GREEN FUNCTION ESTIMATES FOR SUBORDINATE BROWNIAN
MOTIONS : STABLE AND BEYOND

PANKI KIM AND ANTE MIMICA

ABSTRACT. A subordinate Brownian motion X is a Lévy process which can be obtained
by replacing the time of the Brownian motion by an independent subordinator. In this
paper, when the Laplace exponent ¢ of the corresponding subordinator satisfies some
mild conditions, we first prove the scale invariant boundary Harnack inequality for X on
arbitrary open sets. Then we give an explicit form of sharp two-sided estimates of the
Green functions of these subordinate Brownian motions in any bounded C*! open set.
As a consequence, we prove the boundary Harnack inequality for X on any C1'! open set
with explicit decay rate. Unlike [KSV12b, KSV12c|, our results cover geometric stable
processes and relativistic geometric stable process, i.e. the cases when the subordinator
has the Laplace exponent

d(\) =log(1+ A% (0<a<2,d>aq)

and
d(N) =log(1+ A +m**** —m) (0<a<2,m>0,d>2).

1. INTRODUCTION

Let d be a positive integer, let W = (W3, P,) be a Brownian motion in R? starting at =
and let S = (S;: t > 0) be a subordinator independent of W, i.e. a Lévy process taking
values in [0, 00) and starting at 0.

The Laplace exponent of a subordinator is a Bernstein function and hence has the repre-
sentation

6(0) = bA + / (1— &™) udt), (1.1)
(0,00)
where b > 0 and p is a measure on (0, 00) satisfying [ (1 A¢) u(dt) < oo, usually called
(0,00)
the Lévy measure of ¢. If the measure p has a completely monotone density, the Laplace
exponent ¢ is called a complete Bernstein function.
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We define the subordinate Brownian motion X = (X, P,) by X; = Wg,.

The aim of this paper is to obtain the following two-sided estimates of the Green function
Gp(z,y) of X in a bounded C! open set D C R? in terms of the Laplace exponent ¢ of
the subordinator:

Gp(z,y) = ( e —y1 ) ) ¢'(Jx =yl ™)

o Vo(op(@)2)e(n(y)2) ) 1o —yl**26(lz —y|72)*

where 0p(z) denotes the distance of the point z to D¢ and a Ab := min{a, b}. Here and in
the sequel, f =< g means that the quotient g stays bounded between two positive numbers
on their common domain of definition.

The process X is, in particular, a rotationally symmetric Lévy process. Recently there has
been huge interest in studying potential theory of such processes. See, for example, [KMR,
KSV12a, KSV12b, KSV12c, RSV06] and references therein. The purpose of this paper is
to extend recent results in [KSV12b, KSV12c¢] by covering geometric stable processes and
much more.

Estimates of Green function for discontinuous Markov processes were first studied for ro-
tationally symmetric a-stable processes in [CS98] and in [Kul97] independently. These
results were extended later to relativistic a-stable processes and to sums of two inde-
pendent stable processes in [Ryz02] and [CKS10] respectively. Recently, the first named
author with R. Song and Z. Vondracek succeeded to obtain such estimates for a large class
of subordinate Brownian motions in [KSV12b].

Still, the class considered in [KSV12b] does not include some interesting cases like geomet-
ric stable processes or, more generally, the class of subordinate Brownian motions with
Laplace exponent that varies slowly at infinity. Our approach covers a large class of such
processes.

Another feature of our approach is that it is unifying in the following sense: the sharp
estimates of the Green function are given only in terms of the Laplace exponent ¢ and its
derivative.

Let us give a few examples of transient processes that are covered by our approach.

Example 1 (Geometric stable processes)

d(\) =log(1+ N/, (0<B<2 d>p).

Example 2 (Iterated geometric stable processes)

p1(\) =log(1+ 22 (0<B<2)
Gnt1 =¢10¢, mneEN,

with an additional condition d > 2'="4".
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Example 3 (Relativistic geometric stable processes)

d(N\) = log <1+ </\+mf3/2>2/6—m> (m>0,0<p8<2,d>2).

In order to obtain the sharp Green function estimates we first obtain the uniform boundary
Harnack principle, with constant not depending on the open set itself. Such uniform
boundary Harnack principle was first proved in [BKKO08] and very recently generalized
to a larger class of rotationally symmetric Lévy processes in [KSV12c]. We adapt the
approach in the latter paper in order to cover the class of subordinate Brownian motions
with slowly varying Laplace exponents. Unlike the approach in [KSV12c|, instead of
the use of the Harnack inequality, we use estimates of the Green function of balls near
boundary obtained in [KM12].

Further, our uniform boundary Harnack principle can be used to prove sharp Green func-
tion estimates for bounded C! open sets by adapting the method in [KSV12b]. Even
though we follow the roadmap in [KSV12b|, we needed to make significant changes due
to the fact that now we do not have necessarily regularly varying Laplace exponents.

To overcome such difficulties we use new types of estimates (not only in terms of the
Laplace exponent itself, but also in terms of its derivative) of the jumping kernel and the
potential kernel of the subordinate Brownian motions, which were obtained for the first
time in [KM12]. This type of estimates is essential in our approach.

Let us be more precise now. In this paper we will always assume the following three
conditions on the Laplace exponent ¢ of the subordinator S:

(A-1) ¢ is a complete Bernstein function;
(A-2) the Lévy density p of ¢ is infinite, i.e. u(0,00) = oo ;
(A-3) there exist constants o > 0, A\g > 0 and § € (0, 1] such that

/
A
d;/((;;) <ox? forall z>1 and A > )\g. (1.2)

Either in the case d < 2 and 6 > 1 —d/2 or in the case d > 2 and 0 < § < % we will
sometimes further assume two technical conditions below. Note that (A-4), related to
transience of the corresponding subordinate Brownian motion, is used in [KM12] to obtain
the asymptotic of the jumping kernel and the Green function of the subordinate Brownian
motion. Unlike [KM12] we state (A-4) for d = 2 and d = 1 separately to make it clear.

(A-4) If d = 2, we assume that there are og > 0 and g € (0,2) such that

/
A
¢¢/((;;) > o0z forall z>1 and A > . (1.3)

If d = 1, we assume that the constant § in (A-3) satisfies § > 1 and that there are og > 0
and &y € (3,26 — 3) such that (1.3) holds.
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(A-5) If d > 2 and the constant § in (A-3) satisfies 0 < § < I, then we assume that there
exist constants o1 > 0 and d; € [, 1] such that

o0) _

=00 forall 2>1 and A > ). 1.4
500 >0z orall x>1 an > Ao (1.4)

Remark 1.1. (a) Note that (A-3) implies b= 0 in (1.1), by letting A — occ.
(b) The condition (A-3) is implied by the following stronger condition
FOD) 4

x

v 0 li
SR =I5y
In other words, (1.5) says that ¢' varies reqularly at infinity with index § — 1. A
novelty here is the case a = 0.
(¢) The condition (A-4) is used only to obtain Green function estimates.

0<a<?2). (1.5)

Now we state the main result of this paper. By diam(D) we denote the diameter of D.

Theorem 1.2. Suppose that X = (X4, P, : t > 0,z € RY) is a transient subordinate
Brownian motion whose characteristic exponent is given by ®(0) = (|0|%), 6 € R?, with

¢ satisfying (A-1)—(A-5).

Then for every bounded C%' open set D (see Definition 3.4) in R with characteristics
(R, A), there exists ¢ = c(diam(D), R, A, ¢,d) > 1 such that the Green function Gp(z,y)
of X in D satisfies

C_lgD(x7y> < GD(H?,y) < ch(x,y) (16)

_ oz o) & (1 =y )
gD“”)_< Voln(a) <b<>>>wMH%wxm2V' )

with

Before we discuss a corollary of Theorem 1.2, we record a simple fact.

Lemma 1.3. If ., € (0,1) and ¢ is a Bernstein function satisfying

P(Ar) 1-6
>o.x % forall x>1 and A > A, 1.8
o - ! )

for some o, A« > 0, then there exists a constant ¢ > 0 such that ¥(\) < e\’ (N) for all
A > ..

Proof. Let a; =2V (2 —) 1o 5~ . Since Y’ is decreasing,

(a1 — DA /w Blar)) — B(N). (1.9)
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Let A > A,. Since 1(a1)) > o, al=%()\) by (1.8), we get from (1.9)
(a1 = DAY (A) = (a1~ = (M) = $(N).
]

Now we consider the following upper and lower scaling conditions on the Laplace exponent
¢ with exponents in the range (0, 1): there exist constants ¢, ca, A1 > 0, a, 8 € (0,2) and
a < (B such that

/2 < ¢()“T)

<coaP? forall 2>1 and A > \. 1.1
o0 <cozw orall z>1 an >\ (1.10)

1T

Define

~ _ ¢(|lz —yl™?) 1
i) = (M ¢¢<5D<x>—2>¢<@<y>—2>> ooy O

If ¢ is a complete Bernstein function such that (1.10) holds, then

lim inf ¢(x) > A2 p(A) lim inf 2/ = oo,

Thus (A-1)—(A-2) hold. Moreover, applying Lemma 1.3 and (2.3) below, (1.10) implies
that A@'(A) < ¢(N) < eAg/(N) for all A > A\g and so (A-3) and (A-5) hold and (1.6) is
equivalent to (1.12). Furthermore, (A-4) holds when d = 2. Therefore Theorem 1.2 gives
the following extension of the main result in [KSV12b].

Corollary 1.4. Suppose that X = (X : t > 0) is a transient subordinate Brownian motion
whose characteristic exponent is given by ®(0) = $(|0]?), 0 € R?, where ¢ : (0, 00) — [0, 00)
is a complete Bernstein function such that (1.10) holds. We further assume that (A-4)
holds with 69 =1 — /2 when d = 1.

Then for every bounded C' open set D in R with characteristics (R,A), there exists
¢ = c(diam(D), R, A, ¢,d) > 1 such that the Green function Gp(z,y) of X in D satisfies
the following estimates:

¢ 'gp(z,y) < Gple,y) < cgp(z,y) (1.12)
where gp(x,y) is defined in (1.11).

In [KSV12b], the above result is proved when, instead of (1.10), ¢ satisfies
d(\) = A2\, A s 00 (0<a<?2) (1.13)

where £ varies slowly at infinity, i.e.

. A(Ax)
Ve>0lim 75y

By Potter’s theorem (see [BGT87, Theorem 1.5.6(i)]), (1.13) clearly implies (1.10).

=1.

Using Green function estimates in Theorem 1.2 for d > 3 and a dimension reduction
argument (see the proof of Theorem 5.6), we prove the boundary Harnack principle for
subordinate Brownian motions satisfying (A-1), (A-2), (A-3) and (A-5) in C%! open
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set. We emphasize that in the next theorem we do not assume neither the transience nor
(A-4).

Theorem 1.5. Suppose that X = (X, P, : t > 0,2 € R?) is a (not necessarily transient)
subordinate Brownian motion satisfying (A-1), (A-2), (A-3) and (A-5) and that D is
a (possibly unbounded) CY' open set in R? with characteristics (R, \). Then there exists
c=c(R, A, ¢) > 0 such that for every r € (0, %], z € D and any nonnegative function
u in R that is harmonic in D N B(z,r) with respect to X and vanishes continuously on
D¢N B(z,r), we have

for every x,y € DN B(z, 5). (1.14)

We remark that Theorem 1.5 covers the processes in Examples 1-3 without the assumptions
on transience.

By the same argument to obtain Corollary 1.4 from Theorem 1.2, Theorem 1.5 gives the
following extension of the boundary Harnack principle in [KSV12b].

Corollary 1.6. Suppose that X = (X;,P, : t > 0,z € RY) is a subordinate Brownian
motion whose characteristic exponent is given by ®(0) = ¢(|0]?), 0 € R?, where ¢ :
(0,00) — [0,00) is a complete Bernstein function such that (1.10) holds, and that D is
a CY' open set in R? with characteristics (R,A). Then there exists ¢ = c¢(R, A, $) > 0
such that for every r € (0, %}, z € 0D and any nonnegative function u in R? that is
harmonic in D N B(z,r) with respect to X and vanishes continuously on DN B(z,r), we

have (1.14).

Our paper is organized as follows. In Section 2 we record some preliminary results concern-
ing subordinate Brownian motions obtained in [KM12]. We start Section 3 by analyzing
special harmonic functions in half-space and use these results to obtain key probabilistic
estimates on C1! open sets. Section 4 contains estimates of Poisson kernel on balls which
are used in Section 5 to obtain the uniform boundary Harnack principle on arbitrary open
sets. After proving sharp Green function estimates in Lipschitz domains in Section 6,
we finally obtain in Section 7 the boundary Harnack principle and sharp Green function
estimates in C! open sets.

Notation. Throughout the paper we use the notation f(r) < g(r), r — a to denote that
f(r)
g(r)
s < t implies f(s) < f(t) and analogously for a decreasing function. For a,b € R, we set
a Ab:=min{a,b}, aVb:= max{a,b}. For a Borel set A C R we also use |A| to denote
its Lebesgue measure. We will use “:=" to denote a definition, which is read as “is defined

to be”.

stays between two positive constants as r — a. We say that f: R — R is increasing if

We will use the following conventions in this paper. The values of the constants C, Co, Cs,
C4 and &1 will remain the same throughout this paper, while ¢, ¢1, ca, . . . stand for constants
whose values are unimportant and which may change from one appearance to another. All
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constants are positive finite numbers. The labeling of the constants ¢y, co, ... starts anew
in the proof of each result. The dependence of the constant ¢ the constants ¢, c1,co,... on
the dimension d will not be mentioned explicitly.

2. PRELIMINARIES

By concavity, we see that every Bernstein function v satisfies

Y(A) < Ap(t) forall A > 1,t > 0. (2.1)
Thus
A= w()\)\) is decreasing, (2.2)
which implies
MY (A) < p(N) for all A > 0. (2.3)

We first recall the following results from [KM12].

Lemma 2.1. [KM12, Lemma 4.1] Suppose that v is a special Bernstein function, i.e.,
A ﬁ is also a Bernstein function. Then the functions ni,n2: (0,00) — (0,00) given
by

m(\) = X2'(A) and na(N) = A2

are increasing .
The next result is a simple consequence of Lemma 2.1 and we will use it several times in
this paper.

Corollary 2.2. Suppose that ¥ is a special Bernstein function. For every d > 1, a > 1,
A>0 andbe (0,1) we have

— — 2 A
R S e = - U W S TS (DR

Proof. We use the fact that t — ¢4 :f(l(tt 22 is decreasing (by Lemma 2.1) and t — %ti_;j;
is increasing. When d > 2 for all 0 < bA <t < aA

q—d—2)\—d—2/ (" %) o pmd—22 () —d—2y—d—2 ' (A\"?)
Ao ST e ST ey

If d =1, then for every 0 < bA <t < aA
32 (a2 4y—4 Y 2
P = (SR ) < an (T )

P(=2)* P(t—2)? A)72)

4y =34/ ((bN)~?) 4y—3¢'(A"2)
S ab AT e < A R

and similarly

2
i 2 b
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Recall that we will always assume that the Laplace exponent ¢ of S satisfies (A-1)—(A-3).
We also recall the following elementary fact from [KM12] which says that (A-3) controls
the growth of ¢.

Lemma 2.3. [KM12, Lemma 3.2 (ii)] For every € > 0 there ezists c(e,0) > 1 such that

p(Az)
P(A)

< cgl0te forall x>1 and A> Xg. (2.4)

The analysis of 1-dimensional subordinate Brownian motions will be crucial in our ap-
proach in this paper. Therefore we now consider an one-dimensional subordinate Brownian
motion (Z;,P,) with the characteristic exponent ¢(#?), 6 € R.

Let
Zy=sup{0V Zs: 0 < s < t}

be the supremum process of Z and let L = (L; : t > 0) be a local time of Z — Z at 0.
The right continuous inverse L, L of L is a subordinator and it is called the ladder time
process of Z. The process 7L;1 is also a subordinator, called the ladder height process of

Z. (For the basic properties of the ladder time and ladder height processes, we refer the
reader to [Ber96, Chapter 6].)

Let x be the Laplace exponent of the ladder height process of Z. It follows from [Fri74,
Corollary 9.7] that

o0

K(A\) = exp jr/l()g(l(é(_)\;fmde , VA>0. (2.5)
0

By our assumptions and [KSV12a, Proposition 13.3.7] or [KMR, Proposition 2.1] we see
that the ladder height process of Z has no drift and is not compound Poisson, and so the
process Z does not creep upwards. Since Z is symmetric, we know that Z also does not
creep downwards.

Denote by V' the potential measure of the ladder height process of Z. We will slightly abuse
notation and use the same letter V' to denote the renewal function of the ladder height
process of Z, that is V(t) = V((0,t)). V is a smooth function by [KSV12a, Corollary
13.3.8].

Combining [KSV12a, Proposition 13.3.7] and [Ber96, Proposition III.1] the following
result holds.

Proposition 2.4. There exists a constant ¢ > 1 such that for all r > 0

¢! < V(,’,.) S c

Veo(r=2) — B(r=2)
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We next consider multidimensional subordinate Brownian motions. Let W = (W, =
(Wl ...,W&) :t > 0) be a Brownian motion in R? with

E [em.(WﬁWo)} _ eft\9|2’ Vo e Rd,t >0,

and let S be a subordinator independent of W with Laplace exponent ¢. In the remainder
of this paper, we always assume that X = (X;,P,) is a subordinate process defined by
X = Wg,. This process is a pure-jump symmetric Lévy process with the characteristic

exponent ®(¢) = ¢(|¢]?), i.e.
o |:ei§'Xti| — o t2(&) — —tollEl)

Moreover, ® has the representation
8(6) = [ (1~ cosl¢ - 9))i([e]) da

R4

with the Lévy measure of the form II(dz) = j(|z|) dz, where

jlr) = / (47t) =2 exp (—%)M(dt), r > 0.
(0,00)

For any open set D, let us denote by 7p the first exit time of D, i.e.
p =inf{t >0: X; ¢ D}.

Using Proposition 2.4, the proof of the next result is the same as the one of [KSV12c,
Proposition 3.2]. So we skip the proof.

Lemma 2.5. There exists ¢ > 0 such that for any r € (0,00) and zg € RY,

Ealraton] < VIV (r = o = ao)) < ks for 2 € Blan, )

The process X has a transition density p(t, z,y) given by

p(t,x,y) = /(47Tt)d/2 exp (—%)P(St €ds). (2.6)
0

When X is transient, we can define the Green function (potential) by

oo
Ga.v) = ally —al) = [ pit..p)de.
0
Note that g and j are decreasing.
The following result is proved in [KM12]. Note that there is an error in the statement in

[KM12, Proposition 4.2]. It is clear from the proof of [KM12, Proposition 4.2] that [KM12,
Proposition 4.2] holds under the condition (A-1), (A-3) and (B) in [KM12].
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Proposition 2.6. Suppose ¢ satisfies (A-1)—(A-4). Then we have

) =729 (r ), >0+ . (2.7)
If X is transient, then
—aa ' (r7?)
g(r)=<r d 2¢(r*2)2’ r— 0+ . (2.8)
O

As a consequence of (2.7) it follows that if ¢ satisfies (A-1)—(A-4) then for any K > 0,
there exists ¢ = ¢(K) > 1 such that

j(r) <cj(2r), vr e (0, K). (2.9)

Since ¢ is a complete Bernstein function, there exists a constant ¢ > 0 such that pu(t) <
cu(t+1) forall t > 1 (see [KSV12b, Lemma 2.1]). Thus, using this and [KM12, Proposition
3.3], by the proof of [KSV12a, Proposition 13.3.5] we see that the function j also enjoys
the following property: if ¢ satisfies (A-1)—(A-4) then there is a constant ¢ > 0 such that

Jjir+1)<jr)<cj(r+1) foral r>1. (2.10)

Let D C R? be an open subset. The killed process X is defined by

XP=X; if t<7p and X}P =A otherwise,
where A is an extra point adjoined to D (usually called cemetery).
The transition density of X P is given by

pD(t7$7y) = p(t7$)y) - ]ECC [p(t - TD)XTpvy);TD < t]

A subset D of R? is said to be Greenian (for X) if X? is transient. When d > 3, any
non-empty open set D C R? is Greenian. An open set D C R? is Greenian if and only if
D¢ is non-polar for X (or equivalently, has positive capacity with respect to X). For any

oo
Greeninan open set D in R? let Gp(z,y) = [ pp(t,z,y)dt be the Green function of XP.

0
Gp(z,y) is symmetric and, for fixed y € D, Gp(-,y) is harmonic (with respect to X) in

D\ {y}.

The next two results are the key estimates in [KM12].

Proposition 2.7. Suppose X is transient and ¢ satisfies (A-1)—(A-4). There exist
constants c1,c2 > 0 and by, ba € (0, %), 2b1 < by such that for all xg € R gnd r € (0,1)
we have

T_d_2¢/(7"_2) r—d=2p/(p—2

CleyTB(xo,r) < GB(xo,r) (z,y) < C2¢(+g) EyTB(xo,r) (2-11)
for all x € B(xo,bir) and y € B(zo,r) \ B(xo, bar).
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Proposition 2.8. Suppose X is transient and ¢ satisfies (A-1)—(A-4). There exist
constants ¢; > 0 and a € (0, %) so that for xo € R? and r € (0,1) we have

Ez[TB(zo,m)] 2 ﬁb) for any x € B(xg,ar).

Before we state the Harnack inequality, we recall the definition of harmonic functions.
Definition 2.9. Let D be an open subset of R4, A function u defined on R® is said to be
(i) harmonic in D with respect to X if

E; [Ju(X:p)|] <00 and u(x) =E;[u(X.,)], v € B,
for every open set B whose closure is a compact subset of D;

(11) regqular harmonic in D with respect to X if it is harmonic in D with respect to X and

u(z) = E; [w(X;,)] forany € D.

The following Harnack inequality is the main result of [KM12].

Theorem 2.10 (Harnack inequality). Suppose that ¢ satisfies (A-1)—(A-3). There exists
a constant ¢ > 0 such that for all xg € RY and r € (0,1) we have

h(z1) < ch(x2) for all 1,72 € B(xzg,7/2)

and for every non-negative function h: R — [0, 00) which is harmonic in B(zg,r).

Using Theorem 2.10 and the standard chain argument to (2.11), we have

Corollary 2.11. Under the assumptions of Proposition 2.7 there exist constants c1,co > 0
so that for any r € (0,1) and xo € R?

T7d72¢/ r—2 7d—2¢/(,’,—2

ClWEyTB(xO,T) < GB(:Jco,r) (z,y) < C2T¢W EyTB(zo,r)

for all x € B(xo,7/2) and y € B(xo,r) \ B(zo,3r/4).

By the result of Ikeda and Watanabe (see [IW62, Theorem 1]) the following formula is
true

P,(X,, € F) = / / G (e, 9)i(|z - yl) dydz (2.12)
F D

for any F' C D°. We define the Poisson kernel of the set D by

Kp(z,z) = / Gl 9)i(|z — yl) dy, (2.13)
D

so that P,(X,, € F) = [ Kp(x,2)dz for any F C D".
F
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Proposition 2.12. Suppose X is transient and ¢ satisfies (A-1)—(A-4). There exists
c1 = c1(¢) > 0 and ca = ca(¢) > 0 such that for every r € (0,1) and xo € RY,

Kp@on(,y) < a ¢¢(r—églz&fil\;i)x0|)—z) (2.14)
< o M) (2.15)

for all (z,y) € B(xo,7) x B(xo,r) and

KBy (T0,y) = 2 % for all y € B(xo, T)c. (2.16)

Proof. First using (2.9) and (2.10) to (2.13), then applying Lemma 2.5 and Proposition
2.8, (2.14) and (2.16) follow easily (see the proof of [KSV12a, Proposition 13.4.10] for the
details). (2.15) follows from (2.14) and the fact that ¢ is increasing. O

3. ANALYSIS ON HALF-SPACE AND C1! OPEN SETS

In this section we establish key estimates which will be used in sections later in this paper.

Recall that X = (X; : ¢ > 0) is the d-dimensional subordinate Brownian motion defined
by X; = Ws, where W = (W',...,W%) is a (not necessarily transient) d-dimensional
Brownian motion and S = (S; : ¢ > 0) an independent subordinator with the Laplace
exponent ¢ satisfying (A-1)-(A-3). In this section, we further assume that (A-4) holds.

Let Z = (Z; : t > 0) be the one-dimensional subordinate Brownian motion defined by
Zy = W§.
Recall that V denotes the renewal function of the ladder height process of Z. We use the
notation

RL = {2 = (21,...,24-1,24) = (Z,74) ER?: 24 > 0}
for the half-space.
Set w(x) := V((zq)"). Since Z; = Wgt has a transition density, by using [Sil80, Theorem

2], the proof of the next result is the same as the one of [KSV12b, Theorem 4.1]. We omit
the proof.

Theorem 3.1. The function w is harmonic in Ri with respect to X and, for any r > 0,
regular harmonic in R4~ x (0,r) for X.

Using Theorem 3.1, (2.9) and (2.10), the proof of the next result is the same as the one
of [KSV, Proposition 3.3].

Proposition 3.2. For all positive constants rog and L, we have

sup / w(y)i(lz — yl) dy < oo

z€R: 0<xg<L
B(z,ro)cﬂRi
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Define an operator (A, ©(A)) by
AfG@)i=pv. [ (F6) = 1) (g — o) dy

— lim ‘/ (F) — £()) 3y — =) dy

el0
{yeRd:|z—y[>e}

o) =S fiRISRlm [ ()~ f@)il—al)dy
{yeRd:|z—y|>e}
exists and it is finite }. (3.1)

Let C’g be the collection of C? functions in R? vanishing at infinity. It is well known that
C2 C D(A) and that by the rotational symmetry of X, A restricted to C3 coincides with
the infinitesimal generator £ of the process X (see e.g. [Sat99, Theorem 31.5]).

Since V' is smooth by [KSV12a, Corollary 13.3.8], using our Theorem 3.1, (2.9) and (2.10),
the proof of the next result is the same as [KSV, Proposition 3.3] or [KSV12b, Proposition
4.2], so we skip the proof.

Theorem 3.3. Aw(z) is well defined and Aw(z) =0 for all z € RY.

In the rest of this section we aim to prove two key estimates of the exit probability and
the exit time for C™! open sets. Let us recall the definition of a C1'! open set.

Definition 3.4. An open set D in R? (d > 2) is said to be a C™' open set if there exist
a localization radius R > 0 and a constant A > 0 such that for every z € 0D, there exist
a CV-function 1 = 1p, : R — R satisfying 1(0) = 0, Vi (0) = (0,...,0),

VY|l <A, |VY(z) — Vi(w)| < Alz —w|, z,weR!

and an orthonormal coordinate system CS,: y = (y1, - ,Yd—1,Yd) := (U, ya) with origin
at z such that

B(z,R)ND ={y=(y,yq) € B(O,R) in CS, : yq > ¥(y)}.

The pair (R,\) is called the characteristics of the C*' open set D. By a CY' open set
i R we mean an open set which can be expressed as the union of disjoint intervals so
that the minimum of the lengths of all these intervals is positive and the minimum of the
distances between these intervals is positive.

Remark 3.5. In some literature, the CY' open set defined above is called a uniform C*
open set since (R, A) is universal for all z € 0D.

For x € R%, let d5p(x) denote the Euclidean distance between x and dD. Recall that for
any = € R?%, §p(x) is the Euclidean distance between x and D¢. It is well known that any
C1! open set D with characteristics (R, A) there exists 71 > 0 so that the following holds
true:
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(1) wniform interior ball condition, i.e. for every x € D with dp(x) < r; there exists
zz € 0D so that

|x — 24| = dop(x) and B(zg,r1) C D,

for wo = 22 +117,— Z*‘ ;

(ii) wniform exterior ball condition, i.e. for every y € R?\ D with dsp(y) < 71 there
exists z, € D so that

ly — zy| = 6op(y) and B(yo,71) C R? \ D,

for yg = 2 r
Yo 4 T ly—2zy|

Assume for the rest of this section that D is a C! open set with characteristics (R, A)
satisfying the uniform interior ball condition and the uniform exterior ball condition with
the radius R <1 (by choosing R smaller if necessary).

Before we prove our technical Lemma 3.7 below, we need some preparation.

Lemma 3.6. Suppose that d > 2 and the constant 0 in (A-3) satisfies 0 < 0 < %, If
(A-5) holds, then for every M > 0

M M
sup /v s/6) | ¢(|s — x| 2)|s — x| + / p(r=2)dr | ds = ¢(M, ¢) < 0o
0

z€[0,M /4] o]
Proof. For x € [0, M /4], let
z/2 M
I:= /v(s/ﬁ) é(|s — x| )]s — x| + / o(r2)dr | ds
0 |s—a
2z M
Il .= /U(S/G) o(|s — z|7)|s — x| + / (r~2)dr | ds
z/2 |s—z|
and
M M
II7 = /0(5/6) o(1s — 2 ~2)|s — 2| + / o(r=2)dr | ds.
2x |[s—z|

We consider these three parts separately.
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First, for s € (0,2/2), we have x > r—s = |z —s| > x/2. Thus using (2.1) and Proposition
2.4,

/2 /2 M
I <zp(4z™2) [ v(s/6)ds+ [ v(s/6)ds | ¢p(r~?)dr
[ [ o]
M M
<6 | dzxp(xz2) + / o(r~2)dr | V(2/12) < crzp(z=2)Y2 + ¢, / M(%Q)Bmdr
/2 z/2

By (2.2), the first term is uniformly bounded by ¢; (M /4)p((M/4)=2)'/2 for 2 € [0, M /4].
On the other hand, by Lemma 2.3 with ¢ = §/2,

M M
/ Syt < o3 / $(r )% < ey / rm ) e < oy MO < oo,
x/2 z/2 /2

Applying Proposition 2.4, we deduce
s/6
o(s/6) < g / o(t)dt = gV(s/6) < 05§¢(s_2)_1/2, for all s> 0. (3.2)
0
By (2.1) and (3.2),

2x
11 §C5x_1¢(:c_2)_1/2/¢(]s—$|_2)]3—x|ds+65x_ o(z72) 1/2/ / o(r~?)drds

x/2 z/2 |s—z|
—2
<cor™ 9w [ 18 Bar
0
2z M

_ s—x|—2)1/2 -2 1/2 _
+ ¢ ! / ¢(<|¢>(m*‘2)1;2 / (T)S( 2|-2)1/2 ¢( 2)1/2d7“d8.
x/2 |s—z|

Applying Lemma 2.3 twice with £ = §/2 to (;4)5((;7:22)) and ¢(z72)1/2, we get

x xT

$—1¢(fn_2)1/2/t¢((t ))dt < crx 1$5—5—1/t(;)—2+2(6—5) g

0 0
T

= ¢y (079) /t_1+2(5_6)dt < g2’ < g MPTF < 00. < 0
0
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On the other hand, since |s — z| < 3z for s < 2z, (2.1), Lemma 2.3 with ¢ = 6/2 and
(A-5) imply

2z M
[t | [ i o
/2 s
2z M
< oz ! 7|Sf;16_+;+5 / (@)1_617;(1_6“)# ds
/2 s
2z M
:ng—d—&-a/‘s_x’—&-i-d—a / p2roo—c g | g
/2 s_ql
w M
< clox5+€/t51+55 /r2+51+5€dr dt =: A
0 t

f2—-01—-90+e>1,

X
A< 011w5+5/t1+2(55)ds < 192078 < 19 M0 < 0.
0

If 2— 61 — 0 + e =1, integration by parts yields

xT

A < ¢zt /t_51+5_5 In(M/t)dt < crqa 0T =002 In(M /)

0
<ey sup 2T In(M/z) < oco.

z€[0,M /4]

If2—-6—-0+e<1,

x M
A < cpor 0t /t_51+5_5 /7“_2+51+5_8d7“ dt < c152' ™% < e M < 0.
0 0

Thus 1] < oco.
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For I11, we note that s > s—x = |s—x| > s/2 for s > 2x. Using this, (2.1), (3.2), Lemma
2.3 with e = §/2 and (A-5), we get
M M

M
I1T < /0(5/6)s¢(45_2)d5—|—/v(s/6)/¢(T_2)drds
M

N

2z i /2
M M

- _ r—2)1/2 _
=< Clﬁ/¢(3 2)1/2d3+016/8 1/2%3231/2%7" 2)1/2d7“ds

2z s/2

M M
<7 Sl+(65)d8+617/81 /(3/r)161¢(r2)1/2d7’ds.

2z s/2

s ¥

Clearly the first term is finite. Using Lemma 2.3 with ¢ = 4/2, the second term is bounded
by

M M
B = 018/361 /T2+61+5€d7‘d8.
/2

2x S

Thus if 2 —901 — 6 +¢ > 1,

M M
B <9 / s~ (1-0+e) g < 019/3(16+5)ds < 0.
2z 0

If 2— 961 — 0 + e =1, using integration by parts we obtain
M

B< c20/3_51 In(M/s)ds < copxt 0 In(M/z) <eca1 sup =0 In(M/z) < oco.
5 x€[0,M/4]
Finally, If 2 — 61 — 0 + e < 1,
M M M M
B< 018/8_61 /7’_(2_51_5+8)drds < 022/8_61d3 < 022/8_51d8 < 00.
2 0 2 0

Thus 11 < oo and so we have proved the lemma. O
Lemma 3.7. Assume additionally that (A-5) holds. Fix Q € 0D and let

hy) = {V<6D<y>> y€BQR)ND

o otherwise.

There exists C1 = C1(A, R, ¢) > 0 independent of the point Q) € D such that Ah is well
defined in D N B(Q, %) and

|Ah(x)] < C1  forall z € DN B(Q, %) . (3.3)
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Proof. We first note that when d = 1, the lemma follows from Proposition 3.2 and
Theorem 3.3 by following the same proof as the one in [KSV12b, Lemma 4.4].

Assume now that d > 2. Fix x € DN B(Q, &) and let 29 € 9D such that 5p(z) = |z —z0|.

Denote by ¢ a C1! function and by C'S = CS,, an orthonormal coordinate system with
xo chosen so that x = (0, z4) and

B(x()uR) nD= {y = (gayd) in CS: Yy e B(O7R)7 Yd > w(m}
We fix such ¢ and the coordinate system CS.

Define two auxiliary functions t1,vs: B(0, R) — R by

b)) = R—VEZ =52 and ¢a(5) = — (R— VEZ = [jP) .

By the interior/exterior uniform ball conditions (with radius R) it follows that

Po(y) < V() <¢1(y) forany ye DN B(x, ). (3.4)

Now we define a function h,(y) = V(dy+(y)), where
HY ={y=(y.ya) in CS:yq>0}
denote the half-space in C'S.
Since dy+(y) = (ya)T in CS, we can use Theorem 3.3 to deduce that
Ahy(y) =0, Vye HT,

Now the idea is to show that A(h — h;)(z) is well defined and that there exists a constant
Cy = Ci1(A,R,¢) > 0 so that

\h(y) — he(y)|j(ly — x|)dy < C1 for any € >0. (3.5)

{yeDUHT: |y—=z|>¢c}

To do this we estimate the integral in (3.5) by the sum of the following three integrals:

I = / (h(w) + ha ()i (ly — 2]) dy

B(x,7)°

I = / (h() + ha(0))i(ly — 2]} dy, where
A

A={ye (DUHY)NB(z,2): 12(7) <va <11 (7)}

I / Ih(y) — ha()]i(ly — z]) dy, where E := {y € B(z, &): ya > 1 (7))}
FE

and prove that Iy + Io + I3 < C .
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To estimate 7 note that, by definition of A, h = 0 on B(Q, R)¢ which gives

hs sw /’ Vya)i(z -y dy + e / i(lyl)dy < oc.
z€R
0< 2y < R Bz 3)enH+ B(0,&)e

Here we have used Proposition 3.2 and the fact that the Lévy measure is a finite measure
away from the origin.

Now we estimate Ig. Denoting by mg_1(dy) the surface measure, we obtain

g/ / ) + )i (VT F Ty — 2a) maca(dy) dr.
0 [Fl=r

Since V is increasing and
R— R —jP < 5 < i,
we can use (3.4) to deduce

ha(y) + h(y) <2V (1(y) — ¢2(y)) < 2V (2[y]) .
Then, by the fact that j decreases, Proposition 2.4 and (2.7), we get

//u V(2[§1)j(r) ma_1 (dy) dr

y
% /(.. —2
ngr%ﬂ¢gfgm%mweAwm=rnw

Noting that [12(7) — 1 ()] < 22° = 2% for || = r, we obtain
ma_1({y: [7] =7, ¥2() <ya < 1(@)}) <ezr? for r< i

Thus, by the previous observation and the integration by parts we get
R R

Ir < cq 2?”2 :@/4—¢w%ym

0 0

<y liﬁ)1r\/¢(r2)+/\/gb(r2)dr
0

By Lemma 2.3 applied to a fixed ¢ < § we see that there is a constant c5 = ¢5(g) > 0 so
that
¢(T_2) < C57’_2(1_5+E),
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which gives
R R
4 4
I, < 04/ Vo(r=2)dr < 04\/%/7‘_1”_5 dr < 0o.
0 0

In order to estimate I3, we consider two cases. First, if 0 <yqs =4, , (y) < dp(y),
ya+R 1 g[?
h(y) = haly) < V(ya+ RHGP) = Vya) = / v(z)dz < R7glPo(ya),  (3.6)
Yd

since v is decreasing.

If ya=46,,(y) > dp(y) and y € E, using the fact that dp(y) is greater than or equal to
the distance between y and the graph of ¢ and

_ 2 2 ‘y|2 < ‘?7|2 < @
ya— R+ \/’y| R yd) \/| 72+ (R—yq)%2+(R—yq) — 2(R—yq) — R

we obtain
Yd

- < [ <R (R- VEET o). 67)

|91>+(R—ya)*

By (3.6) and (3.7),

I <R / F120(ya)i (| — yl)dy
En{y:ya<dép(y)}
wR [ e (R VP (R wa) e - wdy
En{y:ya>dép(y)}
=R YLy + Ly).

~ - R R
Ec{z=(Z,z) eR?: |7 <Z/\\/2de—z§ and0<zd§§},

changing to polar coordinates for y and using (2.1), (2.3), (2.7) and Proposition 2.4, yields
V2R dgr( (2 2)-1
[,

(12 + |yg — xq|?)(@+2)/2

Since

Ly < v(Ya)

&
o\w\:v

IN

d/ -2
&' ((r + lya — xq]) %) ~
dr | dyy =: c7L
/ (44/6) / (r+ lya —za) 2 O ) T
0
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If 6 # 1, by (A-3)

/¢' (ir+lva =) ™)

(r+ lya — zq])?

R

=¢' (R + |ya — z4|)~ /

0

& ((r+ lya — za|) ™) dr
"(RH+ ya — zal)72) (7 + lya — x4])?

=

_ —0
(r+ |ya — zal) 2) dr
(R lya — xq|) 72 (r + |ya — zal)?

<cs¢' (R + [ya — zal)~ /(

0
R

—es (R+ lya = 2al) )R+ la = 2a) ™ [+ ga = 2a) P dr
0

<co¢ (R + |ya — xa)) %) (R + |ya — zal) 2 |yq — zq| 1720+ (3.8)

Thus, in the case § > 3, (3.8) implies
011/ (ya/6)dya < c12V ($%) < o0. (3.9)
0

For the case § < 3, we first note that using (2.3) we obtain

R
/Td P'( 7"+|yd—$d|)_2)d
dy2

(r + |ya — zal)

/ r o+l ™) /R P((r £ |s — 2} |

<
- (r+ |s — zq|)? (r+1s — xq])?
0 [s—zq]
Ly |s—zq] R
ST VP
|s — 4]
|[s—zq]

R
= (@ 1) (s — zal )]s — ] + / o(r=2)dr

|s—zq
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Thus, by Lemma 3.6,

3 R
Ly < ci3 /0(5/6) B(|s — 24| 72)|s — 24| + / (r~2)dr | ds < oo.
0 ls—zal

Let us estimate Lg. Switching to polar coordinates for g, and by the use of (2.7), we get

A YN
Ly < ex / / o(R = 2 (B = g% + lya — wa)V2)dr | dya

0 0

R

& [ \/2Rya—y3

T4+
v(R = /12 + (R —ya))¢'((r* + lya — =al>)™") 4
<
= / / (12 + |ya — xq|?)(@+2)/2 ) du
0 0
A (VI TR+ lna— ) )
vR—m T+ |Yd —Tdl) 7) 4
< dr | dyy.
< €22 / / (T+|yd—xd|)2+d rdr Yd
0 0

Since, for 0 < r < R,

24 7,
N e e e e

r?+(R—ya)?

and /2Ryq — yg < /R/2V2R —ygs < Rfor 0 < yg < x4+ % we have

md+§ 2Rydfy§v — 12— ' ((r —z4]) 72
Ly < co2 / / (\/%(\/m )/(3\/R)) P+ lya — 2l >rddrdyd.

(r + |yg — zal )24
0 0
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Using (2.3), we see that with a := /2Ryq — y5 and b := |yq — x4,

a

/v(\ﬁ(a—r)/(fi\f))(ﬁ’(( b)” )rddr

(r + b)2td

<

0
“//2v<ﬁ<a—r>/<3f (i WO /av(f(a—r)/(?nf e +8)2)
0

(r+b)2+d A (r+b)d

a

<o(/5aa) (6VE)) / (o)) i+ 60+ 0/2)7?) [ o(iata - 1)/ (VR

r+ b 2+d
a/2

<o(vFaa/ (6VR) / uﬂd) i+ eayo(b+ /2)) V) (6 )

:=B1(ya) + BQ(yd)-

First, note that vVyqR < 1/2Ryq — yfl =a < /yaV2R. Thus

' ((r+ lya — zal)™?) 4 =
1(ya)dya < 024/ v(yq/6) / rédrdyy = caaL1 < 00.
0/ /9 (r + [ya — wal)?T4

N

Since v/yaR < a < \/ygV2R, by Proposition 2.4 and (2.1),
—1/2 _ o
Ba(ya) < easyg ¢y — wal + Vi) )olya )
Using the inequality yq/VR < \/¥a < |ya — za| + /Ya, we have

¢((1ya — zal + va) ") < d((ya/VR) )y ).
Thus, by (2.1) and Lemma 2.3 with € = §/2 we have

Ba(ya) < eayy oz )2 < eanyy Pyl = gy OO,
Thus
R R
2
/ 2(ya)dyq < 627/ 0920y < 0.
0 0

Therefore Ly < 0.
Now we see that A(h — hy)(z) is well defined. Indeed, since h,(x) = h(x) and

Liyepum+: y—z)>ep M) — hae()|i(ly — z|)
< Lyup(e,ay (W) + ha())i(ly = 2l) + 1elh(y) = ha)]5(ly — 2l) € L'(RY),

23

rdr
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we can use the dominated convergence theorem to deduce that limit

i / (h(y) — ha ()i (y — =) dy
{yeDUHT: |y—z|>c}

exists. Moreover, Ah(z) is then also well defined and satisfies |Ah(z)| < Cy . O
For a,b > 0, we define Dg(a,b) :={y € D :a > po(y) >0, |y| < b}.

Lemma 3.8. Assume additionally that (A-5) holds. There are constants Ry = R1(R, A, ¢) €

R o S
(0, 6 H(HA)Q) and ¢; = ¢;(R,A,¢) > 0, i = 1,2, such that for every r < Ry, Q € 0D

and x € Dg(r,r),
P, (X

TDQ (r,7)

c D> > e,V (6p(z)) (3.10)

and

E, [TDQ(M} < oV (6p(a)). (3.11)

Proof. Without loss of generality we may assume that Q = 0 and that : R — R is
a C1! function such that in the coordinate system C'Sp

B(07 R) ND= {(g7yd) € B(OaR) in CSO: Yd > 1/1(@} :
The function p defined by p(y) = yq — ¥ (y) satisfies

\/% <ply) < ply) forall ye B(0,R)N D. (3.12)
Define for a > 0,
Dy ={y€D:0<p(y) <a,ly| <a}
and the function
V(ép(y)) ye€BO,R)ND
{0 otherwise.

Using Dynkin formula and the same approximation argument as in the proof of the Lemma
4.5 in [KSV12b], from our Lemma 3.7 we have the following estimate for any open set
U c B(0,%)n D:

h(.%') —CE,y < Ea:h(XTU> < h(ac) + CE.1y (3.13)
where C7 > 0 is the constant from Lemma 3.7.
o L R N
By choosing A := W ETeEwyE we obtain

D, CDaCD0,2)nD forall r<A.

Indeed, for y € D, and r > 0 the following is true
912 = (517 + lyal® <72 + (Jya =0 @)+ 0@ < (14 (14 A)*)r?. (3.14)
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In particular, for r < A

lyl < V1+(1+A2A=12

The idea is to choose Ay > 1 large enough so that (3.10) and (3.11) hold for r» < A\;'A
and x € D, .

We are going to show that there are constants ci,co > 0 such that for any A > 4 and
x € Dy-1,4 the following two inequalities hold:

E.[h(Xr, | )] > (\/¢(16>\2R — V(R )E Dy 1, (3.15)

P, (XTDNA c D) > 03 ($(16A2R™2) — $(R72)) Eprp

(3.16)

A—1la
Once we prove this, we can choose Ao > 4 so that
VO(L6AZR2) > \/p(R-2) + 241
Then, for any A > A2 and z € Dy-1,4 we can use
a <\/¢(16)\2R—2) . \/¢>(R—2)> O > G

on (3.15) and (3.13) to get
V(0p(x)) = h(w) 2 Bo[M(Xrp, | )] = CiBatp, = C1BeTp

Y

which proves (3.11) with Ry = A\;'A .

Similarly, by (3.13) and (3.16), for any A > Ay and € Dy-1, we have
V(ép(x)) = h(z) < Buo[h(Xrp | )+ CiEemp

A—la
< V(R)P, (XTDA_IA e D) +Cieyt (p(16X2R72) — p(R72)) ' P, (XTDHA c D) :

where the first term is obtained by estimating h by V(R) and noting that h(x) = 0 unless
x € D. This yields

V(op(z))
V(R) + Cicy ' (¢(16A3R~2) — ¢(R~2))

P (X, €D) 2 —

This proves (3.10) with Ry = A\, 1A .
Now we prove (3.15). Note that for z € Dy-14 and y & B(0, \"1£),
2 < VI+ 1+ M)A TA= AT <y (3.17)

implies
i1z =yl) = 3 2lyl) = esi(yl) -
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26
Then the Ikeda-Watanabe formula implies
| 6oz = sV Gl d dy

Eoh(Xrp )] 2
B(0,7)ND\D, 1 , Dy—1,

/ G[)klA(a:7 z)dz

A—la

[ veowits iy

B(0,R)ND\D, _1 ,
[ v (442) a,

B(0,R)ND\D,_1 ,

>3
D
> c3BEqamp,

vV < 5, (y) by (3.12).

since A
On the set £ := {(¥,ya): 2A[7] < ya, A1 2 < |y| < R} we have
ly]

’y‘g 1+4A2?Jd and yd_w(@/)zyd_[x‘§’22m
Since E C B(0,R) \ Dy-14 because of the first inequality in (3.17), changing to polar

RS

coordinates gives
rd=tdr

OO e rerviemed

—x

)] = caBylrp, ]

Eoh(Xn, |
A8
with constant ¢4 > 0 depending on A and d.
Then (2.7) and Proposition 2.4 imply
R
-3 ¢'(r?)
EI[h(XTD)\—IA )] Z C5]E$ [TD}\_IA] T W d?“
A1 8

— csBylrp, ] (\/¢(16A2R—2) - ¢¢(R—2)) .

We prove (3.16) similarly by the same computation as above without V:

P, (XTD e D) > P, (XTDHA € B(O,R)N D\ B(O,)\‘lf))
R

> ceEx[mD, ] / jryrttdr
A8
R
> crBy[tp, ] / 3¢ (r=?) dr
A8

=27"¢7B,[mp, ] (0(16A°R™?) — ¢(R?)) .
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4. ANALYSIS OF P0o1ssoN KERNEL

In this section we always assume that the Laplace exponent ¢ of the subordinator S =
(S¢: t > 0) satisfies (A-1)—(A-4) and the corresponding subordinate Brownian motion
X = (X, P,) is transient.

First we record an inequality.

Lemma 4.1. For every Ry > 0, there exists a constant c(Ry, ») > 0 such that

A1 Ry
A2 / P (7 2)dr + /T_3¢’(r_2)d7“ < cop(V), VA= g (4.1)
0 A1

Proof. Assume \ > \g V RLO' By (1.2), ¢/(r72) < 172 A¥¢/(A\?) for r < A~L. Thus

A1 Ro
22 r_1¢'(r_2)dr + r_3¢’(r_2)dr
/ J
ooy 1
L N27(\2 o1 L N
—wmo/ SoE 21@ )V

1

AT
< ¢ (AP)AZH / r e+ ep(A) < e3(¢ (WA + ¢(N%)) < 2e30(N?)
0

where we have used (2.3) in the last inequality.

If 1 > Ao and 7= < A < Ao, then clearly the left hand side of (4.1) is bounded above by

Ro Ry
A(Q)/r_lgb’(r_Q)dr + / r3¢ () dr = ¢4 < e50(N?).
0 )‘61
O
Recall that the infinitesimal generator £ of X is given by
Lf(z) = / (flz+y) = flz) =y V(@) lgy<a) i(ly))dy (4.2)

R4
for every ¢ > 0 and f € CZ(R?) where CZ(R?) is the collection of bounded C? functions
in R4,

Using Lemma 4.1, we now prove [KSV12¢c, Lemma 4.2] under a weaker assumption.
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Lemma 4.2. There ezists a constant ¢ = c(¢) > 0 such that for every f € CZ(R?) with
0<f<1,

Lfr(@)] < ep(r?) 1+supz\8y8yky\ +bo, for cveryz € R and 7 € (0,1],

where fr(y) == f(¥) and by :==2 [ j(|z])dz < oc.

|z|>1

Proof. Set L1 = supyepa ), ‘8yjay) |. Then

1f(z+y) — f(z) —y-VI(z)| < SLlyl?

which implies the following estimate

o+ y) = £2(2) =y V() Lyen] < B L0 +2- Ty -
Now, (2.7) and (4.1) yield

££:(2)
/ oz 9) = £(2) — 9 V()L gy 3 () dy

Rd
2| . .
@1/1{y|<r}'$'23(!y\)dy+2/1{r<|y|<1}ﬂ(\y!)dy+2/1{|y|>1}ﬂ(\?/’>dy
R4 R4 Rd
o 2+ ) +2 [ iy,

{lyl=1}

IN

IN

IN

where the constant c is independent of r € (0, 1]. O

Lemma 4.3. For every a € (0,1), there exists a positive constant ¢ = c(a,¢) > 0 such
that for any r € (0,1) and any open set D with D C B(0,r)

P, (X,, € B(0,7)°) < cop(r ?)Ey[rp] for all x € DN B(0,ar).

Proof. Using Lemma 4.2, the proof of the lemma is similar to that of [KSV12a, Lemma
13.4.15]. We omit the details. O

Let A(z,a,b) := {y € R?: a < |y — x| < b} and recall that the Poisson kernel Kp(z,z) of
X in D is defined in (2.13).

Unlike [KSV12c], instead of Harnack inequality we use Corollary 2.11 ( which is a combi-
nation of Proposition 2.7 and Harnack inequality) in the next proposition.
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Proposition 4.4. Let p € (0,1). Then there exists a constant c(¢,p) > 0 such that for
any r € (0,1) we have

for all x € B(0,pr) and z € A(0, HTP T,T).

Proof. We split the Poisson kernel into two parts:

Ko (.2) = / G0 (@ 1) (12 — yl) dy = I (s) + In(s)
B(0,s)

where

Ih(s) = / G0 (@ 9)i (12 — yl) dy
B(0,3s/4)

/ G0 (1) (1% — o) dy

A(0,3s/4,s)

First we consider I1(s). Since |2 — y| > 1|z|, we conclude from (2.1) and (2.8) that

Li(s)<j (%) / G(z,y)dy <j (%) / G(z,y)dy
)

B(0,3s/4) B(x,2s
2s 2s
2 . .
< cﬂ(!z\)/t 3¢(§t2)%dt 1](|z|)/( PG 2)) dt < c3 J((| |))'
0 0

Then, since |z| <,

|| ||

[ n@as<eil [ i

1‘5? r 1+p

1ip
< 02](|Z|)7) < 02.7(‘Z|)¢(:—2) .
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On the other hand, by Corollary 2.11 and Lemma 2.5,

13—2
B <as 240 [ Blraelil - vl dy
A(0,3s/4,s)

—d— 2¢>’ \z yl
< cs / TS W

A(0,3s/4,s)

—d—2 _J(z=yh)
< ¢ys (s— 2 3/2 / \/W dy,

A(0,3s/4,s)
since s — |y| < |z — y|.
Observing that A(z,3s/4,s) C B(z,s) C A(0, |z| — s,2r) we arrive at

—d—2 ¢'(s72 i(|v
(0 |z|—s,2r)

—d—2 <z> RACEN %)

- t
=58 3G9 /t 3\‘;%dv

|z[—s

< cgs4 3/2\/ o((|2] — )

Then using the fact that s — ¢'(s72) and s — ¢(s~2)~! are increasing we obtain

l2| l2|
/ Ir(s)ds < cg / - 2,(2/(38/22) Vo((lz] —s)72)ds
4p . 14,
2 2

‘Z| 1+P

i /(2] —2
SCG( 2 )(|z‘ Qdi)’)/(Q‘l ) / \/ t 2 dt. (43)

By Lemma 2.3 with ¢ = % > ( for any a € (0,1) we have

/amds— VI 4y /)
0

< C7a1_6/2\/¢(a—2)/S_H‘S/st < cgar/Pp(a=?) (4.4)
0
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Since 1#7’ < |z| < r, (4.3)—(4.4) together with (2.2) and (2.7) give

|| -

2
#'(|2172) _9\ 1/2
/IZ(S)dsgq’ ¢2z|2>3/2 ('Z|‘1?7“)¢<<’Z"1?7") >

—
—
N+
S
<

1+p

—d—2

ltp,. & (|22 — e B ,
< g DL () < eola 26 (12 ) gy
< c10J(12]) 5=

5. UNIFORM BOUNDARY HARNACK PRINCIPLE

In this section we give a proof of the uniform boundary Harnack principle for X in an
arbitrary open set with the constant not depending on the open set itself. This type of
the boundary Harnack principle was first obtained in [BKKO0S]| for rotationally symmetric
stable processes. Since, using results of previous section, the proofs in this section are
almost identical to the one in [KSV12¢c, Section 5], we give details only on parts that
require extra explanation.

Recall that X = (Xy,P;) is a subordinate process defined by X; = Wg, where W =
(W, P,) is a Brownian motion in R? independent of the subordinator S and the Laplace
exponent ¢ of the subordinator S satisfies (A-1)-(A-3).

Using (2.9), (2.10), Proposition 2.12, Proposition 4.4 and the fact that for U C D
Kp(x,z) = Ky(x,z) + Ey [Kp(X+,, 2)] (x,2) e U x D, (5.1)
the proof of the next result is the same as the one of [KSV12¢, Lemma 5.2].

Lemma 5.1. Assume that X is transient and satisfies (A-1)—(A-4). For everyp € (0,1),
there exists ¢ = c(¢,p) > 0 such that for every r € (0,1), 2o € R?, U C B(zo,7) and for
any (x,y) € (U N B(z,pr)) x B(z0,7)",

Koww) Seggin | [ (= aDKu(awds + iy - )

U\B (z()%)

The process X satisfies the hypothesis H in [Szt00]. Therefore, by [Szt00, Theorem 1], for
a Lipschitz open set V C R? and an open subset U C V/

Py (Xs, €0V) =0 and Py(X5, € dz) = Ky(z,2)dz on V°. (5.2)

Using (5.2) and Lemma 5.1, the proof of the next result is the same as the one of [KSV12c,
Lemma 5.3].
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Lemma 5.2. Assume that X is transient and satisfies (A-1)—(A-4). For everyp € (0,1),
there exists ¢ = c(¢,p) > 0 such that for every r € (0,1), for every zo € RY, U C B(zg,r)
and any nonnegative function u in R% which is reqular harmonic in U with respect to X
and vanishes in U N B(zg,r) we have

u(@) < ¢ 5o / j(ly — 2o)u(y)dy, @ € U N Bzo,pr).

(U\B(z0, S427) ) UB (20,7

We give a detailed proof of the next result.

Lemma 5.3. Assume that X is transient and satisfies (A-1)—(A-4). There exists Co =
Ca(d, ) > 1 such that for every r € (0,1), for every zo € R%, U C B(zo,r) and for any
(z,y) € UN B(20, 5) x B(z0,7)°,

Cy By / i1z — 20D Ko (2, y)dz + 31y — =)
U\B(zo,g)

< Kyle.y) < CaEqlry] / 317 — zol) Ko (=, y)d= + j(Jy — z0])
U\B(z0,35)

Proof. Without loss of generality, we assume zyp = 0. Fix r € (0,1) and let Uy := U N
B(0,37), Uy :==UNB(0,2r) and Us := U N B(0,3r). Let x € UN B(0,%), y € B(0,r)".
By (5.1),

KU('xay) = KU(XTU 73/)] +KU2($ y)
= / KU Z y TU € dz) +KU2(x7y)
U\Uz
= / Ky (2, y)Py(Xr,, € dz) + / Ky(z,y)Ky,(z, 2)dz + Ky, (x,y)
Us\Ua U\U3
= / Ky (2, y)Py(Xr,, € dz) + / KU(z,y)/GUQ(a:,w)j(]z—w])dwdz
Us\Uz U\Us Uz

+ / G, w)i(ly — wl)dw =: I + I + Is.
Us
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From Lemma 4.3 and Lemma 5.1, we see that there exist ¢; and c¢o such that

U\Us
(5.3)

Now using (2.9) and (2.10) one can check as in [KSV12c¢] that there exists c5 = c5(d, ¢) > 1
such that

G Ealrn) [ DK < b < aBalra] [ J(DKu(ds (G
U\Us U\Us

and
¢ "Balr, )i (ly]) < I3 < esBalmn]i(Jy]) - (5.5)

The upper bound follows from (5.3)—(5.5).

Using the strong Markov property, we get

Eofro] = Eolru,] +Es [Ex,, []]
P

IN

Eufrin] + (335 Ez[m]) (Xn, € B(O.2))

< Eofrn] + 6o (r™?) 7 o((5) ) EBalme] < erBalru),

where in the second inequality we have used Lemma 2.5 and Lemma 4.3 and in last
inequality we have used (2.1).

Since

/ () Ko (zy)dz = / J(12) K (2 y)dz + / 312 Ko (2 y)d=

U\U;y U\Us Us\U1
</ j<|z|>KU<z,y>dz+(su[;mz,y)) [ b
zeUs

U\Us A(0,r/2,3r/4)
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by (2.7) and Lemma 5.1,

/ J(1) K (2, y)de

U\U;
c8 [ ) . .
< e oy [ s | | [ 0K + )
5 U\Us
= |2y feeyas| | [ G Eu G+ i)
% U\Us
-2
< <1+cQ<f;(4[2))) [ D Ru iz + Gl | (5.6)
U\U3
Combining (2.1) and (5.4)—(5.6), we finish the proof of the lower bound. O

Using Lemmas 5.2 and 5.3, the proof of the next result is the same as the one of [KSV12c,
Lemma 5.5].

Lemma 5.4. Assume that X is transient and satisfies (A-1)—(A-4). For every zp € R?,
every open set U C B(z,7) and for any nonnegative function u in R which is reqular
harmonic in U with respect to X and vanishes a.e. on U° N B(zp, )

C5 ] / il — zo)u(y)dy < u(z) < CoEqlr] / 31y — 7ol)u(y)dy
B(z()v%)c B(Z(),%)C

for every x € UN B(zo,5) (where Cy is the constant from Lemma 5.3).

As in [KSV12¢, Corollary 5.6], the last two lemmas immediately imply the following ap-
proximate factorization of the Poisson kernel.

Corollary 5.5. Assume that X is transient and satisfies (A-1)—(A-4). Let zy € R? and
D C R? be open. Then for every r € (0,1) and all (z,y) € (DNB(z20, 5)) x (DN B(z0,7)°)
it holds that

Cz_lEx [TDOB(ZO,T)]AD (Z07 T, y) < Kp (‘T) y) < G E, [TDDB(ZO,T)]AD (ZO7 T, y) ) (57)

where

Ap(z0,1,y) = / (|2 = 20) Kpnp (s, (2, 9) dz
(DNB(20,7)\B(20,5)

willy =D+ [ = DB [Kp (X 00)] d.
B(20,3)°
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Lemma 5.4 and (5.7) imply the following uniform boundary Harnack principle. Note that
the constants in the following theorem do not depend on the open set itself. That is why
this type of result is called the uniform boundary Harnack principle.

Theorem 5.6. Suppose that ¢ satisfies (A-1)—(A-3). There exists a constant ¢ = c(¢) >
0 such that

(i) For every zy € R%, every open set D C RY, everyr € (0,1) and for any nonnegative
functions u,v in R® which are reqular harmonic in D N B(zg,r) with respect to X
and vanish a.e. on DN B(zp,7), we have

< M)

v

u(z) Y
(y)

~—

v(z)

for all x,y € DN B(z, 5).
(ii) If X is, additionally, transient and satisfies (A-4), then for every zy € R?, every
Greenian open set D C RY, every r € (0,1), we have

Kp(x1,91)Kp(x2,y2) < cKp(x1,y2)Kp(x2,y1)
for all x1,22 € DN B(z0,5) and all y1,y2 € D N Bz, 7).

Proof. Under the assumption of transience and (A-1)-(A-4) the result follows from
Lemma 5.4 and Corollary 5.5 (see proof of [KSV12¢c, Theorem 1.1]).

If the process X is not transient, we can use argument similar as in the proof of [KM12,
Theorem 1.2, p. 17] where it is shown how to deduce Harnack inequality in dimensions
d = 1,2 from Harnack inequality in dimension d > 3 (since in the latter case the process
is always transient). Since we will use the argument in the proof of Theorem 1.5 again,
here we provide the detail for the readers’ convenience.

We use the notation # = (z',...,2% 1) for z = (2!,...,29 2% € R? and X =
((Xt,Xtd),]p(i’zd)). As in the proof of [KM12, Theorem 1.2, p. 17], we have that for

every z? € R, X = (X;,P;) is a (d — 1)-dimensional subordinate Brownian motion with

characteristic exponent ®(£) = ¢(|€|?) for £ € R

Suppose (i) is true for for some d > 2 and let D be an open subset of R*! and u,v: R*1 —

[0, 00) be functions that are regular harmonic in DN B(Zo, r) with respect to X and vanish
on DN B(zg,r) a.e. with respect to (d — 1)-dimensional Lebesgue measure.

Let f and g : R? — [0, 00) be defined by
[@ah) =u(m) and  g(F2%) = v(@).

Since
T(B(Zo,s)ND)xR = inf{t >0: Xy ¢ B(fo, s)N D},

by the strong Markov property, f and g are regular harmonic in B(Zg,r) x R with respect
to X. Clearly f and g vanish on (B(Zg, ) xR)N(D xR)¢ a.e. with respect to d-dimensional
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Lebesgue measure. Thus, by applying the result to f and g, we see that there exists a
constant ¢ > 0 such that for all Zop € R%"!, open set D C R*! and r € (0,1)

w(@) _ f((21,0) f((22,0)) . u(72)
v(T1)  9((71,0)) 9((72,0)) v(T2)

<c for all Z1,22 € DN B(7o, 5).

Applying this argument first to d = 3 and then to d = 2, we finish the proof of the
theorem. 0

6. GREEN FUNCTION ESTIMATES ON BOUNDED LIPSCHITZ DOMAIN

The purpose of this section is to establish sharp two-sided Green function estimates for X
in any bounded Lipschitz domain D of R,

Recall that we have assumed that X = (X, P,) is the subordinate process defined by X; =
Ws, where W = (W;,P,) is a Brownian motion in R? independent of the subordinator S
and the Laplace exponent ¢ of the subordinator S satisfies (A-1)—(A-3). In this section
we further assume that X is transient and that (A-4) also holds.

We will first establish the interior estimates using Proposition 2.6 and Theorem 2.10. As
in [KSV12b], once we have the interior estimates, we can apply Theorem 2.10 and the
boundary Harnack principle (Theorem 5.6), and use the arguments of [Bog00, Han05] to
get the full estimates for bounded Lipschitz domain D.

Lemma 6.1. For every bounded domain D C R?, there exists a constant Cy = Cy(d, ¢,
diam(D)) > 0 such that

|z —y|~ ¢ (Jo — y| )
Pz —y|=2)?

and for all x,y € D with by |z —y| < 5p(x) A dp(y)

Gp(z,y) < Cs for all z,y € D, (6.1)

—y "2 |z —y7?)

|z
Coley) = G gy

where by € (0, %) is the constant from Proposition 2.7.

Proof. Since Gp(z,y) < g(|z —y|) and D is bounded, (6.1) is an immediate consequence
of Proposition 2.6.

Now we show (6.2). We have two cases:

Case 1: |z — y| < ba.
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Since B(x,by |z —y|) € D and y € A(z, |z —yl, by 'z — y|), we can use Proposition 2.7 to
get

b3+ 2 a—y| =929/ (b3|z—y|~2)
Go (@) 2 Gyl oy (@ ¥) 2 P15 B (75 (2,5 o))

e A P
S (T )R

where in the last inequality we have used Proposition 2.8, (A-3) and the facts that by €
(0, 2) and that the function r — ¢(T) is decreasing.

Case 2: |z —y| > bo.

In this case it follows that dp(z) A dp(y) > 1. Let zg € 0B(y, b2). Then
by '[xo —y| =1 < dp(x) Adp(y)

and so, by the Case 1, we obtain

—d 2 7
Gp(xo,y) > 2 #()bz) (6.3)

Since Gp(-,y) is harmonic in B(zg, 2 2) U B(x, —2) (with respect to X), we can use Propo-
sition 2.10 to deduce
Gp(z,y) = E, [GD(XTB(m,b2/4)7y)] > E, [GD(XTB(x b2/4)’y)? XTB(x,b2/4) € B(wo, %)]
> c3Gp (0, Y)Pu(Xrp, 0 € B, 3)) - (6.4)
By Proposition 2.12, (2.12) and (2.13) we get

PI(XTB<z,b2/4) € B(xy, 4 / K b2 (z,2)dz
B(J:o,
> ¢(1g;;2_2) | it -ah (65)
B(0,%)

Since |z — z| < diam(D), by the monotonicity of j we deduce
Pm(XTB(x,b2/4) € B(xOv 1 ) >cs

Therefore, using (6.3)—(6.5) we conclude that

bdj(diam(D))
$(16b5 )

_ d—2 / _ 2
GD(I',y) > cg > C7| ul_ oz (Z| |g)2 i )

In the last inequality we use the fact that by < |z — y| < diam(D) and Corollary 2.2. O

An open set D is said to be Lipschitz domain if there is a localization radius Ry > 0 and
a constant A > 0 such that for every z € 9D, there is a Lipschitz function ¢, : R~! — R
satisfying

|¢02(x) — ¢ (w)| < Az —wl,
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and an orthonormal coordinate system C'S, with origin at z such that
B(z,Ri)ND = B(z, 1) N {y = (§,ya) in CS: : yq > ¢:(7)}-
The pair (R, A) is called the characteristics of the Lipschitz domain D.

Unlike [KSV12b] we will assume that D is a bounded Lipschitz domain instead of x-fat
open set. The main reason we assume that D is a bounded Lipschitz domain is Theorem
2.10 and the Harnack chain argument. Note that in [KSV12b], [KSV12b, Theorem 2.14]
is used instead of Theorem 2.10 and the Harnack chain argument. Unfortunately, it seems
that, under our assumptions, the such result is not true for certain harmonic function like

u(z) :=Py(Xry, ) € B(zo,7)) when distance between z¢ and z; is large and r is small.

Lemma 6.2. For every L > 0 and bounded Lipschitz domain D with the characteristics
(R1,A), there exists ¢ = ¢(L,d, ¢, R1, A, diam(D)) > 0 such that for every xz,y € D with
|z —y| < L(6p(x) A dp(y)),

& —yI="?¢' (|2 — y|?)
O(lz —y|7?)?

Gp(z,y) > c (6.6)

Proof. By symmetry of Gp we may assume dp(z) < dp(y). Moreover, by Lemma 6.1 we
can assume that L > by and so we only need to show (6.6) for bodp(z) < |x—y| < Lip(z).

Choose a point w € 0B(z,b20p(x)). Then Lemma 6.1 gives

(b0 (@) =26/ (by9p () )

¢((b26p(x))~?)? .
Since |y —w| < |z —y|+ |z —w| < (L+1)dp(x) and Gp(z, -) = Gp(-,x) is harmonic with
respect to X in B(y, b2dp(x)) U B(w, b2dp(x)), using the assumption that D is a bounded
Lipschitz domain, Theorem 2.10 and the Harnack chain argument we obtain

(ba0p ()~ 42¢/ ((b2dp(x))~?)
¢((b20p(x))~2)? '

GD(x7w) > c

Gp(z,y) > c2oGp(z,w) > c3

by Corollary 2.2
(b2dp(x)) "¢/ ((b20p(x))?)
¢((b2dp(x))~?)?
|z =y~ (J= —y| )
ol —y[72)?

Gp(r,y) > c2Gp(z,w) >c3

v

Cq
U

For the remainder of this section, we assume that D is a bounded Lipschitz domain with
characteristics (Ry, A).

Without loss of generality we may assume that Ry < %. Since D is Lipschitz, there exists
K = K(A) € (0,3) such that for each @ € 9D and r € (0, Ry), there exists a point

A (Q) € DN B(Q,r) satisfying B(A,(Q),xkr) C DN B(Q,r).
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Recall that Gp(-,y) is regular harmonic in D\ B(y, ¢) for every € > 0 and vanishes outside
D.

Fix zp € D with kR; < dp(z9) < Ry and set €1 := “2—121. Define

T(I‘,y) = 6D(x) \/5D(y) v ’.CI? - y’a T,y € D

and

Bla.y) — {{A €D: 6p(A) > Sr(zy), [ — AV ]y — Al < 5r(z,y)}  if r(z,y) < e

{z0} if r(xz,y) > 1.
(6.7)
Note that for every (z,y) € D x D with r(z,y) < &;
t0p(A) < r(zy) < 26~ 16p(A), A€ B(z,y). (6.8)
Set
/(9D (20) \—2
Cy := Cadiam(D)(22{7))~d-3 ? ((5 7))
o((25) 722
By (6.1) and Corollary 2.2 (with a = 2diam(D)/dp(z¢) and b = 1) we see that
Gp(z,z0) < Cy for x € D\ B(zp, %)
Now we define
gp(z) == Gp(z,20) A Cy. (6.9)

We note that for dp(z) < 6eq,
9p(z) = Gp(z, 20),
since 6e1 < % and thus |z — 29| > dp(z¢) — 661 > %.
The following lemma follows from Theorem 2.10 and the standard Harnack chain argu-
ment:

3
K el
64 we

Lemma 6.3. There exists ¢ > 1 such that for every x € D satisfying ép(x) >
have

cl<gpl) <ec.

Theorem 6.4. Suppose X is transient and ¢ satisfies (A-1)—(A-4). If D is a bounded
Lipschitz domain with characteristics (R1, A), then there exists ¢ = c¢(diam(D), R, A, ¢) >
1 such that for every x,y € D and A € B(x,y)

-1 __gp(@)gp ()¢’ (lz—y|~2) gp(x)gp ()¢’ (|lz—y| %)
c 90 (A)2|z—y| T2 ([a—y|-2)2 < GD(x,y) < cgD(A)2|x—y\d+2¢(\x—y\—2)2’ (6-10)

where gp and B(x,y) are defined by (6.9) and (6.7) respectively.

Proof. Since the proof is an adaptation of the proofs of [Bog00, Proposition 6] and
[Han05, Theorem 2.4], we only give the proof when dp(z) < dp(y) < §|r —y|. In this
case, we have r(z,y) = |z — y|
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By Theorem 2.10, we see that for all z,y € D and A;, As € B(z,y),
gp(Aj) is comparable to gp(As2).

—y|A
Set r = W and choose

Quz,Qy € 0D with |Q; —z|=0p(z) and [Qy—y[=0p(y).
Pick points 21 = A, /2(Q.) and y1 = A, /2(Qy) so that

z, 71 € B(Qq,k1r/2) and  y,y1 € B(Qy,kr/2).
Then one can easily check that |zo0 — Qz| > kr and |y — Qx| > 7.

Then Theorem 5.6 implies

_1 Gp(z1,y) Gp(z,y) Gp(x1,y)
C ) S @ - gp@)

for some ¢1 > 1.

Also, since |z9 — Qy| > 7 and |x1 — Qy| > 7, by Theorem 5.6 again,

ol Gp(x1,y1) < Gp(z1,y) < ClGD(ﬂfhyl)_
gp(y1) gp(y) gp(y1)
Therefore

o2 Gp(z1,41) < Gp(z,y) < 2 Gp(x1,11)
gp(z1)gp(y1) ~ g9p(x)gp(y) = ‘gpl(z1)gp(y1)’

Now we can use Lemma 6.2 for the lower and Lemma 6.1 for the upper bound to get

R T i (T ) i NP S 21 C2% ) T B e i A (R )
9p(21)9p (Y1) d(lzr—y1]172)2 = gp(z)gp(y) = 9p(@)gny) d(lz1—y1]72)?

(6.11)
for some co > 1.

Since @ < |z1 — 1| < 2|z — y|, Corollary 2.2 yields

191 [~2¢/ (2191 "2) — o) ad43 Ty =2 Ole—y|"2) — o adt3|e—y| =28/ (z—y|~2)
TR =23 FOmyr =23 Fa—y-2)?

and

1= |2 (o1 =g 7?) 5 g1 g-d—8la=yl 20 o=yl ™) « g1 g-d-3la=yl ¢/ (a—yl"2)

d(lx1—y1]172)2 (4~ Ta—y]72)2 d(Jz—y[~2)?
Therefore,
2743 el ? oy~ 02/ (|Jz—y|~2) < _Gp(zy) 2.3 3coe}  |o—y| " 924/ (lz—y|2) (6.12)
3gp (z1)gp (y1) o(Je—y[~2)? = gp(@)gp(y) — gp(z1)gp(y1) o(Je—y[~2)? ) )

If r = &, then r(z,y) = |z — y| > 1 and so

2

gp(A) = gp(20) = Cy and dp(x1) Adp(yr) > 5F = £et
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Thus, in this case, Lemma 6.3 yields
<c3 (613)

for some c3 > 1.
In the case r < & we have r(z,y) = |z — y| < &1 and r = ir(z,y). Hence

(5D(£L‘1) /\5D(y1) > % _ %

Since |x1 — A|V|y1 — A| < 5r(z,y)+|x1 —x|+|y1 —y| < 5r(z,y)+2kr < 6r(x,y), Theorem
2.10 applied to gp gives
1 9p(4) gp(4)
C4 >~

gp(71) gp(y1)
for some constant ¢4 > 0. Combining (6.12)-(6.14), we get

< ¢4 and ch < < ca (6.14)

—1 gp(®)gp (y) lz—y|~9=2¢' (lx—y|~2) g0 (@)gp (y) lz—y| =9 2¢' (lx—y|~2)
G5 Ay sy 27— = Gp(n,y) < o 5 0 Syl 77

for all A € B(x,y). O

7. EXpLicIT GREEN FUNCTION ESTIMATES ON BOUNDED C!'-OPEN SETS

The purpose of this section is to establish the explicit Green function estimates from
Theorem 6.4 in the case of bounded C! open sets.

Theorem 7.1. Suppose that X = (X; : t > 0) is a transient d-dimensional subordinate
Brownian motion where the corresponding subordinator S has the Laplace exponent ¢
satisfying (A-1)—(A-5). If D is a bounded CY' domain in R with CY' characteristics
(R,A), then there exists ¢ = ¢(R, A, ¢, diam(D)) > 0 such that

¢t (V(p) A1) < gp(x) < ¢ (V(6p(x))Al) forall ze€D. (7.1)

Proof. The proof follows the proof of [KSV12b, Theorem 4.6] by using our Proposition
2.6, Lemma 3.8 and Theorem 5.6 . U

Proof of Theorem 1.2. Only using the fact that V is increasing and subadditive, the
following is proved in [KSV12b, (4.38)].
(Vép(@) AV ép) ALY _  V(ép(x))V(dp(y))
(V(ép(z) Vip(y) Vlz —y[) A1)> ~ VZ(0p(x) Vép(y) V |z —yl)

Thus, when D is connected, Theorem 1.2 follows from (7.2) and our Theorems 6.4 and
7.1.

(7.2)

Next we assume that D is not connected. The proof below is similar to the one in [CKSV10,
Theorem 3.4].
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Let (R, A) be the C! characteristics of D. Note that D has only finitely many components
and the distance between any two distinct components of D is at least R > 0.

Assume first that 2 and y are in two distinct components of D. Let D(z) be the component
of D that contains x. Then by the strong Markov property and (2.12) we obtain

TD(x)
Gp(@,y) =By [Gp(Xrp) )| =B / / J(Xs = 2))Gp(zy)dz | ds
0 D\D(x)

Consequently,

(D) Bulrow] [ Gl 2)dz < Goley) < SR Balrow] [ Goly,2)dz

D\D(z) D\D(z)
(7.3)

Applying the two-sided estimates (1.6) established in the first part of this proof to D(x),
after integrating out the second variable we get
—1 —1 —1 —1

| = ol <E, ‘1 1 . A4
Vo©p(x)=2)  \/(p@)(z)=2) — [TD ] V00D (2)(2)~2) \/¢(5D($)_2) (74)

By (7.4) we get

Gp(y,z)dz > / G’D(y)(y,z)dz = IEy[TD(y)] > m-
D\D(z) D(y)

On the other hand, (2.12) and (7.4) imply

Gply,z)dz < Ey[rp] =E, [TD(y)] +Ey |:EX"D(y) [TD]]

D\D(z)
TD(y)
= ( “E / / (|1 Xs — 2|) E;[rp]dzds
0 D\D(y)
< === 1j(R)E |D| Eo|
- ¢(5D( )72) +j [ } ‘ 0 TB(O d1am(D))]
< +C4E [ D(y )] < 5

¢(an< )~2) = Volp(y)-2)

We conclude from the last three displays and (7.3) that there is a constant ¢g > 1 such
that

—1
% <G “ . 75
Vo0 (@) 2)p0p(y)2) — p(@y) < V40D (@) 2)8(0p (1) 2) (7.5)

Noting that
R < |z —y| < diam(D)

when x and y are in different components of D, by Corollary 2.2 we obtain (1.6).
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Now we assume that x,y are in the same component U of D. Applying (1.6) to U we get

o(lz—y|~%) lz—y|~ 2/ (lz—y|~?)
Gp(z,y) > Gu(z,y) > c7 <1 A \/¢(5U(x)2)¢(5(](y)2)> d(Jz—y[ 2)2

—c ¢(\x y| 2) lz—y|~42¢' (lz—y|~ 2)
7 \/qs 5o (@ 50 (1) -2) P(Jz—y[~2)?

For the upper bound, we use the strong Markov property, (2.12) and (7.4)—(7.5) to get

Gp(z,y)
= GU(x, y) + Em [GD(XTUay)]

TU
2—y|—2 2| =420 (| —u| 2 .
< (1 Vo0 l ylb(&;(y) 2)> | y|¢(‘x_<:;|(l2)2y| )+Ew / / J(1Xs — 2))Gp(z,y)dzds
r—y|—2 2| =420 (| —y| =2 )
= (1 TR 2>> e+ () Ealr] / Gty 2)dz
D\U
dz
cg [ =z
<|x ol %) o=yl =42/ (jz—y|~2) p\v V90p()?)
< . .
= CS( Vo0 (@) 2)6(0p (v)- 2)> TP an@ Detow D) (7.6)
Since D is bounded, we get
1 < | D]
Vé(©p(2) =)0 (y) - \/qs(aD(z) 2) T V/é(p(2)72)¢(0p(y)~?)é(diam(D)~2)
D\U
(Iﬂc yl %)
<
= Clo( V00 (@) 2)900 () 2)>’
which together with (7.6) and Corollary 2.2 gives
G < 1A o(Jz—y|?)
p(z,y) < CU< V(6D (@) ~2)b(3p (y)~2)
(Iw y\ %) ¢ (|z—y|~?)
= ‘312< Vo) <y>2>) o=y 1T 25 (ja—y[ 22
O

Proof of Theorem 1.5. When d = 1, the theorem follows from Proposition 2.4, Theorem
3.1 and Theorem 5.6 (i).

Note that the result in [CKSV12, Lemma 4.2] is true in our case too. By this result,
Theorem 2.10, Theorem 5.6 (i) and Theorem 1.2, the proof of Theorem 1.5 is the same as
the proof of [KSV12b, Theorem 1.3] when d > 3.

Note that if D is a O open set in R?~! with characteristics (R, A), then D x R is clearly
C! open set in R? with the same characteristics (R, A). Thus the case d = 2 can be
handled in the same way as in the proof of Theorem 5.6 (i) . O
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