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Indefinitni skalarni produkti

H ∈ Cn×n hermitska

H pozitivno
definitna

H indefinitna
nesingularna

〈x , y〉H = 〈Hx , y〉 [x , y ]H = 〈Hx , y〉
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Indefinitni skalarni produkti

1. linearnost u prvom argumentu

[αx + βy , z]H = α[x , z]H + β[y , z]H , ∀α, β ∈ C, ∀x , y , z ∈ Cn

2. hermitičnost
[x , y ]H = [y , x ]H , ∀x , y ∈ Cn

3. nedegeneriranost

[x , y ]H = 0, ∀y ∈ Cn ⇒ x = 0

[·, ·] : Cn×n × Cn×n → C sa svojstvima (1)-(3) je indefinitan skalarni produkt
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Indefinitni skalarni produkti

H = UΛU∗ = U|Λ|
1
2 J |Λ|

1
2 U∗︸ ︷︷ ︸
G

= G∗JG

J = diag(±1, . . . ,±1) (= diag(Ip,−In−p))

⇓

[x , y ]H = [Gx ,Gy ]J
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Indefinitni skalarni produkti

x1

x2

x∗Ix = 1

x1

x2

x∗Jx = ±1
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Indefinitni skalarni produkti

x ∈ Cn je neutralan ako je [x , x ] = 0.

[x , x ] < 0, [y , y ] > 0, t ∈ R

⇓

0 = [x + ty , x + ty ] = [x , x ] + 2Re(x∗Jy)t + t2[y , y ]

Problem: [x , y ] = 0,∀y ∈ span{x}
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Indefinitni skalarni produkti

x ∈ Cn je neutralan ako je [x , x ] = 0.
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⇓
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Degenerirani potprostori

PotprostorM⊂ Cn je degeneriran ako postoji 0 6= x ∈M takav da je

[x , y ] = 0, ∀y ∈M.

U suprotnom jeM nedegeneriran.
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Nedegenerirani potprostori

J-ortogonalni komplement potprostoraM⊂ Cn je potprostor

M[⊥] = {x ∈ Cn | [x , y ] = 0, ∀y ∈M}

M degeneriran ⇔ M∩M[⊥] 6= ∅
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Nedegenerirani potprostori

Za potprostorM⊂ Cn su sljedeće tvrdnje ekvivalentne:

1. M je nedegeneriran

2. A∗JA je nesingularna, gdje stupci matrice A tvore bazu zaM

3. M⊕M[⊥] = Cn

4. M ima J-ortonormalnu bazu.
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J-adjungirana matrica

A[∗] ∈ Cn×n je J-adjungirana matrica matrice A ∈ Cn×n ako je

[Ax , y ] = [x ,A[∗]y ],∀x , y ∈ Cn.

A[∗] = JA∗J =

(
A∗11 −A∗21
−A∗12 A∗22

)
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J-hermitske matrice

A ∈ Cn×n je J-hermitska ako je

[Ax , y ] = [x ,Ay ], ∀x , y ∈ Cn.

A = JA∗J =

(
A11 −A∗21
A21 A22

)
, A11 = A∗11,A22 = A∗22
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J-unitarne matrice

Matrica Q ∈ Cn×n je J-unitarna ako je

[Qx ,Qy ] = [x , y ],∀x , y ∈ C.

Q∗JQ = J

Q [∗] = Q−1

Napomene:

1. J-unitarne matrice čine multiplikativnu grupu zatvorenu na adjungiranje i
J-adjungiranje

2. Q ∈ Cn×n nesingularna s J-ortonormiranim stupcima ⇒ Q nije nužno
J-unitarna
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Primjena: prigušeni sustav

Mẍ + Cẋ + Kx = f

M > 0, C ≥ 0, K > 0

⇓

M = L2LT
2 K = L1LT

1

⇓

y1 = LT
1 x

y2 = LT
2 ẋ

⇓

d
dt

[
y1
y2

]
=

[
0 LT

1 L−T
2

−L−12 L1 −L−12 CL−T
2

][
y1
y2

]
+

[
0

L−12 f

]
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Kutevi među potprostorima

M

L
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Kutevi među potprostorima

M

L

ϕ

0 ≤ ϕ ≤ π
2
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Kutevi među potprostorima

ϕ

M

L

q2

q1

0 ≤ ϕ ≤ π
2

‖q1‖2 = ‖q2‖2 = 1
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Kutevi među potprostorima

ϕ

M

L

q2

q1

0 ≤ ϕ ≤ π
2

‖q1‖2 = ‖q2‖2 = 1
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Kutevi među potprostorima

ϕ

M

L

q2

q1

0 ≤ ϕ ≤ π
2

‖q1‖2 = ‖q2‖2 = 1

cosϕ = ‖q2q∗2q1‖2 = ‖P2P1‖2
sinϕ = ‖(I − q2q∗2 )q1‖2 = ‖(I − P2)P1‖2
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Kutevi među potprostorima

ϕ

M

L

q2

q1

0 ≤ ϕ ≤ π
2

‖q1‖2 = ‖q2‖2 = 1

cosϕ = ‖q2q∗2q1‖2 = ‖P2P1‖2
sinϕ = ‖(I − q2q∗2 )q1‖2 = ‖(I − P2)P1‖2

ϕ = 0⇔M = L
ϕ = π

2 ⇔M⊥ L
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Kutevi među potprostorima

dimL = l
R(Q1) = L
Q∗1Q1 = Il

dimM = m
R(Q2) =M
Q∗1Q2 = Im

|q∗2q1| −→ Q∗2Q1

tražimo kosinuse:
1. 0 ≤ ci ≤ 1

2. unitarno invarijantni

20



Kutevi među potprostorima

(
Q∗2
Q̃∗2

)(
Q1 Q̃1

)
=

(
Q∗2Q1 Q∗2 Q̃1

Q̃∗2Q1 Q̃∗2 Q̃1

)
=

(
U1

U2

)(
Γ W12

W21 Γ̃

)(
V ∗1

V ∗2

)

Γ =

I
C

0

 Γ̃ =

I
C̃

0


1 > c1 ≥ · · · ≥ cr > 0

1 > c̃1 ≥ · · · ≥ c̃s > 0
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Kutevi među potprostorima



I 0 0 W14 W15 W16

0 C 0 W24 W25 W26

0 0 0 W34 W35 W36

W41 W42 W43 I 0 0
W51 W52 W53 0 C̃ 0
W61 W62 W63 0 0 0
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Kutevi među potprostorima



I 0 0 W14 W15 W16

0 C 0 W24 W25 W26

0 0 0 W34 W35 W36

W41 W42 W43 I 0 0
W51 W52 W53 0 C̃ 0
W61 W62 W63 0 0 0
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 W25 W26

0 0 0 0 W35 W36

0 0 0 I 0 0
0 W52 W53 0 C̃ 0
0 W62 W63 0 0 0
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 W25 W26

0 0 0 0 W35 W36

0 0 0 I 0 0
0 W52 W53 0 C̃ 0
0 W62 W63 0 0 0
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 W25 0
0 0 0 0 W35 W36

0 0 0 I 0 0
0 W52 W53 0 C̃ 0
0 0 W63 0 0 0
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 W25 0
0 0 0 0 W35 W36

0 0 0 I 0 0
0 W52 W53 0 C̃ 0
0 0 W63 0 0 0
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 W25 0
0 0 0 0 0 W36

0 0 0 I 0 0
0 W52 0 0 C̃ 0
0 0 W63 0 0 0
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 W25 0
0 0 0 0 0 W36

0 0 0 I 0 0
0 W52 0 0 C̃ 0
0 0 W63 0 0 0
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 W25 0
0 0 0 0 0 I
0 0 0 I 0 0
0 W52 0 0 C̃ 0
0 0 I 0 0 0



30



Kutevi među potprostorima

(
C W25

W52 C̃

)

C 2 + W ∗
52W52 = I

C̃ 2 + W52W ∗
52 = I

}
⇒ W52 kvadratna i nesingularna

CW25 + W ∗
52C̃ = 0

CW ∗
52 + W25C̃ = 0

}
⇒ W52C 2 = C̃ 2W52 ⇒ C̃

W ∗
52W52 = I − C 2 ⇒ W52 = W̃52S , S = (I − C 2)

1
2 ,

⇒ W̃52 unitarna, blok-konformalna s C

⇒ W25 = −SW̃ ∗
52
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Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 −SW̃ ∗

52 0
0 0 0 0 0 I
0 0 0 I 0 0
0 SW̃52 0 0 C̃ 0
0 0 I 0 0 0



32



Kutevi među potprostorima



I 0 0 0 0 0
0 C 0 0 −S 0
0 0 0 0 0 I
0 0 0 I 0 0
0 S 0 0 C̃ 0
0 0 I 0 0 0
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Kutevi među potprostorima

Q∗2Q1 ↔

(
Q∗2Q1

0

)
↔

(
I
0

)
Q∗2Q1 ↔

(
Q∗2
Q̃∗2

)
Q2Q∗2Q1
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Indefinitni kutevi

J =

(
Ip
−In−p

)

dimL = p
R(Q1) = L
Q∗1 JQ1 = Ip

dimM = p
R(Q2) =M
Q∗2 JQ2 = Ip

⇓

[Qix ,Qix ] = x∗Q∗i JQix = x∗x > 0, x 6= 0

(
Qi Q̃i

)∗
J
(
Qi Q̃i

)
= J
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Indefinitni kutevi

(
Q∗2
Q̃∗2

)
J
(
Q1 Q̃1

)
=

(
U1

U2

)(
Γ W12

W21 Γ̃

)(
V ∗1

V ∗2

)

W ∗
11W11 −W ∗

21W21 = I

W ∗
22W22 −W ∗

12W12 = I

Γ =

(
I

C

)
Γ̃ =

(
I

C̃

)

1 < c1 ≤ · · · ≤ cr

1 < c̃1 ≤ · · · ≤ c̃s
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Indefinitni kutevi


I 0 W13 W14

0 C W23 W24

W31 W32 I 0
W41 W42 0 C̃
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Indefinitni kutevi


I 0 0 0
0 C 0 W24

0 0 I 0
0 W42 0 C̃
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Indefinitni kutevi


I 0 0 0
0 C 0 S
0 0 I 0
0 S 0 C


S = (C 2 − I )

1
2
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Q J-unitarna ⇒

Q =

(
U1

U2

)
I 0

C S
0 I

S C


(

V1

V2

)∗

(
C S
S C

)(
1√
2
I − 1√

2
I

1√
2
I 1√

2
I

)
=

(
1√
2
I − 1√

2
I

1√
2
I 1√

2
I

)(
C + S

C − S

)
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