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MAPPINGS OF INVERSE SYSTEMS

Sibe Mardešic, Zagreb

1. Preliminaries

In this paper we a~e ooncerned with inv,erse systems {Xa; naa'}

(a, a' <E (A, <» of topoJogical spaces Xa as defined, for instance, in
Chap1lerVIn 'of [2]. Sometimes the inVierse!Systemis denor1:edmerely
by {X; n}. Thespaces Xa sha.J1lalways be compact and Hausdorff
and sometimes compact and metrk. All the bO'I1idin.gmappings
naa' : Xa' -+ Xa, a < d, :shalI be (c(){l1ti.nuoUls)mappings anto. Ii the
direeted set (A, <) ihas the pro;perty that each a <E A has only
finitely many preidecessom, we shalI say that A is of finite typeo
n the :directed set A ils the set of nawral numbers {I,2, . o o}, we
spea1k about inverse sequences {Xi; nii'} (i, i' = 1,2, .. ')0

Giveln two m:V'eTlsesystems {Xa; naa'} (a, a' <E A) and {Yp; epp'}
({J, {J' <E B), by a maippmg of dnvers.e systems F: {X; n} -+ (Y; Q}
we meanan O'rder-pr·eserving runction a ({J) of B into A and, for
each {J <E B, a mapping fp: Xa(p) -+ Yp such that

f.o na (p) a(p') = epp' fp', (1)

whenever {J < {J'. Sometimes we write F = {fp}.

With every inveme system {X; n} ]s associated its limit space
X:..- Inv lim {X; n} as well as natural projections na: X -+ Xa.
n a < a', then

(2)

rf all Xa are cOImpact,then X is compact too and the mappings
:na : X -+ Xa are mappiJngs anto. rf we havean' inverse sequence of
metric compada Xi, 1JhenX lli a metric oompadum.

The maJP'Ping F = {fp} : {X ..; n} -+ {Y; e} induces a mapping
f :X -+ Y between mv'erse limit spaces X anJd Y. By definri.tion,

fp na (P) = (2.0 f , (3)

fOT each {J <E B. Sometim'es we write f = Inv lim {fp}o

FolIowing papers [6] and [7] we also consider a class II of
(compact) polyhed~a and lSaythat a Hausdorff compact SipaceX is
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n-like, provided fOT every open covering u of X there exists a
u-([Ilalppmggu: X -?- PU anto same polyhedwn PU CE n. The class of
all n-l~e Ha'l.lSldorffcompaeta X is denDted by [n]. Metrizable
members of :the class [n] fanu a S'ubclass (n). Clearly, n c (n) cc [n]~ A metric compactum X belongs to (n) if and only if it
arlmits, for each e> O, an e-mapping g.: X -?- P. anto S'Oiffiep'Oly
hedTon P. CE n.

Several examples for these notions have been given in [6] and
[7]. Let u.s point out the foUowing two:

Ex am p Ie 1. rf n 11S the class of all polyhedTa (colI1nected
polyhedra), then (n) is the alass of all metric compada (continua)
and [n] the class of an HauSldorffcomp·acta (continua).

Ex am p Ie 2. Let n = {I} oonsi'Stsof asingle polyhedron 
the reallin:e segment 1= [0,1]. TheJIl[n] iS'the class 'Ofall chainaible
oontinua ,and (n) the class of 'all metrie chainable continua (also
known as snake-like cOIIltmnua[1]).

Here we quote, for :fu1mreapplicatian, same Tesults from [6]
anJd [7].

In [7] we find (as Theo'rem 1*) the following

The o 'r e m A. Let n be a class of connected polyhedra. Then
the' class (n) of metric n-like continua coincides with the class of
inverse limits of inverse sequences {Xi; nii'}, where the mappings
nU' are onto and Xi are polyhedra from n.

In [6] we find (as Theorem 3; also ef. [5], Proof of Lemma 5
and Remark 'Onp. 287) the following

The'O r ,em B. Let n be a class of connected polyhedra. Then
the class [n] of all n-like continua coincides with' the class of

inverse limits of inverse systems {Xa; naa'} (a, a' CE A), where all
X" are metric n-like continua, Xa E (n), and all naa' are mappings
onto. Moreover, one can achieve that the directed set A be of finite
type and of power k (A) equal tOIthe weight1 w (X) of X.

Examplesgive!Il in [4], [5] and [6] show that it]s not always
possible .to expand a continuum X E [n] into an invers.e system
of rpolyhoora from n.

Frinally, we quote the basic :factorizaiion theorem (Corallary 4
in [6]) of [6] as

Theor'em C. Let n be a class of connected polyhedra and let
X, P I' ... , Pn be Hausdorff campact spaces, X being n-like. Further
more, let fi: X -?- Pi, i = 1 , ... , n, be mappings. Then there exists
an-like continuum Q and mappings g: X -?- Q, Pi: Q -?- Pi, i =
= 1 , ... , n, such tha't Ji = Pi g, i = 1 , ... , n, 9 is onito and the
weight w (Q) < Max (w (Pl) , ... , W (Pn».

1 The weight w (X) is the minimal cardinal of a basis of open sets
of X.
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Theorems A and B estabHsh the 'Possibility of exparndiJnlgcon
tinua X CE (n) and X CE [nj :iJntoLnverse sequences .of p.olyhedra
from n and into inverse systems of n-like metric contilllUa.respec
1ively.

The punpose .of this paper is to investigate the possliJbilityof
expandtng malppings f: X -+ Y into inverse systems of maJPIpings,
i. e. .of eXipressiJngmappings aSilimi1Js .of mappU.ngsF of iJnverse
systems. More precisely, we aSk whether the following two state
ments are true Dr false:

S tat eme n t A. Let n and -2: be two classes of connected
polyhedra. Then, for each mapping f : X -+ Y of the metric n-like
continuum X CE (n) onto the metne 2:-like continuum Y CE (2:),
there exist inverse sequences {Xi; nii'}, {Yi; QiP} of polyhedra
Xi CE n, Yj CE 2: with mappings nU' and Qjj' onto, and there exist ci

mapping F = {fj} : {X ; n} -+ {Y ; Q} and homeomorphisms h: X -+
-+ X' = Inv lim {X ; n} and k: Y -+ y/= Inv lim \{Y; Q} such that
f' h = k f, where f' = Inv lim {fj}.

St ate me n t B. Let n and 2: be two classes of conneeted
polyhedra. Then, for eaeh mapping f : X -+ Y of the n-like continu
um X CE [n] onto the 2:-like continuum Y CE [2:], there exist inverse
systems {Xa; naa'} (a, a' CE A), {Yp; epp'} (P, P' CE B) of metric con
tinua Xa CE (n), Yp CE (2:) with naa' and. QpP'onto. There also exist a
mapping F = {fti} : {X ; n} -+ {Y ; Q} and homeomorphisms h: X -+
-+ X' = Inv lim {X; -:n:}, k: Y -+ Y' .-'- Inv lim {Y; Q}, such that
f h = k f, where r = Invlim {fp}.Moreover, one canachieve that
(A, <) and (B, <) be directed sets of finite type and of power
w (X) and w (Y) respectively.

The main result of this paper assert5 that Statement A is fa.Jse
(see Theorem 1), wh'ile Statement B is true ~seeTheol'em5 3 and 4).

2. A chainable continuum which admits mappings not expandable
info mappings of arcs.

In thisJseetion we prove that StatemenJt Ais fa1se in the case
when 2: is the class .of aH connected polyhedra and n = {I}, where
1=[0,1] is the rea,lline segment. MoOreprecisely, we prove

T he -O' rem 1. There exist a metric chainable continuum X
and a mapping' f : X -+ I anto I such that it is ndrt possible to find
an inverse sequence of ares {Xi; nU'} (i, i' = 1" 2 , ... ), Xi = I, an
inverse sequence of metne compacta {Yj; (2jf} (j J' = 1, 2 , ... ) and
a mapping F = {fi} : {X ; n} -+ {Y ; (2} such that there exist ho
meomorphisms h : X -+ x' = Inv IJim {X; n}, k : Y -+ y' = Inv lim
{Y; Q}, for which f' h = k f, where f = Inv1'i.m {fj} (here we need
not require that nii' and Qii' be onto).
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The proof foHows easily from this

The ore m 2. There exist a metrie ehainable eontinuum X,
a mapping t: X -+ I anto I and numbers f: > O, c5> O, such that it
is not possible to tind an f:-mapping n: X -+ I into I, a c5-mapping
(J : I ~ Q into same. metne comrpaetum Q and a mapping ep : I -+ Q,
for which

(1)

(2)

We first prave that

The ore m 2 i m p lie s The ore mLIndeed, let X, f, e, c5
have ,properties stated in Theol"em 2. Assume that there exist inve,!,,3e
sequences {Xi; nii'}, {Yj; (Jj;'} (nw, (Jjj' not necessarily onto) an.d a
mapping F = {fj} : {X; n} -+ {Y; (J} such that Xi = I, Yj he metric
compacta and that there exist homeomorp~i:sms h: X -+ X' = Inv
lim {X; n}, k: I -+ Y' = Inv lim {Y; (J}, f.or which f h = k f, where
f = Inv lim {fj}. CleaT1y, for a sufficiently larg,e j the ma'Pping
(Jj k : I -+ Yj would Jbe a c5-lIuCllPPmg,whUe ni (j) h: X -+ Xi (j) would
be an e-mapping. Nev:ertheless, we would have

fj (ni (j) h) = (Jj f' h = «(Jjk) f,
contrary to the. assertion of Theorem 2.

p r o o f of The ore m 2. Let C den:ote the Cantor triadic
set. C is Qbtained from I = [0,1] iby successiv'ely deleting first the
open middle-1hiT:d U of I, ,seOOIlidthe open middle-thhns U o and
Ul ofeach of the two segmen1lsremaining, thtrd the open middle
thirid!s Uoo' U01' U10, Ull of each of the four segments remaining,
etc. Notice that diam (Ui1'" ip) = 1/3p+1-+ a, for p-+ 00.

Let X (see Fig. 1) Ibe the su:bsel1of the sqlUare I X I given by

X = (C X 1) U (U X O)U (Uo U Ul) X 1 U
U (UooU U01 U U10 U Ull) xo U (3)

U (UMO U Uo(n U ... U U111) XI U ... Cl X I.

X is a metJ:licchainaJble continuum (i. e. iiadmits f:-mappi:ngsonto
arcs, for each f:> O) oonsidwedalreaJdy by B. Kn a ste r fQr other
purposes.

Let g: I -+ lbe the Cantor step-frmction, which shrink's c10sures
of the interva1s Ui1 ... ip into points. The mapping 9 is order-pre-
serving and 9 (C) = I. We define now the mapping t: X -+ I by
putting

f(s, t) = 9 (s), (s, t) CE X C I XI.

Clea'rly, f :is a con:tinuous mapping of X onto I.
Observe that

x = (s, t) CE X, x' = (s', t') CE X, s < s',

(4)

(5)
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f(x) <f(x),
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(6)

except in the case when both s aIIl!ds' belong to the closure of the

same interval Ui1 ••• ip·

Finally, let 10 = iarrd <5= l.
We elaim that, for X, f, 10 and <5chosen in this way, holds the

assertion ·of Theorem 2.

Uoo Uo Uo, u

Fig. 1. The chainable continuum X.

Assume 'On the contrary, that there exiJsta metric compa'Ctum
Q, aJIl c-mappill'g :n: X -+ I into I, a <5-mapping {2: I -+ Q linto Q
and 'a mapping qJ : I -+ Q, \Such that (1) holds. We shalI bring this
assumptionto a con1JraJdidion.

Denote by M C I 'the set

M = {y I y CE I, {2(y) = {2(O)},

and let

Yo = 1. u. b. (M) .

M heing closed, Y(j be10ngs to M and thll'S

{2 (Yo) = {2(O) .

Clearly,

(7)

(8)

(9)

Yo < 1, (10)

for Yo - 1 an:d (9) would imply {2(1) = {2(O), contrary to the assump
tio:n that {2 is ·a <5-mapping, for <5= l.

Choosea point Xo CE X such that

f(x<J = Yo

and that Xo he of the form

XII = (co. 1/2), Co CE C.

(11)

(12)
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Mo:reover, ii Co is an end-point of same interval Uil ... ip' let it be
the iI"ightend,..point. Beoause of (10), we have

Co < 1. (13)

TheI1efoce, we can find, aI1bitrarily clOlseto co' poin1Js Cl CE C,
Co < Cl' for which

(14)

(16)

where

XI = (Cl' tI) ,tI CE I. (15)

Now consider the poli.n:tsXO' = (co, O) CE X and xo" = (co, 1) CE X.
Clearly, the rpoints Jr, (xo)' Jr,(xO:) ,and Jr, (XO") aDethree distinct points,
thek ffiutual dis1Jancestheing at lea:st 1/2 = c.

We claim that Jr, (xo) lies between the rpoints Jr, (xo:) and Jr, (XO")

on the segment I. Ii ,this were not sa, we w'Ould have, say, Jr, (xo')
lying between the twO',remaining points Jr, (xo) and Jr, (XO"). Then we
could consider the segment Co X [1/2, 1] whO'se -erud-points are Xo

and XO,". The image a,f thris segment ,under the mapping Jr, would he
aconnected set 'OnI joining Jr, (xo) and Jr, (X()f")and therefore neCe8
sariiLycaniaining the intermediate !paint Jr, (XO/). In other wOlrds,we
wauLd have a point ~ CE Co X [1/2, 1] with Jr, (~) = Jr, (XO/). However,
this is :impossible, the distance between ~ -and XO' being at least
1/2 = c.

Now cansider twO' di.sjoint cannected netghbaurhoods U' and
Uli albout the paints Jr,(xo') and Jr, (XO") respectively, and let U' and
Uli be so small that they do nat cantain Jr, (xo). Choose nei,ghbouT
hoods Y' and Y" abo:ut xo' and! XO" such that

Jr, (y') c U', Jr, (V") C U".

Then it is possible ta mnd a point Cl CE C, CO < Cl' such that

(c1' O) CE Y', (c1' 1) <E Y", (17)

and that (14) hold, for all XI = (c1' tI)' tI CE I.
The end-poin1lsof the segment Cl X I map under Jr, into U' and

Uli respectively. Therefore, Jr, (Cl XI) must cantain the i1ntermediate
Point Jr, (xo). Cansequently, there exists a point XI = (Cl' tI) CE Cl XI,
such that

Jr, (XI) = Jr, (xo) . (18)

Fram the cammutativity rela:tion (1) and from (18), (11) and (9),
we obtain

Q (f (XI» = ep Jr, (XI) = ep Jr, (xo) = Q f (xo) = Q (Yo) = Q (O) ,

which proves that
(19)
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This is, however, impossible becaUlSe (14) implies

f (XI) >Yo = 1.u. b. (M) .

247

(20)

This completes the proof of Theorems 2 and l.

Rema T k 1. Let X and f be those described in the proof of
Theorem 2. Then there exist an inverse sequence {Xi; ~ii'} of
connected 2-dimensi<mal pOolyhedra Xi with !ID.aippings~ii' onto, a
sequence {Yi; eir} o,f arcs Yi = I with o:nappings eH' anto, a maip
ping F = {Ji} : {X ; ~} -+ {Y ; e} and homeomo.r;phisms h: X -+
-+ X' = Inv licrn{X ; ~}, k: I -+ Y' = Inv lim {Y ; e} 'SUch that l' h =
= k f, for f = Inv lim {fi}.

Rem ark 2. It wou1d be inte~res1rl.ngto lmow whether State
ment A is true >orfaIse in the case when n = Z is the elass of all
connected polyhedra.

Rem ,a r lk 3. Theorem 1 gives a partial answer to ap~oblem
raised recently by J. Mioduszewski .([8], RemaI'lk ,on p. 40;
also ef. Pro!blem P 389, Co.uoq. Math. 10 (1963), p. 185).

3. Expanding mappings of general n-like continua into mappings
of metric n-like continua

In this S€ction we prave

The o' rem 3. Statement B is a true theorem.

In faci, we shalI provea mOTe predse result, which implies·
Theorem 3. It realds as foUows:

T h. e o' T e m 4. Let n be a class of connected polyhedra, X and
Y two Rausdorff continua, X being n-like, X CE: [n], and let f : X -+
-+ Y be a mapping onto Y. Furthermore, let {Yp; epp'} ({J, {J' CE: B)
be an inverse system of metric compacta Yp with mappings ep9'
anto and such that Y = Inv Hm {Yp ; epp'} and that (B, <) be of
finite 'type. Then there exists an inverse system {Xa; ~aa'} (a, a' CE: A)
of metric n-like conltinua Xa CE: (ll), with mappings ~aa' onto, such
that (A, <) be of fini te type. Fur!thermore, there exist a mapping
F = {fp} : {X ; ~} -+ {Y ; e} and a homeomorphism h : X -+ X' =
=Invlim{X;~} such that 1'h=f, where f'=Invlim{ip}. Ii in
addition k(B) < w (Y), then one can achieve that k (A) < w{X).

Remark 4. Theo:rem 4 is a generalirz.ation of aIm:ost all eaTllier
results of the authorcoiIlcerrung inverse system eXlpansions in the
non-metric case. In parlicular, TheoTem 4 readJiJy implies TheolI'ems
B and C. However, the !proof of Theo'I'em 4 ,given below depends on
Theo~em C (in the case when Pl, ... ,Pn are of counta:ble wei.g:ht,
i. e. ;aTe metric).
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T h 'eo.'r e iffi 4 i iffi P 1i esT h e o.r e iffi B. Let n he a class of
connected polyhedra and 'let X CE [n]. Put Y = X and let i: X -+ Y
be the identi,ty. Y = X can he embedded in the direct prDduct nh
1 CE A, where h = 1=[0,1] and A is a set of poWeT k(A) = w (X).
Clearly, n h is the inverse limit of the inv'eI'se system of ·all the
fini te pr.oducts h1 X ... X l).r with naturaJ projections as bonding
mappings.,the set of iindexes B being the set of all finite sUlbsets
13= {11, ... , lr}, ordered by inclusion. B is .of finite type and k (B) =
= k (A) = w (X) (for iIlifiJnitew (X». By 3!ppropriate restrictions we
obtain an inverse system {Yp; epp'} (P, P' CE B) of metric continua
Yp = ep (X) with mappirngs epp' onto arnd such that Inv lim {Y; e} =
X. An application of TheDrem 4 ta i :X -+ X = Inv lim {Y ; e}
immediately yie1ds the asser,tion Df The.orem B.

T h eDi!'em 4 i mpld. e's T heor em C. It suffices to pmve
Theorem C in the sim.plest case when n = 1. The geneTal case then
foUows easi1y by con:sidering the mapping f = ilX ... X f n : X -+
-+ Pl X ... X Pn = P and aJPplying Theorem C (case n = 1) to this
situatiOOl.

Soo,let n be a class of connected pO'lyhedra, let X and P be
HausdO'rff compad 'spaces, X CE [n], and' f: X -+ P a marppirng.Take
an expansion of P inio a system of mevDic compacta {Yp ; epp'}
(13,13'CE B) (>usethe arglUment given ahove). We canassum.e in atd
dition, that k (B) = w (P) and that B is of finite type.

The applicati.on of Th€orem 4 to this situatian ytields an inverse
system {Xa; 1l:aa'} (a, a' CE A) .of metric n-like continua Xa CE (ll),
a mapping F = {fp} : {X; 1l:} -+ {Y; e} and a homeoma'l'phi.sm h: X-+
~ x' = Invlim {X; 1l:} such that f h = f, f = Invlim {fp}.

Let ar(p) he the oiI1der"'preservin'gfunction from B 'intO'A, which
OOCUfS in the definition of F, and lei Ao. = a (B) C A. Clearly, Ao is
alsO' a directed 'Set of pawer k(Ao) < k(B) = w{P). COIllSidernow
the mverse subrsystem {Xa; 1l:aa'} (a, a' CE Ao) and lei XlI be its
inverse limit. Clear.ly, F = {f p} maps this subrsystem inta {Y; e}
and thus induces alimit rnapping fa,: Xo -+ Y, defined by

ep fo = fp na (P) o, (1)

where 1l:a (p) o : XO-+ Xa (p) is the na,tural prajection.
Moreover, there is a na1Jural marpping p: X' -+ Xo, defined by

Clearly,

because of

1l:a o P = 1l:a, a CE Ao .

foP = f,
(J/3fo p = f/3 1l:a (p) o P = f/3 1l:a (P) = ep f' ,

(2)

(3)

for all p CE B.

The mappings 1l:alJ.' being O!lJto, it is easy ta show that p : X'-+
-+ XO is alsO' a mapping onta. Indeed, if xo CE Xo, then the sets
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1la-1 (nao (xo)) ex, a <E Ao, fonn a centered system of non-empty
closed sets. Therefore, the intersection of all the:se sets is not empty,
and OIbviO'UlSlymaps under p into xo. Furthermore, Xo <E [n], [n]
being closed with r-espect to inve1"'selimits (see [6], Theorem 1).
Finally, k (Ao) < w (P) and the bet that w (Xa) < ~o imply that
w (Xo) < w (P). Putting Q = Xo, g = P, P = io, we thus obtain
Theorem C.

Theorem 4 imrplies Theo'rem 3. This is immediate.
It suffices to apply Theorem B and expand Y iinto an inverse system
of 2'-liJkemetric continua with anindexing set Bof finite type, and
then apply Theorem 4.

p r o o f 'of T h eQ rem 4. Let n he a cla!SSof connected poly
hedra, X an-like oontinuum, {Yp; epp'} (/3,/3'<E B) an inV'erse
system of metric compacta Yp with mapping1Sep!p onto and' 'Suchthat
B be a directed set 'Offinite ty.pe. Let Y = Inv lim {Y ; e} and let
f : X ~ Y be a mapping onto Y. We can assume that the weights
w (X) and w (Y) are infinite crur<Un als. Clea'rly, w (Y) < w (X).

It is easy to see that there exists an inV'erse system {Xa; .naa,}

(a, a' <E A) of metric continua w1th mappings naa' onto, and with
the indexing set (A, <) af finite type and cwdinaUty k(A) < w (X),
and such that X = Inv lim {X ; n} (a'Pply the argument desCI"iJbed
aboV'eor Theorem B 1ak.ing for n the cl rus s 'Ofall oonnected poly
hediI'a).

Consider now the set (C, <) = (A, <) X (B, <) provlded with
the 'Proouct ordering, i. e. let

ifand only if
y = (a, /3) < (a', /3') = 1"

a < a' and /3< /3'.

(4)

(5)

C is readily seen to be directed and of finite ty.pe. Moreover, if
k (B) < w (Y), then

k (C) = k (A) k (B) < w (X) w (Y) = w (X) . (6)

For ea'ch y = (a, /3), let a (I') = a and /3(1') = /3. Now we wish to
define, for ealch y <E C, a metric n-like continuum Zy <E (n), a
mapping xy: X ~ Zy onto Zy and mappings CP~ : Zy -+ Xa (,,), 'ljJy : Zy ~

~ Yp (y) such that
f{'y Xy = 1ra (y) ,

'ljJy Xy = (]p (y) f .

(7)

(8)

Mar-eover, we wish to define mapp'ings an' : Zy' -+ Zy, fOT each
pair I' < y', y, 1" <E e,in such away that

Oyy' Xy' = Xy , (9)

for ali y < 1", In other word~, we require the commutativity of the
diagram
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lla (y)

Xa(y)
•••

X

qJ,

I
f

••• Zy'
Zy

Oyy'

'!p,

+

y

•••

Yp(y)

efi (y)

The objoots Zy, Xy, ({Jy, '!py, Oyy' are defined 'by induction. First
observe that C (being of fintte type) has a set of first elements
yo (elements with no predoc€lSSOTS).For every such Yo, consider
:7la(yo) :X--+Xa(yo) and f2p(yo)f:X--+Yp(yo)' and apply Theorem C.
We obtain a mciric n-like Dontinuum ZyO' ai mapping XYO : X --+ ZyO

onto Zyo and marppings ({Jyo,: ZyO --+Xa (yo) , 'ljJYO : Zyo. --+ Yp (yo)' such that
(7) and (8) hold, for y = Yo'

Now lassume that we have defined already Zy, Xy, ({Jy, 1py, oy" y',

for all y < yf, y" < y, in such away that (7), (8) and (9) hold, that
Zy CE (lI) and Xy (X) = Zy. We e;xten!d'the definJtions to yf as foHows.

Let Yi, ... , yr be all the rpredecessoTSof yf. Consider the map
pin;gs :7la (y') : X --+ Xa (y'), f2p (y') f :X --+ Yp (y'), XY! : X --+ ZYl ' ••• , XY.r : X --+

--+ ZYr and apply Theorem C. We aMain 'ain-lilre metric continuum
Zy' CE (n), a mappin;g Xy': X --+ Zy' anto Zy', map:pings qJy': Zy' --+

--+ Xa(y'), 'ljJy' : Zy' --+ Xp (y') al1JdmaIplpilllgs0yy': Zy' --+ Zy, :Dorall y < y',

i. e. f()lI' y = Yi , •.. , ?Jr. Thes€l lIIlaJplpiJru@saItisfy re}<atio'l'lS (7) and
(8), for y = yf ,aI1ld satisfy (9).

It f.ollowlSthat, by induction, we can define Zy, Xy, qJy, 'ljJy, Oyy',

f.or all y, yf CE C, Y < yf, in such amanner that Zy CE (n), XY is onto
aIlJd(7), (8) and (9) nold good.

Indeed, C being .of finite .type, it is easy to see that C satisfies
the following principle of induction:

Let r C C he a 'set such tha't:

(i) r contains all the first elements yo of C,
(ii) if r contain:s all the :predecessors .of y CE C, then y CE r.

Then r coincides with C.

Now, it is ealSYto see that {Zy; Oyy,} (y, yf CE C) ,is an mverse
system with mappings Oyy' anto. Indeed, (9) and the fad that Xy is



Mappings of inverse systems 251

a mapping antO'imply that Oy,,' also is a mapping anto. Furthermore,
if r < r' < rH, then, by (9),

0yy' 0i"Y" Xy" = ary' Xy' = X~ = 0yy" Xy",

and since Xy" ~s anto, it fol1ows

Oyy' Oy'y" = 0yy" . (10)

Let X' denote the inverse limit of {Zy; Oyy,} and Oy: X' -+ Zy

the corresponJding natural projectioml. The mappings Xy: X -+ Zy

induce a mapping h : X -+ X', which is onta, and is defined by

0y h = Xy. (11)

h :X -+ X' is in fad a homeomorphism, bl;!causeit is one-ta-one.
Indeed, if x =1= x', x, x' <E X, then

na (x) =1= na (r) , (12)

for :some a <E A. T~e any f3 <E B and let r = (a, f3) <E C. Then,
a (y) = a and f3 (y} = f3. Clearly,

Xy (x) =1= Xy (x') , (13)

because Xy (x) = Xy (x') would imply, by (7),

na (x) = CPYXy (x) = cpY Xy (x') = na (x') ,

which is in con:tradiction with (12). However, (13) and (11) imply

h (x) =1= h (x') . (14)

Furthermore, the mappings 1jJy: Zy -+ Yp (y) enable us to define
a mappin:g F = {fp} : {Zy; Oyy,} -+ {Yp; epp'}, For this pUJrp05echoose
a fixed ao <E A and a'ssign tO'ea'Ch f3 <E B the element r (f3) = (ao' f3) <E

<E C. Clearly, f3 < f3' icrnJpliesy (f3) < rt(f3'). Th~n rdefine, for each
tJ <E B, a mapping fp: Zy(P) -+ Yp by

fp = 1jJy (p) • (15)

For f3 < f3', we have

fp Oy (P)y (P') = epp' fp', (16)

which means that F = {fp} is a mapping of inverse systems. (16) is
O'btained :by ClipplyingsubseqUJently (lO), (15), (8), (8), (15), 'as fO'l
lows:

fp 0y(P) yun Xy(P') = fp Xy (p) ='lfJy(P) Xy (p) =
= ep f = epp' ep' f = epp' 1jJy (P') Xi' (P') =
= epp' fp' Xy(P') ,

and by taking into 'accorunt thaJt Xy (P') isClima:pping antO' Zy (P').
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F inJduces a mappirug f :X' --+ Y defined by

gp f' = fp Oy(P) •

By (17), (15), (11) and (8), we obtain

ep f h = fp 0r (P) h ='IJ-'y (P) Oy(P) h = 1p,,(P) X,,(P) = ep f ,

for all fJ CE B, which pro-ves that

fh=f·

This completes the prO'of of Theorem 4.

4. Aremark concerning fixed points of inverse limits

(17)

(18)

ConclUJdingthis paper we wish to point aut how Theo,rem A
(demonrstrated in [7]) can be used to answer a question raised
r'eoent1y by J. Mioduszewski and M. Rochowski (8ee [9]
and! [10]). The question is the foil1owing:

Let {Xi; nii'} he 'an inv:erse sequence 'Ofpolyhedra Xi, let all
nii' be ontoand let X = Inv lim {Xi; nii'}' Furthermore, let all
Xi have the fixed point :property, i. e. the property that every
mapping of Xi into :i1JseJ1fha's at least one fixed point. Does it fol1o'w
that X a~o has the fixed point property?

The answer is negative. Indeed, let X he the contractible 2
dimensional continuum, descriJbed by S. K i n'Os hit a in [3], which
faiIsto have the fixed po:int 'PI'Operty.Let P bethe 2-dime'!lLSrional
connected polyhedr:on, contained in the Euclidean 3-spaJCeE3 = E2 X
X·El, and defined by

where
p = (D X O)U (8 X I) U (T X I) ,

D = {(x, y) x2 + y2 < I} C E2 ,

8 = {(x, y) x2 + y2 = I} C E2 ,
T = {(x, y) y = O, O < x < I} C E2 ,

I = {z I O < z < I} C El .

(1)

(2)
(3)
(4)

(5)

Obviou'SJ.y,P 11scontractiJble and, therefore, acyclic. Hence, by
the Lefschetz theorem, it haJSthe fixed (poilIltprope.rty.

It is easy to see that, far each s> O, X· admits an s-mapping
onto P. Co'!lLSequent1y,Theorem A yields an invense sequence
{Xi; nii'} with mappings nii' onto and sUch that Xi = P, for all
i = 1,2, ... , and that X = Inv lim {Xi; nii'}' We have thurs an
example answering the ahave question in the negative. *

* Note added in proof. The same answer was found also by S. 1.
Ili a d i s using properties of a 3-dimensional oontinuum construeted
earlier by 1. Yao Ver c en k o, Matem. Sbornik 8 (1940), 29'5-306 (ef.
Re!. Ž. Mat. 11A 249, 11 (1963),p. 44).
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Notice thai the polyhedrolI1P admits lO-mappingsanto the n-ceH
In, for each lO > O and n :2: 3. Hence, the aibove argument also proves
that, for n:2: 3, the continu'Ul1IlX of Kinoohita is an inveI1se limit
of n-cells ]n with bonding mapping,s onto. Thus, continua X like
the n-ceH ]n need not have the fixed point properiy, provided n :2: 3.
For n = 2, this is a hard unsolved problem.

Institute of Mathematics
University of Zagreb
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PRESLIKAVANJE INVERZNIH SISTEMA

Sibe Mardešic, Zagreb

Sadržaj

U clanku se p.romatraju inverzni sistemi {Xa; naa'} (a, a' CE: A)
kornpaktnih prostora Xa, te presl1kavanja iny;erznih sistema F =
= {fp} : {Xa; na<l'} ~ {Yp ; epp'}, SvaJkom inverznom sistemu pripada
gra:illcni prosto,r X = Inv lim {Xa ; naa'}, ddk presliik:avanju sistema
F pripada granicna preslikavanje f = Inv lim {fp} : X -+ Y granicnih
proISiora.

Nadalje se promatra nelka klasa il povezanih polieda:ra i 'kaže
se' da je ikolIlllpaktX poput il, ako za sV1akiotvoreni pdkriva'c u
prosltorn X postoji u-ipreslilkavanje gu: X -+ PU na neki po1iedalI'
PU CE: il. Klasa svih kompaJkata koji su PopIUt il ozntacava 'se sa
[n], dok 'Se sa (il) oznacava potkl'asa svih metrickih ikompaJkata
poput il (ovi pojmovi 'Su uvedeni i promairani v'ec u [6]).
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Cilj je clanka da se ispita istinitost ovih dviju izreka:

Izr e ka A. Neka su n i Z dvije klase povezanih poliedara.
Tada za svako preslikavanje f :X -+ Y m~rickog kontinuuma X <E

CE (n) na metricki kontinu.um Y CE (Z) postoje in'l)erzni nizovi
{Xi; nw}, {Yi; (!id, gdje su nw, (}ii' preslikavanja na, a Xi i Yi su
poliedri Xi CE n, Yi CE Z. Nadalje, postoji preslikavanje F = {fj} :
: {Xi;nii'}-+ {Yi; (}ii'} i homeomotrfizmi h :X-+X' = Inv lim {Xi; nii'}'
k : Y -+ Y' = Inv lim {Yi; (}jj'}, tak-ovi da je f h = k f, pri cemu je
r = Inv lim {fj}.

Izr e k a B. Neka su n i Z dvije klase povezanih poliedara.
Tada, za svako preslikavanje f: X -+ Y kontinuuma X CE [n] na
kontinuum Y <E [Z], postoje inverzni sistemi {Xa; ",aa'} (a, a' CE A),
{Yp; (}Pp·}{{J, {J' CE B) metrickih kontinuuma Xa <E (n), Yp CE (Z), pri
cemu su naa' i (}pp'preslika vanja na. Takoder postoji preslikavanje
sistema F = {fp} : {Xa; naa'} -+ {Yp; (}Pp'}, te homeomorfizmi h: X-+
-+ X' = Inv lim {Xa ; naa'}, k: Y -+ Y' = Inv lim {Yp ; (}Pp,}tak ovi, da
je rh = k f, gdje je r = Inv,lim {fp}. Nadalje, može se po·stici da
(A, <) i (B, ::;;:)budu usmjereni skupovi sa svojstvom da im svaki
element ima samo konacno mnogo prethodnika i da ~m potencije
k(A) i k(B) ne premašuju težine w (X), odnosno w (Y), prostora X
i Y, tj. da bude k{A) < w (X) i k (B) < w (Y).

Glavni rezultati clanka utvrduju, da izreka A opcenito ne stoji,
dok je, naprotiv, izreka B iStinita. Istinitost izreke B dOIbivase iz
teorema 4, koji daje nešto !preciznije informacije nego li sama izreka
B, te predstavlja poOlpCenje,gOtOiVOsvih dosada !pOstignutihautorovih
rezultata, :koji se odn{)'Sena inverzne sisteme nemetriC!kih pwstora.

Primjer, kojim 'se dokazuje da je izreka A opcenito neistinita,
daje ujedno i dj-el{)mican odgovor na jedan problem J. M i o
d ti S ze w s k {)g ([8J; vidi i Problem P 389, Colloq. Math. 10 (1963),
str. 185).

Napokon, u posljednjoj tacki 4 clanka se pokazuje, da jedan
raniji rezultat J. Se g Ja1a i autora [7], te jedan primjer S. K i
n os hit e [3] daju: negativan odgovor na jedno pitanje J. M i o
d uszewskog i M. Rochowskog ([9] i [lOJ) o fiksnim tac
kama inverznih limesa.

(Primljeno 7. XII 1963.)


