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QUADRATIC AND SESQUILINEAR FUNCTIONALS

Svetozar Kurepa, Zagreb

1. Let X = {x, Y, ... } be a complex (quaternionic) veetor space
and B a funetion af two vectars which is linear in the first aTgu
ment and antilinear in the second aI1gument, i. e.

B (,1.iXi + ,1.2X2, y) = ,1.iB (Xi, y) + ,1.2B (X2, y) ,- -
B (x, /-li Yi + /-l2 Y2) = /-li B (x, Yl) + /-l2 B (x, Y2) ,

where A. denotes the conjugate of A..

Ii we set n (x) = B (x, x), then from (1) it foUows that

n(x + y) + n(x- y) = 2n(x) + 2n(y)
holds far all x, y ~ X and also

n (,1. x) = I ), [ 2 n (x)

} (1)

(2)

(3)

(4)

hoMs for every x ~ X and every complex (quaterni'Onic) number
,1.. A functiO'nal n (x) which sati:,sfies (2) is termed a quadratic
functional.

p r o'f. I s r a el HaI per i n in 1963 in Paris, in his lectures
on HUbert spqces raised t..~equestiO'n which can be formulated as
follows: Does a quadratic functional n for which (3) holds possess
the propeTty that

B (x, y) = m (x, y) + im (x, i y)

in the case of a complex space and

B (x, y) = m (x, y) + im (x, iy) +- j m (x, j y) + km (x, k y) (5)

in the case af a quaternionic space ·is a sesquilinear functional with

1
m(x, y) = - (n (x + y) ---.n (x - y».

4
(6)

A simUar question was rais ed also for the case af a real vector
space. In this case (3) is ta be replaced by

n(tx) = t2 n (x)

for all real numbers t and all vectors x. In [1] we have proved that
the answer to the Halperin's prablem in the case of a real vectoT
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space is negative provided that the space is not one dimensional.
It was also proved that in an algebr,a.ic basic set {ek 11 :s k <.Q}
the quadratic functional n is given by

b + L Iaij (ti) ai} (tj) I, (·7)
i.j ti tj ti tj

1 :s; k < n 1 ~ i, j < o 1 ,,;;i < j < n

where in the Bum only a finite number of terms differs from zero;
bij are constants and aij (t) is a derivative on the set oJ all real
numbers. Bya derivative on the set of reals one understands a
real-valued function f such that

f (t + s) = f (t) + f{s) and f (t s) = t f (s) + s f(t)
holds for all real numbers t and s.

The object of this paper is to prave that in the case of a com
plex ar a quaternionic vector space (2) and (3) do imply that the
functionals (4) and (5) .are sesquilinear. We derive these results by
considering spaces 'as real vector spaces and then by using (7). It
would be interesting to prove these resuIts directly, i. e. without
the use of a »negative« resu1t in a real vector space. In addition
to this in 2 we derive 'SameresuIts on functionals which satisfay (2)
and which are definedon an ar.bitrary ahelian group.

Since the case of 'cl quaternionic vector space is a consequence
of the .,situation in the complex case, the main result of this paper
is given by the following theorem.

The ore mL Let X be a complex vector space and n a com
plex valued functional such that

(i)
and
(ii)

n (x + y) + n (x - y) = 2n (x) + 2n (y)

n (A x) = lA' 2 n (x)

hold for all x, y <E X and ,a.ll complex numbers ),. Under these con
ditions the functional

1 i
B (x, y) = - [n (x + y) - n (x - y)] + - [n (x + iy) - n (x - iy)]

4 4

is linear in x and antilinear in y, i. e. B (x, y) is a sesqu'ilinear
functional on X and B (x, x) = n{x).

p r o o f. rf n is a real-valued functional, then the functional m
which is defined by (6) is real so that n{ix) = n(x) implies

n{x + iy) -n(x -iy) = n [i{y- ix)] -n [i(-y - ix)] =
= [n (y - ix) - n (y + ii)],



Quadratic and sesquilinear funetionals 81

which leads tO' B (x, y) = B (y, x). Similarily nne finds B (i x, y) =
= iB (x, y). Thus, if n is a real functinnal, then B is aHermitian
functinnaland it is sufficient tO'prnve that B is linear in the first
argument. On the other han-d in the ca:seof a complex (quaterninnic)
n (x), (i) and (ii) imply that real and imaginary PaTts nf n (x) satisfy
the same cnnditions. Hence, withnut loss nf generality we can
assume that n is a real functinnal. Since the functional m (x, y) js
ci.dditive in x, sO'is the functional B ([1], Lemma 1) and it is suf
ficietlt tO'prnve that B (tx, y) = tE (x, y), nr equivalently that

m(tx, y) = tm(x, y)

hnlds for all real numbers t and all pairs x, y CE X.

Suppose that x and y are given and that y = Il x. Then

n (t'x + y) - net x ~ y) :- (I t + fJ, 12 ~ I t ~ Il 12) rt(x) =
= t(ll+ fll2-ll - Il 12) n (x) = t n (x + y) - t 11.(x - y)

implies (8), i. e. (8) hnlds if x and y are dependent.

(8)

+

If x and y are independent then they determine a two-dimen
sinnal subspace Ynf X with el·~ x and e2 = Y as a basic set. .The
restriction ·nf n ta Y, which we denote again by n, possesses prO'..,
perties (i) and (ii). on Y. Since el' e2 is a basis set in Y, then el' i e,I.'
e2, ie2 is a basic set in Y considered as a real veetor space. The
functinnal n as a functinnal on the real vectnr space Y is quadratic,
i. e. (2) holds and n (t z) = t2 n{z) fnr every real number t and·z CE Y.
Applying (7) tO'the present situatinn we have

4

n (z) = n (tl el + t2i el + t3 e2 + t4 ie2) = L bij ti tj + (9)
i, j = 1

~ I aij (ti) aij (tj) I '~ ti tj
lSi<jS4

where bij are real c6nstants and aij (t) is a derivative on the set of
all real numbers. Hence, aij(r) = O for every rational (and even for
every algebraic) number r.

If we take z as a rational vector, i. e. all ti are rational, then
we get

4

n (z) = L bij ti tj .
i, j = 1

Replacing in (9) z by

..1. z = tl' el + t2' i el + t3' e2 + t4' ie2 ,

(10)
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where A is a complex rational number we get by usmg n (A z) =
= I A 12 n (z) the relation

i, j = I

4

.2 bij t/ t/.
i, i = I

(11)

Obviously, (11) holds for all complex numbers A. This implies that
the first sum in (9) satisfies conditions (i) and (ii) of Theorem l.
But then the functional

N(z) =
l~i<i~4

I aij (ti) aii (tj) It ti tj
(12)

also satisfies conditions (i) and (ii). We are going to prove that
essentially (ii) implies N (z) =0, for every z <E Y.

For a vector z = t el + s i el from (12) we get

I a12 (t) al2 (s) I
N(tel+s·iel)= .

t s

On the other hand, N (t el + s i el) = N [(t + i s) el] = I t + i s i:2

N (el). We have, therefore, (t2 + s2) N (el) = s al2 (t) - t aI2(s), which
imp1ies .that al2 is a continuous function and therefore al2 = O.
Similarly a34 = O.Thus,

la (t) a (s) I I b (t) b (s') I +N (t el + t' i el + s e2 + s' i e2) = +
t s I t s'

+ I c (t') c (s) I + I d (t') d(s') I 't' s I t' s'

(13)

where a, b, c and dare derivatives on the rea1s and t, t', s and s' are
arbitr.ary real numbers. If we take z = tel + s' i e2 and A = 0+
+ i l' (o, l' reals), then

a (as') I +as'

(o + iT) z = o tel + l' t i el + (- l' s') e2 + o s' i e2

together with (13) and (ii) implies

(02 + 1'2) I b (t) b (s') I 1 I a(crt) a(-,;s') I + I b (at)I t s' at -,;s' at

+ I c (,;t) c (-,;s') I + I d (,;t) d (as') I '"tt -:-"ts' ,;t as' I (14)

for all real numbers o, 1', t and s'. If we take o and l' to be rational
numbers and if we u:se f(rt) = rf(t) for every derivative f and
rational number T, then {l4) tunIS out to be a po,lynomial in o and
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7:. But then the corresponding coefficients have to be equal. We
have, therefore,

-c (s') I '
-s'

d (s') I = O.
s'

I b (.t) b (s') I = I c (t)I t s' t

la (t) -a (s') I + I d (t)t -s' I t

If we take s' = 1, we get

b (t) = - c (t) and a (t) = d (t) . (15)

Now, take o in (14) to be rationa1. We get a polynomial in o,
which by the comparisan of coefficients leads to

la (t) -a (.s') I + I a (-et). a (s') \ = O.
t -.s' .t s'

If we take t = s' = 1, we get a (r) = O, for every 7: CE R. Thus, a =
= d = O. Now, we take z = t el + s e2 in (13) and we use a = d = O,

b = - c. We get N(z) = O. This gives N(A z) = O, for A= 0+
+ i7:(0, 7: CE R). Using (13), for Az=otel+7:tiel+ose2+7:sie2,
we finci

(. s b (o t) - o t b (. s» +(- o s b (7: t) + • t b (o s» = O,

which ftOr o = S = t = 1 implies b (7:) = O, for every 7: CE R. Thus,
a = b = c = d = O and, therefore, N (z) = O, for every z CE Y.

In such away we have proved that in (9) all aij = O. Hence,
4

n [(tI + i t2) el + (t:) + i t4) e2 ] = .2 bii ti ti
i, i = 1

for all real numbers ti. If we set

then

imply
2

n (Alel + A2e2)= .2 Cij AiAi,
i, j = 1

(16)

where Cll and C22are real numbers and C12= C2l. From (16) we find
1- - --

m (Alel, A2 e2)= -(C12 AlA2 + cJ2AlA2),
2
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which for ,1.1 = t and ,1.2 = 1 lead.s to

m (tx, y) = t m (x, y) ,

i. e. (8) also holds in the case of independent vectOl'Sx and y.
The ore m 2. Let X be a vector space over the field of quater

nions and n a real functional on X such that

(a) n (x + y) + n (x - y) = 2n (x) + 2n (y) and
(b) n(A.x) = [A.[2n(X)

hQlds for all x, y <E X and alL quaternions A, where I AI2 = ,1."i and A
is the conjugate quaternion of ,1..Under these conditions the func-
tional; "

B (x, y) = m (x, y) + im (x, i y) + j m (x, j y) + k m (x, k y)

is a sesquilinear functional and n (x) = B (x, x), where

1
m(x,y) =- (n(x + y) -n(x-y».

4

P r o 6 1. If we consider X as a complex vector space, then the
conditlonso.f Theorem 1 are fulfih"id so that m(tx, y) = t m(x; y)
holds for an real numbers t and all x, y <E X. This imp1ies the
assertiiQnof Theorem 2 by the same reasoning .as in Theorem 1.

2; Ih this section X denotes an Abelian group, R the set afaH
reals and ri :X-'-'+' R a quadratic functional," i. e. a function which
satisfies the equation.

n (x + y) + n (x - y) = 2n (x) + 2n (y)

for all x, y <E X. As in ([1], Lemma 1) one proves that a function

1
m(x, y) = - (n(x +y) -n(x-y»

4

is additive in each argument and that m (x, y) = m (y, x) holds for all
x, y<E x.

A quadratic functional n is termed positive if

n(x) > O (17)

holds for all x <E X. If g: X -+ R is any additive functional, i. e.

then
9 (x + y) = 9 (x) + 9 (y) (x, y <E x),

n (x) = [g (x)] 2

(18)

(19)

is apositive quadratic functional. Positive quadratic functionals on
an Abelian group possess same propertie.s of norms on unitary
spaces. We have



Quadratic and sesquilinear functionals 85

The ore m 3. Let n : X -+ R be apositive quadratic functional
on an Abelian group X and m (x, y) a biadditive functional defined
by (6).

I. For any system of elem~nts Xl, ... , Xk CE X the matrix

r m (Xl, Xl) m (Xl, X2) m (Xl, Xk) 1r ( )= m (X2, X.l) m(x2, X2) m (X2, Xk)

Xl, ... , Xk . . . . . . . . . . . . . .
m (Xk, Xl) m (Xk,X2) . . . m (Xk,Xk)

(20)

is positive semidefinite.

II. A ma.pping x-+ Ix I= [n (x)]:Ih possesses the following pro
perties

and

I m(x, y) I <I x 1·1y I

Ix + y r <I x I+ IyI,

(21)

(22)

for all x, y CE x .
III. The set Xo = {xo I n (xo) = 0, Xo CE X} is a sub group of X and

the functional ~ : X/Xo -+ R defined by

~ (x + Xo) = n (x)

is apositive quadratic functional on X/Xo with the property that
A

n (x + Xo) = O implies x CE Xo .

Proof. If p is any integer then n(px) = p2n(x) holds for
every x CE X. Hence, by using (2), we get

1 ."
- [n(px + y)+ n(px - y)] = n(px) + n(y) = p2 n(x) + n(y)
2

and
1 '

- [ n (p x + y) - n (p x - y)] = 2 m (p x, y) = 2p m (x, y) .
2

If we add these two relations, we find

n (p x + y) = p2 n (x) + 2p m (x, y) + n (y) , (23)

for aH x, y CE X and any integer p.
If Xl, ... , Xk are elements of X and Pl, ... , Pk are integers,

then by setting p = Pl, X = Xl and
k

Y = .2 Pi xii = 2
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in (23) we get

i = 1
which leads to
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k k

= PI2 n (XI) + 2 L Pl Pi m (XI, Xi) + n (L Pi Xi ),
i=2 i=2

k k

n (L Pi Xi ) = L Pi Pi m (Xi, Xi) .
(24)

i = 1 i, j ~ 1

Now, suppo:se that TI, •.. , Tk are rational numbers. Writing
Ti = pil P with integers Pi and a natural number P, we have

k k

L Ti 1°im (Xi, Xi) = ~. L Pi Pi m (Xi, Xi) .
i, j = 1 i, j = 1

Since n (x) >O, for every X CE X, we find, by using (24),
k

L Ti Ti m (Xi, Xi) > O.
i, i = 1

By the continuity we derive from (25)
k

L ti ti m (Xi, Xi) > O,
i, j = 1

(25)

(26)

for all real numbers tI, ... , tk. Thus, the matrix (20) is positive
semidefini te.

Since the matdx r (x, y) is positive semidefinite, we have

det rex, y) = n(x) n(y) -m(x, y) m(y, x) > O,

i. eo (21) hol<ls for all x, y CE X. Now,

n (x + y) = n (x) + n (y) + 2 m (x, y) > O;

together wi!th (21), implies (22).
In order to prove the third part of Theorem 3, we note that

xI} CE Xo' together with (21), imp1ies m(xo' y) = O,for any y CE X.
Thus, Xo CE X and y CE X imply

n (xo' + y) = n (xo - y) . (27)

Furthermore, xO' yo CE XO and n (z) > O, for all z CE X imply

n (XOi + Yo) + n (xo - Yo) = O,
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from which it foUows that n(xo + yo) = n (xo - yo) = O. Thus, XI)
is a subgroup of X.

Ii x, x' CE X are such that xo,= x' - x CE Xo' then
n (x') = n (X01 + x) = n (xo) + n(x) + 2m (xo' x) = n (x)

implies that the funct~onal n (x + Xo') = n (x) is wel1-defined. That
it is positive definite and that n (x + XO) = O (=) x CE XO' i,s obvious.
Th~ concludes the pmof.

As we have remarked, a functional x -+ n{x) = (g.(x)] 2 is a
positive quadratic functional for any additive functiona,l 9 :X -+ R.
The foUowing theorem gives necessary and sufficient oonditions in
order that apositive quadratic functional be of this ferm.

The ore m 4. A poS'itive quadratic functional n : X -+ R is of
the form

n(x) = (g(x)]2,

where 9 : X -+ R is an additive functional, if and only if n satisfies
the following subsidiary condition

(n (x + y) - n (x - y)] 2 = 16 n (x) n (y) , (28)

i. e~ if and only if det r (x, y) = O, for all x, y <E X.
P T o o f. Let n :X -+ R he apositive quaidratic functional and

let it satrsfy (28), i. e. let

[m (x, y)] 2 = n (x) n (y) , (29)

for aLl x, y CE X. Ii n = O, then we can take 9 = Oin order to satisfy
(19). If n ::f= O, then a y CE X can 'be noU!ndsuch that n(y) >O. From
this fact and (29) we conclude that

n(x) = [ _1_ m..(x,.y)]2. . . Vn (y)

Thus, n is of the form (19) with

1
9 (x) = -----===- m (x, y) ,

. Vn (y)

which is an additive functional in x.
Since x -+ [g (x)] 2 is ,a positive quadratic functi!onal whenever

9: X -+ R is additive, Theorem4 isproved.

Cor o Il ary 1. If n : X -+ R is a positiveq'UJadratic functional
and n (x) = gl (x) g2 (x), whereg1 and 92 a-re additive functionals,
then g1 and g2 are proportional.

p ro of. Using n (x) = g1 (x) g2{X), we get

1 .
det _r (x, y) = ~ ~ Jg1 ex) g2(y) - g1 (y) 92 (x) ]2,
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which, togethe:r with Theorem 3, leads to, gl (x) g2(Y) = g1 (y) g2 (x),
from which Oarol1ary 1 foUows.

In connection with the !Suibsidiaryconditilon (28) which a.ppears
in Thearem 4 we have 'the foJlow:ing

The o. I" e m 5. Suppase that Q : R -+ R is such a function that

det [. 4 Q (x)Q (x + y) - Q (x - y)] = O, i. e.Q (x + y) - Q (x - y) 4 Q (y)

[Q (x + y) - Q (x ~ y)] 2 = 16 Q (x) Q (y)

holds for all x, y CE R. Then

Q (r x) == r2 Q (x)

(30)

(31)

holds for any x CE R and every rational number r.

If Q is a continuous function, then Q (x) = x2 Q (1) halds for any
xcER.

P I" o. o f. rf in (30) we set x = y = O, we get [Q (O)] 2 = O, i. e.
Q (O) = O. Now, by setting x = O in (30), wefind

[Q (y) - Q (- y)] 2 = O,

i. e. Q is an even functiort. From (30) we see that Q is c"fcoootant
sign on R.

Suppase that Q (x) > O, for every x CE R. From (30), for x = y,
'vie get

[Q(2y)] 2 = 16 [Q(y)] 2,

which tagether with Q > O leads to

Q (2y) = 4 Q (y) ,

far any y CE R .

Suppase thrut y is such that Q (y) =F O. rf we set x = 3y in (30)
and if we use Q (4y) = 4 Q{2y) = 16 Q (y), we get

[12 Q{y)]2 = 16 Q (3y) Q (y) ,
fram which

Q (3y) = 9 Q (y)
follows.

Now supoo.se that
Q (k y) = k2 Q (y) (32)

holds for all natural numibers k::S: p (p:2:: 3). Let us pmve that (32)
is valid also far k = p + 1. rf p + 1 is an even number, i. e. p + 1 =
= 2q with a natural number q, then

Q [(p + 1) y] = 4 Q (q y) = 4 q2 Q (y) = (p + 1)2 Q (y)

is a consequence af q < n and the inductive hypotheses (32).
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If p + 1 is an odd number, i. e. p = 2q with a natural number
q, then q + 1 <p, so that

Q [(q + 1) y] = (q + 1)2 Q(y),
and

(33)
lead to

Q [(p + 2) y] = Q [2 (q + 1) y] = 4 Q [(q + 1) y]

Q [(p + 2) y] = (p + 2)2 Q (y).

If in (30) we :set x = (p + 1) y, we get by using (32) and (33)

[(p + 2)2 _ p2] 2 [Q{y)] 2 = 16 Q [(p + 1) y] Q (y), i. e.
Q [(p + 1) y] = (p + 1)2Q (y) .

Thus, Q (k y) = k2 Q (y) hold:s· for all integers k. Now, for any
integer k, k =F O, we have

1 1
Q (y) = Q (k- y) = k2 Q ( _ y) ,k k

from· which
1 1

Q (- y) = -2 Q (y)k k

follows. Finally (34) and (32) imply

Q (ry) - r2 Q{y),

(34)

(35)
for any ra:tional r.

If Q (y) = O, for some y CE: X, then Q er y) = O, fOO"any rational
r, so that (35) holds in this case too. Indeed, otherwise one could
find a rational number ro =F O \Such that Q{ro y) =F O. This leads in
the same w,ay to Q (T' To y) = r2Q (r o'y), for any mtiona'1 number r.
Setting r = 1/ To we get

1
Q (y) = - Q (ro y) =F O

T 2o

contrary to the a:S!SrumptionQ (y) = O. Thus, Q (r x) = r2 Q (x) holds
for any x CE: X and for every rati!onal number T'

We end this paper with a ,theorem about quadratic funct10nals
on real partiallyord€'I"ed vector spaces. We have:

The'O re m 6. Suppose th>at X is a partially ordered vector
space over reals. If n : X -+ R is a quadratic functional with the
property that x:::;;: y implies n (x) :::;;:n (y), then

1
m(x, y) = - [n(x + y) -n(x-y)]

4

is a bilinear functional on X.
P r o of. Since n (O) = O, we conclude that x ~ O implies n (x) ~

~ O. Now, set nz (t) = n (t x) for real number t and x ~ O. Since
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t> S > O (t, s <E R) implies t x > S x > O, we find that O < s < t
implies

O < nx (s) :::;:nx (t) ,

i. e. the function t -+ nx (t) is monotonic on (O, (0). Since the function
t -+ nx (t) sa:tisfies the functional equa:tion

nx (t + s) + nx (t - s) = 2nx (t) + 2nx (s)

and since it is monotanic, we find see (see [2]) that nx (t) = t2nx (1),
i. e. that

n (tx) = t2 n (x),

for any real number t. Thus,

(36)

n (t x + y) = t2 n(x) + 2m (t x, y) + n (y) (37)

holds for all x, y > O and t (see [1], p. 26). On the other hand, z > O

imp1ies n (z) > O and x, y > O, t > O implies t x + y > o. Hence, by
using (37), we get

2m (t x, y) >- t2 n (x) - n (y) ,
which implies

inf m (t x, y) >- 00 (O < t < 1)

sa that the additive function t -+ m (tx, y) is baundedbelowonan
interval. But then it is continuaus and m (t x, y) = tm (x, y). Thus,

m(tx, y) = tm (x, y)

halds for all t <E R and x, y > O .

Naw any y <Ex can he wI1itten in the form

y = y + - y _ (y + , Y _ > O) .

By the ,additive praperiy of m we have, for x > O,

(38)

m (tx, y) = m (t I, Y + - Y _) = m (t x, y+) - m (t x, y _) =
= t m (x, y +) - t m (x, y _) = tm (x, y) .

Henee, (38) holds for aLl t <E R, all y <E X and x ~ o.

Writing an al"bitrary x <E X in the farm x = x +- X -'- we find in
a simi1ar way that (38) halds for an x, y <E X and t <E R.
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U clanku su dokazani ovi teoremi:

Teorem 1. Neka je X kompleksan vektorski prostor, i n korn
pleksnoznacna funkcija takva da vrijedi

(i) n (x + y) + n (x - y) = 2n (x) + 2n (y) i

(ii) n (A x) = I A [2 n (x)

za sve x, y <E X i sve kompleksne brojeve A. Tada je funkcional

B(x, y) = ~ [n(x + y) -n(x-y)] + ~ [n(x + ·iy) -n(x- iy)]
4 4

line-aran u x i antilinearan u y (tj. B (x, y) je seskvilinearan funk
cional na X) i B (x, x) = n (x).

Te {)rem 2. Neka je X vektorski prostor nad tijelom kvater
niona i n realan funkcional definiran na X sa svojstvima (i), (ii) iz

teorema 1 (pri tome je lA 12 = AT i T je konjugir,ani kvaternion
kvaterniona A).

Tada je

B (x, y) = m(x, y) + im(x, iy) + j m(x, jy) + k m(x, ky) seskvi
linearan funkcional i n(x) = B (x, x). Pri tome je

1
1'11 (x, y) = - [n (x + y) - n (x - y)].

4

Teorem 3. Neka je R skup realnih brojeva, X Abelova grupa
i neka n : X --+ R z,adovoljava uvjete (2) i (17) za sve x, y <E X. Neka
je nadalje 1'11 (x, y) definirano sa (6).

I. Za bilo koji sistem elemenata Xl, .•• , XI> <E X matrica (20) je
pozitivno semidefinitna.

II. Presl'ikavanjex --+ I x I = [n (x)] Ih zadovolj,ava uvjete (21)i (22).

III. Skup Xo = {xo' In (xo) - O, x() <E X} je podgrupa od X i
funkcional .;;,: XI XO --+ R definiran s ; (x + Xo) = n (x) zadovoljava"
uvjete (2) i (17), i n (x + Xo) = O povlaci x Ef Xo' .

Te 'orem 4. Ako su n, X i R isti kao u teoremu 3, onda je
n (x) = [g (x)] 2, pri cemu 9 : X --+ R zadovoljav,a (18) za sve x, y <E X,
onda i samo onda ako funkcional n zadovoljava mlov (28) za sve
x, y <E X.
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T e ore m 5. Neka jeR skup realnih brojeva i Q : R ~R takva
funkcija da vrijedi (30) za sve x, Y CE R. Tada je Q (r x) = r2 Q (x) za
svako x CE R i svakir,acionalni broj· r. Ako je Q neprekidna funk
cija onda je Q (x) = x2 Q (1) za svako x CE Q.

Te ore m 6. Neka je R skup realnih brojeva i X parcijalno
ureden vektorski prostor nad R. Ako funkcional n : X --r R mdovo
ljava uslov (2) za sve x, Y CE X i ako x:::;:: Y povlaci n (x) <n (y), tada
je (6) biZinearan funkcional na X.

Teoremima 1 i 2 dan je pozitivan odgovor na jeda:nproblem
profesora r. HaI per i n a iz 1963. na koga je negativan odgovor u
slucaju realnog prostora dan u' [1].

(Primljeno 16. III 1964.; dopunjeno 22. I 1965.)


