
GLASNIK MAT •• FJZ. I ASTR.
Tom 14. - No. 3 - 1959.

CHAINABLE CONTINUA AND INVERSE LIMITS

Sibe Mardešic, Zagreb

1. Introduction .

A chain (Ul, ... , Un) is a fini te collectioill 'Ofsets Ui such that
Ui n Uj=l= o if and only if I i - ji < 1. The sds Ui are called links
of the chai:n (Ul, ... , Un); Ul and Un are the two end-links. A topo
logkal Hausdorff spaoel) X is s·aid to be chainable if each 'Open
eovering 'OfX can be refined by an 'Opencovering u = {Ul, ... , Un}
such that (UL, ... , Un) is a chain (Vi need notbe connected). It is
c1earthat each chainable X is compactand connected, rioe. a con
tinuum. Moreov'er, X has eovering dimension dim X S12).

The are, i. 'e. the homeomorph of the real Ii.iIliesegment 1= [0,1],
'is ari. 'Obviaus example of a chain~ble eontinuum. Furthermore, if
{la; :naa'} is ,an inverse system3) of farcs la, then theinverse limit3)
lim la is also a ehainahlecontinuum (see Lemma 1). From a paper hy
J. R I s obelI [3] 'Onederives that each metrizable chamable conti
nuum i,sthe i.nverse Limit.of a sequence of arcs. It is natural to ask
whether metrizability is aetually needed, in other words one has the
question: Is every ehainable continuum the inverse limit of an
inverse system of arcs? This question has been raised in arecent
paper by R H. Ro'se n ([8], p. 170).

In this paper we answer Rosen's question !Il'egatively (see
Theo,rem6), by oonstrueting in Section 4 a chainable continuum C
with induetive dimension ind C > 1. By a previous result of aurs,
a compact space X wi,th ind X> 1 cannot he obtaiined as the inverse
limit 'Of1-dimensi:onal and O-dimensti'Onalpolyhedra4) and a rorti:ori
cannot he the limit 'Ofan inverse system of arcs (see [7],Theorem 4).

The problem of expanding chainable continua inta ,inverse
systems of arcs is in ma:ny respects anarogous to the prablem of ex
panding eompact spaces X of (covering) dimensiJon dim X <n inta
inverse systems 'Ofpolyhedra·of dimension not greater than n (see

1) All spaces in this paJPerareassumed to be topologicalHausdorff
spaces.

2) dim X can be zero only .in the caSewhen X consists of a lSingle
point.

3) a xang.esthroUighan '~bdtrary directed set (A, :5:), naa': la' -+ la
are mappings anto, defined wnenever a:5: a'. For 'basic definitions a:nd
facts conceming inverse sy'stems and I their limits, seee. g. [2] and [4].

4) By a polyhedron we always mean a compaet polyhedron.
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(1)

(2)

while. d(f, pg) =

[7], especially the intI"Oducti<m). In [7] we estabUshed the e:ristence
of an expansion of an :a:rbitra-ry compact spa'ce X with dim X:::;: n
dJntoan iJnverse system of metrizahle oompacta Xa with dim Xa :::;: n.
In this paper we show that an .arbitra,ry chainahle continuum is the
in11erse limit of an mverse system 'Ofmet:rizable chainable continua
(see Theo:mm 2'). Both situationscan be treated 1Jn.the same way so
that it ·appea-rs convenient to state and prov'e a unique set 'Of theo
rems, which wouldcontain both, the theorems on dimensiO'l1.and
those cm chamaible continua, as special cas'es. This isca:rI"ied through
in SectiOiIl 2.

Secti'On 3. starts wi~h a few ,el'ementary facts aboutchaimable
continua. In particular, we verify certain conditions from Section 2
im.order to makle sure that general resuits from that section are
app1icable to chaina'ble oontinua. Some 'Of the resultsthus 'Obtained
for chaimable continua are then stated explicitly.

2. General Expansion Thearems far Campact Spaces

Let ~ be a 'Property well-defined on compact spaces, sO' that
eachoompact spa'ce X either has property ~ or does not. We shal1
be especially interes ted in propert1es ~, which satisfy the foUowing
th:ree condi ticms:

(A) Appraximation conditian. Let X be any campact space
having praperty ~, let P be a palyhedran with a given metric
d, r> O a real number and f: X -+ P a mapping. Then there exists
a palyhedranQ having praperty~, and there exist a map g: X -+ Q
and a map p : Q -+ P such that

g(X) = Q,

d (f, pg) :::;: r ;

pg denotes as usu al the oDmposite mapping,
= Sup d (f (x), pg (x», x -:::::x.

(B) Continuity canditian. Whenever {Xa; 'naa'} is an inverse
system 'Of campact spaces Xa all 'Of which have praperty ~, and
'naa' : Xa' -+ Xa are mappings anta, then the limit X = lim Xa alsa
has praperty \lS.

(e) If X is a compact space, -Q a palyhedran, f: X -+ Q a map
ping, and bath X andQ have praperty ~, then f (X) alsa has pra
perty ~.

Exa:mple. Let n he ·a fixed n'On-neg,ative linteger and let ~ be
the pmperty of a compact space X to have cove:dng dimension
dim X <n. Then ~ verifies cQlnditions (A), (B) and (e) (see [7],
Lemma 1 'and Section 1.4).

Wecan state now the main expansi!On and f.actorization theo
rems; \lS rshall den ote a property defim.ed for oompact spaces.

The ,'O re m 1. If \lS verifies the canditian (A), then each metri
zable compact space X having praperty \lS is hameDmarphic with
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the inverse limit of an inverse sequence5) {Qi; qjj} of polyhedra
Qi all of· which have property \lS.

The'O rem 2. If ~ verifies the conditions (A), (B) and (C),
then each compact space X having property ~ is homeomorphic
with the inverse limit of an inverse system {Qb; PblJ'} of met1'izable
compacta Qb all of which have property ~; b ranges through a
directed set B of cardinality k (B) < weight w (X)G)

An immediate conseqruence 'Of these two the'Orems is
C.o r 'o Il ary 1. If ~ verifies the conditions (A), (B) and (C),

then each compact space X having propeTty ~ is homeomorphic with
a doubleiterated inverse limit limb (limi Pbi) of polyhedra Pbi all of
which have property ~; ti ranges through positive integers.

T h ie{}rem 3. Let ~ verify the conditions (A), (B) and (C), let
- X and P7) be two compact spaces, let X have property ~ and let
f: X--+ P be a mapping. Then there exists a compact space Q having
property ~, and there are mapptngs g: X --+ Q, p : Q --+ P such that
g is onto and

w (Q) <w (P)6),

f=pg.

(3)

(4)

Denate by wr(x) the ind.tial ordinal whose cardinality is equal
to the weight w (X). The-n we have

The 'or e m 4. Let ~ verify the conditions (A), (J3) and (C).

Then each non-metrizable compact space X having property ~
is homeomorphic with the inverse limit of an inverse system
{X,o ; PPp'} ; tJ ranges through the set of all ordinals p <wr (X).

Xp are compact spaces all of which have propeTty ~ and verify

w{Xp) < w{X). (5)

Furthermore, if k (P) denotes the cardinality of the ordinal p, then

w (Xp) < k (P), Wo 5: P <wr (X) , (6)

w (Xp) SNo, P <wo· (7)

If P is a limit ord.itnal, then

Xp = lim {Xa; Paa'}' a <P , (8)

Pap: xp --+ Xa being the corresponding projections.
A proof of Theorems 1, 2, 3, and 4 will he obtained from the

corresponding considerat1oiIlS In [7], by replacing the specific pro
perty ~ of haviJng dimension5: n by an arbitrary property ~ which
verifies the conditions (A), (B) and (C). We shall briefly indicate the
main lines of. argument, emphasizing 'Only deviations from the
proofs iJn [7J.

5) An inverse sequence is an inverse system {Xa; 3faa'}, a:::::: A, for
which A is the set of positive ·integers.

6) 'l1he weilght w(X) of a space X is the leastcardinaJ. which is the
c3lI'ldina:lnumber 'Of a basis for the topology of X.

7) We exclude the eaSe when P 15 a finite set of points.
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All proofs are based 'Onanalogues of Lem:mas 1 ta 5 'Of[7]. The
exact statements 'Ofthese analagues are ohtamed byaddLng to the
statements 'Of the lemmas :iJn[7] the requirement that X has pro
perty ~, which v'erifies the conditions (A), (B) and (C); rurthermore,
one hasto replace the assertion, that the spaces Q, Qi and Qb respec
tiv'ely have dimens10n nat greater than dim X, by the assertion that
these spaces hav'e property ~.

The ,analogueaf Lemma 1 is true accordmg ta (A). The 'anal'Ogue
of Lemma 2 f.oUowsin the same way as in [7]. Thisenables us to
prove the analogue of Lem:ma 3 as well as Theorem 1 'Of this paper,
by foUowLngthe pro'Ofs given 'im [7] (in particular in Sections 2.2
and 2.4).

Ln'order to prove the -amalogueof Lemma 4, especially in the
case n = 1, we have to oonsidera mapping f1: X -+ Q, where Xis
a compact space havd.ngproperty ~, f1 is 'Onto,and Q is the mverse
l'irnit 'O-fan mverse sequenoe {Qi; qij} IOfpolyhedra Qi -all of which
haVleproperty ~. We nee-d the conJClusionthat Q also ha:s property
~ (compare with Section 2.3 of (7]). First, we replace {Qi; qij} by
the inverse sequence {qi{Q); qij}, where qi: Q -+ Qiare the natural
projecUonsB). This sequence has the same limit Q and qijnOW
become mappiJngs 'anto. According to (B) it suffioes to show that all
qi(Q) have p1'Operty ~. This follows from (C)and the bct that
qi (Q) = qi 9 (X)C: Qi.

Next we proceed to the analogue of Lem:ma 5 and hereafter to
Theorems 2 and 3 (which are the analogues of Theorems 1 and 2
'Of [7]). Ob.serve that the projectioon:SPbb' of the inverse s)1'Stem
{Qb; Pbb'} lin Lemma 5 .of [7] are mappings onto. Furthermore, all
Qb have property ~, so that Q = lim Qb also has property ~ a'ccord
ing to (B). This observatiQn is needed in the proof of the above
Theorem 3.

Finally, we proceed to the 'Praof of Theorem 4 (the analogue of
Theorem 3 of [7]). Notice that the mappings pao.': Xa, -:r Xa, whieh
appear in the system {Xa; Paa'}, a < p ('see [7], Seetion 4), are map
pings onto. Henee, we oan eonelude tha~tX{3= lim Xa has 'Property
~ proViidedthat all Xa have property \lS.

3. Theorems on Chainable Continua

1. Let ~ denote the p1'Operty'Ofa compaet space to he chaimable.
W'e shaH show that the property ~ verifies the three oonditions
(A), (B) and (C) of Seeti'on 2.

Here is a standard propooiHon that we shall utilize in veI"ifying
the condiUon (A).

Let X be a compact space and let Q be Q,. family of jinite open
coveririgs of X, which is cofinal in the set of aH open coverings of
X (the ordering is given by the notionof refinement). Let P be a

8) Notations are those of [7], Section 2.3.



Chainable Continua ... 223

compact .polyhedron with a given metric d, let r> O be a real
number and f: X -+ P a mapping. Then there exist acovering
v .::::Q, a mappingg: X -+ N (v) of X into the nerve N (v) of v, and
a mapping p: N(v) -+ P such that

d (f, pg) ~ r. (1)

A proaf 'Ofthis pI'apasitian can he 'Obta,inede. g. fl'am the first
p.art of the praof of Lemma 1 'Of[7]. One hasiJo replace the family
Qf caverings, wnaseaI'der is ~not greater than 1+dim X, by the
family Q.

N'O'Wtake f'Or Q the family 'Ofall apen caverings 'af X, which
aJ!'!echains. Ii X is a ehai!nable continuum, then Q is eof1nal cmd the
prapasiUon of abave is applieable. It yields an approximate fa,eiJari
zation of f thTaugh the n,erve of a ehain-eavering of X, i. e. through
an are I. Sirr1ceX is eOJlJl1eeted,so is g(X) C:: I, and thus 9 (X) is either
aJn are OI' a 'si!nglepoint. Renee, in bath eases 9 (X) is a ehainable
polyhed:t'On.This establishes the assertian (A) for ~.

Rem.ark 1. The 'Only ehainabl,e polyhedra are: the areaJnd a
single point. Indeed, chalinable eantinua have (covering) dimensiJoo
O (only in the case of asingle point) OI' 1. Henee, a chaimable poly
hedrOlIlis either asingle 'paint OI' acannected graph. Furthermore,
iit ['S clear ,that a chainable cootinuum caJnnat cOIIlta!ina triod; this
rules out all the gra-phs except the arc and the circle. Finally, a
ehainable cantinuum must be acycHc, which leaves the arc as the
-only l ...dimensional chainable polyhedr'an.

2. Now, we shalI pmve a slightly stmnger statement (Lemma 1)
than the assertion that ~ verifies (B); .it inv'olves the nIOtionaf end
paints of a ehainable continuum and will be needed in SectiOlIl4.

Let X be ,a ehainable continuum. A paint a':::: X 'is sai!d to be
an end-point of X, if each open eavering v 'OfX admi'ts a refilIl'e
ment u = {Ul, ... , Un}, such that (Ul,.'" Un) is achain and a
helongs to one of the two. 'end-links Ul and Un. Similarly, a pak 'Of

points a, b 'OfX is said ta be a pair af appasite end-paints of X, if
ea·ch open covering v af X admi-is a refinement u = {Ul"'" Un},
such that {Ul, ... , Un) is a chaim and a .::::Ul, b E Un. Observe that
OIIleean alwaYlS·a:ssume that a .::::Ul'\. U2, b ~. Un '\. Un -1 ('Otherr
wise take Ul U U2 and Un-1 U Un for end-links and assume that u
is a star ref:iJnement of v).

Remark 2. There exist (me1:rizable) chainaJble oontinua without
any end-pailllts, with only one end-point, and such having every
paint for an end-point (see [1], p. 662).

L,emma 1. Let {Xa; Paa'},a':::: A, be an inverse system af
ehainable eontinua Xa and let paa' be mappings onto. Then X =
lim Xa is also a ehainable cantinuum. Furthermare, let (a, b) be a
pa ir of paints of X and let aa = pa (a) .::::Xa,ba = pa (b).E Xa,
where pa: X -+ Xa denotes the natural prajectian. If (aa,ba) is a pair
of apposite end-paints af Xa, far aH a':::: A, then (a, b) is a pair of
OPPQsite end-pointsaf X.



224 Si'be Mardešic, ZaJgreb,

P r o' 'O'f. Letv :he an arbitraryopen ODveringDf X. We cam
assume that v is finite (X is oompact) 'am.dthai the elemen15 of v
are sets of the rorm (pa)-l (Vi), where Vi are open sets of certain
Xa, a :::::A. Furthermore, the1"e isno 10188 'Of genera1ity i1nassuming
thai aJI Vi belong tO' the same Xa. Then the sets Vi cover pa (X) =
= Xa. Let (Ul, ... , Un) he a chailn-refinement of the oDvering {Vi}'
Then {(pa)-l (U;)} refines {(pa)-l (Vi)}. In o1"der tO' show that X is
chainable, ii remains 'Only 'to verify that «pa)-l (Ul) , " . , (pa)-l (Un»
is a cham. This is immediate, becausi€ (pa)-l (U;) n (pa)-l (U k) =!= o
ii am.donly if U; nUk =!= O, and (Ul, ... , Un) is a chain.

Simce (aa, ba) is a pair 'Of 'Opposite end-poo.iIl:ts 'Of Xa, O'lle can
cnDose the ehaim (Ul, ... , Un) on Xa in such away that aa' C-= Ul and
ba ::::: Un. Then a and b belong to the end-lin.ks (pa)-l (Ul) and
(pa)-l (Un) respectively :of the ehain «pa)-'-l (Ul) , ... , (pa)-l (Un»,

which remes the arbitrarily enosen covering v 'OfX. This conc1udes
the proof of Lemma 1.

3. Final1y, lei us verify (C). By Remark 1, Q is either a silngJe
paini Qr an aTc. SiJnce X is chainable and thus OO71iIlected,it :DoJ1,ows
that f(X) is also connected andthusagain ei,ther a point or am.arc.
Thisoompletes the pI'loof of the fol1owing

T he 'orem 5. The property @'; of a compact space to be chain
able verifies the eond.itions-(A), (B) and (e). Therefore, the Theorems
1, 2, 3 and 4 are valid for \lS = @';.

Fo'r example, Theo~em 1 becomes a prDposition asserti.ng that
metrizable ehainable eontinua are inverse limiJts of arcs.

Remark 3. There is another class of ehainable continua, aH of
which are inv'erse limits of arcs. These are ordered continua9).

Theorem 2 Jor ~ - @'; yields
The'O rem 2'. Every chainable continuum X is homeomorphic

with the inverse limit of an inverse system {Qb; 'Pw} of metrizable
ehainable eontinua Qb; b ranges through a directed set B of cardi
nality k (B)::::;;: weight w (X).

Corollary 1 goes over i.ntD
C'o r'O Il ary 1'. Every chainable eontinuu.m X is homeo

morphic with a double iterated inverse limit limb (limi lbd of arcs
lbi; i ranges through positive integers.

4. We cO'I1clude this Section with a simple lemma which shall
beneeded in the next Section.

Le mrna 2. Let X' and X" be· two ehainable continua (consi
dered as disjoints sets) and let (a', :b') and (a"; b") be pairs of opposite
end-points for X' and X" respeetively. Let X be the continuum
obtained by taking X' UX" and identifying the two points b' and
a". Then X is again a ehainable eontinuum and (a', b") is a pair of
opposite end-points of X.

The praof is straigh tforward and is om±tted.

9) A p!"oofof this assertion wi:llappeax el,sewhere.
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4. A Chainable Continuum of Induetive Dimension Two

1. Th e 01' e m 6. There exist ehainable eontinua X with indu
ctive dimension ind X> 1. These continua are not obtainable as
inverse Hmits of inverse systems of polyhedra of dimension < 1, a
fortiori they are not obtainable as inverse Hmits of arcs.

The second assertion is a consequence of TheO'rem 4 of [7]. In
order to prave the fLrst asserHoo, we shall define a certa:i1Ilchain
able continuum C which sat1:sfies

iJnd C = 2. (1)

SiJncethe covering dimension ()Jfa chain·whl:econtinuum i'S~ 1, we
shall have dim C = 1. Theref.ore, the exist€nce orf C pres,en1Jsa
surengtheni'!lig'Of,previous resuIts of A. Ll1'nc [6] and O. V. Loku
cievskil [5], who have also constructed cO'mpad spaoos X with
dim X= 1, ind X = 2. I,t is readi1y verified that the spacesof Lunc
and Lolmcievskil are not chaina!ble (they oontaiJn 1xiods).

y
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r;

1o

~f

<la
~J

Jrs

~..

~=~(r;)
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Now, we proceed tO'the construction of C, which shalI he per
'f'ormed iih several steps.

2.. :8or each real nUJmber (2, O < (2 <1, choose cl! fixed sequence
of reals J> el> (}2 > ..., converging 'boward:s (2. Next, consider
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sequences 0< Tl < T2< ...< 1 'Of Tational numbers Ti, f.or which
the limit lim Ti < 1; the limit will be denoted by e = e (Tj) = lim Tj.
With 'every such sequence (Ti) we associate ,a certain C'ontinuum
K = K (Tj), contai-ned in the unit squaTe [0,1] X [0,1] of the XY ooor
drnate plane. K is defiJned as indicated in theadjoint figure; irt
consis1Js of oOUl!ltablymany sura1ght line segments joi!ning (0,0) with
(2/3, Tl), (2/3, Tl) with :(113,T2), (113, T2) with (2/3, T3) , ... , (1/3, e) with
(2/3, (2) , ... , (2/3, (22) with (1/3, (21), (1/3, (21) with :(1,1) and (1,1) with
(1,0) respecHvely.

It is readily s:een tha't K can he obtainedas the inverse limit
cl a sequence 'Of brak-en 1ines10) with fi.Jced end-pod.nts (0,0) and
(1,0). It foHows (Lemma 1) that K is a (metriza1ble) ehainable oon
trnuum arnd that the potnts (0,0) and (1,0) form a p air of opposite
en.d-points .of K.

3. Let W(J he the initial ord'inoal 'of caTdilIlality 2~o and let A
den ote the set of all O'rdina1s a:::;;: W(J' Oonsider the union M' of a
fam.ilyof disjo,int copies la, a C::: A '\. {W(J}, 'of the real Ene segment
1 = {0,1]. We in1roduce a total1or:deringin M' by setting x < y, x :::::
Ela, y ~ la', a, a' E A '\. {w(J}' whenever a <(l' Qr whenever a = a'
arnd x <y in the natural orderingof la -'- [0,1]. Adjoin a new point
b to M' and denote M' U {b} by M. C0I!lS1derM as ordered with b
as its maximal element. M also hasa minimal element a = ° :::::
~ lo C:: M. Oonsider A as a lSubset 'Of M by identifying a :::::A '\.1
"\. {w(J} with ° ':--:= la C:: M and Wa ~ A with b C-: M. It is readily seen
that M is an ordered contilIlu'1lm under the order topology.

Now, we shalI define a S'ubset L of the Ca1rtesian product
M X I, 1=(0,1]. FiJrst, consider all sequences of 'rationals °< Tl <
<T2<..'.with lim Ti = e (Ti) < 1. There aTe 2~o of these S'equences.
Therefore, one can establish a fiX!edone-to-;onecorrespDndence bet
ween all of these sequences a,nd all the Drdiinals a <W(J. Let (Ti)a

denote the s'equence thus assigned to the ordina;l a.
For each a <W(J, consider la X I C:: M X I 'as the unit square

1 X I of SectilDn 2. Let Ka C:: la X I C:: M X I be the set correspanding
to K«Ti)a)of SectiJon 2. Now, defime L C:: M X I by

L = eU Ka) U (U a XI), (2)
a a

whel"e a im the first term range s through A '\. {w(J} and in the
second term ;ranges throug;h A'\. {0}11).

Le mm a 3. L is a ehainable eontinuu.m· with the points a X °
and b X ° as a paiT of opposite end-points.

Proof. Intraduoe the rolowi'I1Jgnota'tians

[a,a']M= {xix::::: M,'a:::;;:x<a/}, a, a' E A, (3)

L (a) = L n ([O, a] M XI), a :::::A. (4)

10) Such a 'broken line can be obtained from the rparl of K exhibited
in the f.igme, by addJingthe Me segmen1Jsjoining (2/3, T5) with (II:}, (2) ·and
(1/3, (5) with (2/3,g).

11) No11iJoe1:Ihattin the eXJPres:sliona X I, a rdenotes O Ela'
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We 'shall prove, by transfinite induction 0IIl a, the following
pI'IopO'sition:

Eaeh L (a), a < OJ", is a ehainable cantinuum and the paints
a X O and a X O farm a pair af appasite end-paints af L (a).

Simce L = L (OJ,,), thi:s will prove Lemma 3.
The propositton is true for a ----:1, because L (1)= Ko = K «ri)o)

is chainabl'e and has the pOlnUS OX O'and 1 X OfOlI"a pair 'of opposite
end-poin1Js (see 2.). Now, asS'ume the proposition true f.or all the
ordinals < a, 1< a <w". One has to dist1nguish tw,o cases: case
(a) when a -lexists and case (b) when a is a lim1tordrnal.

Case r(a}.By assumpti!on L(a - 1) ,is a chainable contiJnuum
with the points a X O and (a -1) X 03'5 a pahof opposite e.nd
poin1Js.FurthermO're, L(a)=L(a-l) U Ka-l and L(a-l) n Ka-l =
={(a-l)XO}. Sittce both L(a-l) 'and Ka-l a1"echainable cCln
tiJnua w1th pari;rsof opposite end..,points (a X O,(a - 1) X O) and
Ha -1) X O,a X O) respectively, it follows (Lemma 2) that L (a)is
a chainable cOlIltinuumand (a X O,a X O)a pak of i~ opposite end
points.

Case (b). Fi:rst, ob:serve that L (a) is a dosed subset 'Of the
compact space [O,a] M X I and thU!s is oompact itself. Indeed, if
x ~ ([(O,a] M X 1)"Lr(a), then there is a {3 <a, such that x belongs
to the open set (Ip" {{3,(3 + I}) XI 'Of [Q, aL~fX 1. Since L(a) nn (Ip X 1)= Kp U ({3 X I) i~ closed in I:{3X I, 'One can easily find a
neighborhood U(x) 'Of x i:n (Ip" {{3, (3 + I}) XI, such that U (x) nn L(a) = O. Clearly, U{x) is open in M X I.

Now, assume that a is alimit ordinal, a::;: w".Obrservethat for
each pair {3 < {3' ::;: w" we have

L ({3')= L «(3) U (L n ([{3, (3'] M XI». (5)

DefiJne a mapping npp': L ({3') --+ L ({3)by taking for npp' I L ({3) the
identity mappiJngand for npp' I L n ([{3,(3'] M X 1) the mapping,
which 'sends x X y inta {3 X y :::= (3 X I C: L({3). nplJ' is c1early c:on
tinuous and onto; it verifies

npp' np' P" = np,p" , (6)

for {3::;: {3' ::::;;'{3"('lt,pp is defined as the identity map).
It is immediate that {L({3);nplJ'}, p, (3' < a, is aniJnverse system

and that npa: L(a) --+ L ((3) is a system of mappings OlIltO,inducimg
a marpping nP: L (a) --+ Um {L ({3) ; nlJp'}, Due to the C'ompactness of
L (a), tiP is a mappingonto. on the other hand, it is Teadily seen
that nP is a lone-to-one mapping, which proves that

L(a) = lim{L ({3); npp'}, {3,{3' <a; (7)
np a : L (a) --+ L ({3) 'are the correspondiJng pI'>oJecUO'ns.

Notice that npa (a X O)= a X O 'and ~pa (a X O)= {3 X O. Our
a'SSUmptio~nsand Lemma 1 yield thus the assertron of the ahove
propositi'on. This concludes the proof of Lemma 3.
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4. Let aJi he ihe first uncountable 'Ordim..aland B the set of all
ardinals p:::;: aJi. Cansider the UIIlionN' 'Offamtly 'Ofdisjomt copies
Mp, p .:::::B" {aJi}, of ordered contmUJa M (defined in SectilO!I13).
The first and the last element 'OfMp will he denoted hereafter by
ap and bp respectivelyand the seg'ments 'Of Mp, corrresponding to
la hi M, will 'he den'Oted by Ipa. We in:troduce a total 'OTderingin
N' by setti!ng x < Y, x .:::::Mp, y E.. Mp', {J, P' .:::::B "{ aJi}, whenever
P <P' 01' whenever {J = P' and x <y in the ordering' of Mp = M. .
Adjoin a new paint b ta N' and denote N' U {b} by N. Consider N
asardered with b as its maxim aJ element. N a,lso has a minimal
element a = ao .:::::MoC:: N. COOlsiderB as a subset OifN, by identi
fyi!ng {J C~ B" {aJi} with ap C Mp e: N and aJi E,B with b .:::::N.
1t is readi1y· seen tha,t N is an oTidered contiJnuum under the order
topoLogy.

Now, we shalI define ·a cantim.'UUlIllce: N X I as follows,. FlOr
eachp < aJi, cO!l1JSiderMp X I e: N X I as the Carlesian product
M X I of Sectton 3. Let Lp e: Mp X I e: N X I be the set carrespondting
to Le: M X I of Sedion 3 and let Kpa e: Lp be the sets correspolIlding
to Ka e: L. Now, define C e: N X I by

, C = (U Lp) U {U {J X I), (8)
f3 f3

where P 'tn the first term ranges through B" {aJi} and in the second
term mng'es thraugh B" {O}i2).

Lem m a 4. C is a chainable continuum.
The p:r.ooffollaws dosely the proof 'OfLemma 3. Let

[{J, P'J N = {x I x .:::::N, P <x :::;:P'}, {J, P' E. B, (9)

C (P) = c n ([O, {JJ N XI), {J C: B. (10)

Notiee that C (aJi) = C.
One pro·ves, by lIransfinite induction on {J, the followmg pro

posd!tion
Each C{{J), P <aJi, is a chainable cantinuum and the points

a X O and P X O f01'm a pair af appasite end-paints af C (P).

For P = 1 the pmposition. reduc·es ta LelIllffia3. Assuming the
proposition true for ardinals < p:::;: aJi, we conclude that it is true
fnI' p. Again :one has to d~stinguish the case when {J -1 exists and
the case IOf,a limit o.rmnal {J. The fiTst case is treated by reeurring
to Lemma 2. mthe sec.ol!lJdcalSe, ,ane has to prove that C (P) is closed
in [O, PJ N X I. Then one defines mappings 'llPP' : C (fJ') --+ C (P), P <{J', .

. takiJnJgror 'll(JP' I C (f3) the identity map and by sendim.gxX y :::= C n
n ({P, {J'JN X I) 'iri.to P X y'::::: {J Xle: C(fJ). Nerl, 'One pToves that
'llrP : C (P) --+ C (1'), I' :::;: {J, induce a homeomorphism between C{fJ) and
the limit of the inverse sy;stem {C(I') ; 'llry'},I', 1"<{J. We conclude
the argJument by applying Lemma 1 ta this system.

5. Since N and I are ondered ,oontinua, we have

12) Notice that in 'the expression (JX I, (J denotes ap C Mp.
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iJnd (N X I) = 2,

so that e c: N X I implies

Now, we whsh to estahlish
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(11)

(12)

ind e22. (13)

It S'Ulfficesto find a point c:::::::C and a neighborhood Vof c
(in C) such that each open set U 'Ofe, c :::::::U c: V, has,the properly
that its rronti,er Fr U = U'\. U contains a nondegenerate real line
segment; this will imply ind F'r (U) >1 'and thus (13).

Take for V e.g. the open set (N X(1I3, 2/3» ne and for c the
point b X 11213). Let U be any 'Open subset of e such that c = b X
X 1/2 :::::::U c: V = (N X (1/3,2/3» nC. Let (! he the least upper
bormd of rea1s t, ·for which b X t::::::: U. Then clearly, O < e < 1 and

(b X fe, 1]) n U = 014). (14)

Choooea sequ'ence tl < t3 < t5< ... of reals, 0< t2i+1 < (1,

suchthil t (! = lim"t2 i+1 -and
b X t2i+l <: U. (15)

Next, choosea sequence of 'rationals O < TI < T2 < ... < Ti < ,
T2i+l < t2i+l < T2i+2, and choose a seq:uence of ordina1s {JI, /33, ,

j32i+ 1, ... -:::::::B'\. {Wl} in such away that

([P2i+l,b]N X[T2i+l, T2i+2])nec:U, i=O,l,... (16)

This is poss:i:bledue to (15). Let p be the least upper bound of the
seq:uence fJ2i+l::::::: B'\. {wh, i = 0,1, .... It folltotwsthat fJ < (Ul. We
conclude f!"Om(16) that

co

U ([P, b]N X [T2i+l,T2i+2]) nec: u.
i=O

(17)

For each P'E B, P:::;:fJ' < wl,one has Mp' = rp', fJ' + 1]N c:
C{{J, b]N and Lp' c: e. Therefore, (17) yields

co

U (Mp' X [r2i+ 1, T2i+2]) n Lp' c: U,
i=O

(18)

for each (3',fJ <P' <Wl·

Now, coo1isi!derthe sequence O <Tl < T2 <.'. chosen ahave.
There is a certainordinal a < wa such that (Ti) is precisely the
sequence 'of Tatironals (Ti)a assigned to a' in Sectton 3. Stnce Ip' a c:
C Mp', Kp' aC: Lp' 15),We obtain kom (18) ••

13) (1/3,2/3) rdenotes the open interval {t I t El, 1/3 < t < 2j3};
b == (V1 :: B is tthe last point of N.

14) [e,l] denotes the closed. segment {t I t E I, e < t ::;;;;I}.
15) Reeal1 that IlJa (KlJa) are the su:bsets of MIJ ('OfLs), which corres

pond to the set's la (Ka) of M ~of L),
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00

U (IP'a X i(T2i+l,T2i+2]) n KP'a eu.
i=O

(19)

Observing that Kp'a eorrespondts to K{(Ti)a) = K (Ti) and inspecting
the figure, we conclude that (IP'a X [r2i+l, T2i +2])nKP'a is the
straight line segment li, joining the points (2/3, T2i+l)'Mld (1/3, T2i+2)

in Ip' a X I. It isevident that the Ime segment [1/3, 2/3] X e C Ip' a X
XI, e = lim Ti, belongs tO'the clos.ure 'Ofthe union ef the segments
li. By (19), it belongs a fortiori to U, s'o that we have

{1/3, 2/3] P' a X e C:;: U, (20)

for each {J', {J < {J' < COl;here [1/3, 2/3L~'a denotes the segment [113,
2/3] of the copy Ip'a IOfI = lO, 1] :and U denotes the c1O'sureof U
with respectto C.

If wea'ssume the exiStence of at least one {J', {J<{J' < COl,
having the property that the line segment {1/3, 2/3] P' a contalins a
rl:On~degenerates'Ubsegrnentwhich i,sdisj'oi.nt with U, th~n it foUolWs
from (20) that FT U oontams that subsegment. On the ,other hand,
if there is nIOsuch {J', {J <{J' < col,·Jhen for each {J', ane can cerlainly
find a ppint ep' a '-::.. [1/3, 2/3] P' a contain.ed in U. U beingopen, it
also cOIIltainsthe intersection o,f Kp' aC C with a S€t 'Of the form
[X1, X2] X [e - e, e + el, where [Xl,X2] is a .non-degen€rate suoo-e
grnent IOf [1/3,2/3]P'a and e> O. Insp€ctin\g :aga.rl.nthe :fiiguTe,it is
evidtent that one canchoose, for each {J', a lin€ segment contained in
this intersection (and a fO'rti.ori in U), whose end~oints have
distinct rational coordinates sp' and tp', such that e < sp' <tp'. The
set B' = {{J' I {J ::;:: {J' <COl}:being uncountable, there is 'aJsubset B"
of B', which iS cofinal in th€ set B' and has the 'ProP€·rty that both
sp' and tp' have constant (rati'onal) values s. and t respectively, fQr
all {J'E B". It follolWsimmediately, that the n:on-degenerate line
segment b X [s, t] C b XI C C belongs to U (b = COlE B is the last
point of N). On the 'other hand, e <s < t, sO'that (14) imp1ies (b X
X [s, tJ) n U = O. Henee, b X [s, t] is a non~degenerate segment of
Fr U. Thd.sproves that Fr U always contains a non~egenerate line
segment, which implies (13) and cO'mpletesthe Ip'roof'OfTheorem 6.

Remark 4. We beHeve that there exiSt ehainable continua X
with arbitraTi1y largoeinductive dimension.
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LANCASTI KONTINUUMI I INVERZNI LIMESI

S i b e Mar d e š i c, Z a g r e b

Sadržaj

Konacna ured'ena familij a :(U1 , ... , U n) otvorenih skupova U i
zov·e se lanac, ako je Ui nUj =F o !Onda i samo onda, kada jeli- ji < 1. Ka·že se da je topološki Hausdorffov prostorl) X lancast,
ako svaki otvoreni pokrU.vac pr.osto'ra X dopušta jedno rpro:finjenje
{Ul, ... , Un}, takovo da je (Ul, ... , Un) lan,ac. Svaki lan casti X
joeniUŽno!kompaktan i povezan, dakle kontinuum.

OS'Il!ovni,primjer lancasfog kO!l1,tinUJumaje lUk, t. j.homeommfna
slika segmenta 1= [0,1] realnih brojeva. R. H. Ros en je nedavno
postavio !Ovaj problem ([8], IStr. 170.): Da li je moguce dobiti svaki
Umcasti kontinuum kao inverzni limes2) nekog inverznog sistema2)
lukova?

U 'Ovom clanku se gornji ~oblem dovodi u vezu s ovim proble
mom 'o dimen:l'ijd. prekrivanj a:

Da li ISesvaki k'Ompaktni 'Prostor X, za kojeg je dimenzija pre
krivanja dim X ~ n, može dobiti ka'o inV'erzni limes nekog rnverzmog
sistema polied.aiI'a Pa, za kode je dim Pa < n?

U radu [7] b10 je dan negativni lodgovor na drugi 'Od gornjih
.pmblema. Tocnije, bilo je p ()Ika'Zatrroda ~ompaJktni prostori X, za
k.oje je dim X = 1, dok im je iJnduktivna mmerrz;ija ind X > 1, ne

.mogu hiti mverzni limesi poliedara dimenzije < 1 ([7], Teorem 4.).
EgZJi'stencijl11kompaktnih p:mstora s gOI1Iljimsvojstvima utvrdili su
ranije A. Lunc [6] i O. V. Lokrucievski'l [5].

U ovom clanku (u tocki 4.) se lmnstrnktivno definira jedan lan
casti kontinuum C sa svojstvom ind C = 2. Kako je dimenzija pre
krivam.jaza svaki lanca'5ti kontinuucrn ocito < 1, to postojanje kon
mmuma C predstavlja paoštr:enje .rezultata Lunca i Lokucievskog.
Iz [7], Teorem 4. slijoedi da C ne mo~e hiti inverzllIi limes luk'Ova, te
je tako dobi ven negativni 'Odg'Ov,Q'rna problem Rosen-a.

1) Za sve prostore u ovom clan~u pretpostavlja se da su topolo'Ški
Hausdorffovi prostori.

2) Osnovne definicije i cinjenice u vezi s inverznim sistemima i
njih'Ovim 1imesima 'Opisane StU na primjer u [2] i [4].
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Nadalje je u [7] bHo pokazan'o, da je svaki n-dimenzionalni
~ompaktni prostor X inverzmi limes jednog i,nverZiIlogsistema n
dimenzionalnih metrizabi,lnih kompa:kata. U ovom radu (tocka 3.) se
dokazuje analogni teorem (TeoI'em 2'.): Svaki lan casti kontinu'l.Lim
je inverzni limes jednog inverznog sistema metrizabilnih lancastih
kontinuuma. Dokazi obaju teorema tekJUparalelJl1:o,pa je stoga po
~eljno dobiti jedcllnop6eUli'ti teo'rem, koji bi aqa go:mja teorema
obuhvatao kao specij'alne 'slucajeve. To je ucinjeno u tocki 2. ovog
rada, ,gdj'ese promatra neko 'opce svojstvo ~, koje je defiJnirano za
sve kampaJktne prostore, talm da svaki kompak1Jni X ili ima svoj
stvo ~ Hi nema to svojstvo. Na sv,oj,stvo~ se zatim postavljaju ova
tri uvjeta:

(A) Uvjet wproksimacije. Neka je X bilo koji kompaktnJi.ppostor
sa svojstvom ~,neka je P neki rpoUedar sa zadcllIlommetrikom
d, r > O neka je realni Ibroj, a f: X ~ P neko preslikavanj e (nepre
kidno). Tada postoji poH'edar Q sa sv:ojstvom ~ i postoje preslika
vanja g:X-+Q,p:Q~P, za koja vl'lij.edig{X)=Q i d(f,pg)s;;,r.

(B) Uvjet nepre1cidnosti. Neka je {Xa; naa'} neki inV'erzm sistem
kompaktnih prostora Xa, 'koji svi imaju svojstvo ~, i neka su naa' :

: Xa, ~ Xa preslikavanja na citavi Xa• Tada i X = lim Xa ima svoj
stvo ~.

(C) Ako je X kompa:ktni 'PI'IostOO',Q neki polieda:r,a f: X ~ Q
preslikavanje, te ako X i Q imaju S\nojstvo~, tada i f (X) ima svoj
stvo ~.

Primjeri. (1) Neka tV:I'dnja »X dIna svojstvo ~« znaci da je
dim X s;;, n, gdje je n neki cvrsti cijeli broj, n >0.

(2) Neka tvrdnja »X ima svojstvo ~« zna:ci da je X lanca.'st.
Ova lo'basv'Ojstva ~ zadov,olj.avaju (A), (B) i (C).
Sada možemo izreci ov.a:jop6enrl.'titeorem:
Ako svojstvo ~ zadovoljava (A), (B) i (C), tada se svaki kom

paktni prostor X sa sv ojstv om ~ dade prikazati kao inverzni .limes
jednog inverznog sistema metrizabilnih kompakata sa svojstvom ~
(Teorem 2.).

U Tadu su dokaza'na još dva 'Orp,cateor'ema o faktorizaciji (Tea
rem 3.), odnosno 'o razvijanju u i:nverzne sisteme (Te-orem4.).

(Primljeno 27. VI. 1959.)


