AN INTRODUCTION TO KRYLOV’S L,-THEORY FOR
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

ILDOO KIM

ABSTRACT. In this lecture, we introduce Krylov’s L,-theory for stochastic
partial differential equations. More precisely, we prove that there exists a
unique solution u to the following stochastic heat equation

du(t,x) = (aij(t)umimj (t, ) + f(t,x)) dt + g(t, z)dws, (¢, z) €[0,T] x R4

u(0,x) = uo(z), (0.1)
where w; is Brownian motion (Wiener process), a¥(t) = a¥(w,t) is pre-
dictable, symmetric, and satisfy

RTHEP > 0P (€0 2 klg? V(w16 €2 x [0,T] x RY (0.2)
with x > 0,

fig€ Ly (2x1[0,T],P,dP x dt),
T € (0,00), p € [2,00), P is the predictable o-algebra, and Einstein’s summa-
tion convention is used.

1. CAUCHY’S PROBLEM

The problem solving equations with initial conditions or boundary conditions
such as (0.1) is usually called Cauchy’s problem, which is named after Augustin
Louis Cauchy. Solvability of equation (0.1) heavily depends on conditions of free
terms such as ug, f and g. In other words, u varies depending on ug, f, and g and
it is even possible that we cannot solve (0.1) if they are too bad. Therefore the
fundamental questions related to (0.1) are the following :

e “Can we solve (0.1)? What conditions should be given on ug, f, and g to
solve (0.1)?”
e “If we can solve it, is a solution unique?”

o “What is the meaning of solutions? What is an appropriate function space
to handle solutions 7”.

Answering these questions is called “well-posed problem”, which stems from a def-
inition given by Jacques Hadamard. Especially, we focus on answering these ques-
tions when f and g are contained in appropriate L,-classes.

2. A DETERMINISTIC Ls-THEORY

Assume g = 0 and consider the deterministic equation first. In other words, we
investigate the solvability of the equation

wy(t, ) = a¥ (H)ugizs (t,x) + f(t,z) (t,z) € [0,T] x R?
u(0, z) = uo(x). (2.1)
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For a while, assume that f € C2° ((0,7) x R?), ug € C°(R%), and a very good
solution u exists. Recall the definition of the Fourier transform and the inverse
Fourier transform. For a very nice function f, we define its Fourier transform and
inverse Fourier transform as

NS = [ e pwyis

and
1

—1 _ ix-£ d
FUAa) = g [ e r6)de,
respectively. If f has a decay || — oo, then for all 5,k € {1,...,d},

Flforar] (€) = / e fy () da

Rd
=) [ @)
= G

due to the integration by parts. It is well-known that if f is a very nice function,
then

FHFU (@) = f ().
Taking the Fourier transform to both sides of (2.1) with respect to z, we have
(Flult, )(©)), = €€ a" () Flu(t, )](€) + FLf (£, ))(E).
Solving the above ordinary differential equations, we have

Flult, () = e OE Flugl(e) 4 [ e SO (s, s,

0
Therefore by the inverse Fourier transform,

ult,2) = 7 e "L Fugl)] (2)

L [ / L St p -)](st] (@)

0
= p(ta ) * UO(I) +/0 p(S,t, ) * f(S, )(x)ds, (22)

where D o
p(s,t,x) = F ! [e_ N au(r)drgly] (z)

p(t,x) := { g’ﬁ(();)f’x) ift >0

where g (z) is the Dirac delta function concentrated at 0. Moreover, one can easily
check that u defined by (2.2) is indeed a solution to (2.1). Let 0% (¢) be a matrix-
valued function on [0, 7] such that

and

L 0 — i
57 Ft)oh (t) = a¥ (t)

For a d-dimensional Wiener process Wy and ¢ € [0, 00), we define

t
X! = / o*(s)dwk.
0
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and
X = (X)) (t=1,...,d).

Then p(t, z) is the probability density function of X; and p(s,t, x) is the probability
density function of X; — X,. Thus one can easily check that a solution u is given
by

u(t, z) = Eluo(z — X3)] + /0 E[f(s,z + X, — X,]ds.

Before going to next step, we introduce Banach space-valued function spaces.
For a Banach space F with the norm || - ||r, C ([0,T]; F) denotes the space of all
functions u such that

lulleqo, ) r) = sup [u(t, )lF < o0

and ||u(t,-)||F is continuous with respect to ¢t on [0, T].
For p € [1, 00), a Banach space F, and a measure space (X, M, i), by L,(X, M, u; F'),
we denote the space of all F-valued M*#-measurable functions u so that

1/p
s ey = ([ @) <

where M*" denotes the completion of M with respect to the measure p. If there
is no confusion for the given measure and o-algebra, we usually omit the mea-
sure and the o-algebra. In particular, we set Lo(R?) := Lyo(R% L, R) and
Ly ((0,T); La(RY)) := Ly ([0, 7], £, ¢; L2(R?)), where £ and ¢ denote the Lebesgue
measurable sets and Lebesgue measure, respectively.

Lemma 2.1. Letp € [1,00), K(s,t,z) be integrable function on [0,T]x [0,T] x R?,
f€L,((0,T);L,(R%)), and

v(t,z) = /0 K(s,t,-)x f(s,)(x)ds := /0 " K(s,t,y)f(s.x —y)dyds.

Then

T T P
/ ||v(t,.)gp(Rd)dtg</ sup||K(t—s,t,-)Ll(Rd)ds> / 1L g
0 0 t<T 0

(2.3)

In particular, if f is a constant with respect to t, i.e. f(t,x) = f(z) for allt € [0,T],
then

T T p
/O |u<t,.)||gp(Rd)dth</o sup ||K(t—s,t,.)||L1(Rd)ds> IO, .

t€[0,T]

Proof.

K(s,t,y)f(s. ' 7y)dy

H < / K (s, ) 15—l ey A
R4 Rd

Lp(RY)

= 1M [V oty
= ||K(S7t7 ')”Ll(Rd) ||f(8a ')HLP(Rd) .
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Thus by applying generalized Minkowski’s inequality,

lo(t, )z, < / V(= s, ey I CE = 5, ey .

Finally, by generalized Minkowski’s inequality and Holder’s inequality ,

T
| e a
T r P p/p
S </0 (A 10<t—s||K(t — 5,t7 ')||L1(Rd) ||f(t — 8, ')”LP(Rd) d5> dt)

1/p p

T T
/ sup ||K(t— s,t,~)\|L1(Rd) (/ Lo<t—sf(t — s,-)iP(Rd)dt> ds
0 t€[0,T] 0

T P
<(/ sup [[E(t— 5,4, )| oy ) / 1F T gy .
0 tel0,T)

IA

Since p(s, t,x) is the probability density function of X; — X,

sup ||p(t - 87t7 ')”Ll(Rd) = 1’
te[0,T7]

by Lemma 2.1, we have

T T
I e < TP+ T [N, gyt

Our next questions are that can we have

T T
/ / [ugi (s, 2)|? dxder/ / [tz (5, 2)|P dzds
0o Jme
< N(p,T </ / lug(x)[? dxder/ / z)|” da?ds)?

Here i,j € (1,...,d). Similarly to estimating u, we can easily check that

T
/0 s ()1, gyt

T P T
s( / sup |pmi<t—s7t,->||L1<Rd)dt> <T||uo||Lp<Rd>+ / |f(t,~>||§p(m)dt>
0 te[0,T] 0

and

T
/0 g (6, gyt

T p T
s( [ sw ||pxixj<s7t,->||L1<Rd>dt> <T||uo||Lp<Rd)+ |10, )
0 tel0,T] 0
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Exercise 2.2. Show that there exists a positive constant ¢ > 0 such that for all
0<s<t

c< (t— 3)71/2 < / |pei(s, t,x)|de < Mt - 3)71/2
Rd

and
c<(t— s)_l/ |Paiqi (t, x)|dt < c 1t
Rd

Thus we can control the L,-norm of u,:. But we do know that the L,-norm of
Uyigs also can be controlled by L,-norms of ug and f yet. Since we want handle
non-smooth ug and f, it is needed to introduce the concept of weak-derivatives.

Definition 2.3 (Weak-derivative). Let f be a locally integrable function on R, We
say that a locally integrable function f,i is the i-th weak-derivative of f (i =1,...,d)
iff for all ¢ € C*(R?) the following equality holds:

/ for(@)(@)ds = (~1) / F(@)6s1 (2)de.

Moreover generally, for any multi-index «, a locally integrable function D*f is
called the a-th weak-derivative of f if for all ¢ € C=(R?)

[ Do p@eta)s = (0 | @)D o).

Definition 2.4 (Sobolev space). Let p € [1,00) and n € N. We define the Sobolev
space with the exponent p and order k as

Hy(R?) == {f € Ly(R") : |[D*f 1, (ma) < 00 V]a| <n},
where D f is the a-th weak-derivative of f.
Remark 2.5. It is well-known that Hg(Rd) is complete with the norm
1Sl rp (ma) == > D fll, re)-
la|<n

Definition 2.6 (Weak solution). We say that a function u € L, ([0,T]; L,(R%))
is a solution to (2.1) iff for all p € C and t € [0,T]

(u(t,"), )1, wa)
t

t
= (UO, ¢)L2(Rd) + /O (u(s7 ')7a” (s)(z)zizj)Lz(Rd) ds + A (f(87 ')7 ¢)L2(Rd) d.(S )
24

Theorem 2.7 (Lo-theory). Let T € (0,00). Assume that a® (t) is measurable and
satisfy the ellipticity condition that

RIEP <a? (e <wTHEP Y(1€) €[0,T] x RY (2.5)
Then for all f € La((0,T); La(R?)) and ug € H3 (RY), there exists a unique solution
ue C([0,T]; La(RY)) N Ly ([0, T]; H3(R?)) to equation (0.1) such that

T
sup [Ju(t, gy + [ tnalt, )2t
t€[0,T 0

T
<N ( / £t ey + ||uO||%{21<Rd>> , (2.6)
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where N depends only on p and T .

Proof. Part I. (A priori estimate)

First we show that any solution u € C ([0, T]; H3(R%)) N Ly ([0, T]; H3(R%)) to
equation (2.1) satisfies (2.6). We use Sobolev mollifiers. Fix a nonnegative ¢ € C°
with the unit integral and for ¢ > 0, denote ¢ (x) = e~ %p(z/¢), uf(x) = ug*p°(z),
fe(s,x) = f(s,) x (), and u®(t,2) = u(t, ) *p°(-)(z). Putting ¢*(x—-) in (2.4),
for all (t,x) € (0,T) x R%, we have

W (1) = u§(t,2) + / (s (5, ) + / (s, 2)ds

By the chain rule, Fubini’s theorem, and the integration by parts,

t
/ |u5(t,x)|2da::/ |u8(x)\2dx—// 2us; (s, z)a" (s)us, (s, x)dsdx
R¢ R4 o JRe
t
—|—2// u®(s,x) (s, x)dxds.
o JRe

Therefore, by the ellipticity condition (0.2), the Cauchy-Bunyakovsky-Schwarz in-
equality and arithmetic-geometric mean inequality, for all ¢ € [0, 7] and § € (0, c0),

t
/ |u€(t,a:)|2dx+2/f/ / [u (s, z)|? dsdx
Rd
S/ |u® to:\dz+2// ci(s, x)ul;dsdx
R R
S/ |u6(m)|2dx+2/ / u®(s,x) f(s,z)dxds
R4 0 R4
T T
S/ |u6(:z:)|2d:c+5/ / |u€(s,z)|2dxds+571/ / |2 (s, x)|?dxds. (2.7)
R 0o JRrd 0o JRrd

Taking 6 = 1/(2T"), we have

sup/ |u® t$2d:v+// (s, )| dsda:

t€[0,7] JR4

< N(T, ) ( / g (2)[2dz + / / | fs(s,ac)|2dmds>. (2.8)
R¢ 0o JRd

Set v*(t,x) = uyr for (k=1,...,d). Then v* satisfies

VRV (t, U z taijs v*)E, (s, x)ds tsks,xs
(M) (1) = (o) (1, >+/0 (5) (V)2 s )d+/0fm( )

By the integration by parts and the ellipticity condition, we have

/|( )tl’|2d$+l€// sx‘dsdm
Rd

< [P +2 [ [ (87 G a)dads.

0 JRd
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Therefore following (2.7) and (2.8), we have
T
sup / [us (t,;v)|2dx—|—/ / |u§imk(s7m)\2dsda@
te0,7] JR4 0o JRd

<N (/Rd |(uo)Sk (z) P dx + /OT /Rd |f€(s,x)|2dxds> ) (2.9)

Applying the same idea to u®t — u®2 with 1,5 > 0, we have

T
sup ([t —u) oo+ [ s - ) (o) dads
tejo, 7] \ JRd o JRa
1 2 2
+/Rd |(u§w —uiixj)(t,x)‘ dx

<N [ 165 i) @Pdet [ Iz - ) @F o

R4

b [ ] = ) e Paeas)

which implies that u® converges to
v e C([0,7]; Hy (RY)) N Ly ([0, T); H3(RY))

as € J 0. Since for each t > 0, u®(t,z) — u(t,z) for almost every x, we conclude
u = v as an element of

C ([0,T); Lo(R%) N Ly ([0, T); H3 (R%)) .

(/R i+ ' /. |f6(87x)|pd:cds>
< (/Rd |uo(x)|Pdx + /OT /Rd |f(s,x)|pd$ds>

and taking ¢ | 0 in (2.8) and (2.9), we finally get (2.6).

Observing

Part II. (Existence)

We already show that u(t, ) is a solution to equation (0.1) if uy € C°(R%) and
fecyr ([07 T] x Rd). Thus it only remains to weaken the conditions on ug and f.

Choose sequences uf € C°(R?) and f™ € C°((0,7) x R?) so that
ug = up in Lo and = f in Ly ((0,7); Lo(R%))
as n — 0o. Then
¢
Wt 3) = B[l (z — X))] + / E[f"(s,z + Xi — X.]ds (2.10)
0
satisfies

uy (t,x) = a’(tyu” ;(t,x) + f(t, ) (t,z) € (0,T) x R

rixI
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Due to (2.6), u™ becomes a Cauchy sequence in
C ([0,T); Lo (R%) N Ly ([0, T); H3 (R%))
and thus there exists uw such that u,, — u in
C ([0,7); L2(RY)) N Ly ([0, T]; H3 (RY)) .
Since
uy —up in Ly and  f"—f in Ly ([0,T]; Lo(RY)),

one can easily check that u is a solution to equation (0.1).

Part ITI. (Uniqueness) We already showed that any solution

ue C([0,T]; Lo(R%) N Ly ([0, T); Hy (RY)) .

to equation (0.1) satisfies (2.6). Therefore, the uniqueness is obvious. O

Remark 2.8. By taking the limit to both sides in (2.10), we have
¢
u(t,z) = Elug(x — Xy)] —|—/ E[f(s,z + X; — X;]ds (2.11)
0

for almost every (¢, z) € [0,7] x R? even though uy and f are merely contained in
Ly and Ly ([0, T]; Ly(R%)), respectively, without smoothness.

Remark 2.9. Theorem 2.7 holds even if p # 2 and p € (1,00). Classically, this
theorem can be proved on basis of singular integral theory. But these days, lots of
kernel free estimates are developed. Since L,-theories are beyond the scope of this
lecture, I am not going to give details.

3. A STOCHASTIC Lo-THEORY

Let (Q, F, P) be a probability space and w; be a Brownian motion relative to
a filtration F;, i.e. wy is Fy-measurable and wy — wy is independent of F, for all
0 < s < t. Each F; contains all null sets of 7. By P, we denote the predictable
o-algebra, i.e. P is the smallest o-algebra on 2 x [0, 00) containing all sets of the
form of A X [s,t), where 0 < s < t and A € F,. For T' € (0,00), a stochastic
process u(t) defined on Q x [0, 77 is called predictable if u(t)1}o 71(t) is predictable
on 0 x [0,00). For p € [1,00) and n € N, define stochastic Banach spaces as follows

Ly(T) := L, (2 x [0, T], P, dP x dt; L,(R"))
and

H(T) == L, (2 x [0,T], P,dP x dt; H}'(R%)) .

J
B = { 3 Lo (051 0):
=1

jeN, g' € C(RY), 7; are bounded stopping times}.
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Then it is well-known that for all T > 0, p € [1,00), and n € N, H§® is dense in
H} (T), i.e. for any g € H}}(T'), there exists a sequence of g, € Hg® such that

T
9= 9. ry =B | ot ) g oyt =0 (3.)

as n — oo (see [1, Theorem 3.11]).

Definition 3.1 ((Stochastic) weak solution). u € L,(T) is a solution to (0.1) iff
for each ¢ € C(RY), there exists a Q' C Q such that P(Q') =1 and

(w(w,t,), 8) = (uo(w, ), 6) + / (09 (@, 8)tgigs (w, 5, ), &) ds + / (F(@,5,),8) ds

+/0 (g(w757 )7¢) dws

for allw € Q' and t € [0,T). Simply, we say that u is a solution to (0.1) iff for
each ¢ € C(RY),

(ult, ), 6) = (w0, ) + / (u(s,), @ (5)Bprar) ds + / (f(5,),6) ds

t
+/ (9(s,+), @) dws (3.2)
0
holds for all t € [0,T] with probability one.

Remark 3.2. (i) Assume that g = 0in (0.1) and let u be a weak solution to (0.1).
Then due to Definition 3.2, for each fixed w € ', u(w,t,z) becomes a weak
solution in the sense of Definition 2.6 to the equation

up(w, t,2) = a (W, ) ugigs (w, t, ) + flw,t, ) (t,z) € (0,T] x R?
u(w,0,2) = up(w, x).
(i) For each p € [1,00), there exists a countable subset of C>°(R%) which is

dense in L,(R?). Thus we may assume that the equality in (3.2) holds for all
# € C*(R%) and ¢ € [0, T] with probability one.

From now on, the variable w is usually omitted for the notational convenience.
For instance, we use u(t, x) instead of u(w,t,x).

Consider the following simple stochastic equation:
du(t,z) = Au(t, z)dt + g(t, x)dw, (t,z) € (0,T] x R?
u(0,2) = 0. (3.3)

We give a naive idea to obtain a solution representation to equation (3.3). As-
sume that u and g are very nice. Differentiating both sides of (3.3) with respect to
t. Then

du dwy d

—(t,x) = Au(t,z) + g(t,z)— (t,x) € (0,T] x R*.

dt dt
Here d;‘;* is not a usual RadonNikodym derivative since w; is not differentiable with
respect to t. Assume that there exists a kind of a random measure called “white
noisy” satisfying

tdwt
— = Wt — Wg.
i dt t s
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Thus by (2.2),

dw

t
uta) = [ [ ple=sa = pia(o.) g duds
t
=/ / p(t — s, —y)g(s,y)dydws,
0 R4

where
dmt) =2 exp (—|x|2/(4t)) ift >0
sty o | (TR e (—faf?/(a0)
p(0,2) = do(z).
Our next step is to check that

ult,z) = / /R Tt = 5,7~ y)gls,y)dydu, (3.4)

is indeed a solution to equation (3.3), i.e. it suffices to check that u satisfies

u(t, x) :/0 Au(&m)ds—i—/o g(s,x)dws (t,z) € [0,T] x R? (3.5)

with probability one. By (stochastic) Fubini’s theorem, the property of the kernel
p that p(t,x) = Ap(t,x), and the fundamental theorem of calculus, (formally)

t t S
/ Au(s,z)ds = / / Ap(s —r,xz —y)g(r,y)dydB,ds
0 o Jo Jmd
t t
= / / / 17‘<888 (p(s -nrT—= y)) dsg(r, y)dydBr
0o JrdJo
t t
- / / / 1r<sas (p(S -nrT— y)) ng(T, y)dydBr
0o JRd Jo
t
— [ lt = =) = b~ ) gl )y,
0 JRd

= u(t, x) 7/0 g(r,x)dB;. (3.6)

Therefore u defined by (3.5) is a solution to (3.3) at least formally. Indeed, this is
true if g € H3°(T"). Now we are ready to obtain an Lo-theory for stochastic partial
differential equations.

Theorem 3.3 (Lo-theory for a model equation). Let T € (0,00). Then for all
g € Lo(T), there exists a unique solution

u € Ly (Q,F;C ([0,T]; Lo(R%))) N H} (T)
to equation (3.3) such that
T T
sup Blult, )2 +E [t ot <N [ gt ) merdts (3.7
t€[0,T] 0 0
where N depends only on p and T.
Proof. Part I (A priori estimate) Assume that there exists a solution

u € Ly (0, F;C ([0,T); Lo(RY))) NH} (T)
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to equation (3.3). Fix ¢ € C°(R%) which is nonnegative and has a unit integral.
For each € > 0 and z € R?, denote ¢°(z) = e~ 4p(e 1), ¢°(s,2) = g(s,) * ¢ ()
and u®(t,x) = u(t,-) * ¢°(x). Then from (3.2),

t ¢
u(t, ) = ug(x) +/ Aua(s,x)der/ g° (s, x)dws
0 0
for all (¢,z) € [0,7] x R? with probability one. By Ito’s formula,
t
e (4 2)|? = |ug(x)\2+2/ w5, 2) Aus (s, ) ds
0
¢ ¢
+2/ us(s,x)gs(s,x)dws—i—Z/ lg° (s, x)|?ds
0 0

for all (t,x) € [0,T] x R? with probability one. Taking the integration with respect
to z and applying Fubini’s theorem and the integration by parts, we have

t
/|u5(t,x)|2dx+2// |us (s, x)|*dxds
R¢ 0 JRd
¢ ¢
:/ |u6(a:)|2dac+2// ug(s,x)ge(s,x)dxdwsqLQ// 9% (s, 2)|?dxds
R4 0o JRe 0 JRe

Taking the sup,.r, and the expectation and applying Burkholder-Davis-Gundy
inequality , we have

T
Esup/ |u5(t,x)|2dz+2E/ / |us (s, x)|*dsdx
R 0o JRra

t<T

< /R Jup(@)Pde + N(p)E ( / ' ( /R d |uf<s,:c>f<s,x>|dx)2ds>

T
+2E/ / lg° (s, x)|dzds.
0o JRrd

Note that for all § > 0, applying Cauchy-Bunyakovsky-Schwarz inequality and
arithmetic-geometric mean inequality,

E ( / ' ([ |u€<s,x>g€<s,x>|dx)2ds>

T 1/2
E (/0 [[u (s, )17, ray 97 (5. °)||iz(m>d3>

T

1/2
<E (sur)llue(tw)llizmd)/ ||9€(87')||%2(Rd>d8>
<T 0

1/2

1/2

IA

ot T
E sup ||u(t, ~)H%2(Rd) + TE/ g% (s, ‘)||%2(Rd)dS
t<T 0
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Thus taking § > 0 small enough, we have

T
Esup/ |u5(t,x)|2dx+2]E/ / |uf (s, x)|*dsda
t<T JR4 R4

<N (IE/ |ug |2dac—|—2]E/ / (s,x |dxds>.

Due to the linearity, for all n,m € N,

Esup/ [t/ (t, ) — ut/ ™ (t, )| dx—|—2E/ / ut/™(s,z) — ut/™ (s, z)|*dsdx
Rd

t<T

<N ]E/ |ué/n7ué/m(:c)|2dx+2]E/ / lgt/™ — gt (s, @) |dads | .
R 0o JRra

1/ s a Cauchy sequence in

Thus the sequence u
Ly (2, F; C ([0, T); L2(R7))) N H3 (T)

and taking n — oo, we have (3.7) if a solution u exists. Uniqueness easily obtained
from the above estimate or it also can be obtained from Theorem 2.7.

If g € HP(T), then u defined by (3.4) is indeed a solution. In other words, one
can easily check that (3.6) holds if g € HJ*(T'). For general g € L,(T"), we use an
approximation sequence g, € Hg°(T) so that (3.1) holds. O

Theorem 3.4 (Lo-theory for general equations). Let T € (0,00). Assume that
a(t) = a(w,t) is predictable and satisfies the ellipticity condition

KIEP < a7 <kTHEE Y(w,t,€) € Qx[0,T] x R

with a positive constant k > 0. Then for all ug € Ly (Q, Fo; H3(R?)), f € Ly(T),
g € HY(T), there ezists a unique solution

u€ Ly (Q,F;C ([0,T]; Lo(R%))) N H3 (T)

to equation (0.1) such that

T
sup Bt )y B [ e ()3t
t€[0,T] 0

T T
sw@nuon@(me |1 e+ [ ||g<t,->||i,;(Rd>dt>,

where N depends only on p, k, and T'.

Proof. Since equation (0.1) is linear, we can obtain this theorem from Theorem 2.7
and Theorem 3.3. We left this to reader as an exercise. O
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