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® This work has been fully supported by Croatian Science Foundation under the project
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Let A= A* B = B*. We consider the

Generalized Eigenvalue Problem (GEP): Ax = ABx, x #0.
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o If B> O, GEP is usually called positive definite GEP or shorter PGEP

o If SA+ tB = O, for some real s, t, we have definite GEP and also
definite matrix pair (A, B)
e For a definite pair (A, B) there is a nonsingular matrix F such that
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GEP and PGEP

Let A= A* B = B*. We consider the

Generalized Eigenvalue Problem (GEP): Ax = ABx, x #0.

If B> O, GEP is usually called positive definite GEP or shorter PGEP

If SA+ tB = O, for some real s, t, we have definite GEP and also
definite matrix pair (A, B)
For a definite pair (A, B) there is a nonsingular matrix F such that

F*AF =NAa,  F*BF = Ag,

Aa = diag(as,...,an), Ag =diag(f1,...,[ns) are real matrices

The eigenpairs are: («;/Bi, Fei), 1 <i<n; I, =]e1,...,en]
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How to Solve Definite GEP?

e If B> O, use the transformation: (A, B) — (L"*AL™*,I), B = LL*.
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This reduces PGEP to the EP for one Hermitian matrix. However, if
L has small singular value(s), then the computed L~*AL~T will have
corrupt eigenvalues

e If A O, apply the same procedure to (B, A)

e A> O and B = O apply one of the above procedures (take care
which matrix has smaller condition number). Or employ the methods
for the GSVD problem Lalix = o2LgLjx.
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How to Solve Definite GEP?

e If B> O, use the transformation: (A, B) — (L"*AL™*,I), B = LL*.
This reduces PGEP to the EP for one Hermitian matrix. However, if
L has small singular value(s), then the computed L~*AL~T will have
corrupt eigenvalues

e If A O, apply the same procedure to (B, A)

e A> O and B = O apply one of the above procedures (take care
which matrix has smaller condition number). Or employ the methods
for the GSVD problem Lalix = o2LgLjx.

o |f neither A nor B is definite,one can try to maximize the minimum
eigenvalue of B, by rotating the pair

(A, B) = (Ay, By) = (Acos g + Bsing, —Asin ¢ + B cos ),
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How to Solve Definite GEP?

If neither A nor B is definite, one can:

o use the indefinte Cholesky factorization to reduce the problem to the
J-Hermitian EP

Hx = AJx, J is a matrix of signs
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How to Solve Definite GEP?

If neither A nor B is definite, one can:

o use the indefinte Cholesky factorization to reduce the problem to the
J-Hermitian EP

Hx = AJx, J is a matrix of signs

e employ the QZ method, which is complicated, slow and inaccurate

e generalize the Falk-Langemeyer method to work with complex
matrices

We follow the last choice!
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Jacobi Methods for PGEP

We have at disposal several diagonalization methods for PGEP with real
matrices:

e  Falk-Langemeyer method (shorter: FL method)
(Elektronische Datenverarbeitung, 1960)
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Jacobi Methods for PGEP

We have at disposal several diagonalization methods for PGEP with real
matrices:
e  Falk-Langemeyer method (shorter: FL method)
(Elektronische Datenverarbeitung, 1960)
e HZ (Hari-Zimmermann) method
Numerical Algorithms, 2018 (to appear)
e  CJ (Cholesky-Jacobi) method
Numerical Algorithms, 2018 (to appear)
All three methods have excellent numerical properties, in particular they

are indicated as high relative accurate on well-behaved positive definite
matrices.
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Jacobi Methods on Contemporary Computing Machines

e  Element-wise Jacobi methods (two-sided or one-sided) are often
used as kernel algorithms inside the corresponding block methods
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A quote from V. Novakovi¢, S. Singer, S. Singer (Parallel Comput., 2015):

Numerical tests on large matrices, on parallel machines, have confir-
med the advantage of the HZ approach. When implemented as one-sided
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Jacobi Methods on Contemporary Computing Machines

e  Element-wise Jacobi methods (two-sided or one-sided) are often
used as kernel algorithms inside the corresponding block methods

e  One-sided block Jacobi methods are nicely adaptable to work with
modern CPU and GPU parallel computing machines

A quote from V. Novakovi¢, S. Singer, S. Singer (Parallel Comput., 2015):

Numerical tests on large matrices, on parallel machines, have confir-
med the advantage of the HZ approach. When implemented as one-sided
block algorithm for the GSVD, it is almost perfectly parallelizable, so pa-
rallel shared memory versions of the algorithm are highly scalable, and
their speedup almost solely depends on the number of cores used.

The same can be said for the CJ and FL method.
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Few Facts about Real FL method

e FL method is well defined for any definite matrix pair

(Slapni¢ar, Hari: SIMAX, 1991)
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Few Facts about Real FL method

e FL method is well defined for any definite matrix pair

(Slapni¢ar, Hari: SIMAX, 1991)

e  Quadratic convergence proved in the case of simple eigenvalues

(Slapni€ar, Hari: SIMAX, 1991)
e Relative accuracy investigated, general bounds obtained

(Mateja3, Numerical Algorithms, 2015)
o  Global convergence not yet proved

(the proof will be similar to the one in Hari, Num. Algor., 2018)
e High relative accuracy (HRA) of the FL method not yet proved

(numerical tests indicate HRA of the method)
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Derivation of the CFL Method

Starting with a definite pair (A, B) of complex Hermitian matrices, CFL
generates a sequence of “congruent” matrix pairs

(A7 B) = (A(0)7 B(O))7 (A(l)v B(l))v (A(2)’ 8(2)) e
by the rule
Alk+1) F[fA(k)Fk . Bkt — ,::B(k)/:k , k>0.
Here Fi is an elementary plane matrix defined by the pivot pair (i(k),j(k))
1 P i(k)

Fk = / s ak?ﬂk € C7
B 1 (k)
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Derivation of the CFL Method

The goal is to compute complex numbers ay, Sx such that the pivot

elements a,(jk), b,g-k) of A(k), B) are annihilated.
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Derivation of the CFL Method

The goal is to compute complex numbers ay, Sx such that the pivot

elements a,(J ), b(k) of A(k) B) are annihilated.
We simplify notation: A <« AK) A« AT F o Fi i)« (i(k), j(K)).

Pivot submatrices A, B, F of A, B, F are 2 x 2 principal submatrices
obtained on the intersection of pivot rows and columns j and j.

We have

~

A= FAF, B =FBF (A=FAF, B =FBF)

and F is chosen to obtain af-j =0, bfj =0.
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Derivation of the CFL Method (n = 2)

C e o , ,
Further simplification: (1,2) « (i,j), a1 < aji, a2 < ajj, a3 < ajj, a; < aj;,
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Derivation of the CFL Method (n = 2)

C e o , ,
Further simplification: (1,2) « (i,j), a1 < aji, a2 < ajj, a3 < ajj, a; < aj;,

The goal is to compute o and 8 which satisfy the matrix equations
ap a 1 al] ay 0
a a3 ,8 1 a 0 a’3
/21 b 1 « . bi 0
by b3 6 1 B 0 b5 |-

QI = Q=

= @D = @
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Derivation of the CFL Method (n = 2)

C e o , ,
Further simplification: (1,2) « (i,j), a1 < aji, a2 < ajj, a3 < ajj, a; < aj;,

The goal is to compute o and 8 which satisfy the matrix equations
ap a 1 al] ay 0
a a3 ,8 1 a 0 a’3
by

{z e ellss] - 14 s8]

This leads us to solving a system of two nonlinear equations:

B
1
B
1

e = aia+a3f+daf+a=0, (1)
e = bia+ b3+ baf + by =0. (2)
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Derivation of the CFL Method

To solve the obtained system of equation, we use the following quantities:

a b

S1 = aiby —axby = 3 by
a3 bs

%3 = 33b2 — ar b3 = a0 b2

[ _ o/ He YA o/ o/

o = S+, $5, I, real

/ a b

%2 = 31b3 — a3b1 = a3 b3

. = - a b . Re(a Re(b

I%g = 82b2 — 32b2 = _2 2 =i|l-=-2 ( 2) ( 2)
an b2 |m(32) |m(b2)

S = 93+48:9s.
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The First Result

Suppose the pair (/A\, é) is definite. Then

(i) >0

(ii) The following statements are equivalent
(a) =0
(b) 31

for some real o, w,

o| + |w| > 0.
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The Second Result

Let (A, B) be definite and & > 0. Then
(i) a=0 iff I3=0
(i) B=0 iff S1=0
(i) a=B=0 iff S =S3=0.
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The Third Result

Lemma
Suppose (A, B) is definite and & > 0. Then the solution (, () of the
system ey — e is given by

March 21, 2018 15 / 38
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The General Solution

Let the pair (A, B) be definite.

Cx &
() If $>0then a =2, =1,

where v is any nonzero solution of 2 — v — 383 =0
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Cx &
() If $>0then a =2, =1,

where v is any nonzero solution of 2 — v — 383 =0

(ii) If & = 0 then the equations in the system e;—e, are
proportional and there is infinite number of solutions.
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The General Solution

Let the pair (A, B) be definite.

Cx &
() If $>0then a =2, =1,

where v is any nonzero solution of V2 — Sov — @133 =0
(ii) If & = 0 then the equations in the system e;—e, are
proportional and there is infinite number of solutions.

(a) Let A#0. If |ar| + |az| >0 then
a3+ a2

o = — =, € zEC;a + Za 0}.
175, B=2, ve{ 1 2 # 0}
If |as| + |a3z| > 0 then
~a1 + a» _
a =", = - €{ceC;a3+ za 0}.
v, B vaatas | { 3 2 7 0}
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The General Solution

Let the pair (A, B) be definite.

Cx &
() If $>0then a =2, =1,

where v is any nonzero solution of V2 — Sov — @133 =0
(ii) If & = 0 then the equations in the system e;—e, are
proportional and there is infinite number of solutions.

(a) Let A#0. If |ar| + |az| >0 then
a3+ a2

o = — =, € zEC;a + Za 0}.
175, B=2, ve{ 1 2 # 0}
If |as| + |a3z| > 0 then
~a1 + a» _
a =", = - €{ceC;a3+ za 0}.
v, B vaatas | { 3 2 7 0}

(b) Let B+#0. Then the solutions are as in the case (a)
provided that aj, ap, a3z are replaced by by, by, bs, resp.
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Designing CFL Algorithm

Some natural criteria that should be observed, especially when & = 0:
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Designing CFL Algorithm

Some natural criteria that should be observed, especially when & = 0:
® |af+ 5] — min
® o =0 (S$=0)
® (a,f) is determined from the pivot submatrix of larger norm
($=0)
The first criterion ensures the smallest norm of the transformation matrix

A
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Designing CFL Algorithm

Some natural criteria that should be observed, especially when & = 0:
® |af+ 5] — min
® o =0 (=0)
® (a,f) is determined from the pivot submatrix of larger norm
(3 =0)

The first criterion ensures the smallest norm of the transformation matrix

A

F. It is important for the faster asymptotic convergence.

The second criterion ensures the smallest flop count per step of the
method.

The third criterion ensures that («, 3) is determined by a more reliable set
of input data.
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The Case & > 0: The Standard Solution

The theorem gives the solution:

where v is any nonzero solution of the equation

1/2 — %21/ — %1%3 =0.
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The Case & > 0: The Standard Solution

The theorem gives the solution:

where v is any nonzero solution of the equation

1/2 — %21/ — %1%3 =0.

Respecting the first criterion we choose larger (by absolute value) v

_0/+ZO/I+Sgn( /2)\/§
= 5 .
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The Case & > 0: The Standard Solution

The theorem gives the solution:

where v is any nonzero solution of the equation

l/2 — %21/ — %1%3 =0.

Respecting the first criterion we choose larger (by absolute value) v

CV +Z(\/I+Sgn( /2)\/§
5 .

This is referred to as the standard solution.

Hari (University of Zagreb) CFL Method

March 21, 2018 18 /



We have §1 = Sp = 33 =0 and sA+tB =0, real s, t, |s| +|t] > 0.
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The standard solution does not exists.
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The Case & =0

We have §1 = Sp = 33 =0 and sA+tB =0, real s, t, |s| +|t] > 0.

The standard solution does not exists.

The theorem and the three criteria imply the following solution:

b
if |ar| & |bi| > |as| + |bs| then §=0, a=—22 <_ 2>,

else o =0, _ 2 (z —b2>
as b3

end

Hari (University of Zagreb)
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The Case & =0

We have §1 = Sp = 33 =0 and sA+tB =0, real s, t, |s| +|t] > 0.

The standard solution does not exists.

The theorem and the three criteria imply the following solution:

b
if |31‘+|b1’2|a3|+’b3‘ then ﬂ:o, a:—ﬂ ( 2 >,

dl b1
3 b

else a =0, B:—% ( —2>
as bs

end

The probability for & = 0 is zero. We have to consider the case & = 0.

Hari (University of Zagreb)
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The Case &~ 0

Let 31 = Q)+, 33 L+1Q%, ap = a) +1ay, by = b+ 1bf.

1 = (3% — S5)(Sh + %) + 4Re(3133)

max{(95)°, (34)%} + 419435 + 9194
max{(|abal + [bras))?,4(| 555 + |5 B51)2} +
Allavas]bof? + [bubsl|aaf? + (Javbs] + [buas])(a5b5] + 551
0.

IN N
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The Case &~ 0

Let 31 = Q)+, 33 L+1Q%, ap = a) +1ay, by = b+ 1bf.

1 = (3% — S5)(Sh + %) + 4Re(3133)

max{(95)°, (34)%} + 419435 + 9194
max{(|abal + [bras))?,4(| 555 + |5 B51)2} +
Allavas]bof? + [bubsl|aaf? + (Javbs] + [buas])(a5b5] + 551
0.

IN N

e pis a reasonable upper bound for |fl(J)|
e Let € be a modest multiple of u (say of u < e < 10u).
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The Case &~ 0

Let 31 = Q)+, 33 L+1Q%, ap = a) +1ay, by = b+ 1bf.

1 = (3% — S5)(Sh + %) + 4Re(3133)

max{(95)°, (34)%} + 419435 + 9194
max{(|abal + [bras))?,4(| 555 + |5 B51)2} +
Allavas]bof? + [bubsl|aaf? + (Javbs] + [buas])(a5b5] + 551
0.

IN N

e o is a reasonable upper bound for |fl(J)]
e Let € be a modest multiple of u (say of u < e < 10u).
o If fI(¥) < —pe we consider (A, B) not definite and abort comput.

Hari (University of Zagreb) CFL Method March 21, 2018 20 / 38



The Case &~ 0

Let 31 = Q)+, 33 L+1Q%, ap = a) +1ay, by = b+ 1bf.

1 = (3% — S5)(Sh + %) + 4Re(3133)

max{(95)°, (34)%} + 419435 + 9194
max{(|abal + [bras))?,4(| 555 + |5 B51)2} +
Allavas]bof? + [bubsl|aaf? + (Javbs] + [buas])(a5b5] + 551
0.

IN N

e o is a reasonable upper bound for |fl(J)]

Let € be a modest multiple of u (say of u < e < 10u).

If fI(3) < —pe we consider (A, B) not definite and abort comput.

If pe2 < fI(J), we employ the standard solution for «, 3.
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The Case S~ 0, flI(J]) € (—p€?, 0e?)

If fI(3) € (0, 0€?), then severe cancelations take place and the computed
v, a and 8 will have large relative errors.
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The Case S~ 0, flI(J]) € (—p€?, 0e?)

If fI(3) € (0, 0€?), then severe cancelations take place and the computed
v, a and 8 will have large relative errors.

If fI(3) € (—o€?,0) we can still speculate that the rounding errors have
caused fl(3¥) to be negative. How to compute the solution («, )7
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The Case S~ 0, flI(J]) € (—p€?, 0e?)

If fI(3) € (0, 0€?), then severe cancelations take place and the computed
v, a and 8 will have large relative errors.

If fI(3) € (—o€?,0) we can still speculate that the rounding errors have
caused fl(3¥) to be negative. How to compute the solution («, )7

We can assume a3 = 0. Let 5 =0. Then the equations

e = ala+a35+§2a5—|—32:0
& = b1a+b3B+52aB—|—b2:0

become
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The Case S~ 0, flI(J]) € (—p€?, 0e?)

If fI(3) € (0, 0€?), then severe cancelations take place and the computed
v, a and 8 will have large relative errors.

If fI(3) € (—o€?,0) we can still speculate that the rounding errors have
caused fl(3¥) to be negative. How to compute the solution («, )7

We can assume a3 = 0. Let 5 =0. Then the equations

e = ala+a35+§2a5—|—32:0
& = b1a+b3B+52aB—|—b2:0
become
e = aa+a=0
e = ba+b=0

and we can look for the least square (LS) solution.
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The Case S ~0, /=0

Let 51:\/3%4-[)%, C1231/51, 51:b1/§1. We obtain

a a |2 _ a1 s a |2
||{b1]a+{b2]n2 _ ”[o}“[_sl Clez]nz

aiar + biby 2 |%1‘2
ar

aro +

2 23
aj + by
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The Case S ~0, /=0

Let 51:\/3%4-[)%, C1231/51, 51:b1/§1. We obtain

a a |2 _ a s a |2
||{b1]a+{b2]n2 _ ”[o}“[_sl Clez]nz

2 2
« aiaz + bibp R
= |aia+ = > )
where || - ||2 stands for the Euclidean vector norm. The solution is
_ a2+ bib R

with the residual error

a + b7 NERE)
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The Case &~ 0, the LS solution

The case a = 0 is treated in the similar way. We obtain

a33» + bsb . ) &
et with the residual error 33|

2 2 K
35+ b3 NEEY:

8=
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The Case &~ 0, the LS solution

The case a = 0 is treated in the similar way. We obtain

a33 + bsb . : Ry
B2 T 372 with the residual error &,
a3 + b2 [2 . 12
3 3 as + b3

This leads us to the following algorithm:

8=

if |%1| < |%3| then a:_3132+b1b2 ,BZO
JR 42 2+ B2 a+bt
1 1 3 3
aszao +b3[_)2
else o =0, =" -
. =g m
endi
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The Case &~ 0, the LS solution

The case a = 0 is treated in the similar way. We obtain

a33 + bsb . : Ry
B2 T 372 with the residual error &,
a3 + b2 [2 . 12
3 3 as + b3

This leads us to the following algorithm:

8=

if |%1| < |%3| then a:_3132+b1b2 ,BZO
JR 42 2+ B2 a+bt
1 1 3 3
aszao +b3[_)2
else o =0, =" -
. =g m
endi

Since (A, B) is definite, we should have af + b2 > 0 and a3 + b3 > 0.
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Toward the Complex Falk-Langemeyer Algorithm

Moving from 2 x 2 to n x n GEP. We are dealing with an iterative process.
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Toward the Complex Falk-Langemeyer Algorithm

Moving from 2 x 2 to n x n GEP. We are dealing with an iterative process.
Notation: k numbers iterations (k =0,1,2,...)

(1,2) — (i,j) = (i(k),j(k)) pivot pair in step k

(AB) — (AP.B1)

i I

ai, ap, a3 —> al(,k), a,(jk), aj(.jk), b1, by, b3 — bl(,k)7 b,(Jk), b(k)
31, 35 — S, o,

Sp =) +3y — S = Re(31Y) +um(3{Y)

Pivot strategy:
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Toward the Complex Falk-Langemeyer Algorithm

Moving from 2 x 2 to n x n GEP. We are dealing with an iterative process.
Notation: k numbers iterations (k =0,1,2,...)

(1,2) — (i,j) = (i(k),j(k)) pivot pair in step k

(AB) — (AP.B1)

i I

ai, ap, a3 —> al(,k), a,(jk), aj(.jk), b1, by, b3 — bl(,k)7 b,(Jk), b(k)
31, 35 — S, o,
I =3 +185 — S =Re(3Y)) +um(s!)

Pivot strategy:  assume the serial one, say, the row-cyclic one
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The Complex Falk-Langemeyer Method

Input data: A = A*, B = B* of order n and the logical variable eivec
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The Complex Falk-Langemeyer Method

Input data: A = A*, B = B* of order n and the logical variable eivec

Output data: the diagonal matrices A and B obtained by the method and,
if eivec = true, the matrix F of the eigenvectors of (A, B).
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The Complex Falk-Langemeyer Method

Input data: A = A*, B = B* of order n and the logical variable eivec

Output data: the diagonal matrices A and B obtained by the method and,
if eivec = true, the matrix F of the eigenvectors of (A, B).

©® Set k=0, AK) = A Bk = B. If eivec then set F(K) =,
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The Complex Falk-Langemeyer Method

Input data: A = A*, B = B* of order n and the logical variable eivec

Output data: the diagonal matrices A and B obtained by the method and,
if eivec = true, the matrix F of the eigenvectors of (A, B).
@ Set k=0, AW =A B =B. Ifeivec thenset FK =,
® Repeat
(a) Choose the pivot pair (i,j) = (i(k),j(k))
(b) Compute the parameters (a, Bx) of Fk
(c) Compute A+ = FrAKF, B+ = FrBKF,

if eivec then compute F(kt1) = F(KF,

Until convergence
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One Step of the CFL Method: 2(b)-part

The superscipt (k) is omitted, u is the unit round-off
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One Step of the CFL Method: 2(b)-part

The superscipt (k) is omitted, u is the unit round-off
job = —1 indicates that the computation should be terminated
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One Step of the CFL Method: 2(b)-part

The superscipt (k) is omitted, u is the unit round-off
job = —1 indicates that the computation should be terminated
Notation: aj; = Re(aj), aj = Im(aj;), bj; = Re(by), bji = Im(bij)
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One Step of the CFL Method: 2(b)-part

The superscipt (k) is omitted, u is the unit round-off
job = —1 indicates that the computation should be terminated
Notation: aj; = Re(aj), aj = Im(aj;), bj; = Re(by), bji = Im(bij)

if |ajj| + |bjj| =0 then a=p5=0 else
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One Step of the CFL Method: 2(b)-part

The superscipt (k) is omitted, u is the unit round-off
job = —1 indicates that the computation should be terminated
Notation: aj; = Re(aj), aj = Im(aj;), bj; = Re(by), bji = Im(bij)

if |ajj| + |bjj| =0 then a=p5=0 else

(i) Renormalize A, B and compute:

Q

— 9:b: — 3. b X — TN/ YA
i = allb_]_j ajj bllv \Y"J' =-2 (a,-j bU b’J a,-J-)

v, — Ly — .
\S,'—a,','b,'j—aijbii. \sj-fajjb,-j—a,-jbﬂ,

S = (8 — ) (S + SF) + 4Re(S1 33);
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One Step of the CFL Method: 2(b)-part

The superscipt (k) is omitted, u is the unit round-off

job = —1 indicates that the computation should be terminated
Notation: aj; = Re(aj), aj = Im(aj;), bj; = Re(by), bji = Im(bij)

if |ajj| + |bjj| =0 then a=p5=0 else

(i) Renormalize A, B and compute:

<

i = aiiby — ajy bii; S = —2(a; by — bl ap);
S = ajj bj — ajj bii; S = ajj bjj — ajj bjj;

S = (8 — ) (S + SF) + 4Re(S1 33);

o = max{(|ajiby| + |biay|)?, 4(|a;bjj| + [afby|)*}+

4 [|ajiajj||bij|* + |bitbyllai|* + (laiby| + |biray])(|ajbj| + 1afbi]) |
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One Step of the CFL Method: (b)-part

(i) Set job = 0;
1 k. &,
If S >ou? then v = (3 +sen(S))VS), a= Sioog= i
14 12

elseif & < —pu then job= -1

else if |Sy] /a2 + b2 < |Sj] /a2 + b2

dij ajj + bj; b,'j

then o = , — O
az + b? p ]
else a=0, 5:_W
2% + b2
endif
endif
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Properties of the CFL Method

Theorem

Let (A, B) be a definite pair of Hermitian matrices and let
(AK), B(K)) k > 0 be the sequence of pairs generated by applying the CFL
algorithm to (A, B). Then for each k the following assertions hold:

(i) F is nonsingular
(ii) louwBi| <1
(iii) lowBil =1 iff Re(SY)) =0 and |a}| + B > 0.

ij
We also have a3 = —1 iff %g-k) =0.
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Properties of the CFL Method

Theorem

Let (A, B) be a definite pair of Hermitian matrices and let
(AK), B(K)) k > 0 be the sequence of pairs generated by applying the CFL
algorithm to (A, B). Then for each k the following assertions hold:

(i) F is nonsingular
(ii) louwBi| <1
(iii) lowBil =1 iff Re(SY)) =0 and |a}| + B > 0.

ij
We also have a3 = —1 iff %g-k) =0.

Next we consider high relative accuracy (HRA) of the method!
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Relative errors:

CFL vs

MATLAB eig(A,B)

MATLAB eig(A,B)

100

10

L

100

100
1072

10

100 %

108

Complex Falk-Langemeyer

10
10

Hari (University of Zagreb)

CFL Method

ey 0%



Theoretical Background: Drma¢ Z., A Tangent Algorithm ... SIAM J. NA 35 (1998)

Theorem
Let A=AT >0, B=BT =0 and\ > X >--- > A, \; € 0(A, B).
Let As =D,"?AD;? Bs = Dg;'?BDg'"?, Da = diag(A), Ds = diag(B)

Let 0A, 0B be symmetric perturbations and :\1 > 5\2 > > :\,, the eigenvalues
of (A+ 6A, B+ 6B).

Let
eas = [(0A)sll2/l|Asll2,  eBs = [[(6B)sll2/IBs|l2
where (6A)s = D, ?6AD, Y%, (6B)s = D5 '/*6BDg"* .
If
SASIQz(As) <1 and 535/12(55) <1,

then .

max |)\,' — )\,’| < EASRQ(As) aF EBSHQ(BS)

1<i<n )\,’ 1-— 585”2(85)
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Theoretical Background

e From the theorem we see that one class of “well-behaved matrix
pairs” is made ofpairs of Hermitian positive definite matrices that can
be well-scaled, i.e. for which k2(As) and k2(Bs) are small.

e For a well-behaved pair, the perturbations also have to be special, i.e.
the numbers €4, and ep¢ have to be small. Then we shall have tiny
relative errors.

e For those well-behaved pairs we have to find out what methods

generate at every step only tiny relative errors € (), €, and in the

AS S

B
same time matrices with small or modest /<;2(A(5k)) and ko(BK).

Nonetheless, this is a demanding task, so we shall go for a shortcut.
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How to detect high relative accuracy of a method?

Recall the assertion of the theorem

ax |Ai — Ail < eask2(As) + epgka(Bs)
1<i<n A 1 —epgka(Bs)

Xi—Xi 2 2
maxi<i<n |'T'| < \/€as T €Bs

0(AB) = S o
\/3(As) + w3(Bs) 1 EasralBs)

, it implies

~ max{|5As’7 ‘535|}7
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How to detect high relative accuracy of a method?

Recall the assertion of the theorem

ax |Ai — Ail < eask2(As) ‘1‘58552(35),
1<i<n A 1 —epgka(Bs)

X=X\ 2 2
maxi<i<n Ai=i] By il < \/€as T €Bs

0(AB) = S o
\/53(As) + w3(Bs) ~ 1~ epsra(Bs)

it implies

~ max{|5As’7 ‘535|}7

We can check numerically whether the inequality

0(a,8) < f(n)u, (5)

holds for a larger sample T of well-behaved pairs (A, B)!
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Recall the assertion of the theorem

ax |Ai — Ail < eask2(As) ‘1‘58552(35),
1<i<n A 1 —epgka(Bs)

X=X\ 2 2
maxi<i<n Ai=i] oY il < \/€as T €Bs

0(AB) = S o
\/53(As) + w3(Bs) ~ 1~ epsra(Bs)

it implies

~ max{|5As’7 ‘535|}7

We can check numerically whether the inequality

0(a,8) < f(n)u, (5)

holds for a larger sample T of well-behaved pairs (A, B)! Here
e ) are the computed eigenvalues of (A, B)
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How to detect high relative accuracy of a method?

Recall the assertion of the theorem

ax |Ai — Ail < eask2(As) ‘1‘58552(35),
1<i<n A 1 —epgka(Bs)

X=X\ 2 2
maxi<i<n Ai=i] oY il < \/€as T €Bs

0(AB) = S o
\/53(As) + w3(Bs) ~ 1~ epsra(Bs)

it implies

~ max{|5As’7 ‘535|}7

We can check numerically whether the inequality

0(a,8) < f(n)u, (5)

holds for a larger sample T of well-behaved pairs (A, B)! Here
e ) are the computed eigenvalues of (A, B)

e f(n) is a slowly growing function of n and u is the round off unit
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How to detect high relative accuracy of a method?

Recall the assertion of the theorem

ax |Ai — Ail < eask2(As) + epgka(Bs)
1<i<n A 1 —epgka(Bs)

maxi<j<n |/\'/\7_,M _ \/53\5 + 6235
\/r3(As) +w3(Bs) T eBsna(Bs)

We can check numerically whether the inequality

, it implies

~ max{|5As’7 ‘535|}7

0(a,8) < f(n)u, (5)

holds for a larger sample T of well-behaved pairs (A, B)! Here
e ) are the computed eigenvalues of (A, B)
e f(n) is a slowly growing function of n and u is the round off unit
e Rel. (5) should not depend on k2(A©®) and ko (B().
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How to detect if a method has high relative accuracy?

Therefore, we are interested in how g(4 g) behaves with respect to x(4 g),

X(AaB) = K/Z(A(O)7 B(O)) == \/K/%(A(O)) + H%(B(O))

e  For the given sample of well behaved pairs T, and for each
method, we shall make its graph of relative errors: &,

E={(xmp) s 0an)) : (AB)eT}

e  Then we shall depict that graph £ using the M-function
scatter(x,y,3)

e  The method will be indicated high relative accurate if the ordinates
of the points on the graph are of order O(u) where u ~ 2.2 - 10716,
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How to generate matrix pairs?

The starting pair (A, B(0)) is generated by
e 4 the diagonal matrices : Ay, Ag, X, A and
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How to generate matrix pairs?

The starting pair (A, B(0)) is generated by
e 4 the diagonal matrices : Ay, Ag, X, A and
e 2 orthogonal matrices U, V of order n.

It is done in two steps:
1. F=UZVT, A=FTAAF, B=FTAgF,
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How to generate matrix pairs?

The starting pair (A, B(0)) is generated by
e 4 the diagonal matrices : Ay, Ag, X, A and

e 2 orthogonal matrices U, V of order n.
It is done in two steps:

1. F=ULVT, A=FTAsF, B=FTAgF,
2. BO) = Bs = DEI/ZBDEI/Z' A = AASA, Ag = D;1/2AD;1/2,

where Dy and Dg are the diagonal parts of A and B.
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How to generate matrix pairs?

The starting pair (A, B(0)) is generated by
e 4 the diagonal matrices : Ay, Ag, X, A and
e 2 orthogonal matrices U, V of order n.
It is done in two steps:
1. F=UZVT, A=FTAAF, B=FTAgF,
2 BO =Bs =D '?’BD;'?, A = AAsA, As = D, /?AD

where D and Dg are the diagonal parts of A and B. Then HQ(A(SO)) and
/42(8(0)) can be controlled by the diagonal elements of Ay, Ag, X,
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How to generate matrix pairs?

The starting pair (A, B(0)) is generated by
e 4 the diagonal matrices : Ay, Ag, X, A and
e 2 orthogonal matrices U, V of order n.
It is done in two steps:
1. F=UZVT, A=FTAAF, B=FTAgF,
2 BO = Bs =D ?’BD;'?, A = AAsA, As = D, 2AD,

where D and Dg are the diagonal parts of A and B. Then HQ(A(SO)) and
/42(8(0)) can be controlled by the diagonal elements of Aa, Apg, X, since

k2(AD) < ne3()ka(Aa) and  ko(BO) < nkd(T)ka(As),

although most often HQ(AgO)) and k2(B©) are much smaller than these
bounds.

Hari (University of Zagreb) CFL Method March 21, 2018 34 /38



How to generate matrix pairs?

To simplify the construction we set Ag = /,.

If the method is high relative accurate, then g4 g) from the relation (5)
should not depend on kp(A).

Note that
ka(A®) < ka(A)K3(A).

If we set A =1, i (A©), B(0) = (D71/2AD§1/2, Bs), then we know in
advance the eigenvalues of (A(®), B(0)) These are the quotients

IN

(Aa)i/(AB)y, 1<

This way can be used when considering behavior of the methods on pairs
with multiple eigenvalues.
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More Details

e Diagonal matrices are constructed by help of the M-function diag(d)

e dis a vector, and vectors are constructed by the M-function
logspace(x1,x2,n). We use it for the diagonal matrices & and Aj4.

For the construction of A we use our m-function
scalvec(k1,k2,k3,n,k)
which generates vector of length n, d = [10¥,... 10%2 ... 10%3] where k
determines the position of 10¥2 within the components of d.

e  To compute A, the function scalvec is used within triple loop controlled
by the indices k1, k2 and k3

Orthogonal matrices U and V are computed by the command
[Q,~]=gr(rand(n))

e We have generated the sample T of 18900 pairs of matrices of order 10.
As “exact eigenvalues” we have used the eigenvalues computed by the
M-function eig(A,B) in variable precision arithmetic (VPA) using 80
decimal digits.
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Relative Accuracy

o |5\,—)\,| \/ 2 A 2 B < \/m
Q(A’B)_lrg,'agan/ ’{'2( S)+KQ( 5)_ m

X(A8) = \/,.;g(A(o)) + K2(BO) .

E={(xnB), 0ap): (AB)eT}
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Relative errors:

CFL vs

MATLAB eig(A,B)

MATLAB eig(A,B)

100

10

L

100

100
1072
10
100 %

108

Complex Falk-Langemeyer

10
10
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