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Abstract

In this paper we prove Harnack inequality for nonnegative functions which are har-
monic with respect to random walks in R?. We give several examples when the scale
invariant Harnack inequality does not hold. For any a € (0,2) we also prove the
Harnack inequality for nonnegative harmonic functions with respect to a symmetric
Lévy process in R? with a Lévy density given by c[w\_d_o‘lﬂﬂgl} +j(|2])1{jz|>1}, Where
0 < j(r) < er~@ 2 Vr > 1, for some constant c¢. Finally, we establish the Harnack
inequality for nonnegative harmonic functions with respect to a subordinate Brownian
motion with subordinator with Laplace exponent ¢(\) = A%/2¢()\), A > 0, where £ is a
slowly varying function at infinity and « € (0, 2).
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Keywords and phrases: Harnack inequality, random walk, Green function, Poisson
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1 Introduction

Lévy processes became very important class of processes in theory as well as in appli-
cations. Recently they have been studied very intensively. There are many important
results concerning these processes and among them is also the Harnack inequality for
nonnegative harmonic functions (see [I1,[3],[6],[7,[8] and [22]). Harnack inequality is
very important in the study of harmonic functions, in particular for proving regularity
of solutions of some boundary value problems.
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Let X = (X;,P,) be a Lévy process on R?. A nonnegative function h: R? — [0, 00)
is harmonic in an open subset D C R? with respect to X if for any open subset B of D
such that B C B C D,

h(gj) = Ex[h(XTB)l{TB<oo}]7 for all z € B,

where 75 = inf{t > 0: X; ¢ B} is the first exit time from B of the process X. Let
Bl(a,r) := {z € R?: |z — a| < r} be an open ball with radius » > 0 and center a € R
We say that the Harnack inequality holds for X if there is rg > 0 with the property that
for all r < ry there exists a constant C' > 0, which depends only on 7, such that for any
a € R? and any nonnegative function A which is harmonic in B(a,r) with respect to X,

h(z) < Ch(y), forall z,y € B(a,r/2). (1.1)

Then, by the standard chain argument, one can easily show that for any open subset
D c R% and any compact subset K C D there exists a constant C' > 0, depending only
on D and K, such that

sup h(z) < C inf h(y),

reK yeK
for any nonnegative function h which is harmonic in D with respect to X.

Generally, the constant C' in ([ITT]) depends on r > 0. One would like to investigate
when C does not depend on r > 0 if we take r small enough. To be more precise, we say
that the scale invariant Harnack inequality holds if there exist ro > 0 and a constant
C = C(rg) > 0 such that for any r < ro, any a € R? and any nonnegative function h on
R¢ which is harmonic in B(a,r) with respect to X,

h(z) < Ch(y), for all x,y € B(a,r/2).

When C' depends on r one says that the weak Harnack inequality holds.

In [22] Harnack inequality was proved for some classes of Lévy processes on R?,
but compound Poisson case was not considered. Harmonic functions of a compound
Poison process are the same as of the corresponding random walk. Harnack inequality
for random walks on R¢ with steps that are continuous random variables has not yet
been considered. It was proved for some random walks on Z¢ (see [2], [20]) and on more
general graphs (see [T13], [15]).

In Section 2 we investigate Harnack inequality for a random walk X = (X,,: n > 0)
with steps that are continuous random variables with density function given by p(x) =
j(Jz|), for a decreasing function j: (0,00) — [0,00). We prove that the weak Harnack
inequality always holds, but that the scale invariant one may fail.

For example, when d = 1, it turns out that the scale invariant Harnack inequality
holds for a random walk with the steps that are exponentially distributed. On the other
side, when the steps of a random walk are normally distributed, only the weak Harnack
inequality holds. More generally, if

jr)y=Ae™ , r >0, (1.2)

where v > 0 and A > 0 is a normalizing constant, we prove that the scale invariant
Harnack inequality holds for v < 1, while for v > 1 only the weak Harnack inequality



holds. In the latter case we give a counterexample which shows that the constant in
Harnack inequality depends on 7 > 0.
Suppose that for some constant L > 0 the following is true:

jr) < Lj2r), for0<r <1, (1.3)

jiry < Lj(r+1), forr> % (1.4)

In this case, we prove that the scale invariant Harnack inequality holds. One can check
that for j as in ((L2) the condition (LA is satisfied for v < 1, but it is not satisfied for
~ > 1. In particular, the condition (L)) is satisfied for random walks with exponentially
distributed steps, and it is not satisfied for random walks with normally distributed
steps. We give example of j not satisfying condition (L3) such that the scale invariant
Harnack inequality does not hold. Therefore, if j does not satisfy (L3l) or (), the
scale invariant Harnack inequality need not hold.
In Section 3 we consider a Lévy process on R? with the Lévy density given by

clz|™ " Lpi<ay + 3(12)) Lijeis1ys (1.5)

where ¢ > 0 is a constant, o € (0,2) and j: (1,00) — [0,00) is a nonnegative decreasing
function such that
§(r) < er~% forall r > 1. (1.6)

The Lévy density (L)) for small |x| coincides with the Lévy density of the rotationally
invariant a-stable process. When j = 0 we get a truncated a-stable process, which was
considered in [I8]. In that paper the (scale invariant) Harnack inequality was proved.
We can use similar techique to compare Green functions for small balls for the process
with Lévy density (LH) and the rotationally invariant a-stable process (cf. Proposition
BI). Apart from the condition (L6 we suppose only that j is a decreasing function.
This case was not covered in [I],[3], [1 and [22]. In [IT] the authors remark that using
the Meyer’s construction method heat kernel estimates can be obtained, which allow
them to prove the parabolic Harnack inequality. Our technique is much simpler and
does not involve heat kernel estimates.

We would like to point out the difference between the random walk case (i.e. the
case of the finite Lévy measure) and the case of the infinite Lévy measure. In the latter
case we obtain the scale invariant Harnack inequality regardless of the condition ().

In Section 4 we consider Harnack inequality for nonnegative harmonic functions
of subordinate Brownian motion, where the Laplace exponent ¢ of the corresponding
subordinator is given by

B(N) = A*20(\), A > 0. (1.7)
Here a € (0,2) and ¢ is a continuous and slowly varying function at infinity, that is,
im ) =1, forall A > 0.
25 1)

The Lévy density of the subordinate Brownian motion will be of the form j(|x|), for
some decreasing function j. We prove the Harnack inequality under some conditions on



¢. In [23] Harnack inequality was proved in the case of ¢ = b, for some constant b > 0,
but with an additional condition on behavior of j(r) for large r. Harnack inequality for
¢ given in (L) was proved in [I9] under assumption on the behavior of the tail of the
corresponding Lévy measure. In our case we do not need such conditions.

We introduce notation we shall often use in the sequel. If f and g are functions, we
write f ~ g if the quotient f/g converges to 1. For D C R? we define the diameter of
D by diam D = sup{|z — y|: x,y € D}. If A, B C R%, the set A — B is defined by

A—B={a—b:ac A be B}.

The volume of the unit ball in R is denoted by v4 and the area of the unit sphere in
R? is denoted by ¢4. The Gamma function is defined by

o0
I(z):= / t*Lte~tdt, for z > 0.
0

In every section we denote constants that we use troughout the section by Cq,Co, ...
and Rg, R1,.... Sometimes we use constants ¢y, co, ... in the proofs and each of these
lower case constants is relevant only for the proof containing it. For a,b € R we define
a A'b:=min{a,b} and a V b := max{a, b}.

2 Random Walks

Let X = (X,,P,) be a Markov chain on RY with transition kernel P(z,dy). Assume
that P(z,dy) is absolutely continuous with respect to the Lebesgue measure, that is,

P(x,dy) = p(y — z) dy,

where p is a nonnegative function on R¢ such that fRd p(xz)dz = 1. For an open set
A C R? the first exit time of X from A is defined by

T4 =inf{n > 0: X,, € A}.

Proposition 2.1 There exists Ry > 0 such that for any open subset D C R? with
diam D < Ry:

(i) Py(tp < @) = 1;

(ii) for every z € D and every Borel subset F' C D¢

P.(X,;, € F)= /F Kp(z,z)dz, (2.1)
where -
Kp(x,z) =p(z —z) + Z P, (z, z) (2.2)
n=1
and

D, (z,2) :/ / / p(xi—z)...p(xn—2n_1)p(z—2y) dxy dEy_1 ... dxy, n > 1.
D DJD



Proof. Take Ry > 0 such that Py(X; € B(0,2Ry)) < 1. Let D € R be an open subset
with diam D < Ry. Since D — D C B(0,2Ry), it follows that 6§ :=Po(X; € D — D) <1
and thus

P.(tp >n)=P,(Xy€D,...,X, € D)
/ / (r1 —x)p(xg —x1) ... p(Tp — Tp—1) dxyy . .. dxy < O,
for any n € N and any x € D. Therefore,
P,(tp < 00) =1, forall z € D.

Let FF C D€ be a Borel subset and x € D. Then we have

o0
Po(Xrp €F) =) Po(Xp, €F,7p=n+1)

n=0

o0
=P, (X1 €F)+ > Pu(X1€D,...,X, €D, Xp11 €F)

:/Fp(z—;p)dz—ki::l/F/D---/Dp(:nl—x)---p(xn—:En_l)p(z—xn)d:nn...dajldz.

U
The function Kp(-,-) in Proposition Tl is called the Poisson kernel for D with
respect to X.

Remark 2.2 Let D C R be an open subset such that diam D < Ry and let h: D¢ —
[0,00) be a Borel function. Using Proposition X1l we see that the following is true:

E;[h(X:,)] = Kp(x,z)h(z)dz, forall x € D.
Dec

Definition 2.3 Let D C R? be an open subset. A nonnegative Borel function h: R¢ —
[0,00) is harmonic in D with respect to X if for any bounded open subset B C B C D,

h(z) = B [h(Xop)lrp<o0y), forall x € B.
A Borel function h: R? — R is regular harmonic in D with respect to X if
h(z) = Eo[M( Xrp )17, <o0}], forall z € D. (2.3)

Remark 2.4 (i) Using the strong Markov property we can check that a regular har-
monic function in D is harmonic in D.

(ii) When diam D < Ry, it follows from Proposition 11 (i) that we do not need terms
Lirp<ooy and 1y <ooy in Definition B3

Using Remark we can easily check that the following proposition holds.



Proposition 2.5 Let D C R be an open set with diam D < Ry. If h is a nonnegative
function on R? which is regular harmonic in D with respect to X, then

h(z) = Kp(z,z)h(z)dz, forall z € D.
Dec

In this section we suppose that p is of the form
p(z) = j(|z)), x € R, x #0,
where j: (0,00) — [0,00) is a decreasing function.

Remark 2.6 In the rest of this section, the same proofs will work for a function
j: (0,00) — [0,00) such that

Jj(t) < Mj(s), forall 0 <s<t,

for some constant M > 0.

The following lemma will be useful in many places.

Lemma 2.7 Let g: (0,00) — [0,00) be a decreasing function. For any a € R? and
r > 0 the following inequality holds

g(lz—z|) < 32d1/d_17‘_d/ 9(|z—ul)du, for all x € B(a,3r/4), z € B(a,2r)°. (2.4)
B(a,r)

Proof. Let = € B(a,3r/4). For every z € B(a,2r)¢ there exists z, € B(a,r) such that
B(z,,7/32) C{u € B(a,r): |z —u|] < |z —z|}.

Since g is decreasing, it follows that

/ ol — ul)du > / o1z — ul)du
B(a,r) B(x.,r/32)

> |B(.,7/32)| 9|z — 2[) = va (r/32)? g(|2 — z]).
(]

Proposition 2.8 There exist Ry € (0, Ryg] and a constant C1 = Cj(d) > 0 such that
for any a € R% and any r < Ry,

Kp(ar)(,2) <j(lz —2]) + C4 r~4, for all z € B(a,r/2), z € B(a,3r)\ B(a,r). (2.5)

Proof. Let a € R%. Take Ry € (0, Ry] such that

/ J(lul)du < 1/2
B(0,ARy)



and j(4R;) > 0. Let r < Ry, w € B(a,r/2), z € B(a,3r) \ B(a,r) and n > 1. By the
triangle inequality we have

@n(w,z):/ (21 —w)).. (12 — zn]) day ... oy
B(a,r)X...xB(a,r)

<

Jller —wl) ... j(|z — zp|) dzy - . . dzyy

(a,r)%...x B(a,r)N{|a1 —w|> 222}

L=

+ / Jler —wl) ... j(|z — zp|) dzy - . . dzyy
k=g ¥ Bla,r)x...xB(a,r)N{|zr—zp— 1\2‘24:‘}
+ J(z1 —w]) ... j(|z — xp|) dxy . .. dzy,
B(a,r)><...XB(a,r)ﬂ{\z—mn|>‘Z w‘}

— n+1

<(n+1)j <|2rf|> (/B(O’M)j(]u\)du>n < (n+1)27" <m> :

Therefore,

forn > 1, w € B(a,r), z € B(a,3r) \ B(a,r).
(2.6)

Cp(w,2) < (n+1)27") <m>

On the other hand, using monotonicity of j, we have

12/ j(\u!)du:ad/ j(s)s™ 1ds—0d2/2(n+1) i(s)s L ds
B(0,r/4)

2(n+2)

> 9= —d d (2(TL+1> 2 d d 12 T 2n
gd Z 7’L—|—2d+1_ Z?’L+ ‘7 2(7’L+1) (7’L—|—2)d+2

n=1
> c1042 %14 D2 (L

where ¢; = ¢1(d) > 0 is a constant such that # > ¢ for all n > 1. Hence, by the

last display and (E8) we get

Z(I)n(w,z) <eplotodrmd (2.7)

n=1

Using Proposition ZIland (Z7) it follows that for x € B(a,r/2), z € B(a,3r)\B(a,r/2),
Kp,(2,2) < j(|z — z|) + ¢, to 1244,
Therefore, we may take C7 = 01_10;12‘1. O

Proposition 2.9 There exists a constant Cy = Cy(d) > 0 such that for any a € R? and
any r < Ry,

Kp(an(@,2) < (|2 — z]) + Cor~ / s (2.8)



for all x € B(a,r/2), z € B(a,3r)¢ and

K (#.2) > i1z — z) + §(3r/2) /B Ll (2.9)
for all z € B(a,r/2), z € B(a,r)".

Proof. It follows from the choice of Ry in the proof of the Proposition that
/ i(lul) du < 1/2. (2.10)
B(0,2R1)

Let a € RY r < Ry, 2 € B(a,7/2) and z € B(a,3r)¢. Using Lemma BT and (EI0) we
have

D, (x,2) :/ / / J(lzr —z|) ... j(|lzn — zn-1]) 7(|z2 — xn|) dzyp dzp—1 . . . day
B(a,r)J B(a,r) J B(a,r)

< 32471 (3r/2) (/ i(lw)) dw) / (12 = u)) du
B(0,2r) B(a,3r/2)

< (64/3) v trm 92 / J(|lz — ul) du.
B(a,3r/2)

It follows from Proposition Bl and the last display that

K (:2) < 31z — a]) + (64/3) vy 'r~ / 317 — ul) du.
B(a,3r/2)

Hence, we may take Cy = (64/3)?v, . It follows from Proposition 2l that for = €
B(a,r/2) and z € B(a,r)",

Kb@ﬂ@%)Zﬂb—wD+@N%Zﬁ2ﬂV—wD+ﬂ&7%/)ﬂb—wwdm~

r

O
Now we can prove the weak Harnack inequality.

Proposition 2.10 There exists a constant Cy = C3(d) > 0 such that for any a € R?
and any r < Ry,

Jj(r/2) + Cyr—?
M) < 2T )

for any nonnegative function h on R? which is harmonic in B(a,2r) with respect to X.

h(y), for all z,y € B(a,r/2),

Proof. Let a € R?, » < Ry, x,y € B(a,r/2), z1 € B(a,3r) \ B(a,r) and 2z, € B(a,3r)°.
Using Proposition and monotonicity of j it follows that

§(r/2) 4+ Cyr—
j(7r/2)

KB(a,r) (y, Zl)'

Kp(arm (@, 21) < jlr/2) +Cir 4 < 3z —y))
j(r/2) + Cyr—d

3(7r/2)




On the other hand, it follows from Proposition and Lemma 27 that

KB(a,T’)($7 Z2) < (32dyd_1 + 02)T_d/ j(|Z2 - ’LL|) du
B(a,3r/2)

(329" 4 Cy)r™?
J(9r/4)

Set C3=C1V (32d1/d_1 + C3). Using monotonicity of j and the last two displays we get

Kp(a,3r/2)(y, 22)-

j(r/2) + Cyr*

K <
B(a,r) (337 Z) = j 77"/2)

Kpan(y,2), forall z€ B(a,3r)\ B(a,r), (2.11)

‘ d
Kp(a(z,2) < Kp(a3r/2)(y,2), forall z € B(a,3r)". (2.12)

Let h: R? — R be a nonnegative function which is harmonic in B(a,2r) with respect to
X. Since h is regular harmonic in B(a,r) and in B(a,3r/2), it follows from Proposition

23 (ZT1) and ZIZ) that
W) = / Ko (@, 2)h(z) dz
B(a,r)e

= / KB(a,r)(xaz)h(Z) dz + / KB(a,r)($7z)h(z) dz
B(a,3r)\B(a,r) B(a,3r)°

j(r/2) + Car=? / /
S = Ko (v, 2)h(z) dz + Kpasr2) (Y, 2)h(z) dz
3(7r/2) Blag\Bar) ) 2)A(z) By o /2 2)(z)

i(r/2) + Cyr—¢
éJ(?"/ ) + Csr (/B( | KB(W)(y,z)h(z)dz—l—/

](77’/2) B(a,3r/2)°c
_ §(r/2) + Czr—d
J(Tr/2)

Kp(a,3r/2)(y, 2)1(2) dz)

h(y).
O

Remark 2.11 If j is bounded by K, one can moreover prove an estimate for the Poisson
kernel. More precisely, there exists Ry € (0, Rg| and a constant Cy = Cy(d, K, Rg) > 0
such that for any a € R? and any r < Ry

i(=ah+cit [

; )j<|z—u|>du§KBW><sv,z>§j<|z—x|>+c4/ 317 —ul) du,

B(a,r)

(2.13)

for all z € B(a,r/2), z € B(a,r)°. Using estimate ([ZI3) it follows that there exists a
constant Cs = Cs(d, K, Ry) > 0 such that for any a € R? and any r < Ry,

KB(a,r) (337 Z) < Cs rd KB(a,r) (ya Z), for all z,y € B(a’ T/2), z € B(a’ r)c7 (214)
which, by Proposition BXH, implies that

h(z) < Csr~%h(y), forall z,y € B(a,r/2), (2.15)

9



for any nonnegative function h which is harmonic in B(a, 2r) with respect to X. In this
case one can also get (ZIH) from Proposition This remark shows that, in the case
of bounded j, it is possible to get the inequality (ZI4) between the Poisson kernels,
which is not possible in the general case.

So far we have showed that the weak Harnack inequality holds. Next we would like
to see when the scale invariant Harnack inequality holds.

Theorem 2.12 Suppose that ([3) and (L) hold. There exist R3 € (0, R1] and a
constant Cg = Cg(d, L) > 0 such that for any a € R? and r < R,

KB(a,r) ($7 Z) < Cs KB(a,r) (ya Z), for all z,y € B(a,r/?), S B(avr)c'

In particular, the scale invariant Harnack inequality holds, that is, for any a € R?, any
r < Rs and any nonnegative function h which is harmonic in B(a, 2r),

h(z) < Cg h(y), for all z,y € B(a,r/2).

Remark 2.13 The condition ([[3J) is automatically satisfied for bounded j such that
j(2) > 0. Indeed, if K > 0 is a constant such that j(s) < K, for all s > 0, then

K
i(s) < K < —75(2s), forall s <1.
) < K < siies)

Proof. Let a € R?. Take R3s < R A % such that

2L/ (o)) dv < 1/2. (2.16)
B(0,4R3)

Let r < Rz and x,y € B(a,r/2). If z € B(x,1/2) N B(a,r)¢, then
lz—y| <|z—z|+7r <3|z — x|
Hence, by monotonicity of j and (L3)) we have
i1z = ) = 331z — al) = L2z — a). (2.17)
On the other hand, if z € B(z,1/2)°, it follows from (LA that
iz =y > 5(le =2l +1) > L7(|z — =), (2.18)

since
lz —y| <|z—z|+ 1.

Therefore, it follows from (ZI17) and IR) that
j(lz — =) < L*j(]z —yl), for all z,y € B(a,r/2), z € B(a,r)", (2.19)

since L > 1.

10



Let z € B(a,3r) \ B(a,r) and u € B(a,r). By the triangle inequality it follows that

/ il —ul) (12 — o] dv <
B(a,r)

</ =iz —ehdo+ [ il — iz~ vl)dv
B(a,r)n{|v—u[>“5—} B(a,r)n{|z—v|> 5=}
. Z—U . . . Z—U
<[ i (E5) it - oo+ [ o= ai (55
Bla,r)n{|v—u[>5~} B(a,r)n{lz—v|> "5}

<Lj(z — ul) (/ (e -l dv +/ i —u|>dv>
Blann{lv—ul> 152} Bar)n{lz—vl> 54

<2L ()= —u]) / J((o]) dv,

B(0,4r)

where we have used monotonicity of j in the third and ([3)) in the fourth line. From
the last display and (ZI6]) we have

/ (o —ul)j(|z — v]) dv < M for all u € B(a,r), z € B(a,3r) \ Bla,r)
B,
and hence by iteration
(z,z) / / / (ler = 2]) ... j(Jxn — zp—1])j(|z — 2p]) day dap—1 . . . d2yq
<27"j(|z —z|), forallmn>1, x € B(a,r/2), z € B(a,3r) \ B(a,r).

It follows from Proposition 1] that

w

j(lz—z|) < KB(G,T)(x,z) < =j(|z — z|), Yz € B(a,r/2), z € B(a,3r) \ B(a,r)

\)

and thus by (C3]) we have

KB(a,r)($7z) < § j(T/2)

KB(a,r)(yaz) B 2](7T/2)

Let x,y € B(a,r/2) and z € B(a,3r)¢. Proposition and (ZT9) imply

3
< Z
-2

L3, for all z,y € B(a,r/2), z € B(a,3r) \ B(a,r).

Kpan (x,2) < j(|]z —z)) + Ozr‘d/( 7 U e L2(1+ C2 (3/2) va)j(|2 — yl)
< L*(1+ G2 (3/2) va) K, (1, 2).
Finally, we can take Cg = 3L3 v L2(1 + C5 (3/2)? vy). O
Now we consider a few examples which show that the scale invariant Harnack in-

equality does not always hold.

Example 2.14 Suppose that j satisfies the following conditions:

11




(i) There exists K > 0 such that j(s) < K, for all s > 0;
(ii) There exists s9 > 0 such that j(sp) > 0 and j(s) = 0, for all s > s.

We will show that the scale invariant Harnack inequality does not hold in this case.

Take x, = (r/4,0...,0), y = (0,...,0), p, = (so +r/8,0...,0) and define functions
hr(2) = Ex[1B(p, r/8) (X5, )] Where 0 <1 < Ro. Each function h, is regular harmonic
in B(0,r) with respect to X. It follows from Proposition 2§ and (T3] that

hy () _ fB(pmr/g) Kpo,)(r, 2) dz - fB(pmr/g)jﬂZ —x|) dz
h(y) fB(pT-,T’/8) KB(O,r) (y,2)dz — fB(pmr/S) (4(|z]) +C4 fB(O,r) J(|z — ul) du) dz
= % — 00, as 1 — 0.
4 d

A

It is easy to see that non-degenerate j satisfying the assumptions of the Proposition

have support (0,00), that is, j(s) > 0, for all s > 0. Example ZT4l shows that if j

has a bounded support, then the scale invariant Harnack inequality need not hold. In
other words, the full support is necessary but not sufficient.

Remark 2.15 It can be showed by using [ZI3)) that for d = 1 and
J(s) = A(1 = s")1(0,1)(s), >0,

where @ > 0 and A > 0 is the constant such that fooo j(s)ds = 1, the scale invariant
Harnack inequality does not hold. This case was not covered by Example E-T4l

Example 2.16 Let

. i1(s), 0<s<1
](S)Z{jel_(s'v) 6> 1 ; (2:20)

1

where v > 1 and j1: (0,1) — [0,00) is a decreasing function such that j;(1) > e~ and

[ty du=1.
]Rd
Set B, := B(0,r) for r > 0. Let r < Ry and z € Bf,. Define

U(z;r) = Z/ /B /B Gz )i(ze — 1)) - .. j(Jan — 2ne1])e? " TEFm20 qgy L dey day
n=1 r T r

%)
Y 0,0, 2).
n=1

It follows from Proposition Bl that

ezl —lz—al"

KBT (':U7 Z)
KB’I‘ (07 Z)

(|2 — z) _
FUz0) + 2202 @n(0,2) 14+ U(25r)’

> (2.21)
where x € B, /.
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First we need to show that W(-;7): B{ , — R is continuous for » < R;. Recall that

/ J(ul) du < 172,
Bsr

1

Let r < Ry, R > 1+r and € > 0. Then there exists ny € N such that for all z € Br\ B1 4,

() - "”Zcb 0= S ([ i) < Y 2
n=no+1 Bay n=no+1

(2.22)

Let z € B\ B1+. By the dominated convergence theorem there exists 6 > 0 such that
for w € B\ Bi4r, |z —w| <6 and 1 < n < ng we have

e, (0, 2) — el ®,,(0,w)| < ni (2.23)
0

Therefore, by ([222) and ZZ3]) we have
| (z;7) — U(w;r)| < 3¢ for w e Br\ Bitr, |2 —w| <.
Since R > 1+ r was arbitrary, it follows that W(-;r): Bf . — R is continuous.
Let 7 < Ry Al and a = r/(2v/d). Then [0,a]? C B,. The mean value theorem

implies that for u = (u1,...,uq) € B, with uy,...,ug > 0 and z = (s,...,s) € Bf,,
with s > 1+ r, we have

d d
|z|]7 — |z —u|” = Z’y(s — )|z — Yu|V "2 > 4215 Zui, (2.24)
i=1 =1
where ¥ € (0,1). Therefore, for z, = (1+mn,...,1+n), we obtain

d

a a

U(zp;7) 2/ elenl"=lzn—ul” duZ/ / exp{yZl_Vn“/_lZui}dul... du
By 0 0 i=1

a d exp {72_“/d_1/2rn7_1} -1 a
= (/ exp {72771t} dt> = — 00,
0

v 21-vpy-1

as n — 00. On the other hand,

[e.e]

V(L4 7y, 14 r)ir) < 20 Z (P) < (1R

Therefore, by continuity of W(-;r), there exists z, = (sy,...,s.) € Bf,, such that
U(zp;r) = 2¢4""?(14R1)7  We claim that there exists a sequence (rn) such that limr, =0
n

and lim |z, |7"'r, = co. Otherwise, there would exist a constant ¢; > 0 such that
n

|z,|7~1r < ¢; for all r small enough. By the mean value theorem we would have

U(zr;7) < exp {7d27_1!2r!7_17‘}§: </BQTJ'(!U\)CZU>H

n=1

< 26Vd2ﬁ101/ J(ul) du < 21?14 R,
Bar
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for r small enough which is in contradiction with the choice of z.. Hence, for xz, =

(r/4,...,r/4), using (ZZI) and Z24) as before, we obtain

K, (@ 71) o e {742 e, )
KBT'(O7ZT‘7L) - 1+ 2ed“//2(1+R1)—y

— o0 as n — OQ.

Therefore, the scale invariant Harnack inequality does not hold. A

Remark 2.17 Let
j(s) = Ae ", s> 0,

where v > 0 and A > 0 is a constant such that [p4 j(|u[)du = 1. It follows from
Example that the scale invariant Harnack inequality does not hold for v > 1. We
remark that the condition (L) in Theorem is not satisfied. On the other hand,
if v < 1, it is easy to check that the conditions (3 and (LCZ]) in Theorem T2 are
satisfied and therefore the scale invariant Harnack inequality holds.

Example 2.18 Let
J(8) = A€ L1,00)(8) + D anlign g-n-1)(s)), for s >0,

where A > 0 is a constant and (a,) is a sequence defined by
ap = 1

a | nay, n=3F—1, forsome k € N
ntl ap, otherwise.

Set B, = B(0,r) for r > 0. First we show that j(| - |) € LP(R?), for any p > 1:

3—(n—1)
/ §(|2)? dz = Ae +A0d/ j(s)P s ds = Ae! —l—AUdZap/ 41 ds
Rd 0

oo 3k—1

< Ae '+ 3%A0,d7! Z ab 37 = Ae7! 4+ 3940 d " Z Z aﬁ3_"d
n=1 k=1 p=3k—1
< Ae' + 3% Agyd ! Zagk 373 A < o0,

by the ratio test. Therefore, we can choose A > 0 such that [p,j(|u|)du = 1. Let
x € B, and z € Bf. It follows from the Cauchy-Schwarz inequality that for u,v € B,

/ =) o =) < [ / Tj(!w—u\>2dw] " [ / rj(!v—wr>2dw} P

and hence, by Proposition EXIl we get
Kp,(0,2) < j(lz — z|) + As+

+AQZ/ / j(‘xl —x])j(]a:n_l —xn_g\)dacn_l... dx.
n=2%"°r Br
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If r < Ry, it follows

e}

Kp.(x,2) <j(lz —x|) + A2 + AQZ </ ](|u|)du> <.z —=x|) +242 (2.25)
n=1 Bar

Define z,, = (373",0,...,0), yo = (=37%",0,...,0), A, = B((37%"*1,0,...,0),373" 1)

and 7, = 2- 373" for n > 1. Then for w € A,, we have

T _an
|w—xn|§§3 3

11 n
”LU _ yn‘ > _3—3 +1
9
and so
]P)J?n(XTBTn S An) . fAn KBT ($n, Z) dZ
Py, (Xrp, €An)  [4 Kp.(yn,2)dz
. 7 _37L
](_ 3 ) asn asn_q
Z 11 _§n+1 = = (3”—1)—)00
j(j 3 ) + 24, agn_1 + 24, agn_1 + 249
as n — o0o. Thus, the scale invariant Harnack inequality does not hold. A

Remark 2.19 It is easy to see that the conditions ([L3]) and (C4]) are not satisfied in
Examples and 2T respectively. Therefore, if j does not satisfy (L3)) or (L) the
scale invariant Harnack inequality need not hold.

3 Lévy processes
Let Y = (Y;,P,) be a pure jump Lévy process, that is, Y is a Lévy process such that
Ex[eif'(Yt—Yo)] — e—t‘l’(f)7 ¢e R% ¢ >0,

where the characteristic exponent ¥ of Y is given by
W) = [ (1= iyl

Here v is a measure on R? satisfying v({0}) = 0, [pa(1 A |y|*)v(dy) < co. Suppose that
v is of the form v(dy) = JY (y) dy with

TV (y) = A(d, @)y~ Ly <1y + 5([YD) 11y, ¥ € RE y #0, (3.1)

a2a’11"(d+To‘)

where a € (0,2), A(d, o) = SIPT(-9)
2

and j: (1,00) — R is a function satisfying
0<i(s) < Ad,a)s™@ %, foralls>1. (3.2)
We call JY the Lévy density of Y. Using symmetry we can check that

~ A(d.a 1-cos(€-y) cos (£ M)
B(E) = A(d, o) /{|y<1} sy /{|y>1}(1 (& )i (y]) dy.
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Since N
1—cos(§-y) o 1_COS(|_?|J)
— e W= —dre W
i<y 1Yl {yi<ieny vl
we see that there exist constants M7, My > 0 such that
MHEP <W(E) < Mi(|E° +1), for € e RY, [¢] < 1/2 (3.3)

and
My g™ < W(E) < My¢|?, for £ e RY, J¢] > 1/2. (3.4)

It follows from (B4]) and [21, Propositon 28.1] that Y; has smooth density p¥ (¢, z,y).
In the rest of this section we assume that d > 3. Using Chung-Fuchs type criterion [21],
Corollary 37.6] and (B3]) we conclude that Y is transient, so we can define the Green
function of Y by

GY(w,y)z/ pY (tx,y)dt, v,y R x4y,
0

For an open set D C R% we define the first exit time from D of the process Y by
5 =inf{t >0:Y; ¢ D}.
Denote by Y the process obtained by killing process Y upon leaving D, that is,

YD — Y;fa t < Tg
t 0, otherwise,

where 0 is an extra point adjoined to D. Following the beginning of the proof of [I2,
Theorem 2.4] we see that Y,” has density p} (¢, z,y) given by

p)D/(tv:an) :py(tv$ay) _]E:E[py(t - T/%)/,YT})’,SI)W})/ < t]7 €T,y € D.

It follows that the Green function G% of Y is given by
Gp(z,y) = / pp(t,z,y)dt, @,y € D.
0

Let X = (X, P,) be a rotationally invariant a-stable process in R?, that is, X is a Lévy

process such that
Em[eig'(Xt_Xo)] =" ceRY t>0.

It is known that the Lévy density of X is
TH (y) = A(d, a)ly|~"7, y € RY y £ 0.

Therefore, X is a special case of the process Y considered at the beginning of this
section.
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It follows from [I4l, Example 1.4.1] that the Dirichlet form (£, FY) corresponding to
the process Y is given by

=5 [, [ (wla) = ul)(o(@) = o))" (@ - ) dwdy
R4 JRA
= {ue L2RY): &Y (u,u) < oo}

We can rewrite (Y, FY) as

& u) = [ () w(e) de (35

Rd
Y= fue IPRY: [ Ja©PE de < o), (3.6

where (¢) = (2m) "2 o4 e Yu(y) dy is the Fourier transform of u. Define

5%/(,“7’0) = (S'Y(u,v) + (uvv)L2(Rd)v u,v € F¥.

In particular, the Dirichlet form of the rotationally invariant a-stable process X is

e Do)~ o)
EX(u,v) = Ad /]Rd/]Rd \m— iz dx dy
={ue L2(Rd). EX (u,u) < 0o}
Alternatively, one has
¥ (o) = [ a©OIE" de (37)
Rd
e 2®Y: [ Ja(o)Pleds < oo} (39

Using (B3) and (B4 we can check that FX = FY. In the sequel we shall denote F~
and FY¥ by F. It follows from B3), (B4), @3) and [B7) that there exists a constant
M3 > 0 such that

M;ES (u,u) < & (u,u) < M3& (u,u), for all u € F.

Using this estimate we see that a set has zero capacity with respect to (EX ,F) if and
only if it has zero capacity with respect to (€Y, F) (see [T4, Chapter 2]). We say that a
statement holds quasi-everywhere (q.e.) on a subset A of R? if there exists a subset N
of zero capacity such that the statement is true on A\ N. Therefore a statement holds
q.e. with respect to X if and only if it holds g.e. with respect to Y.

It follows from [I4], Theorem 4.4.2] that the Dirichlet form corresponding to the killed
process Y is (€Y, Fp), where

Fp={u€F:u=0qe on DY}

If u,v € Fp, then we can rewrite £Y (u,v) as

o [ [ ) o) 0@) o) ey + [ wtepne) an

D
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where
whie) = [ Iy

The Dirichlet form corresponding to the killed rotationally invariant a-stable process
XD is (€%, Fp). For u,v € Fp we have

X _1 « u\r)—u v\T)—"v M ’l,L.Z"UIIZ’HX.Z' X
&5 (u,0) = 5A.0) [ [ (ule) =) (v(e) ~ o) iz + [ @@ @) da,
where

XN N dy

o) = Ado) [ o

Let D C R? be an open subset such that diam D < % Consider the following
semigroup
t
PP f(x) = Eyleho 0% £(XP)),
where gp(z) = k3 (2) — k5 (2). It follows from ([IZ) that gp > 0. The Dirichlet form
corresponding to the semigroup {PP} is

EX (u,v) — /D u(z)v(z)gp(x) de = EY (u,v),

since JY(y) = J¥X(y) for |y| < 1 (see [T Lemma 4.6.7]). Therefore, {PP} is the
semigroup of the process Y.

In order to prove the scale invariant Harnack inequality, we compare Green functions
for small balls with respect to the processes X and Y.

Proposition 3.1 There exists Ry € (0,1/4] such that for any a € R? and r < Ry,
Gg(am) (x,y) < Gg(am) (x,y) < 2Gl)§(a,r) (x,y), forall z,y € B(a,r). (3.9)

O
This was done in [I8, Proposition 3.2]. Since gp > 0, the proof is almost the same
and thus we omit it here.
Let a € RY and r > 0. It is proved in [24] that P.(Yrp,, € 0B(a,r)) =0, for
all x € B(a,r) and hence it follows from [I6, Theorem 1] that for a nonnegative Borel
function f on R the following formula holds

E;[fY,y )= / C/ Gg(w)(:n,u),fy(z —u)f(z)dudz, x € B(a,r).
Blar) B(a,r) J B(a,r)

If we define
Kg(a (@, 2) = / Gg(a 74)(:v,u)JY(z —u)dy, z € D, z € Bla,r), (3.10)
’ B(a,r) ’
then
Ex[f(YTB(am))] = /B( % Kg(a,r)(xﬂz)f(z) dz, x € B(a,r). (3'11)

Kg(a’r) (z, z) is called the Poisson kernel of B(a,r) with respect to Y.
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Proposition 3.2 There exists a constant C; = C}(d,«) > 0 such that for any a € R?
and r < Ry

KE(W,) (x,2) < ClKE(M) (y,2), forall z,y € B(a,r/2), z € B(a,2r)\ B(a,r). (3.12)

Proof. Let a € RY, r < Ry, 2,y € B(a,r/2) and z € B(a,2r) \ B(a,r). Since Ry < %
it follows that
|z —u| < 3r <3/4, forue B(a,r),

and hence ar (o.0)
T,u

Ky (z,2 :Ad,a/ —Ben g, 3.13

Hante:) = A [ 2O (313)

Using Proposition Bl and BI3) we get
Kg(a7r)(x,z) < K}ér(m,z) < 2K§(am)(m,z). (3.14)

The explicit formula for the Poisson kernel of the ball B(a,r) with respect to the rota-
tionally invariant a-stable process X is

(r? — |z —a)*? 1

X —
KB(a,T’)($7Z) =a (| | )a/2 |$—Z|d’

x € B(a,r), z € B(a,r)",

for some constant ¢; = ¢1(d,«) > 0. It follows from this formula that there exists a
constant ca = ca(d, a) > 0 such that

K3 (2,2) < K3 (y,2) (3.15)

Using BI4)) and BI0) we get [B12). O

Proposition 3.3 There exists a constant Cy = Ca(d, ) > 0 such that for any a € R?
and r < %,

Kg(a7r)(x,z) < (Cy Kg( y(y,2), forall w,y € B(a,r/2), z € B(a,2r)". (3.16)

a,2r

Proof. Let a € }Rd r < R

5, T,y € B(a,r/2) and z € B(a,2r). It follows from
Proposition Bl that

/ GB(a r) (z,u)JY (2 — u) du < Kg(a (@, 2) < 2/ Gg(a 74)(:v,u)JY(z — u) du.
B(a,r) ’ B(a,r) ’

(3.17)
Using [10, Corollary 1.3] we see that there exists a constant ¢; = ¢1(d, &) > 0 such that

Gg(a n(@,u) < ol — u|®=4, for all u € B(a,r). (3.18)
By Lemma 7] we have
JY (2 —u) <32¢0; ! _d/ JY (z —v)dv, for all u € B(a,3r/4). (3.19)
B(a,r)
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Using (B17), (E18) and (EI9) we get
K@ <2 [ Glplr s ()

:2/ Gg(a (@, w)JY (z — u) du+
B(a,r)\B(a,3r/4) ’

+2/ Gg(ar)(x,u)Jy(z—u) du

B(a,3r/4) ’

<2¢; / lu — z|*"TY (2 — u) du+
B(a,r)\B(a,3r/4)

+2¢ 32dVd_1 r_d/ |u—x|a_ddu/ JY (z —v)dv
B(a,3r/4) B(a,r)

<ol+2(d—a) clro‘_d/ JY (2 — u) du+
By\B(a,3r/4)

+ 2tFhdra g gl r_d/ |4 du/ JY (z —v)dv
B(0,2r) B(a,r)

S(21+2(d—oz) e + 9l+5d+a c1 Vd_loé_lffd)ra_d/ JY(z — ) dv.
B(a,r)

Therefore, for ¢z = ¢ (2'12(d=@) 4 gl+bd+a l/d_la_lad) we have

Kg(a r) (x,2) < 63/ JY(Z —u) du. (3.20)
7 B(a,r)

By [10, Corollary 1.3] again, there exists a constant ¢4 = c4(d, @) > 0 such that
Gg(a,Qr) (z,u) > eqlz —u[*? for all u € B(a,r).

Hence, by BI7) we have

Gty 00 7 e =)z [ G () (2 ) du

Kg(a,%)(yvz) Z/ Blar)

B(a,2r)
= / u—y|* T (2 — w) du > (3/2)% " cyr® / JY (2 — u) du.
B(a,r) B(a,r)
Using the last display and B20) we get
ng(am) (x,2) < 03051(3/2)d_°‘ Kg(a’%) (y, z)
and thus we may set Cy = czc;(3/2)4°. O

Theorem 3.4 (Harnack inequality) There exists a constant C3 = C3(d, ) > 0 such
that for any a € R%, r < % and any positive function h on R¢ which is harmonic in
B(a, 4r) with respect to Y it follows that

h(z) < Csh(y), for all z,y € B(a,r/2).
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Proof. Let a € R? and z,y € B(a,r/2). Using (BI]), Proposition B2, Proposition
and fact that Py (Y, € 0B(a,2r)) = 0 we see that

TB(a,2r)

) = Bulh(Vry, ) = [ Kb 2h(e) e =
-/ Kjan (@b de+ [ K0 ds
B(a,2r)\ ’ ’

B(a,r) B(a,2r)c

<O / KE(W,) (y, 2)h(z) dz + Cy / KE(&QT,) (y,2)h(z) dz
B(a,2r)\B(a,r) B(a,2r)°

<Cq / . KE(W) (y,2z)h(z)dz + Cy / . Kg(a,zr) (y,2)h(z)dz
B(a,r) B(a,2r)

= Cih(y) + CoEy[h(Yey )] = (C1+ Co)h(y),

2r)

where the last equality follows from the harmonicity of h in B(a,4r). O

4 Subordinate Brownian motion

A Lévy process S = (S;: t > 0) is called a subordinator if it has a.s. increasing paths
which take values in [0,00) and Sy = 0. It is convenient to use the Laplace transform
of the law of S;, which is

Ele %] = ¢ M X >0,

where

d(N) = d\ + /0 T = e M), (4.1)

(see [ p. 72]). Here d > 0 and p is o-finite measure on (0, 00) such that [ (¢A1)u(dt) <
oo. We call ¢: (0,00) — (0,00) the Laplace exponent, p the Lévy measure and d the
drift of the subordinator S.

The potential measure of the subordinator S is given by

UA) =B [ Lsendt, A€ B(0.)
and its Laplace transform is

o0 o0 o0 1
LU\ = / e MU(dt) = E / e Mt dt = / e N g = —
(\) ; (dt) ; ; ey

A function ¢: (0,00) — (0,00) is called Bernstein function if ¢ € C°°((0,00)) and
(=1)"¢™ <0, forall n e N.

Here ¢ denotes the n-th derivative of ¢. It is well known (see [I7, Theorem 3.9.4])
that ¢ is a Bernstein function such that /\liHOlJr »(A) = 0 if and only if it is of the form

given by (EI).

21



A function ¢: (0,00) — (0,00) is a complete Bernstein function if there exists a
Bernstein function 7 such that

d(N) = N2Ln(N), for all X > 0.

A subordinator whose Laplace exponent ¢ is a complete Bernstein function such that
)\li%l »(A) = 0 is called a complete subordinator.
—0+

Let X = (Xy,P;) be a d-dimensional Brownian motion independent of the subor-
dinator S. It follows from [2I, Theorem 30.1] that Y; := Xg, defines a Lévy process
Y = (Y;: t > 0) with the characteristic exponent

D(¢) = p(|¢*), € e R™

We call Y a subordinate Brownian motion. The Lévy measure of Y has density J(x) =
i(jz]), = € R?\ {0}, where

o0

j(r) = (4m) Y2 / £74/2~ % pu(dt), > 0. (4.2)
0

It is easy to see that j is a decreasing function.

Suppose that S = (S¢: ¢ > 0) is a complete subordinator with Lévy measure satisfy-
ing 1(0,00) = oo. It follows from [23, Theorem 2.1] that the potential measure of S has
a density u: (0,00) — (0,00) which is a decreasing function such that fol u(t) dt < oo.
Furthermore, suppose that the Laplace exponent of S satisfies

d(\) = A%20(N), A >0,

where o € (0,2) and ¢: (0,00) — (0,00) is a continuous slowly varying function, that
is, £ is a continuous function satisfying
O(tA
im u:1, for all ¢ > 0.
A—00 ()\)
Using Karamata’s Tauberian Theorem and Karamata’s Monotone Density Theorem (see
[5, Theorem 1.7.1, Theorem 1.7.2]) we conclude that
1 ta/2—1

O~ gy g !

Let Y be the corresponding subordinate process. In the sequel we will assume that Y
is transient. This will be the case if

—0+. (4.3)

a )\d/2—1

d\ < oo, for some a >0
/0 $(A)

(see (3.1) in [23]), which is satisfied for d > 3. In this case there exists a Green function

G(z,y) which is given by G(z,y) = g(|z — y|), =,y € R?, z # y, where

o 7‘2
g(r) = (4m) =2 / t= 2= u(t) dt, r > 0. (4.4)
0
It is easy to see that g is a decreasing function. In order to get estimates for the
jumping kernel J and the Green function G of the process Y we need some assumptions
on the slowly varying function £. Hence in the rest of this section we assume the following
conditions:
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A1. There exist functions hq, ha: (0,00) — (0,00) and a constant D > 0 such that

/ A+ 2=Le=th (1) dt < oo, (4.5)

0
/ td=/2=Le=thy () dt < oo (4.6)

0

and 1
< (1/9) < hy(t), forallt,y>0,t>Dy. (4.7)

hao(t) = £(4t/y) —
A2. If d =1 or d = 2, there exist constants ¢y > 0 and v > 0 such that

u(t) ~ cot?, t — oo

In comparison with conditions in [T9], we do not need additional condition on behavior
of the Lévy density p(t) for large ¢ (see condition A4 in [19, p. 12]).

Lemma 4.1 There exist constants C; = C;(d,a) > 0 and Cy = Cs(d, @) > 0 such that
j(r) ~ Crr=4=2e(1/r?), r — 0+ (4.8)

and
Ta—d

g(r)NC’gm, r—0+. (4.9)

Proof. Since - -
o0 = [T e M= x [T et oo
0 0
we get

/ e Mu(t, 00) dt ~ AX271(N), A — oo
0

and then, using Karamata’s Tauberian Theorem (see [5, Theorem 1.7.1]),

th=/2¢(1/t)

ViE) ~ T(2—a/2)

, t— 0+,
where V (t) = fg p(s,00)ds. Using Karamata’s Monotone Density Theorem twice (see
[5, Theorem 1.7.2]) we conclude

(1 —a/2)t=20(1/t)
(2 —a/2)

wu(t, 00) ~ , t— 0+

and finally t (1— a/2)at=1=0/2¢(1 /1)
p(t) ~ 2I'(2 — a/2)

Using [23, Lemma 3.3], (5) and EI0) we get

Lt 0+, (4.10)

§(r) ~ 207 20T ((d + ) /2)T (1 — a/2) " e (1/r2), r — 0+
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Using 23, Lemma 3.3], [0) and 3) we have

ra—d

g(r) ~ 2770 ((d - a)/2)T(a/2) ! iy

r—0+4.

O

Proposition 4.2 There exist Ry > 0 and a constant C3 = C5(d, «, ¢) > 0 such that for

any a € R? and r < Ry
1
GB(mgr)(IIf,y) 2 C3W, for all z c B((I,T’/Z), y € B(a,r).
Proof. Choose 0 < ¢; < 1 < ¢o such that
2 d—a 1 d—a«
Let a € R?. Using Lemma B choose Ry > 0 such that for » < 2Ry we have
c2C e(%%z)

U(3)
<g(r) L —=—, < <e, o < —
WSy uh < )

S

Clck
ri=el()

S(Q.

(4.11)

(4.12)

Let r < Ry, z € B(a,r/2) and y € B(a,r). By [@I2) and monotonicity of g we get

G (@,y) = G, y) = Eo[G(Yrg(, 5 ¥)] = 912 = yl) — Ee[9([Yrp o,y — v)]

> g(3r/2) — g(2r) > Co d_(;lg(4 L) - (QT)d—?g(lL))
972 4r2

B 3—2&(?&—> BEESPIN
DA ) )
R (O [0
1o rd=af(1/r?)
Hence we may take
SR 1 S 10 S

O

Proposition 4.3 There exist Ry € (0, Ro] and a constant Cy = C4(d,a,¢) > 0 such

that for any a € R% and r < Ry

1

f 11 B
Tyl ) ey € Blar)

Gixmrﬂ$7y)f§cﬁ

and

1

GB(a,r) (m,y) < C4W

24

(4.13)

, forall x € B(a,r/2), y € B(a,r) \ B(a,3r/4). (4.14)



Proof. Let a € R?. Using Lemma Bl we can choose R; € (0, Ry] such that for r < R;

1
|z =yl l(1/ ]z —y[?)’

It follows that for x € B(a,r/2) and y € B, \ B(a,3r/4) we get

GB(a,r)($ay) < g(|gj - y|) <20, for all z,y € B(a,r).

gd—a 205 ¢1 477
< —y]) < <
Goan (@ y) < 9z —yl) < 9(r/4) < 20 Gmery < (mapa ey

where ¢; > 0 is a constant such that

0(1/5?)
a(16/s2) =

for all s < rg.

U
Let a € R? and r > 0. It is proved in [24] that Pr(Yrp,.,, € 0B(a,r)) =0 and so it

follows from [I6, Theorem 1] that for a nonnegative Borel function f on R? the following
formula holds

SCCTEY My -
B(a 7‘) CLT

If we define the Poisson kernel for the B(a,r) with respect to Y by

GB(M (z,u)JY (2 — u)f(2) dz du, = € B(a,r).

C

Kp(ar)(z,2) = / Gp,.(x,u)J(z —u)du, for x € B(a,r), z € B(a,r) ,
then for any nonnegative Borel function f on R? we have

E.[f(Y.vy )]:/WCKB(QT)(:U z)f(z)dz, for all x € B(a,r).

7—B(a,'r)

Proposition 4.4 There exist Ry € (0, R1] and a constant C5 = C5(d, o, ¢) > 0 such
that for any a € R% and r < Rs,

Kp(ar)(z,2) < C5 Kpa3r)(y,2) forall z,y € B(a,r/2), z € B(a,3r)". (4.15)

Proof. Let a € RY. Take r < Ry, 2,y € B(a,r/2) and z € B(a,3r)¢. Using Proposition
we get

Kpasr)(y,2) = /

B(a,3r)

Cs ,
> = - . .
= pd—ag(1/r2) /B(a,r) i(lz = ul) du (4.16)

G B(a3n (¥, )J(!Z—U\)dUZ/B( )G Bla3r) (Y, 1) §(|2 — ul) du
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On the other side, using Proposition and Lemma [Z7] it follows that

KB(a,r)(x7Z) = / GB(a,r)(xav)j(’Z —’U’)d?}—i-/ GB(a,r)(x7v)j(‘Z —'U‘)d’l)
B(a,3r/4) B(a,r)\B(a,3r/4)

dv
< od,,~1 —d/ (2 —ul) d /
<Cy32%; r B(a’T)](‘Z ul) du B /) |$_,U|d—a£(1/|x_v|2)+

Cy / .
+ iz —ul|) du
r8=l(1/72) JB(a,r)\B(a,3r/4) ( )
<Cy32%v;to r_d/ Jj(|lz — ul) du g ds+
> v d — -
! d B(a,r) 0 6(1/82)

Cy .
ST a0 D

Using [Bl, Proposition 1.5.10] we have

r ga—lg N 1 (2r)> .
o H(1/s?)  al(1/(2r)?)’

and hence we see that there exist ro € (0, R;] such that for any r < Ry we have

— 0+

2r Sa—l ds 5 2 ro
o U(1/s*) T a (1/r?)

since £ is slowly varying. Using the last display we can continue estimating Kpq ) (z,2)
by

Kp(ar)(z,2) < C4(2a+173:13(2§/1;é; 94+ 1) /T J(|lz — ul) du. (4.17)
Finally, by (£I6]) and EI7)
Kp,(z,2) < C4C5 1 (2T a ' 32w og + 1) Ky, (3, 2).
O

To prove the Harnack inequality we need Krylov-Safonov-type estimates. Define

n(r) = 7“_2/ s1i(s) ds +/ s Lj(s)ds, r > 0. (4.18)
0 r

Lemma 4.5 There exists R3 € (0, R2] and a constant Cg = Cg(d, ) > 0 such that
n(r) < Cer=®0(1/r?), for all r < Rs.

Proof. For r > 0 define ny(r) = r=2 [ s¥1j(s)ds and na(r) = [ s j(s)ds. Tt

follows from Lemma BTl [5, Proposition 1.5.10] and [B, Proposition 1.5.8] that there
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exists 79 € (0, R] such that for r < rg we have ¢; = [~ s971j(s)ds < oo and

To

m(r) < 2017’_2/ s'70(1/s%) ds < 4C1 (2 — )1 /r?),
0

0 o0 T0
772(7’):/ sd_lj(s)d8+/ sd_lj(s)ds§2Cl/ s_l_a€(1/32)ds+cl

0

< 4C1arm(1/r?) + 1.

Therefore,
n(r) < (401 (2 — a) t +4C1a " YH)r~ %1 /r?) + ¢
and for
Co = (401(2 — Oé)_1 + 40104_1) ]
we get

n(r) < e (r=®(1/r?) + 1).
Since r=®¢(1/r?) is dominant term, there exist R3 € (0,7¢] and Cg > ¢; such that
n(r) < Cer=®0(1/r?), for all 7 < Rj.

O
It follows from [22, Lemma 3.4] that there exists a constant C7 = C7(d, ) > 0 such
that for every a € R, r € (0,1), A C B(a,r) and x € B(a, 2r)
rlj(4r)  |A]
n(r) |B(a,r)|’
where the first hitting time of the set A by the process X is defined by

Po(Ta < Tp(a3r) = Cr (4.19)

Ty =inf{t >0: X; € A}.
Now we can prove Krylov-Safonov estimate.

Proposition 4.6 There exist R4 € (0, R3] and a constant Cs = Cg(d, «) > 0 such that
for every a € RY, r <r3, A C B(a,r) and z € B(a,2r)

A
]P:c(TA < TB(a,37‘)) > Cs %

Proof. It follows from [B, Theorem 1.5.4], Lemma ETl and Lemma ECH that there exists
a constant ¢; > 0 and R4 € (0, R3] such that for any r < Ry

(4.20)

4 (4r)
n(r)

> 2 tortogt

Therefore, by (1Y) it follows

g A
P (Ta < 7—B(a,?ﬂ’)) > 2 1Cl 1CG 1C7 ’BLCL ‘T)"

for any r < Ry. O
Using Proposition EE4] and Proposition we see that for any a € R? and r < Ry:
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(i) Eo H(Xrp,,) < CsE, H(X

TB(a,r TB(a,3r) )’
Borel function H on R? with support in B(a,3r);

(ii) Po(Ta < TB(a3r)) = Cg%, for all A C B(a,r) and = € B(a,2r).

for all z,y € B(a,r/2) and any nonnegative

Thus, we can slightly modify the proof of the [22, Theorem 2.2] (see also [3, Theorem
3.6]) and get the Harnack inequality.

Theorem 4.7 (Harnack inequality) There exists a constant Co = Cy(d, o, ¢) > 0
such that for any @ € R% and r < Ry A % and any function A which is nonnegative,
bounded on R% and harmonic in B (a, 16r) with respect to X, we have

h(z) < Coh(y) for all z,y € B(a,r).
U
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