are given in @ by (see (2.34)-(2.35)):

€ a € € € : € £ € 154 : € 151 € 151
= (pul(S%, P)(L = %)) = div(A, (7, PRV P?) + div(A(S", PKVE) 53

4 div( Ay, (S%) pu (S5, P2 KEg) + pu(S%, PF) £ (S5, PS)Fp = py(S°¢, P°)S% Fy,

qDE%(pn(SE, P)S%) — div(An(S°, PRV P) — div(A(Se, P*)KEVE) -

+ div(Aa (S9)pa(S7, P7)Kg) + pu(S7, P°) fu(S°, P°) Fp = pu(S°, P°) S F,

where the nonlinear coefficients A;(S, P), A(S, P) and f;(S, P) (j € {w,n}) are given by
(2.33), (4.4) and (2.28)-(2.27), respectively, and the source/sink terms are specified through

the given injection and production rates F7, F'p > 0 and a known saturation determining
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the composition of the injected fluid, denoted by S7 (j € {w,n}). For convenience we are
assuming that S; = 1.

The boundary conditions for the system (5.3)-(5.4) are taken in the form

°=0, P°=0 onlJ, (5.5)
Q, n=Q -n=0 onl%, (5.6)

where n is the outward pointing unit normal to 02 and

Qi = pu(Po)at, = —Au(S°, PRIV P 4 A(S", PRCVE + Mo(S7)pu(S°, PPKCg,
Q= pul(P2)at, = —Aa(S%, PYKEVPE — A(SE, PIKEVO + A, (5% pn(5°, P

are the phase mass fluxes with q; being the volumetric velocity of the j-phase, j € {w,n}.

The initial conditions are given by
0°(z,0) = Oo(x), P(x,0) =po(z) in Q. (5.7)

Now we state the assumptions on the data which will assure the existence for weak

solutions of the microscopic problem by the result of [12].

(H.1) The porosity ® = ®(y) is an Y-periodic function which belongs to L>(Y"), and there
exist constants, 0 < ¢, < ¢y < +00, such that 0 < ¢, < P(y) < ¢y ae. inY.

(H.2) The permeability tensor K = K(y) is an Y-periodic function which belongs to
(L>(Y))™, and there exist constants 0 < k,, < kj; < 400, such that for almost all
y €Y and all £ € R? it holds

k€] < K(y)€ - € < kul€l.
(H.3) The relative mobilities satisfy Ay, A, € C([0,1]; RT), Ay(Sw = 0) = 0 and A\, (S =

0) = 0; \; is a non decreasing function of S;. Moreover, there exist constants
0 < Am < Ay < 400 such that for all S € [0, 1]

0 < A < A(S) + Au(S) < Aar.

(H.4) There exist constants pemin > 0 and M > 0 such that the capillary pressure function
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S, = P.(S,), P. € C([0,1[;R") n C*(]0, 1[; RT), for all S €]0, 1] satisfy

PU(S) = pemin > 0, (5.8)
P(S)(1 = 5) + / 1 P.(s)ds + /A (S)Au(S)PL(S) < M. (5.9)

(H.5) There exists S# €]0,1[, 0 < v and M > 0 such that for all S €]0, S#]
STM(S)(P(S) = P.0)) + S*PUS) < M, (5.10)
and for all S € [S#, 1]

(1—S8)*77P!(S) < M. (5.11)

(H.6) The functions p,, and p,, are non decreasing and belong to C*(R). Furthermore, there
exist pm, par > 0 such that for all p € R it holds

Pm < puw(P), pu(p) < pary, 0 < ply(p), Pl(p) < pur.

(H?) F[,Fp € L2(Q) and F],Fp >0 a.e. in Q

(H.8) There exist 0 < 7 < 1 and C' > 0 such that for all S, S, € [0, 1]

C

Ss T
/ VA(8)Aw(8) ds| > |S1 — Sal.
S1

(H.9) 6, po € L*(2), 0 < 6y < (1) a.e. in Q.

Remark 11 From (H.4) it easily follows (see [12]) that there exists a constant M, inde-
pendent of €, such that for all S € [0,1] and P € R,

|Ba(S, P)| < [Pl 4+ M, [A(S)Pu(S, P)| < A(S)|Pl+ M, |(1=S)Pu(S, P)| < |P|+ M.
(5.12)

As before, we set V = {u € H'(Q);ulr, = 0}.
According to [12], the existence result for weak solutions of the system (5.3)-(5.4)
with the boundary and initial conditions (5.5)-(5.7) is given by the following theorem.
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Theorem 7 (Ezistence for fivzed ¢ > 0, cf. [12]) Let (H.1)-(H.9) hold. Let ¢ > 0, then
there exists (P<,0°) satisfying

P € L*(0,T;V), 6° € L*(0,T;V), 0 < 6 < B(1) a.e. inQ, S°=S(6),
D0y (pu (S, PF)(1 — S°)) € L*(0,T; V"),  ®°0,(pn(S°, PF)S°) € L*(0,T; V"),

for all v € L*(0,T;V)
T
/ (D0, (po (S5, PE)(1 — S9)), p)dt + / (A (S5, PYKEV PE - Vo — A(S%, P)KEVE - Vldedt
0 Q
— / Mo (S%)pu (5%, PEY’KEG - Vip — po(S%, P?) £, (S°, P?) Fpyldadt = 0,
Q
(5.13)
T
/ (%0, (pn (5%, PF)S?), ) dt + / [An(S%, PYKEV P - Vi + A(S%, POYKEVE - Vil dadt
0 Q
= [ DS PP g T = (57, PVl P Epldc
Q

_ / (S5, P9)Frbdadt.
Q
(5.14)

Furthermore, for all ¢» € V' the functions
t»—>/@Epw(Pw(Se,Pe))(l—Se)wdx, tH/@apn(Pn(Se,Ps))Sgwdx
Q Q

are continuous in [0, T] and the initial conditions are satisfied in the following sense:

( /Q @epw(Pw(SiP‘f))u—SE)W:I:) (0) = /Q 0% o (Pu(50, o)) (1 — s0)tbda,

(/Q @epn(Pn(Sa7Pa>)Sawdx) (0) = /quﬂn(Pn(sO,po))sowda;,

where sy = S(6y).

5.3 A homogenization result

We have already pointed out that we study the asymptotic behavior of the solution
to the problem (5.3)-(5.4), (5.5)-(5.7) as ¢ — 0. In particular, we are going to show that
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the effective model reads

o . h . h
(@) 5, (Pu(S, P)(1 = 8)) — div(Ay (S, P)KIVP) + div(A(S, P)K*VE) (5.15)

+ div(Auw(9)pw (S, P)’K"g) + pu(S, P) fu(S, P)Fp = 0;

9 ' , : h
(@) 5, (pu(S, P)S) — div(An(S, P)K"VP) — div(A(S, P)K"V0) (5.16)

+div(A(S)pa (S, P)’K"g) + pu(S. P) fu(S, P)Ep = pu(S, P)Fr,

where (u) denotes the mean value of the function u over the unit cell Y and the constant

homogenized tensor K" is given by

Kl = [ K@) (Ty0(0) +e) (T + &) d (.17
Y
Here, x;(y) (fori =1,...,d) is a solution of the cell problem

— div, (K(y)(Vyxi(y) +e)) =0in Y,

(5.18)
Xi(y) Y — periodic,

with e; being the unit vector in the i-th direction.
The boundary conditions for the system (5.15)-(5.18) are

=0, P=0 onl7, (5.19)
Q, n=Q, - n=0 onl%, (5.20)

where

Q, = —Au(S, PYK"VP + A(S, PYK"VO + \y(S)pw(S, P)*K"g,
Q, = —A,(S, P)K'"VP — A(S, PYK"VO + \,.(S)pn(S, P)’K"g.
The initial conditions for the system (5.15)-(5.18) read
0(z,0) = 0p(z), P(x,0)=po(xz) in Q. (5.21)

Now we are ready to state the main result of this Chapter.

Theorem 8 Let (H.1)-(H.9) hold. Let (P¢,0°) be a weak solution of the problem (5.3),
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(5.4), (5.5), (5.6), (5.7) and S® = §°(6°). Then, up to a subsequence, it holds

P? — P weakly in L*(0,T;V) and a.e. in Q,
6° — 0 weakly in L*(0,T;V),

S¢— S a.e. inQ,

V P*(x, t) VP(z,t)+ V,Pi(z,y,t),

V6 (2, 1) 2 VO(x,t) + V yO(z,y,1),

where
Pi(z,y,t) = il <§—£(fﬂ,t> - B(S, P)m) Xi(y), (5.22)
Ouo,.1) — Z (001~ B P)a ) i), (5.23)
with xi(y) being a solution of the cell problem (5.18), while the functions B and E are
given by
5.y = eSS P (S (5,0 -
p(s,p) = MELWMEMEASL) (g )5 Py (5.25)

Ay (S, P)+ Ay(S, P)
Finally, the pair (P,0) is a weak solution of the problem (5.15)-(5.21) and S = S(0).

Here 22 denotes the two-scale convergence which is defined in Section 3.2.1. Theorem 8 is

proven in Section 5.6.

5.4 A priori estimates

In order to obtain the needed uniform estimates, we follow the choice of the test
functions suggested in [72] (see also [75-77]). In this section, for simplicity, we assume that
P.(0) = 0. From now on, C, (Y, ... denote generic constants that do not depend on . We

will also use the notation
hy (S%, P?) = pu(S%, P?)(1 — S%) and h,(S°, P?) = p,(S°, P°)S°.
Lemma 11 Let (P*). and (0°). be the sequences of solutions to (5.13)-(5.14) and let S¢ =
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S(0°). Then the following uniform bounds with respect to € hold:

1P|l L2 0,mv) + 165 20y < C, (5.26)
10:(P°he (S%, P)) | L20,m3v7) + 1|0 (DI (ST, P9)) || L20,0v1) < C. (5.27)

Proof. In the same manner as in Section 4.5, we begin by quoting some relations that are
going to be used throughout the proof. First, from the relations (5.1) and (5.2) and the
definition of the function w it follows that the gradients of the phase pressures and the
gradient of the global pressure are related by (cf. (4.27)-(4.28)):

An(S%)pn(S°, P?)

W(S7, P)VP* = VP, (S, PF) + = (5. 77 VP,(59) (5.28)
= VP, (S, P°) — AW(T(E:’(I?;’ Ps)VPC(SE). (5.29)

Next, using the relations (5.28) and (5.29) and the definition of the function 3, we can
obtain the following representations of the phase fluxes, without gravity term, (cf. (4.58)-
(4.59)):

Aw(S5, POKEV P — A(S, POKEVE = Ay (5°)pu (5%, POYKV P, (S5, P9),  (5.30)
An(S, POKEV LS 4+ A(SE, POKEVEO = A (S9)pu(SE, POKEV P, (S°, PF), (5.31)

as well as the equality (cf. (2.32), (4.60))

A (5%)pu (5%, POYKEV PS - VP + Ay (S%) (S, P)KEV PE - VPE =

2 Il 5.32)
o jszp};(j ) gevps v 4 w(S%, PFPA(S7, PRV P? - VP~ (

Following [72], as test-functions in the weak formulation (5.13)-(5.14) we choose

a_/Pf“ dp wg_/Pﬁ dp
0 pw(p)7 0 pn(p).
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After summing the obtained equations we get

0 0
O —h,, (5%, P°)epd O —h, (5%, P°)yd
[ @ Gl Phpde + [ @ Sob(s7, Py
+/ Ay (S5, PRV P — A(S®, PP)K° V) ———— - VP dx
o 5 SRS
1
+ / (A, (S5, POKEV P + A(S®, PP)K°VY*) ————— - VPidx
_ / NS5 (S5, P)Keg - V P2 + / M (S)pn(S%, PIYKeg - V PEda
Q Q
= [ ulS PLS P Frdn — [ (8% P57, PF) o
Q Q
+/pn(Sa,P5)F1wdm.
Q
Let us denote the integral terms in the expression (5.33) by Z;, Za,..., Zg, respectively.

First, as in (4.62), an easy computation shows that (cf. [72])

71+ 2y = / @682%(56, Pe)dz,
Q t

where
SE
H(SE, PF) = h(S7, P) + (S5, PE)ib — (1 — S°)P% — SEPF + / Pu(s)ds.
0
Since S® > 0 a.e. in ) and P. > 0, we have
H(S, P) = (h(S7, P)p — (1 — $)P2) + (halS°, PEYo — S°F%)

=(1- 59 <pw(58,P5) /Opz pjfp) - Pi,) + 5° (pn(SE’ P*) /0P5 pjgo) N Pé) '

Using (H.6), it is easy to show that v;(p) = p;(p) fg% —p>0,j€ {wn}, and
consequently

H(S®, P°) > 0 a.e. in Q. (5.34)
Next, by applying the identities (5.30) and (5.31) and using (H.6) it follows that
1
Zy+ Zo> — | (MolS)pu(S5, POYKEVPE - VP54 A (S5)pn(SE, PHYKEV PE - W PF) da.

Pm Ja
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Combining this bound with the expression (5.32) and the assumptions (H.3) and (H.6)

yields the following estimate:

Zy+ 7y > C (/ |V0€]2da:+/ |VP€|2dx),
Q Q

: 2k Amw2, k
where C = mm(pp%’;)\z, £m ’;;m ™),

From relations (5.28) and (5.29) it follows that the sum of the terms Z5 and Zs can

be written as

| Zs + Zs| = y/ A(SE, PO)w (S, PO)Keg - VPeda| < %/ IV P 2da + C,
Q Q

. A k 2|0
with Cy = ( Mpr§4011v1\g\) 2

In order to estimate the integrals Z;, Zg and Zy, we use (5.12). In this way we get

2
20+ 23]+ 120] <32 [ P (u(SPUST, P+ 2a(S)PL(SE, ) = PoO)]) d

4 Z—M Fi| P, (8%, P9)|da < 03/(Fp + (P + 1)da,
m JQ Q

with Cy = max(324¢, 22 (M(1+ Ayr) + Aar P(0)), 22, 24(M + P,(0))).

Finally, we collect all obtained estimates for Zy, k = 1,...,9. Thus for a.e. t €]0,T|
it follows that

/@8%H(SE,P8)dx+Cl/ |V95|2dx+%/ |V P?|*dx

@ @ @ (5.35)

< CQ + Cg/(Fp + F])(|PE‘ + 1)dl‘
Q

From (H.4) and the relation (5.12) it follows that 0 < H(S,P) < C(|P| + 1) and hence
Jo ®H(s0,po)dx < C. Therefore, by integrating (5.35) we obtain

T C T
Ch // VO Pdadr + — // |V PP dzdr < Cy4||P?| 12(q) + Cs.
0Jo 2 Jo Ja

which implies the estimate (5.26).

The uniform estimates for the time derivatives of the functions ®°h;(S%, P*) (j €
{w,n}) follow directly from the estimates (5.26) by setting an arbitrary ¢ € L?(0,7;V) in
the weak formulation (5.13)-(5.14). This completes the proof of Lemma 11. O
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5.5 A compactness result

In this section we obtain compactness results that will be used in passing to the
limit as ¢ — 0 in the weak formulation (5.13)-(5.14). Compactness of the family
{(hy(S%, P%), h,(S%, P?))}eso in L?(Q) is achieved in two steps: first we prove that the
functions h,, and h, are Hoélder continuous with respect to  and P, where we write
h;(8,P) = hj(S(0),P), j € {w,n}. Then we show that this allows us to apply the com-

pactness result from [6] (Lemma 4.2)

Lemma 12 There exists 0 < o < 1 such that for any 0; € [0,3(1)], B e R, i = 1,2,
" (02, Po) — hy (01, P)| + |hn(02, Po) — hy (61, Py)| <SC(|Py — Py|” + |6 — 61]7).  (5.36)

Proof. Following the idea from [12, Lemma 5|, we choose arbitrary P; € R, S; € [0, 1] and
denote 6; = 5(S;), i = 1,2. For the case S; < Sy (and the opposite case is treated in the
same way) we can get by using (H.6) and (4.17):

|hu (02, Po) — huy (01, Pr))|
<|(puw(S2; Pa) — puw(S2, Pr))(1 — S2)| + |(pw(S2, P1) — pu(S1, P1))(1 — So)|
+|pw(S1, P1)(S2 — S1)

So
<pum (3 min(l, |P, — Pi|) + (1 — S2)| fn(s, P)P.(s)ds| + |Sy — Sl|) :
S1

For the second summand we have by applying (H.3), (H.4) and (H.6), for v given by (H.5),

s Cl|SQ_Sl| ifSl<SQSS#
(L=So)[ [ fuls, P)P(s)ds| < € Cy| Sy — Sy|” if S#* <S5, <8, (5.37)
S1
Cl|S2_Sl|+CQ|SQ_Sl|’Y if S <S#<Sg.

In the summary we obtain the bound
A (02, P2) — oy (01, P1)| < C (min(L, [P — Pif) + |S2 — Si] + [S2 — Si]7),
and finally it can be seen that

|hi (B2, Py) — hyy (01, P1)| < C (| Py — Pi|7 + |6 — 64]7),
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where 0 = 7y if vy < 1,0 =7ify>1,and 0 < 7 < 1 is given in (H.8). The proof for h,
is similar. Thus (5.36) is proven.
O

Next we claim that the functions P°, S¢ converge a.e. in (). We start the proof by
obtaining the following compactness result for the sets {h;(S, P¢) : € > 0}, j € {w,n}.

Lemma 13 The set {h;(S¢, P) : e > 0} is compact in L*(Q), j € {w,n}.

The proof of Lemma 13 is based on the application of a new compactness result

obtained in [6, Lemma 4.2]. Let us recall this result.

Lemma 14 (Lemma 4.2, [6]) Let the function ® = ®(y) be a Y -periodic function, ® €
L>(Y), and there are positive constants ¢, dar such that 0 < ¢, < P(y) < oy < 1
a.e. Y, ®°(x) = (L) and let {v°}oo C L*(Q) be a family of functions satisfying the

properties:
1. the function v® is uniformly bounded in the space L>=(Q), i.e. 0 < v® < C;

2. there exists a function w such that w(§) — 0 as & — 0 and the following inequality
holds true:
/ |v(z + h,t) — v°(x,t)Pdzdt < Cw(|h]);
Q

3. the function v¢ is such that

0

57 (20 |2 rsmr-2a) < €

Then the family {v°}.~o is a compact set in L*(Q).

Proof. [Proof of Lemma 13] We only need to verify the condition 2. of Lemma 14. For
P? € L*(0,T;V), by Lemma 11, we have

/Q Pz + h,t) — P*(z, 1) Pdadt < B3|V |2, < OB
Next, using the Holder inequality we get for any 0 < oo < 1

/ |P*(x + h,t) — P*(x,t)]**dxdt < C (/ |P*(x + h,t) — Pe(a:,t)|2dxdt) < Oh*.
Q Q
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An analogous conclusion can be drawn for the function 6°. Now we use the result of

Lemma 12 to obtain for j € {w,n}
[ 0 ), PGt ) 6, 1), P (o) Pl
Q

< 0(/ 0% (x + B, ) — 0° (2, )7 daclt + / Pz + B t) — P=(w, ) dadt)
Q Q

< Ch%.

Thus the assumptions of Lemma 14 are satisfied and the result of Lemma 13 follows di-

rectly. O

Corollary 1 There exist functions P,S € L*(Q) such that, up to a subsequence,

P¢ — P a.e. in @, (5.38)
S¢— S ae. in Q. (5.39)

Proof. From Lemma 13 we conclude there are functions h,,, h, € L*(Q) such that, up to

a subsequence,

Ry (6%, PF) — h,, strongly in L*(Q) and a.e. in Q,
hn(6°, P¥) — h,, strongly in L*(Q) and a.e. in Q.

Now we exploit the fact that the map G defined by
G(SE’ Pa) = (hw(eav P€)7hn(98’ Pa))a 0° = 6(S5)

is a diffeomorphism from [0,1] x R to G([0,1] x R) (for details see [12,104]) so it has
a continuous inverse. Therefore, almost everywhere in () convergence of h;(0°, P¢) (for
j € {w,n}) implies the convergences (5.38) and (5.39), as claimed.

O

5.6 The proof of the homogenization result

The goal of this section is to rigorously justify the convergence results for the homog-

enized problem (5.15)-(5.21) given by Theorem 8. In order to pass to the limit as e — 0
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in the weak formulation (5.13)-(5.14), we use the a priori estimates and the compactness
results of the previous two Sections. Moreover, we use the two-scale convergence technique
which is presented in Subsection 3.2.1.

By D(Q) we denote the space of infinitely smooth and compactly supported functions
in @ with values in R. Recall also the notation H = {u € H)(Y) : [, udy = 0} = H)(Y)/R.

Now the theory results on the two-scale convergence cited in Subsection 3.2.1 will be
applied to the uniform estimates for the functions P, 6° and S¢ which were obtained in
the previous sections. Taking into account also the compactness results for these functions
from the Section 5.5, we will establish the convergence results for the sequence of solutions
depending on & which will allow us to pass to the limit as ¢ — 0 in the weak formulation
(5.13)-(5.14).

Namely, the a priori estimate (5.26) with the convergence results (5.38) and (5.39)
implies that there exist P,6 € L?(0,T;V) such that, up to a subsequence,

P — Pin L*(0,T;V), 6 —0in L*(0,T;V)

and we can identify 6 = 3(5), where S is given by (5.39). Moreover, due to the a priori

estimate (5.26) and Theorem 2, there exist functions

Pi(z,y,t), 61(z,y,t) € L*(Q; H)

such that
VP (z,t) 2 VP(z,t) + V,Py(2,y,1), (5.40)
V6 (2,t) 22 VO(x, 1) + V, 01 (2,1, 1). (5.41)

We proceed by passing to the limit in the weak formulation (5.13)-(5.14). First, let

us consider the equation (5.13). We take the test function of the form

@w(xv §7t) = gO(ZL',t) + €C(ZE, §7t) - ¢<x7t) + €C1(£L‘,t)<2(§),
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in (5.13), where € D(Q), (1 € D(Q), ¢ € C°(Y), which yields

= [ )l P = 57 el t) + 20 2, 0)] o
Q 15 g
+ / Au(S5, PR(Z)VPE - [V + eVl + V(] dadt
Q £
_ / A(S?, PYR(Z)VO - [V + V. + V(] dadr (5.42)
Q
. / Ao (S pu(S°, Pﬂ?K(f)g [V + eVl + V(] dudt
Q

+ / puw(SE, P) fuu(S%, P) Fp [gp(m,t) + e((z, f’ t)| dxdt =0
Q €

Passing to the limit as € — 0 in nonlinear terms of the equation (5.42) can be accomplished
using the following facts: the a priori estimates (5.26), the strong convergence results from
Lemma 13, the two-scale convergence results (5.40), (5.41) and Lebesgue’s theorem, with
the latter result being applicable due to the almost everywhere convergence from Corollary
1, the continuity and the boundedness of the coefficients.

Thus, taking the two-scale limit in the equation (5.42) gives

(@) / pu(S, P)(1 — $)Ohp(w, t)dadt
Q
+/ / Ay (S, P)K(y) (VP + VP (z,y,t)) - [Ve(z,t) + V,((x,y,t)|dydzdt
QJy
- /Q /Y A(S, PYK(y)(V6 + Vi (2..1)) - [Veple 1) + V,C(a,y. Odydadt  (5.43)
- /Q /y Au(8)pu(S, PY*K(y)g - [V + V,(Jdydud

+ / pw (S, P) fu (S, P)Fpp(x,t)dzdt = 0.
Q

Next, we consider the equation (5.14) in the same way. After taking the appropriate test

function, we pass to the limit when € — 0. One gets

85



— (D) / pn (S, P)SOpp(x, t)dxdt
//A (S, PYK(y)(VP + YV, Py(,5,1)) - V(. £) + V,C(x, y, )] dyddt
/ / (S, PYK(y) (V0 + V,01(2,,1)) - V(s ) + V,C (2,9, O))dydadt  (5.44)
/ / S)pu(S, PY’K(y)g - [V + V,(]dydxdt

+ [ pulS. PS.P)Erpla dadt — [ po(S,P)Frpla,)dadt =
Q Q

Our next goal is a separation of variables for the functions P, and 6;. To this end, we set

¢ = 0 in the equations (5.43) and (5.44). After summing the two equations one gets

/YK(y)(VP(M) — B(S,P)g) - VyGa(y)dy = —AK(y)VyPl(x,y,t)-VyCz(y)dy, (5.45)

where the coefficient B is given by (5.24). From this equation we obtain P; in form given
by (5.22).
Finally, by setting ¢ = 0 in (5.43) and by using (5.24) we get

(Au(S, P)B(S. P) — \u(S)pul(S, P)?) /Y K(y)g - V,Ca(y)dy
= A(S, P) (/YK(?J)W(M)-VyCQ(y>dy+/YK(y)Vy@l(:r,yJ)-VyCz(y)dy).

Denoting A(S, P) = A, (S, P) + Ay(S, P) and using the fact that

Ay (S, P)A, (S, P)

Au(S, P)B(S, P) — \u(S)pu(S, P)? = (S, PYA(S, P)

(pn<57 P) _pw(S7 P))

and the expression (5.25), we can write

/YK(y)(W(m) — E(S,P)g) - VyGa(y)dy = —/YK(y)Vyel(fﬂ,y,t)-Vyéz(y)dy- (5.46)

This equation leads to the form of the function 6, given by the formula (5.23).

In our final step towards establishing the homogenized equations, we choose (3 = 0
n (5.43) and (5.44), take into account the representations (5.22) and (5.23) and use the
definition of the homogenized tensor K" given by (5.17) and (5.18). In this way, for all
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¢ € D(Q) we obtain

(®) /Q Oh(pu(S, PY(1 — §))p(z, t)dadt + /Q Au(S, PYKMY P(a, 1) - Vol t)dadt

- / A(S, PYK'"VO(xz,t) - Vip(x, t)dudt — / Mo (8)pw(S, P)’K'g - V(x, t)drdt
Q Q

+ / puw(S, P) fu(S, P)Fp(x,t)p(z,t)dzdt =0
Q

and
(D) / O(pn(S, P)S)p(x,t)dxdt + / A (S, PYK"V P(x,t) - Voo(z, t)dzdt
Q Q

+ / A(S, PYK"VO(x,t) - Vip(z, t)dzdt — / M (9)pn(S, P’ K'g - Vo(z, t)dxdt
Q Q

+ / pu(S, P)fa(S. P)Fp(a, ) (e, ) dadt — / ou(S, P)Fi (x, ) (a, ) ddt = 0.
Q Q

This finishes the proof of Theorem 8.

Remark 12 Combining the techniques of this Chapter and the Chapter 4, the homogeniza-
tion results established in the current Chapter are also valid in the case where the wetting
and the non-wetting phases are treated as incompressible and compressible, respectively.
Namely, first we may derive the a priori estimates for the space derivatives of the func-
tions P and 6°, just as in the case of the two compressible fluids. On the other hand,
the uniform estimates on time derivatives can be established for the functions ®S° and
O°p, (5S¢, P?)Se. Thereafter, as in the Chapter 4, we can obtain a convergence of S° a.e.
n Q, and a convergence of P¢ a.e. in the set where the limit of the saturation s strictly
positive. This is enough to pass to the limit as € — 0 in the nonlinear terms due to their
specific shape (see Lemma 7).

Nevertheless, let us point out that in the case of the incompressible and compressible
phases we could have also considered the non-homogenous Dirichlet and Neumann boundary

data, due to the existence result in Chapter 4, Theorem 5.
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Chapter 6

A double porosity model for
immiscible compressible two-phase

flow

6.1 Introduction

This Chapter contains a new homogenization result for the system modelling a fully
equivalent global pressure formulation for immiscible compressible two-phase flow in a frac-
tured porous medium. More precisely, the objective of the current Chapter is to rigorously
justify the homogenization process for a double porosity model for the new formulation of
immiscible compressible two-phase flow, by using the notion of the two-scale convergence.
The considered system consists of an incompressible wetting phase and a compressible
non-wetting phase. The Chapter is organized in the following way. In Section 6.2 we set
up the problem which describes the microscopic model, we state the assumptions on data
and recall an existence result for weak solutions of the microscopic problem obtained in
Chapter 4. Section 6.3 exhibits the double porosity homogenized model whose derivation
is a central result of the present Chapter. To that aim, in Section 6.4 first we introduce the
extension operator operating from the fracture subdomain to the whole domain, as in [1].
Then we obtain the a priori estimates for the weak solutions of the microscopic problem
in regard to the space and time variables. In Section 6.5 the modes of convergence of the
microscopic solutions to the solutions of the effective problem are stated. The requisite
compactness results for the extended fracture solutions are established in Section 6.6; the
two-scale convergence results for the weak solutions are formulated as well. These conver-
gence results are used to pass to the limit as ¢ — 0 in the microscopic equations, which

is accomplished in Subsection 6.7.1 by using two-scale convergence arguments. However,
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the obtained effective equations for the flow in the fractures contain a non-explicit limit
term. In order to identify this term, in Subsection 6.7.2 we employ the dilation operator
introduced in Section 3.3.1. At the same time the effective equations for the matrix flow

are obtained.

6.2 Mathematical formulation

A naturally fractured reservoir is represented by a bounded, two-connected domain
Q Cc R d = 1,2,3, with a periodic structure. More precisely,  is a union of disjoint
cube cell domains congruent to a standard cell Y. We take the unit cell Y =]0,1[¢ to
consist of a compactly contained domain Y,,, completely surrounded by a connected fracture
domain Y}, with a smooth internal boundary I'f,, between the two media. Therefore it is
Y =Y, UTl's, UY;. The outward unit normal vector to Y, is denoted by v.

The periodic microstructure of a reservoir is depicted by a small parameter € > 0
representing the typical (linear) size of a matrix block with respect to the size of €2, and
the fracture thickness is considered to be of order . Accordingly, for £ > 0 the reservoir {2
is assumed to be covered by the disjoint copies of €Y shifted for the translations from A,
where A is an appropriate infinite lattice. The system of the matrix blocks in a reservoir,
the fractured part of a reservoir and the matrix-fracture interface are denoted by €27, 25

and I'},,, respectively. Hence we have

O, =an | Je(Vn+o),

ceA
s=an|Je(Vp+0) =0\,
ceA
o = Q0 Je(Tym + ¢) = 095 N 00, NQ
ceA

We denote the outward unit normal vector to €25, by v°. In order to avoid technical details
in relation with the reservoir boundary, it is supposed that the family of parameters ¢ is
such that 9Q C 0€25.

For any € > 0 and any x € €, ¢°(z) stands for the lattice translation point of the e-cell
domain containing x, that is, ¢ : 2 — A is well defined by considering = € €Y + ¢¢(x).
More precisely, if x € (Y + k) for some k € Z% then ¢¢(x) = ek. Further, x, is the
characteristic function of Y, r € {f, m}, extended by Y-periodicity to R, and set y&(x) =
Xr(£), 7 € {f,m}. Hence one has Q= {z € Q; x;,(z) =1} and Q% = {z € Q; xj(z) =

1.
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We keep the notation Q = Q2x]0,T[, 92 =TpUly and I =T;x]0,T[, i € {D, N}.
Additionally, it will be denoted Q=7 = Q<x]0,T|, r € {f,m} and F;Z =1TIe, x]0,T7.

We start from a microscopic model describing the two-phase flow in a fractured
reservoir. In view of the periodicity microstructure assumption and since the identical
properties of the matrix blocks are assumed (see Subsection 3.3), the porosity and the
absolute permeability of the matrix are taken to be the functions ¢°(z) = ¢(2) and k*(z) =
(%), respectively, where ¢ and k are Y-periodic functions. In the fractures, the porosity
and the absolute permeability are denoted by ®(z) and K(z), respectively. As argued in
Subsection 3.3, the permeability in the matrix part is scaled by 2 which preserves the form

of the matrix equations in the effective model [25,39]. Hence we denote

@ (x)
K- (z)

(2)®(x) + X5, (1) 9" (), (6.1)
(2)K(z) + x5, () (). (6.2)

X

£
f
1>
Xr

The porosity ¢ and the absolute permeability K¢ of the reservoir are highly discontinuous

across the boundary I's, . We denote the gravity vector by g and write (cf. Subsection 3.3)

g°(x) = Xj(2)g + Xp(2)e '8 (6.3)
The system studied in this Chapter consists of an incompressible wetting phase
(marked by the subscript w) and a compressible non-wetting phase (marked by g), for
instance the immiscible flow of gas and water. We maintain the notation of Chapter 5:
by Sy, S° = S5;, Pg, P;, P° and 6° we denote the saturations of the wetting and the
non-wetting phases, the wetting and the non-wetting phase pressures, the global pressure
and the saturation potential, respectively. The wetting phase (water) is assumed incom-
pressible (p,, = const.) and the non-wetting phase (gas) is compressible, p, = py(P;). Let
us also denote
Ve =Ve(S5%, PF) = p,(5°, P°)S°.

We assume that the fluids have a constant viscosity. The notation for the unknown func-
tions in a fractured porous medium is introduced by using the subscript f for the fracture
functions and m for the matrix functions. Namely, for given € > 0, the saturation and the

pressure functions in a fractured porous medium are expressed in the following way:

77 (@, 1) = X5 ()77 (@, 1) + X0 (€)Y (2, 1),

where 7 stands for S, P, P, P, 0, V.

We recall now the microscopic equations describing the immiscible water-gas flow in
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porous media in the global pressure formulation (see (2.34)-(2.35) and (4.5)-(4.6)):

aSE . € I3 £ 13 : € I3 (3 15
T div(A, (S¢, PP)K*VP?) + div(A(S®, P7)K*VHT) (6.4)
+ pudiv(N(S7)KTgT) = Fu,

q)E%(pg(Sg’ P9)S7) — div(Ay (8%, POKTVE) = div(A(S%, POKVE)
+div(A (S7)py (57, P)K7g") = F.

The boundary conditions for this system are taken in the form

0°=0, P°=0 onl}, (6.6)
Q, n=Q; n=0 on I'Y, (6.7)

where n is the outward pointing unit normal to 02 and

Q, = pud, = —Ay (S5, P)REV P + A(SF, P)KEVE + My (S°)p2 Kog’,
Q5 = py(PE), = —A, (S5, PRV P — A(S%, PI)KEVE + A, (S%)p, (S, P*)*Keg?

are the phase mass fluxes with q; being the volumetric velocity of the j-phase, j = w, g.

The initial conditions are given by
6°(x,0) = Oy(x), P°(x,0) =po(z) in Q. (6.8)

Now we formulate the assumptions on the data which are going to ensure the exis-
tence of weak solutions for the problem (6.4)-(6.5) with the boundary and initial conditions
(6.6)-(6.8) by Theorem 5 of Chapter 4. Namely, in a periodically fractured porous medium
setting, the assumptions (A.1) and (A.2) regarding the porosity and the absolute perme-
ability functions are going to be substituted by the following hypothesis:

(A.1-d) The fracture porosity ® belongs to L>(£2) and the matrix porosity ¢ = ¢(y) is an
Y-periodic function which belongs to L>*(Y’). Furthermore, there exist constants,
0 < ¢dm < dy < 400, such that 0 < ¢, < O(x) < ¢y ae. in Q, and 0 < ¢, <
o(y) < o ae. in Y.

(A.2-d) The fracture permeability tensor K belongs to (L>(Q))"** and the matrix perme-
ability tensor k = k(y) is an Y-periodic function which belongs to (L>(Y))*.

Furthermore, there exist constants 0 < k,, < kj; < 400, such that for almost all
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r € Q and all ¢ € R? it holds:
kinl€* < K(2)€ - € < karl€],
and for almost all y € Y and all £ € R? it holds:

kml€” < k(y)€ - € < kul€]”.

Also, since the homogenous boundary conditions are considered in this Chapter, we replace

the assumption (A.8) by
(A.8-d) The initial data pg, 6y € L*(2), 0 < 6y < B(1) a.e. in .

According to Theorem 5, under the assumptions (A.1-d) - (A.2-d), (A.3) - (A.7) and
(A.8-d) for each € > 0 the problem (6.4)-(6.5) with the boundary and initial conditions
(6.6)-(6.8) has at least one weak solution given by the following theorem.

Recall the notation V = {u € H'(Q);ulr, = 0}.

Theorem 9 (Ezistence for fized € > 0) Let (A.1-d) - (A.2-d), (A.3) - (A.7) and (A.8-d)
hold; let € > 0. Denote S = S§(0°). Then there exists (P¢,0°) such that

Pec L*0,T;V), 6° € L*(0,T;V), 0 < 6° < B(1) a.e. in Q,
0,(®°5°) € L*(0,T; V'), 0,(D°py (S, P*)S) € L*(0,T;V');

for all ¢, € L*(0,T;V)

T
— / (8,(D°5%), @)dt + / [Aw (5%, POKEVPS - Vi — A(SS, POKEVEE - Voldadt
0 @ (6.9)

—/)\w(Sa)pquggE-chda:dt:/Fwapd:pdt,
Q Q

T
/ (8t(<l>pg(S€, Pg)SE), ¢>dt + / [Ag(SE, Pa)]K€VP5 -V + A(Sa, PE)KEVQ8 . Vl/}]dl’dt
0 Q

- / Ay (S9)pg (5%, PY?KEGF - Vipdadt = / Fbdadt.
Q Q
(6.10)

Furthermore, for all ¢» € V' the functions
s / &S Gdr, 1 / &, (P,(S7, P7)) Sz
Q Q
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are continuous in [0,T] and the initial conditions are satisfied in the following sense:

( /Q QESEwdx) (0) = /Q O sode,

(/Q @EPQ(PQ(SE’PE))Sa¢dx) (0) :L@apg(Pg(807po)>30wdx7

where sy = S(6y).

6.3 A homogenization result

The principal aim of the current Chapter is to show that, as the scaling parameter ¢
tends to 0, the microscopic model tends in some sense to the effective model which we now
present. More precisely, in Section 6.7 we will prove that the weak solutions of the problem
(6.4)-(6.5), (6.6)-(6.8) converge as € — 0 to weak solutions of the following problem.

The macroscopic equations for the fracture system are given in @) by

0S H A(S. PYKPVY
§0S . H
—pu® o div(Ay (S, P)KTV P) 4 div(A(S, P) ) (6.11)

+ p2div(A,(S)KHg) = F,, + Qu,

@Hﬁ(pg(s, P)S) — div(A,(S, P)K¥VP) — div(A(S, P)K"V0)

ot (6.12)
+ div(Ag(S)p,(5, P)QKHg> = Fy+ Qy,
where the matrix source terms are given for (z,t) € @ by
Os
Qu(@,t) = pu |  ¢(y)5 (2,9, t)dy (6.13)
Y'm
and
0
Q@) =~ | oy)g,(pe(s(@,y,0), p(2,y,1))s(x,y,1))dy; (6.14)
Ym
the homogenized fracture porosity ®¥ is given by
@' (2) = |V7]0*(a), (6.15)
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and the homogenized fracture system permeability tensor K is defined by

Ki(z) = [ K@) (Vyxi(z,y) + &) (Vyx;(z,y) + ;) dy. (6.16)

Yy
Here, y;(z,y) (for i = 1,...,d) is a solution of the cell problem
— divy, (K(z)(Vyxi(z,y) +€;)) =0in Yy,

K(z)(Vyxi(z,y) +€;)-v=0o0nIy,, (6.17)
y — xi(x,y) Y — periodic,

with e; being the unit vector in the ¢-th direction.
The boundary conditions for the system (6.11)-(6.17) are

=0, P=0 onl%, (6.18)
Q, n=Q, n=0 on I'L, (6.19)
where
Q, = —Au(S, PYKEVP + A(S, PYKEVO + N, (S)p2 K g,

Q, = —Ay(S, P)K'VP — A(S, P)K"VO + X\y(S)py(S, P)’K"g.
The initial conditions for the system (6.11)-(6.17) read
0(x,0) = by(x), P(x,0)=po(x) in (6.20)

On the other hand, to each x € €2 there is an associated matrix block congruent to
Y,n. The flow equations in Q x Y;,x]0,T[, which generate the new source terms, are as

follows:

a0 5 0.0~ i (s R T0) + (A DROTY)

+ podiv(Ay (s)k(y)g) = Fu,

¢(y)%(w, Y1) = divy (Ag(s, p)k(y) Vyp) — divy (A(s, p)k(y)V0)

+ divy()\g(s)pg(s,p)Qk(y)g) = F,.

(6.22)

95



The system (6.21)-(6.22) is completed with the following boundary conditions:
I x,y,t) =0(x,t), p(x,y,t) =Pz, t) inQxTy,x]0,T] (6.23)
and the initial conditions:
I z,y,0) = 0o(x), p(r,y,0) =po(z) in QX Y,,. (6.24)

A mode of convergence of the weak solutions for the microscopic problem to weak

solutions of the effective problem is going to be specified in Section 6.5.

6.4 A priori estimates

6.4.1 Extension of the fracture solutions

In Subsection 6.4.2 there will be obtained the a priori estimates for the solutions of
the microscopic problem in the fractured part 7. In order to make use of these uniform
estimates for establishing some additional a priori estimates as well as for deriving the
compactness results for the fracture solutions, we will need to extend the functions Py, 65,
S5 and V§ to the whole fixed domain 2. To that aim we are going to use the results of [1]
which are presented in this Subsection.

In view of the setting introduced in Section 6.2, we note that for any € > 0 the

fracture domain Q} = QN U e(Yy + ¢), where
ceA

U (Ys + ¢) is a periodic, connected and open subset of R?. (6.25)
ceA

Let us suppose additionally that

U (Y + ¢) has a Lipschitz boundary. (6.26)
ceA

For a € R, we denote
Qea) ={z € Q:d(z,00) > ca}.

According to Theorem 2.1 of [1], under the assumptions (6.25) and (6.26) there

exists a linear and continuous extension operator II° : H I(Qjc) — H}

be(§2) and constants
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ko, k1, ko > 0 such that for all uw € H'(Q5) it holds

[TFu = v a.e. in Q5

/ [Tl u)?dr < kl/ lu|*dz,
Q(eko) QE}:

/ |V (°u)|?de < ko | |Vul*dr.
Q(eko) Q5

!

The constants k;,¢ = 1,2,3 depend on Y; and d but are independent of € and €.

For the sake of simplicity it will be assumed that there are no matrix blocks in an
eko-neighborhood of 92 and hence the extension results are valid in €2 [1]. Namely, for any
u € H'(Q5) we have

/ TLul*dz < kl/ |lu|*dw, (6.27)

Q o

/ IV (I.u)|*dr < ks |Vul*dz. (6.28)
Q o

Moreover, if 1 < u < Cy a.e. in QF, then it is also C < Il.u < Cy a.e. in Q [1].

Remark 13 By Theorem 9, for any € > 0 the solution (PJ?, 9?) to the microscopic problem
belongs to L2(0,T;H1(Q§)) and satisfies the boundary condition (6.6). Therefore, by the

above arguments the functions P and 05 can immediately be extended to

P; =11.P; € L*(0,T;V), (6.29)
07 = 11.6; € L*(0,T;V). (6.30)

However, since the gradients of the functions S} and Vi do not belong to LQ(Q;‘}’T), their

extensions to 2 are defined indirectly by
S5 = S(65) (6.31)

and
st = pg(S;, Pf)Sjc. (6.32)

6.4.2 Uniform estimates

As in the corresponding parts of Sections 4.5 and 5.4, to obtain a priori estimates

we employ suitable test functions, suggested in [72] (cf. [75-77]). In this Subsection, for
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simplicity, we assume that P.(0) = 0. Throughout the proof, C,C},... denote generic

constants that are independent of €.

Proposition 5 Let (P¢,0°). be the sequence of solutions to (6.9)-(6.10) and let S = S(6°).

The following estimates, uniform with respect to €, hold:

1P5 || 20,31 25)) + 105 | 20,7310 05)) < € (6.33)
HanHL%Qf,;T) + H(ganLQ(Qf;LT) <, (6.34)
ellVPLI 2 ey + €lIVOL 12 gery < C, (6.35)
[0( D=5 | 220,7v7) + 0:( @y (57, P°)S) | 20,77y < C. (6.36)

Proof. At first we recall the relations (5.28) -(5.32) that were accentuated when obtaining
the uniform estimates in Section 5.4, taking into account that herein the wetting phase
mass density is constant, and the non-wetting (gas) phase is marked by the subscript g.

In fact, the following relations are going to be employed in the sequel.

Ag(5%)py (5%, PF)
A(S%, Pe)

w(S°, PY)VP® = VP, (S, P°) + VP.(5) (6.37)

_ € AN )\w( )pw 5
= VPS5 P) - S pER(S), (6.38)
M) puKEV P - VP 4 Ay (S%)p, (5%, PEYKEV P - V PE

- pe 6.39
= 2ot P e ge . 907 + (7, PA(SE, PR P VP, 03

A(Se, Pe)
Ay (5%, PYKEV P — A(SS, PO)KEVE = Ay (59)puKEV Py (S7, P9, (6.40)
Ay(S5, POYKEVPE + A(S°, POYKEVH = Ay (S%)p, (S5, POKEV P, (S°, PF). (6.41)

As in [72], after inserting the test-functions

1 . . Fg dp
wz—&,w:/
:Ow 0 pg (p)

in the weak formulation (6.9)-(6.10) and summing the obtained equations we get
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05°¢ ove
— O ——° O ——)f
pw/Q atgpdx—l—/g atwdx

1
+ / (A (S5, POYKEVP® — A(Se, PP)KEVE) — - VP da
Q w

1

+ / (A (S%, P)KEVP* + A(S7, P*)K*VEF) ———— - VPida (6.42)
Q pg(ng Ps)
= / A (5%)puKg - VP do + / Ag(S%)pg(S%, PF)K g - VP dx
Q Q
+ / F,ofdr + / Fyptda.
Q Q
The integral terms in the equality (6.42) are denoted by Z, Z,..., Zs, respectively. We

note that the forthcoming calculations are analogous to those from the proof of Lemma 11
which are still correct if only one of the phases is compressible.
In the same way as for the corresponding terms in the proof of Lemma 11, one can

easily compute that

9 6(s°, P*)da.

4+ Ly = P°
T

where
S’E
G(5°, P*) = VE(5°, P*)ip — PS° + / P.(s)ds,
0
and
G(S%, P°) >0 ae. in Q. (6.43)

Then we apply the identities (6.40) and (6.41) and use (A.6) to see that

1
Zs+ Zy > ot (A (S%)puKEV P - VP + Ag(5%) py(S°, PE)KEVP; - VP;) dx.
M Jo
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Combining this bound with the expression (6.39) and taking into account the assumption

on the permeability tensor (6.2) yields

1 pwpg(sfu )
A4 Ly > — _
3+ 4y 2 < (S?,PE)

p LKVO5 - V05 + w(S5, P)2A(S5, P)KV P; - VP?) dz
M

+a2pi (%kaveﬁ VO, + w(S5,, P)2A(SE,, PL)KEV P, - VP%) dz.
M m)

Finally we apply the assumptions (A.3) and (A.6) and obtain the estimate

2o+ 74> C (/ (|ve;y2+|vp;|2>dx+52/ (|V9;]2+|VP§L|2)dx>,

05 Qs,

p?n km pm)\mw%km )
P’ pM ’
The integrals Z5 and Zg are estimated by using the relations (6.37) and (6.38).

Thereby it follows that

where C} = min(

1
25+ 2l =| | NS5, PPo(S5, Py)Ke - VPido+ | N(Sp PR)w(S5, PR L - Vs
QE
f

>
m

Next, one concludes by using (A.1), (A.3) and (A.6) as well as Remark 7 and the Young
inequality that for arbitrary «, 5 > 0 it holds

c, C C C
|Zs+Z6|<—+€2 —a | |VPiPde+e—=2p | |VP5|*dx,

23 o 27 Jo

m

Further, from relations (4.15), (4.16) and the nonnegativity of F,, in (A.7) it follows

that the sum of the terms Z; and Zg can be written as
PE
| Z7 4+ Zs| < | —F P dx|+|/ / dx| SCg/(Fw+\Fg|)(|Pa|+1)da:
Q
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Finally, all obtained estimates for Z;, k = 1,...,8 are put together. Thus for a.e.
€]0,T7] it follows that for any «, 8 > 0:

/ ;Q(SE P)dx + C, (/ (|V9;]2+\VP;\2)dx+e2/ (\V9;12+\VP;\2)dx>
Q5 Qs,

C C! C! C
Sgrregt+ o [ VPP e8 [ IVPLPdn Ca [ (R IRDOP + e

(6.44)
By choosing o = % and 5 = f(e) = sgl we obtain
€ a € 5 €12 Cl €2
O —G(S°, P%)dx + Cy |VOs|"dr + — |V P;|*dx
Q at QE 2 QE
7 7
—|—5201/ |VOE |*dx +€2%/ |V PE |?dx (6.45)

2

Cy
<Cit 32+ G [ (Fu IRIIP + Do
1

In the next step the integrating of (6.45) over |0, T'[ yields

/ @EQQ(SE, P (T)dz + Cy / V05 dadt + G |V P} [P dadt
Q 8t Qf 2 ?T

+5201/ T|ve;\2d:cdt+g2%/ VP Pdrde
Q5 Q)

m

0
<5+ 03/(Fw + |Fg‘)<|P€| + 1)dxdt + qfag(so,po)dx,
Q Q

with 05 C4T —|— T
From (A.4) and the relations (4.15), (4.16) it follows that 0 < G(S, P) < C(|P|+ 1)
and hence [, °G(so, po)dz < C. Moreover, by using (6.43) it follows

0/ V05| dx ar+ & |VP;|2dxdt+52(Jl/ |v9;|2d:cdt+52ﬁ/ VP Pddt
Q 2 e,T e, T 2 Q%LT

f 2 m
<C+ C3(|[Fullr2@) + 1yl r2@) (1P|l 22(@) + 1),

and eventually after employing (A.7) we obtain

C’1|]V9f||L2 QET HVPfHL2 0o ) +&2Cy || Ve, HLQ(QET +e —||VP‘E ||L2 05,7)

(6.46)
el

|PfHL2(Qj;T) + prrz|’L2(Qf,;T) +1).
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The first term on the right-hand side of (6.46) can be estimated by the Poincaré
inequality taking into account the boundary condition (6.6). Next we estimate the second
term on the right-hand side of (6.46). Namely, by using the continuity of the global pressure

across the interface I'y,, and the Poincaré inequality we get for any matrix block (Y +k),

k ez
/ / |P: — Pf| drdt < Ce? / / Pf)| dxdt,
Yo +k) Yin+k)

so it also holds

// |PS — Pf|dxdt<05/ / — P%)Pdadt. (6.47)

Now we can estimate by using (6.47), (6.27) and (6.28) as follows.

HPrEn”L2(Qf,;T) <|P - P;HB(Q;;T) + HP;HL%QE,;T)
<Cel|[VE;, = VP agery + 1P 20

From the continuity of the saturation potential across I';,, by using the same arguments

we can obtain the estimate
||anHL2(Q$ﬁT) §Ca|]V0fn||L2(QaT) + OEHVG;HLQ(Q?T) + C||6’§HL2(Q?T). (6.49)

The last terms on the right-hand sides of (6.48) and (6.49) are bounded using the
Poincaré inequality. Finally from (6.46) by using the Young inequality we get for any
v,0 > 0:

G| Vo513

IIVPf||L2 s ) +e* GV —IIVPE I3

L2 QE T LQ(QE T LQ(QE T

(6.50)
<CO(1+ 7]]VPf]]L2 asmy + 0 |V PR 12 em)):

which shows the estimates (6.33) and (6.35). Moreover, now (6.33) and (6.35) along with
(6.48) and (6.49) yield the uniform estimates for the matrix solutions claimed in (6.34).
In order to establish the uniform estimates for the time derivatives of the functions
eS¢ and P°p,(S¢, P7)Se, we set an arbitrary ¢ € L*(0,T;V) and ¢ € L*(0,T;V) in
the variational equations (6.9) and (6.10), respectively. By employing the estimates (6.33)-
(6.35), the desired estimate (6.36) easily follows. This completes the proof of Proposition 5.

102



Remark 14 As a consequence of Proposition 5 we have the following uniform estimates

for the extended fracture functions which follow by the extension operator properties (6.27)

and (6.28):

H]B;HL?(O,T;V) + ng‘”LQ(O,T;V) <C. (6.51)

6.5 Convergence results
Now we are ready to state the main result of this Chapter.

Theorem 10 Suppose (A.1-d) - (A.2-d), (A.3) - (A.7) and (A.8-d). Let (P=,6°) be a weak
solution of the problem (6.4), (6.5), (6.6), (6.7), (6.8). Denote S® = S*(6°) and let 15]‘?, 5;,
gji and ‘7]? be the functions defined in Remark 13. Then, up to a subsequence, it holds

ﬁ}: — P weakly in L*(0,T;V) and ﬁ]‘f 2P (6.52)
§§ — S strongly in L*(Q), (6.53)
5? — 0 weakly in L*(0,T; V), strongly in L*(Q) and 5? 29, (6.54)
0 = pB(S3),

‘N/fa — pg(S, P)S strongly in L*(Q), (6.55)
VP: 2 VP(x,t) + V,Pi(z,t,y), (6.56)
VO 2 V0(x,t) + V0 (2, t,y), (6.57)
XoPo 2p, (6.58)
X500, 220, (6.59)
X598 R, (6.60)
Yo VE Ry, (6.61)
X5 VPl 2 V(. t,y), (6.62)
X Vab:, = V., (z, t,y), (6.63)
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where

Pato) = 3 (G .0) = BOS P ) vl (6.60)

(2

:
buont.n) = 3 (o) = E(SPha ) vl (6.65

with x;(z,y) being a solution of the cell problem (6.17), while the functions B and E are

given by
_ )\W(S)pgu + Ag(8)py (S, P>2
B P) = = (5P - Ay (S, P) (6.66)
p(s,p) = MEDVAELAED) (6 ) ). (6.67

Ay (S, P) + Ay(S, P)

The pair (P,0) is a weak solution of the problem (6.11)-(6.20) and S = S(0). Finally, let
us assume that the problem (4.5)-(4.6) with the boundary and initial conditions (4.7)-(4.10)

has a unique weak solution. The pair (p, V) is a weak solution of the problem (6.21)-(6.24),
s =38(0) a.e. in QxY,,x]|0,T[ and v = p,(s,p)s a.e. in Q x Y, x]0,T].

Here 22 denotes the two-scale convergence which is presented in Section 3.2.1. The-

orem 10 is proven in Section 6.7.

Remark 15 For completeness we quote here a standard result on a cell problem (see e.g.
[2]). If A(x,y) is a uniformly positively definite tensor which is bounded and Y -periodic,
then it can be shown by using Lax-Milgram lemma that the following cell problem has a

unique, up to a constant, solution w:

— div, (A(z,y)(Vyw(z,y) + €)) =0 in Yy,
A(z,y)(Vyw(z,y)+ e€)-v=0 on Ly, (6.68)
y— w(z,y) Y — periodic.

6.6 A compactness result for the fracture solutions

The aim of this Section is to prove the relative compactness and the corresponding
convergence results for the sequences (gji)s and (17;)5 Namely, the family g}i is treated in
Subsection 6.6.1 by using the result of [95] as the key idea; for the sequence V§ a variant of
the result of [5] is employed in Subsection 6.6.2. This Section is based on the ideas of [14]
(see also [103]).
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We begin with two auxiliary results which will be needed in the sequel. First, in
the following Lemma a technical result is given which is easily proved by using the Fubini

theorem.

Lemma 15 For 0 < h < T and for integrable functions G:(t), G2(t), it holds

/OT Gi(t) </n::::hT) GQ(T)dT> dt = /hT Gy(t) (/tjh G1(’7’)d’7‘> dt.

Further, our assumptions on the capillary pressure function imply the result of the

next Lemma, which is going to be used several times in what follows.

Lemma 16 There exist constants 0 < 6 <1 and C > 0 such that for any P € R and any
Sl, SQ S [O, 1] it holds:
Sa
Sol [ fuls, PYP.(s)ds| < C[Sy — Ss|°.
S1
Proof. Note first that the assumption (4.12) in (A.4) implies that A\, (S)P.(S) < C for all
S € [S#,1) and for some constant C' > 0. Therefore, if S;, Sy > S# one can write
Sa

Sol [ fuls, PYP(s)ds| < O 18, — ],
S1 pm)\m

Next, using (4.13) in (A.4) one can obtain for some C' > 0 and for v > 0 given by (A.4)
the following estimate valid for Sy, Sy €]0, S#] [12]:

min(Sl, SQ)|P6<51> - PC(SQ)‘ S C’Sl - SZ”Y. (669)

Thus in the case Sy < S; < S# we can obtain by applying (6.69)

So
Sol | fuls, P)Pu(s)ds| <

S1 m\m

pM)\M

So|Po(S1) — Pu(S)| < C|S) — S,

If S < Sy < S#, applying (6.69) and the boundedness of the capillary pressure in (A.4)
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yields the estimate

Sa
So| | fuls, P)P.(s)ds| <

S1 PmAm

PMAM

SQ|PC(S1) - PC(SQ)|

<Puu (|S2 = S1[Pe(S1) = Pe(S2)| + S1|Pe(S1) — Pe(S2)])

- m)\m

<C (1S, — 51| + |51 — So|") .

The remaining cases S; < S# < Sy and Sy < S# < S can be treated by combining the
previous ones. Finally, we put 6 = v if v < 1, and § = 1 if v > 1. Therefore Lemma 16 is
proved. O

6.6.1 The compactness of g;

In this Subsection we prove the result of the next Proposition.

Proposition 6 Assume (A.1-d) - (A.2-d), (A.3) - (A.7) and (A.8-d). Let (gj)g be the se-
quence defined by (6.31). There exists a function S such that, possibly along a subsequence,

§]€c — S strongly in L*(Q) as e — 0. (6.70)

Moreover, 0 < S < 1.

Proof. The proof consists of the following. First the modulus of continuity for the function
05 is obtained and then this result is extended to the function 5}, which will assure the

convergence result for 5; and finally, the desired convergence (6.70).

Step 1.
Let us consider the variational equation (6.9). Taking into account (6.1) we rewrite it as
follows: for all p € L*(0,T;V)

dSe :
P / d—Lpdrdt + pe ¢5%g@d:cdt
Qj,’T 8t

at Q%LT

= / Ay (S%, POKEV P - Vodadt — / A(S?, PHKEVE* - Vdadt (6.71)
Q Q

- / Ao (S%)p2 Keg® - Vdadt — / Fpdxdt.
Q Q
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Denote the integral terms in the equality (6.71) by I5(p),-- -, I§(p), respectively. Recall

the notation for the time difference operator,

Following the ideas of [14] and [103], for € > 0 and for 0 < h < T/2 we insert as a test

function in (6.71) the following function:

min(t+h,T)
(1) = / ho~"6E (., 7)dr (6.72)

max(t,h)
The properties of ™" are described by the next result.

Lemma 17 Let € > 0 and let h > 0 small enough. There is a constant C' which does not
depend on € or h such that for the sequence of functions defined by (6.72) it holds

"I L2(@) <Ch, (6.73)
V™"l 2y <Ch. (6.74)
€||V90€7hHL2(Q§ﬁT) SCh (6.75)

Proof of Lemma 17.

For r € {f, m} we have

min(t+h,T) 2
IV g S/QE,T / V6 (2, 7) — V& (x, 7 — W)|dr | dedt.  (6.76)

ax(t,h)

Since min(t + h,T) — max(t, h) < h, one gets for a.e. (z,t) € Q=T :

min(t+h,T) min(¢-+h,T) 1/2
/ \VO:(z,7) — VO (x, 7 — h)|dT <h'/? / |VO: (z,7) — VO (z,7 — h)|*dr )

rax(t,h) max(t,h)

Therefore we have from (6.76)

min(t+h,T)
19652, e gh/ﬂaT (/ VO (2, 7) — VO, 7 — h)|2dr> dedt.  (6.77)

ax(t,h)

T

107



Now we apply Lemma 15 with G(t) = 1, Go(7) = |[VO:i(z,7) — VO (x, 7 — h)|?* to (6.77)
to establish for a.e. x € (2:

T min(t+h,T)
/ (/ VO (2, 7) — VO (x, 7 — h)PdT) dt
0 max(t,h)
T t T
:/ V6 (2, ) — VO (. £ — )2 (/ 1dr) it — h/ V6 (2, ) — VO (2, £ — B[t
h t—h h

It then follows from (6.77)

IV 172 ey <h2// V605 (1) — VO (2, t — h)|2dtd

<2h? (// |v9;?(x,t)|2dtdx+// |V9i(x,t—h)|2dtdx>
> ?h

<4h?|| V|3

L2 QET

Finally, we conclude by applying the uniform estimates (6.33) for the fractures and (6.35)
for the matrix that the estimates (6.74) and (6.75) hold true. In the same manner one can
establish the estimate (6.73) by employing the uniform a priori bounds (6.33) and (6.34).

O

Proof of Proposition 6 continued.

Note that by Lemma 17, ©*" is an admissible test function for any ¢ > 0 and a
sufficiently small A > 0, due to the boundary condition (6.6).

With the chosen test function (6.72) inserted in the equation (6.71) first we can write

5 min(t+h,T)
e( &h a ah aS —hpe
I (") + I5(97") =pu . ho™"0%(x, 7)dr | dxdt
E max(t,

asg min(t+h,T)
+,0w/ P =" / hO~h6E (x, 7)dr | dadt.
0 Qs ot max(t,h)
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Applying Lemma 15 it follows that

T t 0S¢
If(gpa’h) + Ig(ape’h) Z,Ow/ / @ha_hei(x, t) ( ) an dT) dxdt
< t—

t €
+pu / GhO™"6% (x,t) ( 05y, dT) dadt
Qc, —n OT

_pw/ / B (05, 1) — 05 (.t — 1)) (S5(w, ) — S5(,t — b)) dudt

u / O (05, (,0) — 05, (0,0 — 1) (S5, (2, 1) = S5, — ) vt
hoJas,
Since [ is a monotone function, we obtain by using (A.1-d)
T
(™) + L(™") > cbmpw[/ / (65(z,t) — 03(z,t — h)) (Sj(x,t) — Sj(x,t — h)) dwdt
h 5
. 7
[t~ et = ) (S5 t) — Siost — ) dod
h .

_ qupw/h /Q (6. ) — 0% (2, £ — h)) (S°(x, £) — S°(2,t — B)) dudt.
(6.78)

Next, we estimate the right-hand side of (6.71) with the test function ¢*" and taking

into account (6.2) as

I5(5") + T (e5") + I ()|
<K (Au(S5, PV P = A(S5, PPV} = MalS7)28) yaem, V67 2o
1
Fellb (S5 P2V P, = A5 )05 = MulS5)P8=8) g - 1 967" |y
(6.79)

In a first step we use (A.1-d), (A.3) and (A.6), and apply the a priori estimates (6.33) and
(6.35) to obtain the estimates

I (A5, 5V P} = (S5, PPV = Nl S7)728) 2o
< CLlIVPf | o) + Coll V85 oy + G < Co, (6.80)

1
ellk* (Aw(Spys Pr)VE,, — A(Sy,, Pr)VEL, — A (S;)pigg)llymff)
< Cie|| VP, ||L2 gz T CaelI VO, ||L2 qzry T Cs < Cs, (6.81)

109



where C) = kydypar, Co = S0 and Oy = kyyAypd|gT QY2 From (6.79) by

using (6.80), (6.81), (6.74) and (6.75) we have
I5(0™") + I3(9™") + I5 (™) <Ch. (6.82)
Next, we can estimate by using (A.7) and the estimate (6.73):
(™) < Fullzx - 167" 12q) < Ch. (6.83)

Finally, from (6.71), by taking into account (6.78), (6.82) and (6.83), and by using
the monotonicity of S +— [(S) we obtain for sufficiently small i > 0 the following estimate:

/T/ (0°(z,t) — 6°(x,t — h)) (S°(x,t) — S°(x,t — h))dadt < Ch. (6.84)

Remark 16 The estimate (6.84) can obviously be rewritten into the following estimates

for the individual subdomains of €2:
T
/h / (05(x,t) — 05(x,t — h)) (S7(x,t) — Si(x,t — h))dadt < Ch, (6.85)
s

/T/ (6, (x,t) — 0 (z,t — h)) (S5, (x, ) — S5, (2, t — h))dzdt < Ch. (6.86)

Step 2.
From the definition of the function 3 it follows for a.e. (z,t) € Q%x|h, T[ by using (4.12)
in (A.4)

S

“ (a.t)
0% (2, 1) — 05 (x,t — h)| = | er \/ Aw(8)Ag(8) Pi(s)ds < M|S5(x,t) — Si(x,t — h)],
Ft=
which along with (6.85) yields the estimate

T
/ 652, t) — 6 (.t — )Pdudt < Ch. (6.87)
h Qf,

Remark 17 It is easy to see that the following estimate can be established from (6.86)

analogously:

T
/ / 05 (z,t) — 65 (x,t — h)|*dxdt < Ch, (6.88)
h m
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so we have also on the whole €2,

T
/ / 0% (2, ) — 6°(x,t — h)|*dxdt < Ch. (6.89)
hoJo

Step 3.
Using the fact that the extension operator II° from the fracture domain to the whole domain

is defined by reflection (see [1]), the consequences of (6.84) and (6.87) are the estimates

T ~ ~ ~ ~
/h /Q (9;(95, £) — 65 (a, t — h)) (s;(x, £) — S5t — h)) dzdt < Ch (6.90)
and
T o~ ~
/ / 10z, t) — 0% (2, t — h)Pdadt < Ch, (6.91)
h Q
respectively.

Step 4.

Now we focus our attention to the sequence (5;)6 Its space derivatives are bounded by
(6.51). On the other hand, regarding the time variable we have obtained the modulus of
continuity (6.91). Now we apply the result of [95, Theorem 3] to conclude that {gjc ce >0}
is a relatively compact set in L2(Q). It follows that there exists §# € L?(Q) such that,

possibly along a subsequence,

gj‘ — 0 strongly in L*(Q) and a.e. in Q. (6.92)

Now we define
S :=S(0). (6.93)
Due to the Hélder continuity of S given in (4.18) and the definition (6.93) we have
155 = Sl < ClIOF = Ol 72

and therefore with (6.92) we obtain, up to a subsequence,

gjc — S strongly in L*(Q) and a.e. in Q, (6.94)
which is the assertion of Proposition 6.
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At this point we establish the additional two estimates that will be needed in the

subsequent Subsection.

Corollary 2 Fore > 0 and for a sufficiently small h > 0, it holds

T
/ / |55 (2, t) — S5(x,t — h)[Pdwdt < CI7, (6.95)
h Q

T
/ / 1S5 (2, t) — S%(2,t — h)|*dwdt < Ch™. (6.96)
h Q

The constant C' is independent of € and h, and T is given by (A.5).

Proof. Concerning (6.96), we use the Holder continuity of S = 87! in (4.18) as well as the
Holder inequality to get

1S5 (2, t) — S¥(x,t — )| < C|6%(x,t) — 6% (.t — B[,

and hence from (6.89) we conclude that

T T
/ / |S¢(z,t) — S°(z,t — h)|*dzdt SC’/ / 0% (2, t) — 0% (2, t — h)|*"dxdt
hoJa hoJa

<C (/hT/Q |60° (2, t) — 0° (2, t — h)|2dxdt>T

<Ch. (6.97)

The same argument can be applied by using (6.91) instead of (6.89) to establish
(6.95). Note that (6.95) and (6.96) represent the modula of continuity for the functions gjc
and S¢, respectively.

O

6.6.2 The compactness of \7J§

The present Subsection is devoted to the proof of the following Proposition.

Proposition 7 Suppose (A.1-d) - (A.2-d), (A.3) - (A.7) and (A.8-d). Let the sequence
(‘N/f‘f)g be defined by (6.32), and let the function S be given in (6.93). There exists a function
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P e L*(0,T;V) such that, possibly along a subsequence,
‘7; — py(S, P)S strongly in L*(Q) as e — 0. (6.98)

Proof.
Following [14], we decompose the function Vi = VF(S5, Pf) = py(S5, P5)SF as

st = W(P]’f) + Ul(Sjc, PJ?) + Ug(Sj, PJ?), (6.99)
where it is denoted

W (P5) = py(S, P5)S,
Us(S5,P;) =S (pg(S;,PJf) — pg(S, PJ‘?)) ,

with S € L*(Q) given by (6.93) and (6.94). Then we can also write

Vi = W(P§) + Uy(S5, P§) + Ua(S5, P5). (6.100)

The convergence result (6.98) will be established in four steps. First we show that the
second and the third summand in the representation (6.100) tend strongly to 0. Thereby
we are left with the task of proving the strong convergence of W(ﬁ]’? ) to the desired limit
py(S, P)S. This will be accomplished in further three steps. Namely, we begin by obtaining
the modulus of continuity for the sequence W(P}f), and then we utilize the properties of
the extension operator in order to pass to the analogous conclusion for the family W (P5).

Finally, a result from [5] is used to show the required compactness for the sequence W(ﬁ; ).

Step 0.
By using the boundedness of the gas density in (A.6) we obtain

1UL(SF, P2 @) < pumllSF — Sllr2q)
and hence, due to (6.94),

Ul(gj‘i, ﬁ;) — 0 strongly in L*(Q). (6.101)
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Next, (A.6) and the relations (2.23) and (2.24) give the estimate

SE
[U2(S, P7)| <max py(p)S|1Fy(5F, Ff) = Fy(S, Pj)| < pMSI fuls, PF)P.(s)ds].

Now we employ Lemma 16 to conclude that
|U5(S5, P§)| < €155 — S)° ae. in Q,
which means that, using (6.94),
Us (S5, P§) — 0 strongly in L*(Q). (6.102)

Step 1.

As announced, our next step is to prove the following.

Lemma 18 (Modulus of continuity for W (P5))
There is a constant C' independent of € and h such that for ¢ > 0 and for a sufficiently
small h > 0, it holds

/ / W (P (2,1)) — W(PH (.t — b)) (Pi(ar.t) — Pi(a,t — h)) dwdt < ChF, (6.103)

where T and 0 < 6 < 1 are given by (A.5) and Lemma 16, respectively.

Proof of Lemma 18.
We consider the variational equation (6.10). Taking into account (6.1) and the de-
composition (6.99) we rewrite (6.10) as follows: for all v € L?(0,T;V)

OW (P: 0 (UL (S5, P5) + Us(S5, Ps
/ @dexdt—i—/ iy (U155, Bf) + Ua(55 f))wdde o Vo, vt
QE,T at QE,T at QE

S / Ay (S, P)KEVP® - Vipdadt — / A(S, PHKEVEF - Vipdadt
Q Q

+/ )\g(Se)pg(SE,PE)QKEg’f~dexdt—|—/Fgwda:dt.
Q Q

(6.104)

Denote the integral terms in the equality (6.71) by J5(v),---, J5(¢), respectively.

Similarly as in Subsection 6.6.1, for ¢ > 0 and sufficiently small A > 0 we insert as a test
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function in (6.104) the following function [14,103]:

min(¢t+h,T)
oMz, t) = / ho~" P (x, T)dr. (6.105)
max(t,h)

Remark 18 By repeating the arguments of the proof of Lemma 17, for € > 0 and for
h > 0 small enough one can obtain the uniform estimate

1467122 + 1967 3 s 7y + €l 797 | pary <Ch (6.106)
where C' is a constant independent of ¢ and h. In particular, 1" is a valid test function
for such € and h by considering the boundary condition (6.6).

With the chosen test function we first have by applying Lemma 15

e T 8W(P;) min(t+h,T) e
JT (") :/0 /E (I)T / ho™"P;(z,7)dr | dvdt
¥

max(t,h)

[ [l D
- /hT / @ [Pi(a,1) = Pi(a,t = )] [(W(PP)(w.1) = (W(P)))(w,t — )] dudt.

Further, the following decomposition is easily seen to hold a.e. in Q3 x|h, T'[ (the z variable

is omitted in writing in this paragraph):

(W(PH)(E) = (W(PF))(t — h) =S(t) [py(S(t), P} (1)) — py(S(t), P5(t — 1))]
+5(t) [pg(S(t), PF(t — h)) — pg(S(t — h), Pf(t — h))]
+[5(t) = S(t = 1)] pg(S(t = h), Py(t = h)).

)
)

Y
Y

We denote the summands in this decomposition by a"(z,t), a5"(x,t) and a5 (z,t), re-

spectively. It follows that
T (o) = A7+ A5+ AT (6.107)

where it is denoted for i € {1,2, 3}

T
A /h / @ [Pi(a1) — Pyt — b)) o (o, ).
:
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We note that the first term in (6.107) appears, up to the function ®, as the integral
term in (6.103):

Azt — /h / @ [P 1) — Pyt — W] [W(PF(r,0) ~ WP} (a1 — )] dedr. (6.108)

Regarding the second term in (6.107), the following bound is valid a.e. in Q% x]h, T7:
N S(z,t)
a3 (2, t)| < pu|S(x, 1) ( )fw(&Pf(x’t— h))Pi(s)ds|.
S(x,t—h

From Lemma 16 we obtain

ja3" (x,1)] < C1S(2, ) = S(a,t = )
and this can be further estimated as
|a5" (z, 1) < C (]S(m,t) — S5 (2, t)]° + [S5(x,t) — Si(w,t — B)|° +|S5(x,t — h) — S(a,t — h)|5> .
This way we have

e,h
|as (%t)H%Z (h.T;L2(Q5)) <C(”S(5U t) — Sf(x t)”L? (h.T;L2(23))

(6.109)
+||Sf($ t) — ( —h)|I% 2(h,T3L2(Q5) +||Sf(x t—h)—S(z, )||L2 hT5L2 (05 ))

The first and the third term in (6.109) tend to zero as € — 0 (uniformly in h) because of
(6.94). For the second term in (6.109) we utilize the estimate (6.95), which is uniform in .
Hence we have for sufficiently small h and for ¢ < e(h) (where £(h) tends to 0 as h tends
to 0):

05" (@, )| 2n iz ) < CHE

Now it holds for sufficiently small h and for € < e(h), taking into account (6.33)

|A;7h| quMHP;(x,t) — P;(l’,t — h)||L2(h,T;L2(Q;)) . ||a§7h(l',t)||L2(h,T;L2(Q;))
<2601]| Pf | 20y ChT < CRT, (6.110)

where C' does not depend on ¢ neither on h.

The term A" is treated in a similar way. In fact, we have a.e. in Q5 x|, TT:

|a§’h(x7t)| < pM‘S(CL’,t) - S(l’,t - h)|57
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so it is

|A5" | <ouml| P (x,t) = Pz, t — h)l| 2gnrizzosy - 65" (@ )|l 2 m02(05))
§2¢MHP}:HL2(Q;’T)HS<$7 t) — S(z,t— h’)”%%h,T;L?(Q;))'

With the uniform estimates (6.33) and (6.96) we conclude that
|AS" < Ch'T, (6.111)

for any € > 0 and for A small enough. Now we take into account (6.110) and (6.111) to
finally obtain from (6.107) for h small enough, and for € < ¢(h):

Ji(@Wh) = A" + O(hF), as h — 0. (6.112)

Next we consider the term J5(1)*"). To this aim we apply the following decomposition

which is easy to verify:
Ur(S5, Pf) + U2(S5, Pf) = S (pg(S7, P7) — pg(S, PF)) + pg(S, Pf) (S5 = S) -

Let us denote the terms on the right-hand side of this equality by Bi(S%, Pf) and

B3(S5, P§), respectively. By using Lemma 15 we can write
T
J5 (") :/h / ® [Pf(z,t) — Pj(x,t — h)| - [B5(S5, P§)(x,t) — B (S7, Pf)(x,t — h)] dadt
!
T
—i—/ / ® [Pf(x,t) — Pj(x,t — h)] - [B5(S5, P;)(x,t) — B5(S7, Pf)(x,t — h)] dadt.
he 195
In order to make use of the convergence result (6.94), we consider first the term
T (u) / / ~ Byt~ )] - [Bi(S5. By 1) — Bi(S5. By (.t — 1) dind
/ / ~ Bt = )] - [ B3(85. B t) — B5(S5. B (.t — )] dads
which can be estimated as

T < 40ml Bl 2 (I1B1 (55, Pl acey + B335, P 2y
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Now we notice that

Bf(gji, ]3;) — 0 strongly in L*(Q),
Bg(gjc, ]Bf) — 0 strongly in L*(Q),

due to (A.6), (6.94) and Lemma 16 (as in (6.102)). Taking into account (6.51), this means
that, uniformly in A,

JE () = 0 as e — 0.
Since the extension is by reflection, we obtain
J5(¢=") — 0 as e — 0, uniformly in h. (6.113)

Next we look at the term J5(1="). It can be handled in much the same way as

J¢(y="). Namely, upon applying Lemma 15, we can write
T
J5 (") :/h i ¢ [Pz, t) = Pp(z,t = W)} [V (2,t) = V(2,1 — h)] dxdt.

As before, now we decompose the function Vg a.e. in QF x|h, T as

Vi) = Vi (8 = h) =55,(1) [pg(S5.(1), B (8)) = pg (S5 (1), Pt = 1))
Sin(), Pt = h)) = pg (S5, (t = h), Pr(t — h))]

) ,
+55,(8) [pg (S5,(1),
+[55(8) = S5t = W) pg (S, (t = h), By (t = h)).

With the summands in this decomposition denoted by e (z,t), e5"(z,t) and e5"(z, 1),

respectively, it holds
J5 (=P = BY* + B3 + E5", (6.114)
where we set for i € {1,2, 3}
T
gt = [ | Pt - Palot = W] (o t)dudr
no Jog,
Note that P — py(S,, P) is an increasing function by (A.6), the definition of the

function w and (4.17). This yields
B> 0. (6.115)
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Next, in the same manner as with the term A‘Z’h, we have a.e. QF x|h,T1:

S5(,t)
5" (@, )] < par S (1)) - | ( )fw(s,P;(x,t — h))F(s)ds],
Se, (zt—h

and then by using Lemma 16 one obtains
5" (z,8)| < OS5, (2, 1) = S, (.t = B)|.
Therefore we have for sufficiently small h:

[B5"| <oull Py (x,8) — By, t = h)l| 2 nrrzes,) - 165" (@, )|l 2nrizz s,
<20m |1 P\l 20,y - 1S (2, 1) = S5 (@, — h)HiQ(h,T;LQ(an)) (6.116)
<Ch%, (6.117)

where the estimates (6.34) and (6.96) have been employed, and C' is independent of € and
h.
Lastly, let us consider the term Eg’h which can be treated by the same arguments as

AS". Namely, we have a.e. in QF x]h, T|:
5" (2, 8)] < pu| Sy (1) — Sy (w,t = h)P,
so it is

|AS"| <oul|PL(x,t) — Po (.t — bl 2gurszaces,) - €5 (@, 6) |2 nrize oz,
§2¢MHP§1HL2(Q%T) S5z, t) = Sp(w,t — h)”i?(h,T;L?(an))'

With the uniform estimates (6.34) and (6.96) we conclude that for A small enough,
|ES"| < ChE. (6.118)

Now we take into account (6.115), (6.117) and (6.118) to finally obtain from (6.114) for h

small enough:
JE(EM) = ESM 4 O(h'%), as h — 0. (6.119)

Lastly we consider the terms on the right-hand side of the equation (6.104). By
arguing as in the derivation of the estimates (6.82) and (6.83), we use (A.1-d), (A.3), (A.6)
and (A.7), the a priori estimates (6.33) and (6.35), as well as Remark 18 to establish the
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following estimates:

| TE(@™") + T (450) + J§ (5]
<| / K® (Ay(S°, PI)VP® -V 4 A(S%, P)VE — A\ (S)p, (5%, P)?g’) - Vool ddt|
Q

<|K (Ag<S;7PfE)VPfE + A(Sji, P;)V@jc - /\g(ij)pg<S€a P€)2g) ||L2(Q?T) ’ ||V¢€7h||L2(Q?T)

e e e e € e e € e pe 1 €
+€||k (Ag(s P, )vpm + A(Sm’ Pm)vem - )\H(Sm)pg(s 7P )2gg)||L2(QfﬁT) ’ €||v¢ 7hHLQ(SﬁnT)

m’ m

<Ch, (6.120)
and

[T (v = !/QFgwa’hdﬂﬂdﬂ < 1Fyllra@) - 19°" 2y < Ch. (6.121)

Now we collect the estimates for the integral terms in the equation (6.104), with the
test function (6.105). Namely, by taking into account (6.107), (6.114), (6.108), (6.110),
(6.111), (6.115), (6.117), (6.118), (6.120) and (6.121) we obtain for any sufficiently small
h > 0 and for € < ¢(h)

/h / B [Pi(x,1) — Pi(w.t — )] [W(PH(x, 1)) — W(PH(a,t — h))] dudt < OB

Finally we note that the function P — W (P) = p,(S, P)S is strictly increasing in {(z,t) €
Q; S(x,t) > 0} so we have by using (A.1-d) the estimate

/h / [Pitt) = Pyt = W] WP} (2,6)) = W(Pj (.t = h))] dadt < ChF,

as claimed. This completes the proof of Lemma 18.

Proof of Proposition 7 continued.
Step 2.

Remark 19 (Modulus of continuity for W(}Nj]‘?))
Since the extension is by reflection [1], from (6.103) we conclude that there is a constant
C independent of € and h, and 0 <17 <1, 0 < < 1 such that for sufficiently small € > 0
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and h > 0, it holds
/ / W (P (2, ) — W(BS (2, t — h))) (ﬁ;‘(w,t) — Pi(a,t - h)) dedt < Ch'F. (6.122)

Step 3. In order to prove the compactness for the sequence W(]BJ‘?) we rely on the following
modification of [5, Lemma 1.9] (see also [14]).

Lemma 19 Suppose that the sequence (u.). converges weakly to u in L*(0,T; H'(Q)). Let
F = F(z,z,t) be a function defined by

F(z,z,t) = Fi(z + b(z,z,t)) Fy(x, ),

where Fy is a continuous, monotone and bounded function in R, b € L*(R x Q), and
Fy, e L*(Q), F, >0 a.e. in Q. Assume that

/h /Q (F(us(z,t),z,t) — Fuc(z,t — h),z,1))) (ue(z, t) — uc(x,t — h))daedt < Ch*

for some o > 0 and with a constant C' independent of h and . Then F(u.,x,t) converges
to F(u,z,t) strongly in L*(Q).

Proof.

One can follow similar arguments as in the proof of [5, Lemma 1.9] (see [5, Re-
mark 1.10]), to conclude that F(u.,z,t) converges to F(u,z,t) strongly in L'(Q). Since
in addition the sequence F'(u.,z,t) is uniformly bounded in L*(Q), by the interpolation

inequality for LP-spaces we conclude that convergence is valid in L*(Q). |

From the uniform estimate for the global pressure in (6.51) we conclude that there

exists a function P € L%(0,T; V) such that, along a subsequence,
P§ — P weakly in L*(0,T;V).
Now we apply Lemma 19 to }ijf and W(.ﬁ;) To that aim, the conditions on the functions

Fi(p) = py(p) and b(z,z,t) = P.(0) + fos(m’t) fuw(s,2)P.(s)ds are verified by using our

assumptions on the coefficients. Eventually this yields

W (P§) = py(S, P)S strongly in L*(Q). (6.123)
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Taking into account (6.100) and combining (6.123) with the convergence results (6.101)
and (6.102) completes the proof of Proposition 7.
O

6.7 Proof of the homogenization result

6.7.1 Passage to the limit

Now we formulate the convergence results for the sequences of solutions of the micro-
scopic problem parametrized by €. This will enable us to pass to the limit as € — 0 in the
weak equations (6.9)-(6.10). More precisely, similarly as in Chapter 5, the results on the
two-scale convergence cited in Subsection 3.2.1 are now going to be applied to the uniform
a priori estimates for the functions P¢, #°, S, V¢ and for the corresponding extensions
of the solutions in the fractures, which were established in Section 6.4. Furthermore, we
employ the compactness results from the Section 6.6.

Accordingly, the a priori estimate (6.51) and Theorem 2 imply that there exist P, § €
L2(0,T;V) and Pi(x,t,y), 01(x,t,y) € L*(Q; H) such that as € — 0, up to a subsequence,

P: — P weakly in L*(0,7;V) and P; 2 P, 6.124
5; — @ weakly in L*(0,T;V) and 5; = 0,
VP: 2VP 4+ V,Pi(,t,y),

V0: 2 V0 + V0, (x,t,y).

6.125

(6.124)
(6.125)
(6.126)
(6.127)

6.127

The limit @ is identified as § = 5(.5) by using (6.92) and (6.93).
Regarding the microscopic solutions in the matrix, from the a priori estimates (6.34)

and the boundedness of the saturation and p, by using Theorem 1 we obtain

= p(x,t,y), (6.128)
¢ g 2 19(3:,25,3/), (6.129)
= s(z,t,y), (6.130)
Ve R y(x,t,y), (6.131)

for some p,,s,v € L*(Q; L3(Yn)). Moreover, the uniform estimates (6.34) and (6.35)
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along with Theorem 2 imply that p,9 € L?(Q; H;(Ym)) and

ex:, VP = Vyp(z,t,y), (6.132)
ex:, VO, 2V, 9(x, t,y). (6.133)

Remark 20 [t is easy to see that

o8

(@) = o (2) Zxo(y), e {f,m}.

Our next step is to pass to the limit in the variational formulation (6.9)-(6.10). First
the equation (6.9) is treated. We choose suitable test function following [2]. Namely, the

test function in the equation (6.9) is taken in the form
x x T
ng(.T, gvt) = Qp(xaﬂ + 8((%, gat) = 90(3:7 t) + 5(1(3:7 t)C2<g>7
for some ¢ € D(Q), 1 € D(Q) and ¢, € C;°(Y). In this way one obtains
~ x
pw/ D555 [&gga(x,t) + €0,((x, g,t)} dxdt
Q
T, oo x
—|—pw/ A=) X5 S5, [atgo(x,t) + e0((x, —,t)] dxdt
Q g g

+ / oK [Aw(é“;, P;)VP; — A(S3, P5)V6; — Aw(§;)pfug] [V + eVl + V(] dadt
Q

1
v [ ) [AulS5 PRIV P = A5 PRIEVE, — Au(Si0e e
o7 € € €
Vo +¢eV,(+ V(] dedt
:/ F, [cp(x,t) +5C(x,§,t) dxdt.
Q
(6.134)
We denote the integral terms in the expression (6.134) by I3°,--- , I¥, respectively.

The passage to the limit as ¢ — 0 in ;" and I3’ is done using the strong convergence in
Proposition 6, the boundedness of the porosity and the saturation, Remark 20 and the
two-scale convergence result (6.130). On the other hand, the terms I3{’, I}” and I¥ are
treated by employing the a priori estimates (6.51) and (6.35), the two-scale convergence
results (6.126) and (6.127), and the Lebesgue theorem. Regarding the latter result, let us
remark that the almost everywhere convergence of the global pressure function f’; can be

established only on a subset of () where S > 0, as already noted in Chapter 4. Nevertheless,
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due to the continuity and the boundedness of the coefficients, the strong convergence result
from Proposition 6 and the weak convergence in (6.124), we can apply Lemma 7 which
assures the pointwise convergence of all nonlinear functions of §Ji and ﬁ]f and accordingly
the Lebesgue theorem can be applied.

After taking the two-scale limit in the equation (6.134) one gets

pw|Yf|/ x)Sop(x t)dxdt+pw/ o(y)s(z,y,t)0pp(x, t)dydedt
+/ / Ay(S, P)K(z)(VP + V,Pi(z,y,t)) - [Ve(z,t) + V,((z,y, t)|dydxdt
M (6.135)
/ / (S, P)K(z)(VO + V,01(x,y,t)) - [Vo(z,t) + V,((z,y,t)|dydzdt
Yy
/ / g [V + V,(|dydzdt = / Fup(x,t)dzdt.
Yy Q

Now we handle the equation (6.10) in much the same way, with corresponding application of
the Proposition 7 and the two-scale convergence result (6.131). Accordingly, upon inserting

the appropriate test function and passing to the limit when € — 0 in (6.10), we obtain

~ vy / £)Spy(S, P)uplir, t)ddt — / [ o)ota . 00t )dydadt
/ / (S, PYK(2)(VP + V, P(2, 9, 1)) - V(. £) + VyC(, y, )| dydadt

(6.136)
+/ A(S, P)K(z)(VO + V01 (x,y,1)) - [Ve(z,t) + V,((z,y,t)|dydxdt

i
// S)pa(S, P)*K(z)g - [V + V,(]dydzdt = / Fyo(x,t)dxdt.
Yy Q

In our next step we aim to identify the functions P, and ;. To this end, we set ¢ = 0

in the equations (6.135) and (6.136) and sum the two equations. This yields

y K(z)(VP(z,t) = B(S, P)g) VyG(y)dy = — y K(2)VyPi(z,y,t)- VyGa(y)dy, (6.137)

where the coefficient B is given by (6.66). From this equation we obtain P; in a form given
by (6.64).
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Finally, by setting ¢ = 0 in (6.135) and by taking into account (6.66) we get

(Au (S, P)B(S, P) = Xu(S)py,) y K(z)g - VyCa(y)dy

= A(S, P) ( ; K(2)VO(z,t) - V,(a(y)dy + y K(z)V,01(z,y,t) - VyCz(y)dy> :

Denoting A(S, P) = A, (S, P) + Ay(S, P) and using the fact that

A8 PIB(S. P) = M)k = "G (5. P) = )

and the expression (6.67), we can write
K(z)(VO(z,t) — E(S, P)g) - VyG(y)dy = — | K(z)Vybi(z,y,t) - VyCa(y)dy.

Yy Yy

This equation leads to the form of the function #; given by the formula (6.65).

In our final step towards establishing the homogenized fracture flow equations, we
choose (o = 0 in (6.135) and (6.136), take into account the representations (6.64) and
(6.65) and use the definition of the homogenized tensor K given by (6.16) and (6.17). In
this way, for all ¢ € D(Q) we obtain

—pw/ @H(x)atho(:c,t)d:z:dt+/ Aw(S, PYKAV P(2,t) - Vo(z, t)dadt
Q Q

— / A(S, PYKHV0O(x,t) - Vo(z,t)dzdt — / Ao(S)pe K g - Voo, t)dadt  (6.138)
Q Q

= o / 6(1)0,5(z, . t)p(x, £)dydadt + / Fop(a, t)dadt
QJYm Q

and
/CIDH(:E)E)t(pg(S,P)S)(p(x,t)dxdt—I—/Ag(S,P)KHVP(x,t).Vgp(x,t)dmdt
Q Q
+ / A(S, PYKE6(x, 1) - Vol t)dwdt — / M (S)py(S, PYK g - Vio(a, )dadt (6.139)
Q Q

= _/ ¢(y)atv(x7y7t)<,0(13,t)dydxdt—|—/ Fyp(x, t)dxdt.
QJYm Q

As explained in Section 3.3, in a double porosity model the transport of fluids occurs
primarily through the fractures. The effective flow in fractures for our model is described by
the system (6.138)-(6.139), with the corresponding boundary and initial conditions (6.18)-
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(6.20). This system is coupled to the matrix through locally defined macroscopic matrix
source terms, appearing as the first terms on right-hand sides of the equations (6.138) and
(6.139), that represent matrix-to-fracture flow; at this point, the corresponding term in
(6.139) contains a non-identified two-scale limit v, defined by (6.131). Furthermore, as
announced in Section 6.5, at the macroscopic level a set of equations arises to describe the
flow within each matrix block.

What is left in the proof of Theorem 10 is to derive the effective matrix system
(6.21) - (6.24) which is satisfied by the two-scale limits of matrix solutions p, ¥, s and v,
given by (6.128)-(6.133); in addition, one needs to identify the functions ¥ and v. Both are

accomplished in the following Subsection. Then the proof of Theorem 10 will be completed.

6.7.2 The identification of the limit term

Due to the nonlinearities and to the strong coupling of the system, the notion of the
two-scale convergence does not provide an explicit form for the source-like term generated
by the flow in the matrix which models the influence of the matrix flow on the flow in the
fractures at the macroscopic level. To overcome this difficulty, we make use of the appro-
priate dilation operator presented in Subsection 3.3.1, and the corresponding definitions
and results cited therein. Namely, as in [14, 25,39, 54,103], the weak matrix solutions of
the microscopic system are transformed using the dilation operator and the asymptotic
behavior of the dilated solutions is deduced. Finally, after passing to the limit as ¢ — 0 in
the system for the dilated functions, the effective matrix equations are established.

The outline of the process is the following. First we find the equations satisfied by

13
m?

the dilated functions p: , 95, s, v5 in Q x Y, x]0,T[. The uniform a priori estimates
ensure the weak convergence of the dilations as ¢ — 0. By applying Lemma 2, these weak
limits are recognized as the two-scale limits of matrix solutions: p, 1, s, v, respectively. On
the other hand, we note that for any e the restrictions of the dilated functions to a fixed
translation of €Y are independent of x. Thus, for ¢ > 0 and for each fixed zy € 2, we

13 SE ,UE

20 Smuer Um.a, Of variables y and t. For each

define the corresponding functions pj, ., ¥
fixed zy € €2, we establish enough compactness results to find the equations satisfied by
their limits. Lastly, the equations for the limits p, ¥, s, v are deduced and the limits 9 and
v are identified.
Accordingly, the dilated functions (see Definition 2) will be denoted by
s, = DP: 0 = D0 s; :=DS; v, =DV, (6.140)

m m

Obviously it holds 9%, = B(s5,) and v5, = p,(s5,, P5,) S5,

m m?
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Remark 21 In the proofs of the identification of the source-like terms we will use several
technical assumptions that are not given explicitly in the theorem statement. We believe
that these supplementary assumptions could be weakened by refinement of our arguments
which will be a subject of further research. Therefore, we give these assumptions in places

where they are needed.

Lemma 20 Let e > 0. The dilated functions defined by (6.140) satisfy the problem

a 8
—Pu(y) -dH@@XyMAw@ﬁwp;)Vp%-A(nppm)VﬁE — Au(85,)00,9]) = D°F,,
(6.141)
avin . € & G € € 5 5 5 £ \2 €
¢( ) at d“]y (k(y) [Ag(snwpm)vpm + A(Sm7pm)Vﬂm - )\g<3m)pg(3m,pm) g]) =D Fg
(6.142)

in L*(0,T; H(Y,,)) for a.e. x € Q.

Proof. Let us fix & € Q and set (%) = ¢j, j € Z%. For x € R? and t €]0,T| we define

. CEER 1) for & € ey + (),
Cl<$,$,t) ==

0 otherwise ,

where ¢ € H*(0,T; L*(Y;,)) N L2(0,T; C2°(Y,,)). Now we consider the weak equation (6.9)

with a test function in the form

906<x7 t) = Cle(‘%7 Z, t)'

By using the definitions (6.1) and (6.2), the equation (6.9) hence becomes

—pw/ / x)0 S5, (z, t)dadt
Ym+,]
—i—E/ / { w(S5,, an)VP;;—A(S;,P;)V@fn—)\w(sren)pi%g -Vt (z, t)dzdt
Ym+]

:/ / Fuf(z, t)dzdt.
0 Je(Ym+i)

(6.143)
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Upon performing a change of variables x = ey 4+ ¢¢(z) = e(y + j), from (6.143) we obtain

T
—Puw / &(y)0ys;,C(y, t)dydt
0 Y
T
+/l/kwumwammm;fmammV%fAA%mkyVﬂmw@w
0 m
T
=/ DeF,(Z,y,t)((y, t)dydt,
0 Y

where the periodicity of the functions ¢° and k° has been used and Lemma 1 has been
applied. Therefore, we have established (6.141). The equation (6.142) can be derived

analogously, which completes the proof.
O

Remark 22 The boundary and initial conditions for the system (6.141)-(6.142) are as
follows [14, 59,54, 103]:

Ph(@,y,t) =D Pi(x,y,t), 5, (2,y,1) = DOy (x,y,1)
in Hl/Q(Ffm) for (z,t) € Q,
25, (2,9,0) = Dpo(z,y), V5,(2,y,0) = DGy(z,y) in QX Y. (6.145)

(6.144)

It will cause no confusion that in (6.145) we use again the notation D*, this time for
the dilation operator defined for L*())-functions which maps them to the functions in
L2(Q2 x Y,,) by the formula

(Dp)(z,y) = p(ey + (x)).

We note that the problem (6.141)-(6.142) with the non-homogenous Dirichlet boundary
conditions (6.144)-(6.145) has at least one weak solution due to Theorem 5. The sys-
tem (6.141)-(6.142), (6.144)-(6.145) corresponds to a family of problems in Y,,x]0,T],
parametrized by x and depending on x through the source terms on the right-hand side
of the equations (6.141) and (6.142) as well as through the boundary data in (6.144) and
the initial data in (6.145).

The following Lemma contains the uniform a priori estimates for the dilated solutions.

Lemma 21 Let (p5,,95,)- be the sequence of solutions to (6.141)-(6.142), (6.144)-(6.145).
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There exists a constant C' independent of € such that

D5l 2@ (viny) + 195l L2@ima (vin)) < €, (6.146)
||at(¢821>”L2(Q;Hp’1(Ym)) + ||at(¢vfn)”L2(Q;H;1(ym)) <C. (6.147)

Moreover, 0 <s; <1 a.e. in Q XY,,.

Proof. The estimate (6.146) follows immediately from the estimates (6.34) and (6.35) by
applying Lemma 1. On the other hand, by choosing a test function ¢ € L*(0,T; H3(Q,))

extended by zero outside the matrix part in the weak formulation (6.9), the estimates
(6.34) and (6.35) yield the uniform bound

10:(6° Sz |20, -105,0) + 1007Vl 2015, < C

by arguing as in the proof of Proposition 5. Now (6.147) can be obtained by employing
Lemma 1. This finishes the proof of Lemma 21.
O

By combining the uniform estimate (6.146) with the two-scale convergence results
(6.128) and (6.129) through Lemma 2 for the functions p5, and v

m?

and analogously by
using the boundedness of the saturation and of the gas density along with the convergence
results (6.130) and (6.131) and Lemma 2 for s¢, and v5,, the following results on the

convergence of the dilated solutions can be established.

Corollary 3 Let (p5,,95,). be the sequence of solutions to (6.141)-(6.142), (6.144)-(6.145)
and let the functions p,v,s,v be defined by (6.128)-(6.131). Then it holds as € — 0, up to

a subsequence,

pe, — p weakly in L*(Q; H'(Y;,)), (6.148)
Ve, — 9 weakly in L*(Q; H(Y;,)), (6.149)
s — s weakly in L*(Q; L*(Y,,)), (6.150)
ve, — v weakly in L*(Q; L*(Yy,)). (6.151)

Hence the limit behavior of the dilated functions is known by Corollary 3. Still, the
established weak convergence does not suffice to pass to the limit in the equations for the
dilated functions (6.141)-(6.142) neither to identify the limits ¥ and v.

In order to resolve this holdback, we modify the idea of [14,54] (see also [39]) which

is based on the observation that for any ¢ the dilated functions are constant in x on a
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fixed block of an e-reservoir. Namely, for a fixed xy € Q2 and for € > 0 we write C*(z) for
an e-cell containing xy and we set C5, (x¢) = C%(x¢) N Q5,. The construction of e-reservoir
assures that C%(xg) is well defined a.e. in Q. We denote by k(rg,e) € Z¢ such that
Ce(xo) = e(Y + k(zo,€)). Now for fixed zo € Q and € > 0, we consider the restrictions of
the dilated functions to the e-cell C%(x(). More precisely, we define for y € Y,,,, t €]0,T7:
(Y t) = fo(x,y,t), for x € C*(x0), (6.152)

m,To

where f stands for p, ¥, s and v. Since the dilated functions are constant in x in C*(xy), as

noted before, the definition (6.152) does not depend on the choice of z. Moreover, we have

e
m,To

that they possess more compactness than the dilated functions introduced by (6.140), as

(y,t) = f5,(xo,y,t) for all e > 0. The key feature of the newly introduced functions is

will be established in what follows.
First, from the definition of the functions py, . .95, ., it is clear that they solve the

problem (6.141)-(6.142), (6.144)-(6.145) in the space L*(0,T; H '(Y;,)).

Remark 23 For a fived xo € 2, the boundary and initial conditions (6.144)-(6.145) applied
to the system satisfied by pj, .., V5, ., become (see Remark 22)

m,xo

Porao (U t) = DEPE(wo,y, 1), 95, (y,t) = D03 (w0, ., t)
in H'*(T,,) for t €)0,T],
Do (¥,0) = Dpo(0,y), U5, 0,(y,0) = D0p(w0,y) in Yy, (6.154)

(6.153)

with D* in (6.154) denoting the dilation operator acting on the functions defined in Q).

Consequently, one can obtain the following uniform estimates.

Lemma 22 For xy € Q and € > 0 there is a constant C(xq) which does not depend on €
such that

D5 00 | 220,73 (Vi) + 950,20 | 2200, 75113 (7)) < C(0), (6.155)
||at(¢sfn,a:0)||L2(0,T;H;1(Ym)) + ||at(¢vfn,xo)||L2(0,T;H;1(ym)) < C(x). (6.156)

In addition, 0 < s, <1 a.e. in Y, x]0,T].

Proof. We are dealing with the matrix problem (6.141)-(6.142), (6.144)-(6.145) with the
non-homogenous Dirichlet boundary data and hence we use the same technique as in
Proposition 2. This yields an estimate analogous to (4.65), involving for a.e. = € € the

corresponding norms of the dilatations of the extended fracture solutions, in variables y
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and t. First we note that (A.7) and the a priori estimate (6.51), by applying Lemma 1,

guarantee the following bounds for a.e. x € €2, uniform in e:

HDaFw(ﬂ?, ) ')HLQ(me]O,T[) + HDEFg(iU? ) ')HLZ’(me]O,T[) < C(IB);
() L2 omH (ve)) < C(2).
| D°Pf(z, -, < C(z)

At this point we need to pose the additional uniform regularity conditions on the fracture
solutions as follows: we assume that there exists a constant C' which does not depend on
¢ such that

1PL(S5) 120, ey < C, (6.157)
10: P 12(q) + [10:(Pe(S) 22 () < C, (6.158)
HP;”L""(O,T;L?(Q)) + HPC(S;)HLOO(O,T;LQ(Q)) < C. (6.159)

The assumptions (6.157)-(6.159) yield the following uniform estimates for a.e. x:

1D By (-, Maorin vy + 1D B, )iz, )
18:D° Py, M (vtorp + 10D Py (-, )l oy < Cla),
HDEPgEf( 7 ,‘)HL‘X’ (0.T:L' (Ym)) T HDEP;f( s )HLOO(OTL1 (Yom)) S C(LE)

X

C(
Cla

/\

As argued in Remarks 5 and 8, by taking into account the inequality of the type (4.65),
the last estimates enable us to establish the uniform bounds (6.155) and (6.156). O

The a priori estimates (6.155) and (6.156) yield the corresponding weak convergence
results. Besides, the following compactness result is established by virtue of Lemma 14,
that is, by [6, Lemma 4.2].

Lemma 23 Under the assumptions (A.1-d) - (A.2-d), (A.3) - (A.7) and (A.8-d), for a.e.
xo € Q the sets {Smuy 2 € > 0} and {vpq, : € > 0} are compact in L*(Y,,x]0,T]).

Proof. We follow the lines of the proof of Lemma 13. Namely, by arguing as in the proof
of Lemma 12, one first gets the Holder continuity of s, ;, and v, 5, in terms of p,, 5, and
Ummo- Then the uniform a priori estimate (6.155) is taken into account to validate the
condition 2. of Lemma 14. Finally, the estimate (6.156) shows directly the third condition
in Lemma 14 so this Lemma can be applied to the sequences s,, 5, and vy, ,,, which gives

the desired conclusion. O
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Finally, in next Lemma we compile the convergence results for the functions

Donzo> Vg Sz @0d vy, o which follow from Lemmata 22 and 23.

Lemma 24 Let xq € Q. The following convergence results hold true as € — 0, up to a

subsequence (which depends on xy):

Pinwy — Do weakly in L*(0,T; H ) (Y,)), (6.160)
05 2y = Uy weakly in L2(0,T; H) (Y,,)) and strongly in L*(Y;,x]0,T7), (6.161)
S 2o = Sao Strongly in L*(Y,,x]0,T]), (6.162)
U ay — Vao Strongly in L*(Y,,,x]0,T), (6.163)
(055, 4y) — Op(Ps4,) weakly in L*(0,T; H(Ys)), (6.164)
N(Pvs, o)) — Ou(Pva,) weakly in L*(0,T; H (V). (6.165)

where Vyy = (Sz,) and vy = pg(Swg Pao ) S -

Let us note that the identification of v,, in Lemma 24 is achieved by employing the con-
vergences (6.160) and (6.162) and the boundedness and continuity of the coefficients, and
by applying Lemma 5.

The convergence results of Lemma 24 allow for a fixed xg € €2 the passage to the
limit as € — 0 in the equations (6.141)-(6.142). As in Chapter 4, the terms which contain
the nonlinear functions of s,, 5., Pme, are treated by applying Lemma 7. One passes to
the limit in the source term by employing the result (3.5). The passage to the limit in the
boundary conditions (6.153) is performed by using the following result.

Lemma 25 Up to a subsequence, for a.e. x € ) it holds

D65 (,y, 1) = 6(x,t) in L*(0,T; H'(Y,0)), (6.166)
DP;(x,y.t) — Pz, t) in L*(0,T; H(Y,,)), (6.167)

where the functions P and 0 are defined by (6.124) and (6.125).

Proof. Let us write

DG (w,y,t) — O(,t) = (D05 (2, 1) — DO(x,y,1)) + (DO(w, y,t) — O(x, 1)), (6.168)
D*Pj(z,y,t) — P(x,t) = (D°Pj(x,y,t) — D°P(x,y,t)) + (D°P(x,y,t) — P(x,1)).
(6.169)
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By using Lemma 1 it holds
||D€9;<I’7y,t) — Dee(‘r7y7t)HL2(QXYmX}O,TD = He;(a}',t) - 9(x7t>||L2(Qi’1T)’

so due to the convergence result (6.54), the first summand in (6.168) converges strongly to
0 in L?(2 x Y;,%]0,T). The second term in (6.168) tends to zero in L*(Q x Y,,x]0, T[) by

(3.5). Further, we have from Lemma 1
||VyD€0§c(x, Yy, t) ||L2(Q><Ym><}0,T[) = €||VIQ§-($, t) ||L2(QfﬁT) S €||Vx0;($; t) ||L2(Q)

and hence, due to the uniform a priori estimates, it follows that VyDegjc(a:,y,t) —
0 = V,0(z,t) in L*( x Y,,x]0,T[). Together, we have obtained D*03(z,y,t) —
0(x,t) in L*(Q; H'(Y;n)). Then we conclude that, along a subsequence, D*0%(z,y,t) —
O(x,t) for a.e. z € Q, strongly in L?(0,T; H'(Y,,)). Hence (6.166) is established.

Now we consider the global pressure term. Assuming that the limit S of the fracture
saturations (which is defined by (6.93) and (6.92)) is strictly positive almost everywhere
in (), we can obtain the a.e. in () convergence of ﬁ]f to P by using the convergence results
(6.94), (6.98) and (6.124) (as in the proof of Lemma 5). Therefore the same arguments
can be applied to 15; as we have done with 5; In this way we prove (6.167) and finish the

proof of Lemma 25.
O

After passing to the limit as ¢ — 0 in the matrix problem (6.141)-(6.142),
(6.153)-(6.154) for fixed zq € €, the following system is obtained which is satisfied in
L*(0,T; H(Y,,))

_pw¢(y)at5$0 - diVy (k(y> [Aw<sx07pxo)vypxo - A(‘Szovpxo)vyﬁwo - Aw(sxo)PigD = Fw?
(6.170)

(y)Opvzy — div, (k(y) [Ag(sxovpxo)vypxo + A(Swoapxo)vyﬁxo - )‘g(sxo)pg(sxmpxo)QgD = Fy,
(6.171)

which is complemented by the boundary and initial conditions

Pao (Y1) = P(w0,1), Vo (y,t) = O(wo,t) in HY*(Ty,,) for t €]0,T],
Pao(y,0) = po(20), Ve (y,0) = bp(z0) in Yy,

Moreover, one has the identification ¥,, = B(s4,) and vy, = pg(Sug, Pao ) Sz, (Lemma 24).
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The only point remaining is to relate the functions p,,, ¥4, S, Vz, to the correspond-
ing weak limits p, ¥, s,v given by (6.148)-(6.151). To that aim, at this point we set the
assumption that the problem (4.5)-(4.6) with the boundary and initial conditions (4.7)-
(4.10) has a unique weak solution. In this case the convergence results (6.160)-(6.163)
hold for the whole corresponding sequences, as ¢ — 0. By taking into account the def-
inition (6.152) and by considering the test functions ¢(z,y,t) € L*(Q x Y,,x]0,T]) in a
separated form p(x,y,t) = ¢1(z,t)p2(y) with ¢ € L*(Q), ps € L*(Y,,), we can conclude
that this weak convergence is in fact in L?(Q x Y,,x]0,T[). Due to the convergence results
(6.148)-(6.151), we can identify the weak limits. Thereby from the system (6.170)-(6.171)
we conclude that the following equations are satisfied for a.e. z € Q in L?(0,T; H 1(Y,,)):

—puwd(y)drs — divy (k(y) [Aw(s,p)Vyp — A(s, p)Vy0 — Au(s)ph8]) = Fu,  (6.172)

¢(y)0rv — divy (k(y) [Ag(s,p)Vyp + A(s, p) V0 — Ng(5)py(s,p)°g]) = F, (6.173)

with the boundary and initial conditions (6.23)-(6.24), where the functions p, ¥, s and v
are defined by (6.148)-(6.151); moreover, ¥ = 3(s) and v = p,(s,p)s a.e. in Q x Y, x]0,T7[
(see Lemma 24). Therefore Theorem 10 is proved.

]
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Chapter 7
Conclusion and perspectives

The purpose of this dissertation is to investigate three standard problems for the new
formulation of the immiscible compressible two-phase flow, fully equivalent to the original
one, which is derived by using the notion of the global pressure in [8,11]. First, we extend
the existence results for two compressible fluids of [12] to the case of water-gas flow. In
this work we permit the realistic case of an unbounded capillary pressure function and its
derivatives at both ends S = 0,1. Compared to the corresponding assumptions on the
data made in [12], in our case the restrictions on the capillary pressure are less strong.
More precisely, they are set only at S = 0, which is a consequence of incompressibility
of the wetting phase. Our requirements on the sign of the boundary and source data,
F, > 0 and G, < 0, are needed only if the capillary pressure curve is unbounded at
S =8, = 1. In such case the said restrictions correspond to not allowing extraction of the
wetting phase from the domain, which is expected since otherwise we can not control the
decay of the wetting phase pressure to —oo. While we follow the strategy used in [12], the
incompressibility of one phase causes additional difficulties in obtaining a priori estimates
and passage to the limit, and makes the proof essentially more involved. Namely, in contrast
to the case of strictly increasing mass densities, the characteristic change of variables
(S, P) = (puw(S,P)(1 = 5),pys(S, P)S) is not a diffeomorfism in our situation. By taking
advantage of the global pressure we are able to derive the uniform a priori estimates
for the global pressure, which is not the case with the phase pressures in a usual phase
form of the flow equations due to the vanishing of the phase relative permeabilities in the
zones without one of the fluids. However, due to that vanishing property of the relative
permeabilities one could still not obtain the uniform L? bounds for the gradient of the
saturation, which motivates the induction of the saturation potential § = (5), as in [12].
Despite both transformations, the degeneracy of the equations is still present through the

diffusion term A(S, P) which is equal to zero for the saturation values S = 0 and S = 1.
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The integrability problems caused by the singularity of the capillary pressure as well as the
diffusion degeneracy are overcame by an appropriate regularization, as in [12]. Another
difficulty is vanishing of the pressure time derivative term, which is treated with the aid of
an adjusted compactness result of [12]. Let us note that the assumption (A.8) in Chapter 4
on the boundary data is the sufficient condition to obtain the uniform a priori estimates,
which arises from the particular choice of the test functions (suggested by [68]).

Furthermore, in this work the homogenization result for the single rock-type het-
erogenous porous medium has been established for the case of two compressible phases,
but the extension of all the results to an incompressible wetting and a compressible non-
wetting phases is possible quite straightforward. This can be seen by bringing together the
a priori estimates established as in Subsection 5.4, and the almost everywhere convergence
for the saturation and the global pressure which may be established by the arguments of
Chapter 4. Moreover, one can use the existence result of Chapter 4 to consider in this
manner the homogenization of a water-gas flow subject to the non-homogenous conditions
on the boundary.

In the double porosity model for the flow of gas and water presented in this thesis
with the matrix permeability being scaled by €2, the gravitational term is additionally

! since otherwise the macroscopic model would contain no gravitational

compensated by e~
terms in the matrix equations, which can be observed from the limiting process as well as
from the formal asymptotic expansion which is not included in this work. The derivation
of the compactness result for the extensions of the fracture solutions S5 and p, (S5, P5)S%
to the whole domain is complicated by the fact that one has no uniform estimates for their
time derivatives in a fractured medium. The suitable test functions are hence employed to
establish the uniform bounds for the time translations which enables the use of standard
compactness results of [5] and [95]. The essential part of the fluid flow in a fractured
reservoir is the microscopic flow from matrix to the fissures which is captured at the global
level by the source-like terms that contain the local scale. Their identification is the most
involved part of the homogenization process and it relies on the dilation operator of [26].
The results of the research presented in this work can be continued in several direc-
tions. It would be interesting to extend the existence results presented in this thesis to the
porous media with several rock types. In such setting the capillary pressure and relative
permeability functions are different in each type of porous media and the continuity of
the physical quantities at the separating interfaces between different media gives rise to
the nonlinear transmission conditions. Our future study will include also the extension of
the homogenization results obtained in this thesis to the case of multiple rock type porous

media, where the upscaling process becomes more involved. A suggestion for further work
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concerns also the extension of the results obtained for the double porosity model studied
in Chapter 6 under weak assumptions and the derivation of a double porosity model for
the fractured reservoir in the case of the two strictly compressible phases. To our knowl-
edge, there have been no results for this problem yet. The proof of the compactness for
the microscopic solutions may be more demanding in this situation. Another direction
of suggested future research is the study of the existence and the homogenization for the
partially miscible compressible two-phase flow, such as hydrogen dissolving in water in a

nuclear waste management context.
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