
GLASNIK MAT.• FIZ. I ASTR.
Tom 19. - No. 1-2 - 1964.

THE CAUCHY FUNCTIONAL EQUATION AND SCALAR
PRODUCT IN VECTOR SPACES

Svettozar Kurepa, Zagreb

1. In this paper R:::::: {t, s" .. } denotes the set of all real
numbers ·and X = {x, y, ... } a real vector space.

A functional n: X -+ R is termeda quadratic functional if

n (x + y) + n(x - y) = 2 n (x) + 2 n (y) (1)

hold:s fo'r all x, y E:: X [3]. A quadratic functional n is continu0U8
along rays if ,the funotion t -+ n (tx) is. continuo1lJSin t, for any x.

Improving romeresuits of M. F r e c het {1], P. J Q ,rdan and
J. v. N e uma n n [2] have prov,ed the following well.•known
theorem:

Let X be a complex vector space with: distance defined in
terms of a norm I x [, so that

Ix+yl:::;:lxl+lyl,lixl=lxl and lim Itxl=O.
t-O

Then 'the identity

Ix + y 12+ I x - Y 12 = 21 X 12 + 2] Y 12

is characteristic for the existence of an inner product (x, y) con­
nected with the norm by the relations

(x,y) = ~ [lx+yI2-lx-yI2] + ~ [IX+iyI2-lx-iyI2],

Ix 12 = (x, x).

In Sec1Ji'On2. of this paper we extend this result to an arbitrary
real vector space on which a quadratic functional n (x) iJS defined,
which is bounded on every segment of X. By a segment .d= {x, y]
of X we understand the set oi all vectors z <E X of the foT'IIl
z = t x + (1 - t) Y with O:::;:t :::;:1.

In Section 3. we replace the canJdition that n (x) is bounded on
every segment by the cond'ition n (t x) = t2n (x) (t <E R, x <E X) and
we Qlbtain.some relruted resultts which will !he med in Section 5.

Ovaj rad je financirao Savezni fond za naucni rad i Republicki fond za
naucni rad SRH.
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In Sectton 5. we find the general form. (with respect to. ,an algebraic
basic sen of X) of a quadratic functional n (x) on X which has the
property that n (t x) = t2 n (x) (t <E R, x <E X). It tums out that n (x)
is e~ressed by UJSeat d\.:ivates ()[l R.

The principal results of this paper are summerised in the Main
Theorem. It turns out, therefore, that the problem of hlltroducing
a ISca1a,rproduet 'in X by use of a quadratic functional is c10sely
related to some pmiblems with the Cauchy functional equation,
i. e. with a functi:on f: R -+ R such that •

f(t + s) = f(t) + f(s) (2)

holds IDr all t, 8 <E R. It is wel1-known that a function f, which
satisfies functional eq'l..lJation(2), is not necessarily continuO'US.But,
if f is continuaus OI' oounded (above or below) on an interval, then
i1 is of the form f(t) = t f (1) [4].

In Seetion 4. we give a theorem about runcttolIlal equation (2)
which is med in Section 3.

A deriv~tive an Risa &olution af the Cauchy func!tiona1
eqUiatiolIl(2) which h.,a,sthe additional property that

f(t 8) = t f(s) + sf(t)

hoLds for all t, s R. The existence and a:bundanoe of nQlIltrivial
derivatives 0IIl R foJlaws from [6] (pp. 120-131).

2. Theorem 1. Let X be a real vector space and n: X -+ R
a quadratic functional. .

If for any x <E X there are twO' pO'sitive numbers Az> O and
Bz such that

I ti:::;;: Az impliest In (t x) I<Bx
then

n (tx) = t2 n (x)

holds for any t <E R and x <E X.

p roa f. rf w:e !Set

(3)

(4)

Ht ; x) = n (tx) ,

then by use of (1) WeJ get

fet + s; x) + f(t-s; x) = 2f(t; x) + 2f(s; x), (5)

for all t, s <E R and x <E X. For t = s = O, (5) implies f (O ; x) = O.

Now, t = O and (5) lead to f(-8; x) = f(8; x). Renee, f(2t; x) =
= 4f (t ; x)amd by induction f (k t ; x) = k2 f (t ; x), for any na1:JuraJ.

1 1
nuntber k. Using this, we have f (1 ; x) = f (k - ; x) = k2 f (- ; x),

k k
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1 1
i. e. f( -; x) = - f(l ; x), which leads to

k k2

25

Hr; x) = r2 f(l, x),

forany r.ational num!ber r. N'Ow, (3) and Theorem 1 of [3] imply
f(t ;x) = t2 Hl, x), i. e. n (t x) = t2 n (x).

The'O rem 2. Let X be a real vector space and n: X ~ R a
real functional. If .

aj n(x + y) + n(x-y) = 2n(x) + 2n(y) (x, y <E X), and

b) sup In (x) I< + 00 holds for every segment L1 of X,
xEt>

then

m (x, y) = ~ [n (x + y) - n (x - y) ]

is a bilinear functional on X. FuTthermore m (x, x) = n (x).
C 'o r 'o Il ary 1. Let X be a real vector space and n: X ~ R

a real functional. If

a) n(x + y) + n(x- y)= 2n(x) + 2n(y) (x, y <E X),

b) n (tx) = t2 n{x) et <E R, x <E X),

c) inf n(x) > - 00 (x <E X) and
xEX

d) n (x) = O (=) x = O,

then X is a normed vector space with Ix I= [n (x)],!· as a norm
of x. Moreover X is a unitary space with a scalar product

(x, y) = : [n (x-+ y) - n (x - y)] , (x, x) ~ n(x).

For the proof 'Of Thoorem 2 illIIlId fOT later :use we need the
fol1owing lemma.

Le m ma 1. Let X be a real vector space and n : X ~ R et qua­
dratic functional.

Then the functional

m(x, y) = : [n(x + y) -n(x-y)]

is symmetric and additive, i. e.

(6)

m (x, y) = m (y, x) and (7)

m{x + y, z) =m (x, z) + m (y, z) (x, y, z <E X) (cf. [5]). (8)
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P r o.00 f. Ustng (1), we have n (-x) =n (x), SOo ,that m (x, y) =
= mey, x) holds. FurthermOTe we have

4m~+~~=n~+y+~-n~+y-~=
= 2n(x + z)+ 2n(y) -n [x +(z-y)] -n [x- (z-y)] =
= 2n(x + z)+ 2n(y) -2n(y-z) -2n(x) =
= n.(x+z) + 2n(x) + 2n(z)-n(x+z) + 2n(y)-2n(y-z)-2n(x) =
=n~+~~n~-~+n~+~-n~-~=
= 4m(x, z)+ 4m(y, z).

Thus, (8) is also proved.

p ,r 00 o f of The ore m 2. UlSing Theorem 1, \anda:ssump'tions
a) 'and b) of Thoorem 2,. fo.r L1 = [-x, x], we have n.(tx) =t2 n (x).
Henoe, by a) and b).,

n(tx+y)+n(tx~y)
------- - n (t x) + n (y) = t2n (x) + n (y),

2

which implies

where
n(tx + y) =n(y) + t2n(x) + 2m(t ; x, y), (9)

m(t; x, y) =m(tx, y). (10)

Ii in (8) we set tx irus1Jeadof .3:, sy instead of y and y mstead of z,
we get

m(t + s; x, y) =m(t; x, y) + m(s; x, y) (t, s <E R; x <E X). (11)

Now, the assumption b) of Theorem 2together with (9) implies

sup I m (t ; x, y) I <+ 00.
ll~t~l

From heI'Je it :follows that the function t -+ m (t ;x, y) is bounded
on some interval. Smce it saJtisfiesthe Cauchy functional equation
(11) it ~ oontinuoiUS and, there]ore,

m (t ; x, y) = tm (1 ; x, y) (12)

hoJds, ]or all t <E Ran:d x, y <E X. By use of (12), (9) beoomes

netx + y) =n (y) + 2 t m (x, y) + t2n (x). (13)

Replacing y by -y in (13), we get

n(tx- y) = n(y) - 2t m(x, y) + t2n(x) ,

which together with (l3) leads to

~ [n(tx+y)-n(tx-y)] =tm(x,y), i. e.

m(tx,y)=tm(x .•y) (t<ER;x,y<EX). (14)
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Using (14) and the syrnmetry of the functional m we OIbtain
Theorem 2.

Proof of Corollary 1. It fol'1Jowsfrom c) that infn(tx»
tER

>_00, which together with n(tx)= t2n(x) imp1ies n(x)~O, i. e.
the functional n is positive on: X. But .this and (9) lea.d to

2m(t; x, y) ~ -n(y) - t2 n(x).

From here it follows that the function t -+ m (t; x, y) is bounded
from below on som,e interval. Since it satisfies the Cauchy func­
tional equatiO!Il it is continuous and therefore (12) is satisfied,
which by use of d) imp1ies theasseI"tion of Corol1ary 1.

Rem ark: 1. If X is a comp!ex vector space and n a comp!ex
valued functional defined on X such that"

a) n: X -+ R is a quadratie functional,

b') net x) = t2n (x) (t <ESR; x <ESx) ,

b") n (ix) = n (x) (x <ESX),

c) n (x) ~ O (x <ESX) and

d) n (x) = O (=) x = O.

then X is a unitary space with a sca!ar product

(x, y) IC: '~ [n (x + y) - n (x - y)] + : [n (x +i y) -'- n (x - t y) ] ,

(x, x) = n(x).

In order to prove this we note thiat, in the same way as in the
proof of Theorem 2, we find that m(tx, y) = tm(x, y) hoJds for all
t <ESR and x, y <ESX, where the functi!onal m is defined by (6). Now
we set

ex,y) = m(x, y) + im(x, iV)

and we fim:l by 'WSe of b") that

(ix, y) = i (x, y) and (x, y) = (y, x).

Rence :for a complex number c - t + is et, s <E R) we have

(ex, y) = (tx + isx, y) = (tx, y) + (isx, y) = t(x, y) +
+ is(x, y) = c (x, y),

(15)

which leads to the assertion. RemaI1k 1 shows that in questioIi's
of introducing sca1ar product by u:se of the quadratic functional
which posseses properties b') and b") for all real numbers t, 1Itis
sufficient 1Jotreat the case ofa iI'ealveator space.
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(16)

(17)

(19)

Ii b') c) and d) are replaced by sup In (x) I<+ 00, :far every
xEL\

segm'ent A, than (x, y) is ai sesqui1inear functional on X (L e. x ~
~ (x, y), (y, x) are 1inear functiona1s, foil' every y tE X). The case,
when b'), b"), c) and d) are I'Ieplaced.by n (l x) = I lJ2 n (x), for all
complex l, will he treated in !the forthcomming paper »Quadrati.c
and sesquilinear functiO'na1s«.

3. T h eor e m 3. Let X be a real vector space and n: X.-+ R
a functional such that

a) n(x+y)+n(x-y)=2n(x)+2n(y) (x,ytEX) and

b) n(tx)=t2n(x) (tcER,xtEX)

hold true.

Then the functional

( ) m(tx, y) -m(x, ty)a t;x,y = --------
2

is a skew symmetric bilinear functional in x and y, for every t tE R.
Functionals a (t ; x, y) and n (x) are connected by the equation:

n(tx + y) =n(y) + ; [n(x + y) -:n(x-y) ] +
+ & n(x) + a(t; x, y).

Furthermore, as a function af t, the functional a(t ; x, y) satisfies
the fO'llowing functional equations:

a(t+s; x, y) = a(t; x, y) + a(s; x, y),

a (t . s; x, y) = ta (s; x, y) + sa (t; x, y),

for all t, s CER and x, y CEX.

P r o''O'f. In the praof ofTheorem 3 we will make use of
Thoorem 4 about functiO'nal equations, which will be pro~ later
on. Us.i.ng(6), (10) and the assumptioiIl b): n(tx)=t2n(x), we get

m (_!.-.; x, y) = ~ [n (~x + y) -'Ii (~x - y)] =t 4' t t

=~~[n(ty+x)-n(ty-x)]-_, .i. e. (18)t! 4
1

m(t;x,y)=tZm (-; y,x),t

:for aU:l't CER, t =F O and allx, y CEX. If we set

m (t; x, y) - m (t; y, x)
a(t;x,y)= --------

2
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and

b ( ) m (t; x, y) + m (t; y, x-)t; x, y = -------- ,
2

we fim:l, by use of (20),. (19), (18) and (8),

a (t + s; x, y) = a{t; x, y) + a(s; x, y),

a (t; x, y) =- t2 a ( -+- ; x, y )

and

.

29

(20)

(21)

b (t + s; x, y) = b (t; x, y) + b (s; x, y) ,

b (t ;x, y) = t2 b (-+- ; x, y ) . (22)

In Theorem 4 we will prove that (21) leaids Ito (17) and that
(22) implies b (t; x, y) =It b (1; x, y). Henoe,

m (t; x, y) = b (t; x, y) + a (t; x, y) = tm (x, y) + a (t; x, y) ,

which together with (9) imp1ies (16).
From the definiltLOIIl of a it foUows thart

a(t; x, y) = ----:a(t; y, x) 'and! a (t; x, -y) = -a (t; x, y). (23)

Now, (16) imrplies.

n (t s . x + y) = n{y) + ~s [n (x + y) - n(x - y)] +

+ (t S)2 n (x) + a (t s; x, y) ,

n(t.sx+y)=n(y)+~ ln(sx+y)-n(sx-y)]+

+ t2n(sx) + a (t; sx, y).

From here we get

~ [a (t s; x, y) - a (t; s x, y)] =

= n(sx + y) -n(sx-y) -s [n(x + y) -n(x-y)] .

Using onoeagain (16), for n(slx + y) aIIld n (sx - y), we -get

a (t s; x, y) = ta (s; x, y) + a (t; sx, YL

which t/()Ig-etherwith (17) leads to

a (t; s x, y) = s a (t ; x, y) . (24)
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ObviolUSly(24), (23) ,and (8) imply th~t a (t ; x, y) is a bilm.ear func­
tional in x and y, :florevery t <E R.

4. In this SectiOIll.we study functioIlJSf: R ~ R, which sattsfy
the Cauchy functional equat~on and SOlIneother subsidia'ry oonrli­
mom.

The 'o il' e lJ:Il 4. Let j and g =1= O be two solutions of the Cauchy
functional equation.

If

g (t) = P (t) f (l/t)

holds for all t =1= O, whe1'e P (t) is lli continuous function such that
p (1) = 1, then p (t) = It2 and

f(t) + g(t) = 2t g(l).

Furthermore, the function

F (t) = f (t) - 't f (1)

satisfies the following functional equations

F (t + s) = F (t) + F (s) ,

F (f s) = t F {s) + s F (t) ,

for all t, s <E R.

p r o 'of. If we take t =1= O 'and a rational number l' =1= O, then

g (rt) = P (r t)f (:t) together with g (1' t) = l' g (t) and

f e1t) = -;-f (+)

g (t) = _P_(_1't_) f (_1 ) .rZ t

Hence,

[ p ;:t) p (t)] f (+) = O , (25)

for all r =1= O. If s =1= O is ,anYI1eal number and 1'n =1= O a sequence
of rational numbers which tends to t, then (25) implies:

[P~:t) -pet)] f (+) = O.

Smce f =1= O, we get
P (st) ~ S2 P (t),
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for all s =F O and for a:t least one t =t= O. Ii we tak.e s = l/t we find
p (t) = t2 p (1)= t2,Hence P {s, t) = (s t)2,Ii in this relatiolIl we replace
s by sit we find P (s) = s2. Thus,

g (t) = t2 f (+) . (26l
,

From (26) it fol1ows g(l) = f(l). Now, we set

F (t)= f(t) - tf(l) and G(t) = g(t)- tg (1).

U smg (26) we finci
G (t) = t2 F (1/t) (27)

and we conclurdethat F and G are SolUtiOIllSof the C3Juchyfunctional
equation. Furthermore F (r) = G (r) = O, for any rati:onal number T.
We have, therefore,

G{t)=G(l+t)=(1+t)2F (_1_) =(1+t)2F (l t_) =1+t 1+ t

=-(l+t)2F (_t_) =-(1+t)2 (_t_)2 G (l+t) =l+t l+t t

=-t2G (+) =-F(t).
Thus,

F(t) =-G(t),
which together with (27) 1eads to

F(t) =-t2F (+)
and

(28)

(29)

f (t)- t f (1)= - (g(t)- t g(1», i. e. f (t)+ g(t)= 2t f(1) .

It remains to 'Prove that (29) andF (t + s) = F (t) + F(s) imply
F (t s) = tF (s) + s F (t). By um'Il!g(29) we hav:e

1 (1) (tI-I) (t2-1)2F (t) + ~ F (t) = F t - t = F t = - t - .

-1 (t2_1)2 -1
---F(t-1)+ -- ---F(t2-l)=
(t -1)1 t (t2 - 1)2

= (t+1)2 F(t)- ~ F(t2).t· t2
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(30)
From here,

F (t2) = 2 t F (t) .

Repla!Cing in (30) t by t + s aIIld lUSing (30) we get

F (ts) = t F (s) + s F (t) .

Co 'r lO Il ary 2. Ii a function f: R -+ R satisfies the Cauchy
functional equation and

f (t) = t2f (l/t)

holds, for all t =t=o, then f(t) = tf(l)l.
Remar:k 2. FI'IOlffiTheorem 3 rOne can. see that

onI1eals, i. e. funetions F: R -+ R such thaJt
derivativ~s

(31)
F (t + 8) =F (t) + F (s)

F(ts) = tF(s) + sF(t), F=t=O

holds :for all t, s <E R, wil[ play an important role in studying a
quadI1ane :funC'tional.

Let us 'PI1Ovethat F (t) = O fDr 'any aJ.gebrali.cnumlber t .. Indeed,
if t 1ts an algebraic number and

tn + al tp-l + ... + an -1 t + an = O (32)

is the »least equation« fO'r 't with in.teg,ral ooefficients al, ... , an,
then 'applying F '00l (32) We! ;gcl:

[n tn-1 + (n-1) 41 vz-2 + ... + an-t] F(t) = 0"

which i1mp1ies F (t) = O. Howeiver, fu:iomhere ii: is easy to conclUlde
that ,the set {t I F (t) = O, t <E R} iJS an algebrad.cally closed field, but
it is in general different from R.

5. Usingresulis obtarirned sa far in this sectiJan we find the
explicit expression far a quadratic functianal n(x) (n (tx) = ti2 n(x),
t <E R, x <E X) in an algebIiad.e basic set. W,e start with

Rem ar ik. 3. rf F is ,a nan:triv1al saLumon 'Of (31) and if el and
e2is a basic set in a real ,two dim:en:sd!onalvector space X, \then the
f'unetiona1

F (ss) I
(t, s <E R)

satisfiesal1 oon:diticms of Theorem 3, but the funeti'OIli t -+ n (t el +
+ s e2) is not continuO'US, for all s.

More generally, we have the :fioUowing Theorem.

1 This result was obtained independently by Prof. W. B. J u r kat
at the end of 1963. and will appear in Proe. Amer. Math. Soe. The present
author had this result at the end of Oetober in 1963. and he presented it
in the Seminar an Algebra and Analysis in Zagreb an Oetober 30, 1963.
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The ore m 5. Let X be a real k-dimensional vector space
(k> 1) and n: X ~ R a quadratic functional on X such that
n (t x) = t2 n (x) holds for all t <E R and x <E X. If el, ... , ek is a
basic set in X, then

(33)

holds for all tl, ... , tk <E R, where biJ= bji <E R are constcmts and
ea,ch junction t -+ aij (t) satisfies both functional equations (31).

k

Proof. Applying (16) for x = el, Y = ~ ti etan-di t = tl, we have
t=2

k k k

n(L tiei) =tl2n(elJ+n(L ti et) +2tlm (el' L tiei) +
i=l i=2 i =2

k

+a(tl; el'L tiei) =
i=2

k k (34)

= tl2n (el) + n (L tiei) + 2tlL m (el' tiei) +
i=2 i=2

k

+ L ti a (tl ; el' ej).
i=2

Apply!ing once again (16), we .find

(35)

Now (35) and (34) lead to!

k k k

n (L tiei) = n (L tiei) + tl2n (el) + 2 L tI tj m (el, ei) +
i=l t=2 i=2

k

+ L [ti a (tI; el, ed - tI a (ti; el, ei)] .
i=2

Ii we set
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we get
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k k

n (Lti ei) = bl1 h2+ 2 L b1i tl ti +
i=1 i=2

k

+ "" I a1j (t1)~ tl
j=2

which by induction im:plies (33).
Now using Theorem 3 and Thoorem 5 we oan sum U!p the main

results of this paper in the following theorem:

The Ma i n The ore m. Let X be a real vector space ana
n : X -+ R a real valuea functional such that:

a) n(x + y) + n(x- y) = 2n(x) + 2n(y) (x, y <E X)

ana

b) n(tx)=t2n(x) (t<ER,x<EX).

If {ea /1 :::;;:a <.Q} is an algebraic basic set in X then

n (L t~e~) = L b~~ ta t~+ L I aa:~ta) aa~t;t~) I (36)
a 1~a, ~<n 1~a<[3<O

holds true for all ta <E R, where in the sumonly a fini'te number
of terms may be different from zero; baP= bpa are real constants
and t -+ aap (t) is a derivative on the set of all reals, i. e.

aaP(t + s) = aap (t) + aap (s) and aap (t s) = t aap (s) + s aap (t) (37)

holds for all t, s <E R and 1:::;;: a <f3<Q.

If in addition SUIP I n (x) I< + 00 holds, for every segment L1
xE.6.

of X, then in (36) the second sum equals to zero and

n(Ita ea) = I baP ta1tp.
a a,[3

Conversely, if {ea /1 < a <.Q} is an algebraic basic set in X,
baP= bpa real constants and t -+ aap (t) satisfies (37), for all a, f3(1 :::;;:
:::;;:a<f3<.Q), then by (36), a quadTGltic functional X~ x-+n(x) <ER
is defined such that n (tx) = t2n(x).

Rem ar k!4. From the prooa:s .orf theorems derived in this
paper and from n (x + y) + n (x - y) = 2n (x) + 2n (y) it is obvious
how one can extend resul'tsof this paper to the case when n ta.kes
valu es among matrices or vectOI"Sof 'Some rather general vector
spaces. Since such gene.ralisations M"estraightforward, we di'Scussed
the case of the real - v.al'l1!edquadra1tic functional .only.
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Ac k na w I ed gem en t. The motivation for ihese investi­
gations were the foUowing questions communicated ta us by Prof.
J. A c z e I and raised by Prof. I. R. HaI per i n while lecturing
in Paris in 1963 an Hilbert spaces.

1. Suppose that the function f: R ~ R 'sa1Jisfies the Cauchy
funcU.onal equatian and that f (t) = t2f (ljt), for all t =1= O. Does this
imply the continillty 'Of f ?

Corollary 2 gives an affirmative answer to this questi.an.
2. Suppose that X is areal, complex ar quaterni'Onic vector

space and that n is a functional 'such that
a) n(x+y)+n(x-y)=2n(x)+2n(y) (x,y<tEX)and

b) n (lx) = I lI2n(x)
holds respectively, for ali real, comtplex or quaternionic l. Do a)
and b) imply the continuity 'Of the function t~ n(tx +y)­
- n (t x - y), for t real and for all x, y <tE X.

AccoTding to Remar\k 3 and th'e Main Thoorem the answer to
this question i!s in the negative prQlvided that the space X is real
and not OOle-dimensional. In 0'U1' forthcomrrn:ing paper »Quadratic
and sesquiIinear fun.ctionals« we pI'Iove that the answer is in the
positive if X is a complex Qr a quaternionic vectar space.

I would like to expTess my thanks to the members Q1fthe
Seminar on Algebra and AnalysilS, and in particular to Pmf. S.
Mar d e š i c, for their interest 'and fruitful disCUSSWIIlSon the
SUlbject of thi!sl paper.
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KOSIJEVA FUNKCIONALNA JEDNADZBA I SKALARNI PRODUKT
U VEKTORSKIM PROSTORIMA

Sadržaj

Neka je R = {t,s, ... } skup realnih br'Ojeva. i X = {x, y, ... }
vektorski prootOrr nad R. FUinJkcina1 n: X ~ R zove se kvadratni
funkcional, alko vrijedi (1) za sve x, y iz X.

T e'Orem 1. Ako je X realan vektorski prostor i kvadratni
funkcional n : X ~ R ima svojstvo da za svako x iz X postoje bro­
jevi Ax i Bx takovi da vrijedi (3) tada vrijedi i (4).,

Te'O re m 2. Neka je X realan vektorski prostor i n: X ~ R
kvadratni funkcional. Ako je sup I n (x) I <+ 00 za svaki segment

xEt:.

il iz X, onda je sa (6) zadan bilinearan funkcional m (x, y) na X.
Pored toga je m (x, y) = n(x).

T eOT em 3. Neka je X realan vektorski prostor i n: X ~ R
kvadratni funkcional. Ako je n (t x) = t2 n (x), za sve t CE R i x CE X,
onda vrijedi (16). Pri tome je a (t ; x, y) bilinearan antisimetrican
funkcional u x,y, za svako 't, i za svaki par x, y CE X vrijedi (17).

Te'O rem 4. Ako su f i 9 =F O dva rješenja Košijeve funkci­
onalne jednadžbe (2) i ako vrijedi 9 (t) = P (t) g (l/t), za sve t =F O,
pri cemu je P neprekidna funkcija i P(l) = 1, anda je f(t) + g(t) =
=2tg(l), a funkcija F(t) = f(t) -ltf(l) zadovoljava funkcionalne
jednadžbe (31).

T e'Ore m 5. Neka jie X realan k-dimenzionalan vektorski pro­
stor i n: X ~ R kvadratni funkcional takav da je n (t x) = t2 n (x)
(t CE R, x CE X).

Ako je eh"" en baza u X, tada vrijedi (33) za sve tl, ... , tle CER,
gdje su b>jj= bji realne konstantel, a svwka od funkcija t ~ au (t)
zadovoljava obje funkcionalne jednadžbe (31).

Iz ovih teo.rema slij edi
O's n 'o v n i t e 'o rem. Neka je X realan vektorski prositO'r i

n: X ~ R kvadratni funkcional sa SV'OjtStvomda je n(tx) = 1;2 n (x).
Ako je {ea 11 ::;: a < n} algebarska baza u X, tada vrijedi (36),
gdje je ta =F O samo za konacno brojeva a; baP= bpa su realne
konstante, a funkcije 't ~ Giap(t) zadovoljavaju (37). Ako je pritom
i sUIP 'n (x) 1<+ 00, za svaki segment L1 iz X, onda drugi clan u

xEt:.

(36) išcezava.

Obratno, ako je {ea /1 <a <.Q} algebarska baza u X,baP = bpa
realne konstante i t ~ aap(t) funkCije koje zadovaljavaju (37), onda
je sa (36) zadan kvadratni funkcional X ~ x ~ n (x) CE R, koji ima
svojstvo da je n (t x) = t2n (x), za svako t CE R i x CE X.

(primljeno 6. I 1964.)


