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Let A= A*, B = B*.
We consider the Generalized Eigenvalue Problem (GEP)

Ax = ABx, x#0.

If B> O, GEP is usually called Positive definite GEP (PGEP).

If aA+ BB = O, a, 3 € R, GEP is called Definite GEP(DGEP)
then (A, B) is called definite pair

For a definite pair (A, B) there exists a nonsingular matrix F such that

F*AF = Na = diag(ai,...,a,), F*BF =Ag =diag(f1,...,05n),

The eigenpairs of (A, B) are:  («;/Bi, Fei), 1 <i<n;

here I, = [e1, ..., en].
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They use kernel algorithms to perform at each step an intrinsic job -
solving PGEP or DGEP with much smaller matrices (say, n = 32 — 512)

The block method will function well only if the kernel algorithm if globally
convergent, fast and accurate.

Most of the time, the kernel algorithm will operate on nearly diagonal
matrices. On such matrices, the

Hence, probably the best choice for the kernel algorithm is some
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e  Falk-Langemeyer method (shorter: FL method)
(Elektronische Datenverarbeitung, 1960)

e  Hari-Zimmermann method (shorter: HZ method)
(Numerical Algorithms, to appear)

e  Cholesky-Jacobi method (shorter: CJ method)
(Numerical Algorithms, to appear)

The methods are connected: the FL method can be viewed as the HZ or
CJ method with “fast scaled” transformations.

We have also derived their “equally promising” complex counterparts.

Hari (University of Zagreb) Diagonalization Methods SIAM AM 2018 6 /33



The Real and Complex FL Method

Starting with a definite pair (A, B) of Hermitian matrices, FL generates a
sequence of “congruent” matrix pairs

(A.B) = (A®), B), (AW, BM), ..
by the rule
Alk+1) F:A(k)/:k . Bkt — FEB(k)Fk , k>0.

Here Fy is an elementary plane matrix defined by the pivot pair (i(k),j(k))
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Derivation of the Complex FL Method

The goal is to compute complex numbers ay, Sx such that the pivot
elements a,(jk), b,g-k) of A(k), B(k) are annihilated.
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Derivation of the Complex FL Method

The goal is to compute complex numbers ay, Sx such that the pivot
elements a,(jk), b,g-k) of A(k), B(k) are annihilated.

We simplify notation: A= AK) A" = A+t F = Fi (i, j) = (i(k).i(k)).

Pivot submatrices A, B, F of A, B, F are 2 x 2 principal submatrices
obtained on the intersection of pivot rows and columns i and j.

We have
A= FAF, B =FBF (A=FAF, B =FBF)

and F is chosen to obtain af-j =0 and bf-j =0.
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Derivation of the Complex FL Method (n = 2)
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Derivation of the Complex FL Method (n = 2)

The goal is to compute o and 8 which satisfy the matrix equations
ERIER IR N Y
5,'1' ajj B 1 0 aJ’-j

bi by ][1 «] _ [b; 0
by by || B8 1] ~ |0 8|

| —
QI = Q=
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Derivation of the Complex FL Method (n = 2)

The goal is to compute o and 8 which satisfy the matrix equations

1 B ajji ajj 1 « o af-,- 0
a 1 5,'1' ajj B 1 o 0 aJ’-j
1 B[ bi b 1L o]l _ [b; O
a 1] |bj by || B 1] — |0 bj|

This leads us to solving a system of two nonlinear equations

e = ajoa+ aJ-J-B + 5,]04,3 +a;=0
e = bja+ bjj,@ + BUQB + b,'j =0.

SIAM AM 2018 9/33
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Solution if Matrices are Real and Symmetric

a:: b
Iy _ ii ii
Sii = ajibyj — ajbii =
a,-j b,'j
a; by
S — aibe — b — | 20 P
Sj = ajbij—ajby = aj bij‘
a:: b
Cx.. _ .. I 1 1
Sy = aiibj — ajjbii = S
S = OF 449y
vo= (Sy+sen(Sy)vS)/2
— & _ Cx
a = Sfv, p=-S/v
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Solution if Matrices are Real and Symmetric

a:: b
Iy _ ii ii
Sii = 3iibij_3ijbii—‘
a,-j b,'j
a; bj
oo — abye — A — | G P
Sy = ajibj — ajjbj —' a; by ‘
a:: b
Cx.. _ .. I 1 1
Sy = aiibj — ajjbii = ay by
S = OF 449y
= (S +sgn(S5)vV9)/2
x _
a = Sfv, p=-S/v

If | @ 2 |and | % b gre proportional, all 3, S5, S5, S and v are
3 aj by by

zero and a special algorithm is required. This is the real FL algorithm.
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The Complex FL Algorithm

ajj bii
i = ajibj — ajibi = b
aj  bj
aj bj
S0 —  aibe — a.p. — | G P
Sj = ajbij—ajb; = aj by
a b..
(\,/ _ k.. k. 1 1
Sy = aiiby — ajbi = a; by
S = 2B 5.h. — | 3 bi| _ o | Re(ay) Re(by)
aj by m(aj) Im(bj
/ /!
SU — C\ _|_,LC\
2 ! \2 11\2 R
I =3 +4‘$”‘YJJ = (%U) - (C\ /) +2ZC\ ) +4\9u\9ﬂ
/
v o= (S +sen(35)VS)/2,
a = /v, = -9 /v
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The Main Characteristics of the FL Algorithms
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The Main Characteristics of the FL Algorithms

o (SAXPY BLAS1 operations, Fused multiplyadd)

. (HRA on well-behaved positive definite matrices)

e Problems with renormalizations (||A®)| * oo, ||BX)|| /oo,
[F1F2- - Fil| 7 00)

e Difficult and challenging for making a good numerical code (to many
freedoms, all we have aA + 3B > O, when to stop iterations?)

Theoretical results are lacking (all we have is quadratic asymptotic
convergence result)
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Derivation of the Real and Complex HZ Method, B = O

Preliminary transformation: A) = DoADy, B = DyBDy

Hari (University of Zagreb) Diagonalization Methods SIAM AM 2018 13 / 33



Derivation of the Real and Complex HZ Method, B = O

Preliminary transformation: A©) — pyAD,, B = DyBD,
Do = [diag(B)] "2,  so that O = pO b0 g,

Hari (University of Zagreb) Diagonalization Methods SIAM AM 2018 13 / 33



Derivation of the Real and Complex HZ Method, B = O

Preliminary transformation: A©) — pyAD,, B = DyBD,
Do = [diag(B)] "2,  so that O = pO b0 g,

Ak+1) ZZA(k)Zk, Bk+1) — Z:B(")Zk, k> 0.

Hari (University of Zagreb) Diagonalization Methods SIAM AM 2018 13 / 33



Derivation of the Real and Complex HZ Method, B = O

Preliminary transformation: A©) — pyAD,, B = DyBD,
Do = [diag(B)] "2,  so that O = pO b0 g,

Ak+1) ZZA(k)Zk, Bkl = z#=p 7, k> 0.

Each Zj is nonsingular elementary plane matrix

Hari (University of Zagreb)

Diagonalization Methods

SIAM AM 2018



Derivation of the Real and Complex HZ Method, B = O

Preliminary transformation: A©) — pyAD,, B = DyBD,
Do = [diag(B)] "2,  so that O = pO b0 g,

Ak+1) ZZA(k)Zk, Bkl = z#=p 7, k> 0.

Each Zj is nonsingular elementary plane matrix

Hari (University of Zagreb)

Diagonalization Methods

SIAM AM 2018 13 / 33



Derivation of the Real and Complex HZ Method, B = O

Preliminary transformation: A©) — pyAD,, B = DyBD,
Do = [diag(B)] "2,  so that O = pO b0 g,

Ak+1) ZZA(k)Zk, Bk+1) — Z:B(")Zk, k> 0.

Each Zj is nonsingular elementary plane matrix

The selection of pivot pairs (i(k), j(k)) defines pivot strategy.
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Derivation of the Real and Complex HZ Method, B = O

At step k we denote: Ak s A AL s A 7y 7,

A= | g | 1 bij oy e s
3 aj |’ bij ’ ¢ ]

A, é, Z are pivot submatrices of A, B, Z.

m O
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Derivation of the Real and Complex HZ Method, B = O

At step k we denote: Ak s A AL s A 7y 7,
S B P S P |
a,-j ajj bU C

A, é, 7 are pivot submatrices of A, B, Z.
Then A = Z*AZ, B = Z*BZ implies A' = Z2*AZ, B' = 7*BZ.

m O

Z is chosen to diagonalize A and to make B’ identity matrix b.

Zis sought in the form of a product of two Jacobi rotations and one or
two diagonal matrices.
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Real Algorithm: Zis sought in the form:

- 1 1
(a) g —g 1+b; 0 [ cos( — %) —sin(0 — ) ]
i ? % I 0 11—b,-j _ sin(0 — %)  cos(6 — %)
- - B 1 T
(b) % % 1—b; 0 [ cos(f + %) —sin(0 + 7) ]
i _§ 2 I 0 \/11+TJ _ sin(@+ %) cos(6 + %)
1 \J !
B — diag B —bh A — diag
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Real Algorithm: Z is sought in the form:

- 1 1
(a) g —¥2 1+b; 0 [ cos(§ — ) —sin(6 — I) ]
i ? ? I 0 11—b,-j _ sin(0 — %)  cos(6 — %)
- - T 1 7
(b) % % 1—b; 0 [ cos(f + %) —sin(0 + 7) ]
i 2 2 I 0 \/11+7b,'j | sin(0+Z)  cos(f + 7)
1 \J !
B — diag B = b A — diag

Both approaches yield the same algorithm.
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Essential Part of the Real Algorithm

b::

1
= Y , p==(V1+bj+/1-by), &+p°=1,
£ \/1+bij+\/1—bij p 2(\/ ij \/ i) & +p
tan(29) — 2aU _ (aii2+ ajj) bU ) —z S 6 S E’
1 — (by)?* (aii — aj) 4 4
cos¢p = pcosf —Esinf
sing = psinf+ Ecosb 5_ 1 [ cos ¢ —sinqﬁ]
cos = pcosf+ &sinf N 42 | cosy  siny
(G p 3 /182

sinyy = psinf — Ecosf
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Essential Part of the Real Algorithm

bij 1 2., 2
= . p==(V1+bj+1-by), €+p°=1,
: Jitb+I-b; " p(VI+ by I=by). &t
1-— (b,‘j)2 (a,-,- — ajj) 4 4
cos¢p = pcosh —Esind
sing = psinf+ &cosb 5_ 1 [cosqﬁ —sinqﬁ]
costp = pcosh+Esinf N cos sin '
s) = peost +Esin Ji-g Leost sin
sinyy = psinf — Ecosf
1
a; = ai+ 1-p2 [(bi — sin? ®) aii + 2 cos ¢sin 1 aj +sin2¢ajj}
ij
1
3y = aj- 12 [(sin® ) — b7) ajj + 2 cossin ¢ aj + sin® ¢ aji
ij
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Complex Algorithm: Z is sought in the form:

B — diag B—bh
T T
1
2 - | % et | | i

ﬁe—zarg(bij) ﬁ 0 1

2 2 1—|b;|

. cos( — %) —esin(0—7) | [ e 0
e "sin(0 — ) cos(6 — %) 0 e
3 \
A — diag diag(Z) >~ O
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Essential Part of the Complex Algorithm

Let

>
b:|blj|> t:ﬂ’ e = aj — ajj, E:{_l’ e>0 ’

1, e<0
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Essential Part of the Complex Algorithm

Let
1, e>0
b=|b,'j|, t:\/l—bz, e = ajj — ajj, EZ{—l, e<0
utav = e el g tany =27, -3 <v<3
. 2u—(aji+aj;)b T T
tan20 = €—Jaaa e2+4\f? , 7 <0<7
2cos®’p = 1+ bsin20 + tcos?26 cos~, 0<¢p< 7
2 .
2cos“y = 1— bsin26 + tcos 26 cos, 0<yp <3
. 2 ary b) .
e%sing = 2c§s¢ [sin20 — b — 1t cos 20 sin 7]
) 2a b)
e Bsiny = e2coi¢> [sin26 + b + 1t cos 20 sin 7] .
Then

5_ 1 cos ¢ e'*sin ¢
T V1_p2| —ePsinyy  cost
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The Main Characteristics of the HZ Algorithms
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The Main Characteristics of the HZ Algorithms

. (Quadratic asymptotic convergence)

. (HRA on well-behaved positive definite matrices)
[

[ ]
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The Main Characteristics of the HZ Algorithms

(Quadratic asymptotic convergence)

. (HRA on well-behaved positive definite matrices)

o (Global and asymptotic convergence is
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Derivation of Complex CJ Method, B = O

Cholesky-Jacobi is a hybrid algorithm

It is composed of two algorithms: LL*J and RR*J algorithms

In each step it chooses one which is more accurate for the given data

e We derive the complex CJ algorithm

The real CJ algorithm is obtained by simplifying the complex one
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Derivation of Complex LL*J Algorithm, B > O

Consider the Cholesky foctorization of B: B=

;
1 bj| 5 7« |1 0 1 a| |1 a
[b 1}‘3‘“‘[5 EHO c]‘{s ra12+rc\2]
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Derivation of Complex LL*J Algorithm, B > O

Consider the Cholesky foctorization of B: B=

;
1 bj| 5 7« |1 0 1 a| |1 a
[b 1}‘3‘“‘[5 EHO c]‘{s ra12+rc\2]

Assuming ¢ > 0, one obtains a = bj;, ¢ =7 =/1— |b;|°.
~ 10 ~q 1] 7 0 e LT —by
L_[E,-j 7}’ . _T[—EU 1]’ =210 1 |
Let Fy=L"* Then FfBF =1 and

N aji (aj — bjair)/T

F{AF = - B 45— (2 43:) b )

S [ (3jj — bijaii)/T aj — a”bﬁa"ﬁ"_“(,z]'ja”)lb”|2
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Derivation of Complex LL*J Algorithm, B > O

The final F is obtained as product F = l-ﬁlli’l where

Ry is the complex Jacobi rotation which diagonalizes I—ﬁl*Al—ﬁl

Let us assume that the (1,2)-element of Ry is —e**sin®;. Then the
angles ¥1 and €; are determined by the formulas

€1 = arg(a,-j — b,-ja,-,-),
tan(20;) = 22 — 2ubyl 1 ~ b ey <I
ajj — ajj + ajjbjj + ajjbjj —23,‘,’|b,’j|2, 4 = 4

Hari (University of Zagreb)

Diagonalization Methods SIAM AM 2018 22/



Derivation of Complex LL*J Algorithm, B > O

The transformation formulas for the diagonal elements of A read

a: — ab
a; = aii+tan191-7’ g7 2U|
£J1= bij
a}j R a,-J-E,-j + 5,:,'b,'j — (a,-,-2+ ajj)|b,-j|2 ~tandy ’aU aiibU|
1 — | by 1— b2

In the case aj; = ajj, ajj = ajibjj, tan(2¢;) has the form 0/0.
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The transformation formulas for the diagonal elements of A read

a: — ab
a; = aii+tan191-7’ g7 2U|
£J1= bij
a}j R a,-J-E,-j + 5,:,'b,'j — (a,-,-2+ ajj)|b,-j|2 ~tandy ’aU aiibU|
1 — | by 1— b2

In the case aj; = ajj, ajj = ajibjj, tan(2¢;) has the form 0/0.

Then we choose ¥ = 0, so that aj; = a;; and aj; = aj;.
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Derivation of Complex LL*J Algorithm, B > O

Let ¢y, = cosvy, sﬁi1 = eT1sin¥;. Then
P 1 [ 1—bj2 —by | [ co, —sy.
1—|by[? | 0 1 S5, o
_ 1 5, S5, ¢, = o/ 1 — |bj|* — sy b
\/1—’b;j|2 I 51;1 cy, 51;1:C191b,'j+5;9’_1\/1—|b,'j|2
[l —s1]
- s2 2 |’
ClZCﬁl—Sglb,'j/ 1—‘b,'j‘2, C2:Cg1/ 1—‘b,'j‘2,

s1 = cy, bjj/ 1—|b,-j|2-|-51j1, s2=s; /\/T—[b;2.

SIAM AM 2018 24 /33
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Derivation of Complex RR*J Algorithm, B >~ O

Instead of LL*, one can use RR* factorization of B. Then we have
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Derivation of Complex RR*J Algorithm, B >~ O

Instead of LL*, one can use RR* factorization of B. Then we have

1 bl s _spe_|c allec 0] [laP+]c? a
{E,-j 1]_B_RR_[0 1“5 1]_[ a 1]
Assuming positive ¢, one obtains a = bjj, ¢ =./1— |b;j|? =7. Hence
5_ | T b 51 _ 1|1 —by s 1] 1 0
R‘[o 1]’ R _T{o 0 RTES —bj T

If we write /:-\2 = li’_*, then ﬁ;éﬁg — R1BR™ = I, and we have
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The Algorithm RR*J

ajjbjj+3a; by —(ai+aj) | by [?
__ P ij 2ij 3 i) 12 (aij_ajjbij)/T

'
(3 — ajby)/7 ajj

SAF, = [ ai

e The final transformation is £ = 132,‘%2,
e Ry is the Jacobi rotation which annihilates (1,2)-element of F}AF,

o Let (1,2)-element of Ry be —e'2sin
Then the parameters €2 and ¥, are determined by the formulas

€ = arg(a,-j—b,-jajj),

2|ajj — ajbyj| /1 — |bj|? B

aij — aj — (ayby + ajby) + 2] by |*’

IN

N

IN
&1

&3

tan(29p) =
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The Algorithm RR*J

The transformation formulas for the diagonal elements of A:

bj + 3 2
= aii_aijbij—i—aijbij_(aﬁz—i_aﬂ)‘bij‘ —l—tan%.M,
Y N
y
a;i — ab
3 = 3jj—tan192.M'

\/1- b5
If a; = ajj, ajj = ajjbjj, ¥2 is not well defined and we choose 1, = 0.

In that case a; and aj-j reduce to aj; and ajj, respectively.
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The Algorithm RR*J

Let ¢y, = cost), s;t et sin 5. Then
QN . E
1—[b[2 L —bj 1—1bjl* | | sy, <o
1 [ Cy, —57;_2 Ch, = C192\/1 — ‘b,’j‘z + 5;25,]
VI=1biP | 55, c5, |7 5, =S\ /1— b — conbi

. cl -5l 1 . 2 2
= [ 2 2 | It is easy to check that c5+s5= 1.
cl =cy,/ bi, c2:c192—|—s;25,-j/ bi,

+ _
1—519/ l—bi . S2=sy — co,bj/ l—bizj.

We can postmultiply £ by diag(1, ¢5,/|c,!) provided that c5 # 0. This
ensures that (the updated) F has nonnegative diagonal elements.
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The Cholesky-Jacobi Algorithm

The CJ is a hybrid algorithm which can be briefly defined as follows:
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The Cholesky-Jacobi Algorithm

The CJ is a hybrid algorithm which can be briefly defined as follows:
@ select the pivot pair (7, )
@ if a; < aj; then employ the LL*J algorithm

else employ the RR*J algorithm

Our numerical tests show that neither LL*J nor RR*J is indicated as a
high relative accurate algorithm on pairs of well-behaved positive definite
matrices.

The same can be said for the hybrid algorithm that selects the LL*J and
RR*J algorithms in the opposite way, i.e. selects the RR*J (LL*J)
algorithm when a;; < aj; (ajj > ajj).

Only the above definition warrants the high relative accuracy of the
algorithm and it is in complete agreement with the behavior of the real CJ
method.
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The Main Characteristics of the CJ Method
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The Main Characteristics of the CJ Method

(Quadratic asymptotic convergence)

. (HRA on well-behaved positive definite matrices)

° (Global convergence is proved, much is
known on the asymptotic convergence and on the relative accuracy of
the computed eigenvalues)
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The Main Characteristics of the CJ Method

(Quadratic asymptotic convergence)

. (HRA on well-behaved positive definite matrices)

° (Global convergence is proved, much is
known on the asymptotic convergence and on the relative accuracy of
the computed eigenvalues)

e |t requires B to be positive definite (it solves PGEP)
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Relative Accuracy, Assume: A= O, B >~ O

As = [diag(A)] /2 Aldiag(A)] V2, Bs = [diag(B)]~/2B[diag(B)] /2

A = Al
0ap) = mAX T //W3(As) + K3(Bs)

Xag) = \/Hg(A(o)) + K2(BO)

& = {(X(A,B) ) Q(A,B))3 (A,B) € T}.
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Relative errors: CFL vs

MATLAB eig(A,B)
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