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CONTINUOUS IMAGES OF ORDERED CONTINUA

Sibe Mardešic and Pavle Papic, Zagreb

All SPclicesin this 'Paper are HausdJO'rff spac€s. By a continuum
we mean aIIlYHaJUJ&dorffcompact aIIld oOlnnected space. ACOintinuuffi
is lI1Jon-oogenerate if it oonsists of more than 'One poilIlt. An O'rdered
continuum (ordered compact) iia a continuum C (a oompalCt space 19
provtded W111Jha total o:rdermg < such that the tOplology otf C (of K)
is the IOrder topoLogy induced by < (SÐe e. ,go [1], p. 57). The only
metric or.dered oontin'UJUJmis the allC, i. e. the homeomorph of the
real line 'UIlit segment 1= [0., 1]. Examples of TIlonmetric ardered
oontinuatare g1iven by variJous »transffuri,te lines« (SÐe e. g. [1}, L,
p. 164 and alsO' [3]).

The ,obJed IOf 1Jh:ispaper isto s1ludy the class I oonsisting of
all spaoes X, where X is ,oibtainab1e CliSthe image Qf at least 'One
orderedoontiJnUlUJIn C under a map f : C -+- X ()/llto X. TO' spaces of
clcliSlSI we shall 'refer merely CliSto continuows images O'f ordered
continua.

Sinoe eacl1 C .is a lacally oOlIlnected continuUiIIl, the same is true
of spaces of class I. Bya classica! theorem orf H. H ah Il and S.
M az u I' k i e w i c z {see e. ,go [5], Chapter III) in thecase orfmetri<:
oantinru:a also the cO'nverne is true, :Dorall metric locally oonnected'
cantiJnua are continuous images of I and thUJShe10/!lg to I. In this
paper we exhJiJhita furtJher neoessa:ry oondi ticm for a space to be10ng
ta the class I, which :in the general TIlanmetric case is independent
of the previo'Us ones. It invalves the notion of weight w (X) orf~l
space X. w(X) is the l,east cardinal which oocurs as the ca:rdinalof
a basus for the top!ology of X. Thus. mern'c ncm-degeneratecontinua
are char:aJCterized by w (X) = No. For spa:ces of c1aJssI WIepl\ave that
the wei,ght is mvariant UiIlder mappinlgs p : X -+- Y, pi(X) = Y, which
ha:ve the ;property that p-l{y) i's nowhere densel in X, foil' eaiCh
y :::: Y (see Theorem 1).

This resp.lt 'is applied ta give aJ oomplete characte:r.iza,tion of
tho'se !pmduct SPWDeSna Xa wh!iJch 'belong tO' I (see Theo,r€lIn3).
Finally, we 'piI1o'v;ethat for sp'aoos X of class I the weight w (X)
ooincides with the degree .of separability s (X), which is the least
cardinal which oCCUI'lSasthe ca'rdina1 IOfa subset of X dense :ilIlX~

1 A set A C X is said to he nowhere dense in X irf every Openset
Ue X, U =PO, contains an open subset Vc:::U which isnon-empty and
is disjaint with A. For closed A this amounis to having an etnpty
interior. .
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The PI'!Qio,fs of these assertions ar:e based on severa,l 1emmas.
Le Iffi malo Let f: C -+ X be a mappin,g of the orderedcon

tinu;um C onto X and let K he a closed su:bset of C having the
property that f ma,ps each component Ua of C "-.K into a nowhere
dense set IOf X. Then f (K) = X.

Pri()to,f.First ,observe that for any finitecollect1on {Ual, ... , Uan}
of oomponents of C"-. K we have

f{C"-.(Ual U ... U Uan» = X. (1)
Iindeed, the set f (Ual LJ ... U Uan) ,is nowhere deIlJS€ in X and thus
the set

f(C"-. (Ual U... U Uan» :;:)X "-. f(U~1 U... U Uon) (2)
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the authoI1S, the wei,ght rs an inva'r1iam.tofl.iJght maps f'or locaJly
connectedcontinua ([2]). Thus W(Cl) = wi(Y). It fol1JOws thatCt
contaJiJlls a dense 'Subset Rl of power w'(Y).

In O'rder to definea dense subset R im K o:bserve that, for eruch

ti E Ci' m-1 (ti) is either a closed segment Cl Ua of C with the two
end-points helonging to K or it is a point of C" Ua (Cl Ua) c. K,
whkhcam. also :he comsilde~ed as a' seg,rnent of C wilith identicaJ end
paints from K (ii Ua isa:n end-sect1on od:C th·en it may haprpen that
(Cl Ua)" Ua co:nsis1Jsof only one point). We define R as the s·et
cOInsi,stinglof ·a:11the end-'podm.tsof m-1 (tl), when tl runs thrt()lugh Rt.
R is dea:rly adense su:bset of K and of th,e same cardinality as Rl
(Notiee that w (Y) > ~o, for otherwise Y would he 'a point, contra.,.
dicting the as'SumptioiIls on p). This eompletes the proof of Lemma2.

Le mm a 3.3 Let X be a locally connected space, K an ordered
eompa et and f: K ~ X a mapping onto X. Then w (X) < s (K))
where w (X) is the weight of X and s (K) is the degree of separabi
lity of K.

It is dear that IS (X) < s (K) and bhat w (X) < w CK), but notice
that for l{).l'!der1edcamp-act spaces K oneeam. have s (K) < w t(K). Ah
example is OIbtained by replacing urroormtably mam.y poIints t 'E 1 .'
= [0,1] bypah's of rpomlls (t/, t"), where one oonsiders that t" < t".
'I1he newly o:btarl.ned oroer,edoampa;ci i:s stiH ~O -sepa'r:able but
bUs to be me1Jri!c.Also IlJo11iJcethat for Jiocaillyoonnected continrua X
OJneea:n n.ave s (X) < weX). AJn example ~s guven by the produet of
~1 oapies of 1. This 'oont1nuumis ~O -s'eparaJble but fails to be me1Jric
(see [1], N, p. 103).

PTOO.f IQfLemm a 3. It .guffices 1Joaonsider the case when both
spaiOe'SK aJI1idX arr.einfinllite. Let R bea subset dense in K and of
power ~ .•..Sinee Cl R = K and f (K) =X it fol101Wstha:t f (R) isdelllSe
in X and thus s (X) < ~....Deno1Je by m the family 'Of all c10lSecl
segments of K of the :fi()lI'lIn[rs' ss] K, where rs, Ss 'E R, rs < ss.4
Clearly, the carx:linal k 1(91)= :k(R) = ~....Let O denote the family of
all sets Q which are un1QlIlJS:of finitely mam.y segments [rri, Ssi] K C
~ m· k (O) = k (91)= ~i-. For etalch Q E O consider the intelI"i'O:r
Int f (Q) of the 'set fi(Q). Due to J.oeal connectedness of X all COID
ponents of Int f (Q) aire disj'oi1I1top'en sets. Fur1lhel'lIll'oTe,s (X) < ~T

implies thaJt, for eaJch Q '::::0, the set Int f(Q) has at most ~ .•.eom~
pOThenm.Let m detnlote the family of aJU components 'OIfInt f(Q),
when Q runs through O . m is a· family 'Ofopen sets and k (m) = Rr
To complete the piI'oof itsuffkes to show that m is a basis for the
tO!pIO,101gy'Of X.

3 !Jnstead of Lemma 3 the first drait of this paper cOntain.ed a
slightly weaker statement. The authors 'are indebted to Dr. A. J. Wal'<t
for the observation that thefu: prooi of1lhe ori.ginal J.emma essentiaily
estaiblished the neaterand stranger Lemma 3 given atp:resent.

4 Here [a, b]K, a < b, denates the set 'Of all points t.E= K with
a ~ t ~ b.
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Let x C:: X amJdlet U be an wI'Ibitrarry open set, x <: U c X.
We have to fiJnd a set v::::: m with x c: Vc U. Sinoe [-1 (U) is
8lIl open set ()If K, it is the nnton of a family OI msjoint open
fn1JervaJs (ai, bi)K of K5. The set 'OI those (ai, bi)K which intersect
[-ll(X) is finite. Let these interval.s he (al, bl)K, ... , (an, bn)K. Theil1"
un:t()lI1oontariJns[-1 (x)and d:saomtained :iJni-1(U). Denote by al, b{
the first aIlldthe laJSt point IOf (ai, bi)K n [-1 (x) . at, b{ exist and
~{<a{ :S:;-b,{ < bi. Now we shaH defime, for each i CE {I, ... , n},
a o1osed segment Ji = [Ci, dihc such that

[a{, b{]K C!Jnt Ji C Ji C [(ai, bi)K (4)

~'S follows. rf (<li, a/)K nR =l= O, choo:se Ci C: (ai, a/)K nR; otherwise,
let Ci = at. Notioe that iJn the second caJSe (Ui, a{)K mu:stl he empty,
which mewns that a{ iiJSan iJnteI"~orpod.nt of [al, bl]K with res'Pect
to K . di 1Jsdermed in the swme way so that (4) Lollows.

Denote hy J the union J = Jl U... U Jn• (4) impHes

[-1 i(x) c Int J eJ C [-1 (U). (5)

Int J heL!lJgan open set oontaining [-1 (x), it :tollows from the
pCi!1tinuJLtyof f that there iS' an open set U', x ~ U', such that
[-1 (U') C Int J l(thlis is emsily pwved by contradli:ctiom). Conse
quently, x C: U' C i (J), which proves

x C: Im.t i (J). (6)

On the other hand (5) impHes

Int i (J) C i (J) eu. (7)

J is 'not necessarilya member o{ n, becall.llSethe end-points rof
$o.meJi may be1oo1.JgtoK""'- R. ThepelloT'e, we I"eplaoe all Ji by new
closed segments J{ with end-poonts frotrn R and such thwt Ji C J{,
that J{ ""'-_Ji US-a closed set (whi!c..~iIS empty ()ir corusiJsts,of one 0'1'

two :segments of K) a\nd that

i (J{ ""'-Ji) n i (J) = o . (8)

rf hothend-<polints lof Ji are from R we :set J{ = Ji. If for a .given
Ji = [ej, di]K we have Ci = a{ and di C R, then (ai, a{)K = O, ai < ai',
and ai is 'either a duster point .oI peoints from R which p'I'1ecedeaj 01'

al ~ R. S~noe i (ai) C'::: X ""'-U and i (J) C U, there exists a porJrlt
c{ E R, C{ < ai, o1ooe enough- to ai .oI' equal to ai and such that

f([C{, aiJK) n i (J) = O.

In this eMe we set

J{ = [c{, aiJK U [at, di]K = [c{, dilK

(9)

(10)

and the aJbove oondi1J~cmsa!re verif1ed. We pr'Oceed in exactly the
~ame waywnththe dght em:d~lQIint ilTI.caJSes when di = b{.

$ Here (a, b}K, a < b, denotes the set .of al1points t C::=: K with
.a < t <b. Ifthe first (the last) p.oint of K tbel.ongsto f-l (U), then the
carr,esponding interval of f-1 {U) consists of aH points t < bi (t > Ui).
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Now denote by J' the union Ji' U ... U Jn' and oibserve that
J' " J = (Ji' "Ji) U... U (Jn' "Jn) is a closed set. Cleairly, J' ED
and Je J', wh:iJch imrpli!es (;by (6» that x c: Int f (J'). Furthermolre,
(8) impHes

This meaJI1JSthat
f(J'" J) n f{J) = O.

f(J') = f(J' "J) U f (J)

(11)

(12)

isa deoOlmposiJtLonIOff r(J') in rdisjoJint cLosed sets aM therer0're the
oOlmponent V of Int f (J') whlliah 'Con1Jad.nsx ooiJncides with that com
ponent of Int jJ(J) whJiah contad.ns x. Thus (7) implies that x .:::Vc
eu, V .:::m,am.d the 'Pr!Oofi!s oompl'eted.

T h ,e OI' e mL Let X be a continuous image of an ordered
continuum, p: X -+ Y a mapping onto another continuum Y. If p
has the property that, for each y C::: Y, p-i (y) is a nowhere dense
set in X, then w(X) = w (Y), i. e. X and Y have equal weights.

Proof. Y :bemg an image IOf X under a ocmtinuorus map p it
follows that w (Y) < w (X) ,~seee. g. 'Lemma 3 ,in [2]) . w (X) < w (Y)
is an i'!nlmed.iJateoonsequenoe of Lemmas 2 and 3.

This theorem cam.ibe compared to the theolI'effi on 1iIl'Vananee od:
weight for loca1ly oonnected oom.tin:ua'UJnderlight mappings [2]. Now
the assumptions 'Onmaps are weaiker, but the assumptions on spa-ees
ar,e stI1olnger.

The oTe tIn 2. Let X be a continuum and I the real line
segment. If X X.I is the continuous image of an ordered continuum,
then X is metric and thus a Peano continuum.

Pmoo. XX I is a looally oonnec1Jed oontinuum and so is X.
Let p: X X I -+ I ihe the natural projecti,on gi'V'en by p (x, u) = u,
x E X, u'::: I. C1ea:rly, p-i 1(11.) = X X u is nowhere ,dense in XX I,
forany u:::::: I. Applyi!lJg Theorem 1 WleQbtain w (X X I) = w (I) =
= ~o, which mealIl'S tha,t X X I and 1Jhus alSlo X is a metric CO'n
tinu:um.

Now (lonsider products XX Y of two l1Jon~degenernrte continua.
By the Urysohn lemma there exiJSts a map g: Y -+ I sending two
distiiIl'ct polints of Y in1Jo the two end-lpioonts !OfI. Cormeetedness 'Of
Y implies that 9 is onto and \Soo irs {l X g) : X X Y -+ X X I. OO'IlSe
quently, lif XX Y as the image of an .ordeI1ed :ocmtinU!UiID,then 'so is
XX I and Theorem 1 implies that X is a; Peam.1QioontilIluum. The
same is true of Y.Ln general we naveo

The ore m 3. In order that a product space na Xa, a EA
(cardinal k{A) > 1), of non-degenerate continua be the continuous
image of an ordered continuum it is necessary and suffVcient that
an Xa b~ metne Peano continua and that kl(A) < ~o. In this ease
na Xa is itself a Peano continuum and thus a continuous imag'e of 1.

PI1oof. For an arhitrary a' ::::::A let Ya' = n'a Xa, where n'a
denotes the produet taken ov'er all a EA except a'. Clearly, naxa=
- Xa' X Ya'. Oonsequently, lif na Xa is the image of an ordJer.ed
comtinuum then bo1JhXa' am.d Ya' are P.ealI1Jooontilnua. Henee na X",
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i5 i,tse1f a P,e<lJIl!ooontmUlml and an .image of I (the Ha!hri-Mazur
ldew:icz theorem). Clearly, k (A) <~O;·· far Ila Xa, a cEA, can he
maJpped (the Urysoihn lemma) OIntoIla la, a CE A, wheTe la = I and
it \is well-:known that, for innnite A, w (Ila la) = k (A) (this follows
from [4]). Thus ~o > w (Ila la) = k (A), hecause Ila la, a E,A, !is a
metric oontinuum.

Theorem 3 presents a oonstderwble strengthentng cd: a famer
resu1t orf ane of the authors, aJccarding ta whioh aH the Xa hadi to
possess the SUJS1inproperty (see [3]).

CIO'roll1ary 1. rf ai1lXa, k(A) > 1, are ordered aan1Jinuaamd
Ila Xa, a E A, is a 'continuOlUJSimage od:an.ordered cantinurum, then
all Xa = I and k(A) < ~o. Henoe Ila Xa is eti.ther an n--dimensronal
cube 0'1'the HHbert cuJbe.*)

A tpI10dtUictIla la, a CE A, lOd:wwonntab1y many copies la cd:the
lIDe segment I is a locally 'oOOlnectedoOOltinuurn,which by 00.'1'.01

lary 1 faJils etobe the imag;e ad: am mdeI1ed continuum. Mcreoverl,
OIbseflVlethat tit ,also. faHs to he the imalge od:an. :ordered oampact K.
In!deed, leach K !is eas:ily;limibedd!edtrn an lQT\deI1edcantinumn C by
an ordter pveserving imbedding, and a map of Konto Ila la, a C A,
could ail.waJ11Sbe iextended to all of C by the Tietze extensilOIl
theo'1'enl.

CIOr.o Ila r y 2. Let Cl, C2, C3 be th:ree ordered oanttinua and f
a map of Cl onto C2 X C3. Then C2 = C3 = I and f,can be factmed
inllO aJ (monotone) map g: Cl ~ I and a »Peano map« h: I ~ I X l
anto IXI.

Proo[. C2 = C3 = J is a oonsequence ,of OalI1ol1aIrY1. Applyting
the mOlIl!otone-li!ghtfactoIlizationtheorem werQIbtalin g and h ~see
e. g. [6], p. 141). g beiJng monotone, g (Cl) is also an Oirderedlcan
tinurn. 8inJC€h: g (Cl) ~ I X I is light it fol1O!Ws(by Theorem 1)
that w (g (Cl» = w (I X 1)= ~o; heTIlceg (Cl) = I.

A cOl!lISequeneeod:this ooml1ary is the fad that I is the only
ordleI1edcontmuum whichaidrrnitJs aJma/p'Onto its square I X I (the
PeaJIlJOphenQlmenon). 'Dhis has been esta/blished a1ready in [3] by
other methods.

It is dear that rDor100rderedoontinua C the cregree of se:parability
s (C) and the weight w (C) 'oalinoi<:1e.N'OWwe shaH establisn the
same bet :lio.ramalges,of O!rdter.edcontinua.

Tihe 'orem 4. Let X be CL continuous image of an ordered
continuum. Then the weight w(X) and the degree of separability
s(X) are equal.

The 'p1"oafis an immedJiate consequenoe 'OfTheorem 1 and this
Le mm ai 4. Let X be a TIiOn-cre:generate~.- separab1e oan

tinruum. Then there exists a cantinuum Y of wei'ght w (Y) < ~. and
a map p :X ~ Y onto Y S'uch that, f,or each yE Y, the set p-l (y)
is nowhere dense ilinX.

*) Added in proof: .Prof. Ð. Kurepa has inio['meid the authors that
he also obtained 1Jb:isi'lesUl1t.
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PI1OiO'f.Let R c: X bea dense s'Uibset of power < N c, 7: > O.
The set R X R of 'all pairs (r, r'), r, r' E R, is als<oof power' K~.~or
e8lch 'Pair (r, r') define (by the Urysohn 118m.ma)a map prr' : X --+ I =
[O, 1] \Such thalt .

prr' (r) - Oi prr' I(r') = 1. (13)

'Dhe maps prr', (r, r') E R X R, def1ne a mappiJnlg p of X into: the
product space ilrr' Irr" (r, r') E R X R, Irr, = I. This product space
is -of weight k(R X R) < NT• Let Y = p (X) c: il"r' Irr,. Y .is a COll
tin.uum <ofwl8ight w (Y) < N,. 111remaJ]ns to show thaJt, for eaJch
y < Y, p-1 (y) is iI]owhe~e dense iJn X. rf it were not so, we would
haN,e a y E Y am.d an lopen set U c: X ,conta'ined im.p-1 (y) (U =f= O).

Si:nJoeX haJS no ]8101atedpolinUs, we ccmld find two diJs1lim.ctpoints
r=f=r', r E R n U, r' E R n U. Now UC:p-1i(y) w-oruldiJInply per) =
= p (r') = yand therefa~e also Prr' (r) = Prr' (r'), whJiJch contradids
(13). Th.is establishes the lemma.

FiI!laJ.ly" let UIS/point losut thiat the quesllilQn IOf a 1lorpolog;LcaI
cha'I'IacteriJzaJtionof oontinuolUs i1rnalgoesof arder,ed conti:IlJUaremains
open. .

Q ulest i>o!Il. Can 10000echa!ralcteri2e images of ol'deT,ed eon ti:nua
as connected and locaI1yconnected 'Spaces whkih are continuous
imalges IOf ordered compacta'? In the metricca:se the alIlswer is
affiJrmaUve, hecause metric cOmIpact spaces and ima,ges of ordered
metriccompacta coin cide.
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NEPREKIDNE SLIKE UREÐENIH KONTINUUMA

Sibe M,ardešic i Pavle Pap!ic, Zagr1eb

Sadržaj

Bod ~OIIltJinUru:mOiIIl'I'1a:zurrnijeva!ffio'u 0VI0IfficlaJIlku svaki HalUs
dorf:DOV K,ompalktan povezaJIl p'I'IOsrtor.Kon1Jinurum je nedegeneriran
a~o se sastoji od više :nego jedne toicke. UI"edeni kontinwUffi (u're-
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deni klompa:kt) je sVia:kikon1funuum C (lwanpalktam. p!1ostor K), kJaji
posjeduj<e takova ;potpuno uredenje <, da se tapol'Ogij a prostora' C
(prlQlstOI1aK) podudara rs ul'ed'ajnam topologijnm kaju :imdJucira <.
Jedill1i metIiiJcki ufledeni kont:imurum je luk, t. j. hameomodna slika
jedin1cnog segmenta I = [O, 1] realnog :pravca. Primjeri nemetr:ickih
uredenih klO\llmnuumadani su l'aJZIliJm»traJns.fini1mJimlinid·ama« (vidi
na pr. [1], str. 164. i [3]).

Predmet 'Ovog I1ada je iJsplitivanje raJZfledax svih Halusdo:rf:Dovih
prorstoI"a X, koji se mogu dobiti kao slike ba1'lem jednog uredenog
kon1Jinuuma C pri neprekidnom pr:eslikavam,ju f: C -+ X na citaNi
X. O avim prostorima govorimo k1'lace kao lOneprekidnim slika.ma
uredeni:h kantinuuma.

KakO' je svaud C l,oikailll1Ja:pov,ezan kontinurum, ta su svi prostori
ra!zreda X talkioder lroka:ma piOvezani 'lrontinUJUl!lli.Prema klarsilCIliom
teo['emu H. Ha h n.a li S. Ma, 'zli r k i e w ie z a u metri.ckom slu
caju wiJedi i obr:aIt, jer je sv,a:ki metriJcki lokaJnia povezani konti
nuum n.eprekidna rsl:iJkasegmenta I. U OVlOl!ll'ClaIT1Jkuizruosd:se Jedan
daljnji nmdan uvJet, da hi nekii prOlStor prEpla!aaJora!zredu x. Ovaj
uvjet je u opcem nemetriiJckom &tucaju nezaIVis'aJnoid gore spame
nutih uvjeta. F<ormulacija i:Mskuje poj'aIn težine w (X) !pr:os1JoraX.
w(X) je najmanji kar:dinalni broj, koji se javlja kaO' kiaI"dinalm:ibroj
neke balZe okiO!liJn..a'Pl'orstora X.

Te'O rem 1. Neka je X nepl'ekidna slik!a uredenog :1mntinu
uma, a p : X -+ Y pr:eslikavaJnj.e na citavi koruti.nuum Y. Ako p mna
svojstvo da je za svm y (~~ Y skup p-i (y) ni\gd}e gust ti X, truda
joe w (X) = w (Y).

Uz pomoc 'Ovog reZJU1tatadOlbiven joe
Te ore m 3. Da bi pI'!Odu:ktna Xa, a ~ A, potencija k (A) > 1,

nedegell1eriI'!aiI'lihkOll1tiniUJUl!llaXa !biO'neprekidna slika uredenag kon
tiJnuuma nu:žIlJoje i dJnviO'ljnoda svi Xa budu metri,cUd PeaJnmri kion
tinuurrni i da !bude k(A) < No. U ovom slucaju je sam naxa PeaIl1!OV
kontinUlum, te je nepI'ek~dna siliika od I.

Na k~aj:u radnje se UiS!P0r:edujetežina w (X) prostora X <::: x sa
stepenom 8'epara'bil~osti s (X) . s (X) je definiran kao minimum 'P0
tencija sikupova ,gUlStihna X.

Teorem 4. Neka je X nepl'e'kidna slika uredenog lmnmu
uma. Tada je w (X) = s (X).

Kljucnu U]ogu u dokazivanju navedenih teorema igra ,ova
L ,ema 3. Neka je X loikalno ptov,ezaJn lwmpa.ktan pr:ostor, K

ured€lIl klQmp:a:kt, a f:K -+ X pI"es1'iJkaManjena cita,v1 X. Tada je
w (X) < s (K).

(Primljeno 8. VII. 1960.)


