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Gjuro Kurepa, Zagreb

The cardinal number k S (resp. kG) of an ordered set S (of a
graph G) depends on the cardinal numbersof its chains and anti-
chains. A particular kirid of ordered sets - trees ar ramified tables
T - was considered i:n our Thesis (Kurepa [1]) in connexion with
the Suslin problem, when I was lead to the hypothesis that k T is
the supremum of kc T and k; T2) (for definitions see the glossary).
Another kind of this problematies is related to the question whether
the numbers kc S, k~ S are reached. In this conriexion we proved
that every infinite »narrow« tree T contains a chain of the same
cardinality as the set T itself (ef. Kurepa [1] p. 80 Th. 5 biS, also in
Kurepa [8] where the same theorern with its proof are reprcduced).
As far as we know iboth kinds of these probleme were considered
for the first time in our Thesis.

The next step was the same problematics for general ordered
sets, The question was resolved in 1937 (of. »relation fondamentale«
(1) in Kurepa [3]; and [4]). In particular, kS depends exponentially
upon kc S and one has kS::;;: (2 k; S)kc s (ef. § 5). The proof of this
item is extensionable to binary symmetrical relations as I found in
1950. I thought that the same result should ho1d for n-ary sym-
metrical relations (Kurepa [6], [7]); therefore, I !postponed the corn-
plete publication lof this paper which was promised to the Journal

1) We delivered these lectures on the matter:
1. Uber binare symmetrisohe Relation, Munioh, 06.9.1952 (Congress

of the »Deutsehe MathematikervereinigunJg«).
2. O slrnetričnim relacijama oi,gra.fovima, Zagreb, 03. 12. 1952 (Col-

loquium, DTUŠ·tv.o matematičara i fizičara NR Hrvatske).
3. Sur des relations binaires, Faris, 24.02. 1953 {F·acuilltkdes Seiences).
4. O kombinacijama, Zagreb 17.3.1954 (Colloquiurn, Društvo mate-

matičara i fizičara NR Hrvatske).
!) The Suslin problem is equivašent to the problem whether f!!Very

tree is oountable if eaoh of iots chains and antioha-ins is countable (Kurepa
[1] 'PP.106 (passage b), 124, 132).
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[ur die 1'eine und angewandte Mathematik after my lecture on
the 09. 9. 1952 in Munich and sent for publicationly a part of it
(Kurepa [6]).

In 1952 I lectured on the same subject in Paris, at the Faculty
of Sciences; then I was informed by G. Riguet about the work of
Ramsey [1], P. Erdčs [1] and R. Rado. Anyway I delayed the publi-
cation of my paper hopirig to extend the theorem 7.2 (resp. 9.2) in
the same forrn writing Ir i:n:stead of J 2 (resp. writing r mstead
of 2), for any integer r> 1 (ef. Kurepa [7]) and not only to have
evaluation of kS contained in the theorem 8.3 (resp. 9.4) I was
stopped, too, by the problem we announce in § 10, in particuIar as
to the existence of the number R (1', n, ~a), for finite r and n. More-
over, I had the idea to gather all the resuits and publish them in
a par-ticular work.

Now, that I was informed by P. Erdos that Hajnal proved that
the evolution 'of k S1n theorem 8.3 (resp. 9.4) is the best one,
I decided to publish this paper jointly with reimpression of my
original paper [4]. .

Obviously, there are cormexions between my papers and those
of Erdos - Rado.

It is instructive to notiryhow the tree considerations are play-
ing an important role in the theory of general symmet1'ical relations
(ef. §§ 3.2; 6.2, 8.4.5). We stress also the idea of product of relations:
this idea played an essential vole in our proots'".

1. Definitions and Notations.

1.1 D efi n i t io n. For an ordered set (S; <i ) let T'S denote
the first ordinal riurnber which is not representable in (S; <i).

In other words, I r S denotes the system of all ordered types
of well ordered subsets of the ordering (S; <i).

1.2.r S* denotes r (S;». Consequeritly, Ir S* denotes the
order types of inversely well ordered subsets of (S; <i).

1.3. Ke S resp. K~ S denotes the first cardinal number non-
representable as chain resp. as antichain in (S; <I). .

1.4. In pacticular, let WeS denote the first cardinal non repre-
sentable as a well-ordered subset of (S; <i); W"S* = Wc (S; ».

1.5. D efi n i t i on.

We S = (W c S)-, Wd S = (W('S*)-;

kaS = kcS = (K~ S)-.

1.6. Analogously, for every binary graph (G; e) let

x, G resp. K~G = Ka G

3) The idea of intersection of relations is the very basis of dimension
theory of ordered sets in the sense Dushnik-Miller.
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denote the first cardinal number which is not representable as a
chain resp, as an antichain of the graph (G; e}4).

Let kc G = (Ko G)-, ka G = (Ka G)c-.

1.6. The R-operator. Let X be a partof an ordered set (S;<).
We denote by RX any maximal antichain of X such that RX ;?
;: Ro X; Ro X denotes the set of all the initial points of X i. e.

RoX = {xix:::::::X, X(., x) = O}.
Analogously, for any graph (G; e) and X ~ G we denote by

RX amy maximal antichain 'of X.
1.7. N'u mb e r s NS, nS.
For a chain C 'of (S; <) let S (C,.) denote the set of all the

points x of S satisfyimg C < x i. e. y < x for each y :::::::C. In par-
ticular, S ('O,.) = Ro S. We denote by N (S; <) ar N S the first car-
dinal mumber I> kR S (C,.) for each chain C ~ S. We denote by
n{s, <) or nS the number (N S)-.

2. Trees or Ramified Tables.

2.1. D efi n i t i o n. Am.ordered set T is said to, he a tree OI'

a ramified table, provided for every point x :::::::T the set T (. , x)
is a well ordered subset 'of T. The void set (2) is a tree too.

2.2. D efi n i t i 'on. Let Ra T be the set of all the points x E,T
such that the set T (. ,x) be of order type a.

2.3. D efi n i t i o n. The first ordinal such that Ra T = (2) is
called the height ar the rank ?' T 'of T.

2.4.1. One has this disjointed partitian of T in rows R, T of T:

T=URaT, (a<yT)
a

k T = 2: k Ra T, (a < y T),

from which it follows that

k T ::::;;:,mT· k ?' T with

mT = sup k Ra'T.
a

and the more

each TOW being an amtichain.
2.4.2. According to our hypothesis we have

»r s: kaT. kcT

4) (! ds a binary symmetric relatnon in the set G. If a subset of G
has no pahr of (!-comparabte (resp, (!-incomparable) dli:stilnct elements,
this :subset is reterred to as an antichain (resp. chain) of thegraph (G; (!).
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for every tree To This hypothesis is equivalent to the positive answer-
to the general Suslin problem: each ordered chain e contains a set
of cardinality s e which is everywhere dense in e5)

2.5. L e mrna. For every y' < y T the set Ry, T is non empty;
there exists at least on point x such that the order-type of T (o , x)
be y'.

2.5.1. yT = TT.
2.6. A nade of a tree T is each maxim al subset in which the

mapping x --+ T (. ,x) is constant. In particular, Ro T is a mode of T.
2.6.1. Le mrna. For any tree T the cardinal NT ar N is the

first cardinal n'umber > k X, X being any nade of T.
2.7.1. The <orem. For each a < r Tone has k n, T :S:k"all, where

ka, aa are cardinals satisfying ka < N-, aa < k (1 + a). T is similar
to a subset of the set T (n; y) of all the sequences of length < y T
of ordinals <w (n) ordered by -1 relation.6) One has k T (n, y) =
=2~~0~~. I

The proof is carried out by induction.
2.7.2. The <o rem. There are two mappings a -+ ka, a -+aa of

I y T into cardinals such that ka ~ n, aa ~ k (1 + a) and k T ~ 2 ka aa
(a < yT). Il

The theoTem is a consequence of the disjointed partition T =
= URa T (a < yT) and of the 2.7.1.

Il
2.7.3. T h e'o rem.

k RaT ~ (InT)WcT(a < yT) and kT ~ (n T)wcTwcT;
in particula1' k T ~ (n T)WcT provided n T > 1.

The theorem is a consequence of 2.7.2.
2.8. The <orem (a) Let T be a tree and N = NT the first car-

dinal number greater than any nade of T. There exist two yT-
sequences of cardinals

ka ~ N-, aa < k (1+ a), aa < te; (a < r T) (1}
such that

(2)
a

If N is regular one could request, moreover, that

ka < N for every a < y T ; (3)

(b) The general continuum hypothesis ir.tplies for any regular N the-
existence of two mappings of I K, :

x -+ kx in to I N
and x -+ ax into I Kc

such that
(4)

5) sC denotes the supremum of the cardinals kF, F being a disjointeđ.
system of open non empty intervals of C.

6) x -Iy meaus: x is a proper initral part of y,
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P r o of. 2.8.1. The coexistence of the relations (1) and (2) was
proved in § 2.7.1; only it remains to prove that the condition
aa <x, rnight be required. Now, sup k y' .::;;:kc'::;;: k r T. If y is not
initial, then kc = k'Y and one could suppose aa < Kc. Let, therefore,
r bi initial. If kc < k y, then ky''::;;: v; thus aa < x.. There remains
the case kc = (k y)- = k y; then k y' < kc. Thus in amy case we could
demand that aa <Kc.

2.8.2. Let us prove (2) UiIlderassumptions (4) f·or any regular N.
Let n = N-. We have n'::;;:N. If n <N, it is suf'ficiant to put

ka = n, aa = k (1 + a). Therefore, let us consider the case n = N.
One has either k T = k Y T 01' k T > k Y T. In the first case it is
sufficient to put ka = 1 and aa = 1 :6orevery a < y T: the relations
(1), (2) hold good. In the seeond case k T > k Y T we have k T = mT
with mT = sup k n, T, (a < y T). Now, either n ~ k y T or n < k y T.
If n ~ k r T we put ko = k Ro T, kJ = .2: k R (x, .). Let O< a < r T

xE '<',1'

such that the cardinals ka" aa', be determined and that

k Ra' T .::;;:s»; aa' (a' < a).

If a is of the second kmd we put

ka = sup ka', aa = k (1 + a) ;

the number n (= N) being regular and > k T one has ka < n and
obviously k R; T'::;;: ka k (Ha). Let now a be of the first kind. Then
the cardinal kRa_1 T is either < n or ~ n. In the first case we put
ka=2:kRT(x,.), (x ~ Ra-1T), aa=k(l+a); 'in the second case
put ka = ka -I. In both cases the mumbers ka, aa are determined and
one sees that the equation obtairied from (5) by the substitution
a-+ a + 1 holds.

2.8.3. Now, we shal l prove that the domain 'of the mappings
x -+ k:r, x -+ az might be the set I Kc of cardinals <K~ (instead the
set I y T of ordinals < y T), pnovided both N be regular and the
general continuum hypothesis <j,sholding.

We have to eonsider two alternatives, according as the number
kc = Kc- is reached Dr not reached.

2.8.3.1. kc is reached i. e. there is a chain of cardinality kc. Then
kc=ky OI!' kc<ky. Let kc=ky. If N<kc then k.rkc'::;;:k~k~=2kc
and 2: 2 kc = 2 kc . v; = 2 kc i. e. (4) holds. If N> kc, then k.r < N =)

<'Y
=) kz kc .::;;:N amd N kc = N (N is regular, and the continuum hypothe-
sis is assumed l) amd k T'::;;:N - again (4) is satisfied.

In N- < N then N- > kc and (N-) kc < N ; if N- is regular,
then (N-) kc = N- and k T < N- i. e. k T = N- - all right!

If N- is singular, then (N-) kc is either N- OI' N; in both cases
k T = (N-) "c = ~ (N-) "c.

(5)

Tir"

2.8.3.2. kr is reached and k; < k,!; then ind kc + 1 = ind k y,
where a = ind ~ s- The preceding reasoning applies in this case too.
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2.8.3.3. kG is not reached: kG = Kc = KG- = k yT being initial.
We have these alternatives: N:::;:kG and N> kG'

2.8.3.3.1. If N <kc, then kx < kG and lane could take ay' > ky',
thus ky,ay' = 2ay'. Therefore, kT:::;:.2: 2ay'. Now, ay, < kc and conse-

"1'

quently 2 ar' :::;: k y = ~),.On the other hand one proves readily this
Lemma. To every y~sequence of .cardinal.s by' <~),corresponds

a l-sequence of cardinals dl' < ~i. such that L: by' < L: d).'. (*)
'Y' A'

As a matter of fact c f OJ), = c f l. On the other hand the number
(*)] is :::;:~),; now, the number (*)2 might be ~J., although dl' < ~x.

2.8.3.3.2. Let USnow consider the case N> kc. We might sup-
pose ky' > ay' .and ky' to be regular and therefore k/'r' = k}., (conti-
nuum hypothesis!) and finally kT:::;: N-.

Now, N-:::;: N. The relation N- = N is not possible: otherwise
one would have k T = N and the number k.T (= N) would be the
sum of a y-sequence of numbers <N - absurdity, N being regular.
Therefore, necessarily N- <N; and in this case it is sufficient to
put k = N-, ax = 1 for any x ~ I Kc, to convince us that the rela-

lation (4) holds.
The theorem is completely proved.
2.8.4. Rem ark. If N is not regular, the relation (2) might be

false under the assumption (3). This is shown by a tree T satisfying
yT = 2, SoT = {ao, al, ... all, ... }, kR T(a,,,',.) = ~w"

3. Ranged Sets.

3.1. D efi n i t i o n. An ordered set B is ranged provided each
of its chains is well ordered.

3.1.1. Le m m a. The set Ro B of all the initial points of a ranged
set is a maximal antichain of B i. e. Ro B = R B (ef. § 1.6).

3.2. A tree T B associated to B {ef. Kurepa {4] § 2). Let us eon-
sider the sets .

B(., x] (x E B).

The maximal chains of any of these sets form a well defined family
of chains of (B; <i); we shall denote it by

T B or more explicitly (T B; -I) where the relation =1 means
»to be an initial segment oj«; in other words if X, Y are sequences
·or well ordered sets then X =1Y means that X is a begirming part
of Y; in particular X -IY means X =1Y and X =f: Y i. e. X is a
proper initial portion'O of Y.

By induction argument one sees that

1) The syrnbols =1,-I replace the symbols ;;;:;";;;:;k, <. of some of
my previous papers.
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3.2.1. Lemma. RoTB= {ao}, (ao E RoB)
Rl T B = (ao, aJ), (ao E Ro B, (al E Ro T (ao;))

and for every a <r B
R. T B = {X ± (a) I X E Ra_ 1 T B, aERo B (X, .nprovided a 'E I

RI T B = {sup C I C
being any maximal },-chain in the set (U Ra' T B; -In.

<l'

By definition, sup C means the least sequence s such that
x =1s for every x c: C.

3.2.2. r T B = r B
3.2.3. kc T B = »: B
3.2.4. N T B = N B, n T B = n B.
3.3. The ore m o n r a n g e d set s. For each ranged set

(B; <i) we have

In particular
k B < (n B)kcB provided n B > 1.

The theorem is an immediate consequence of the obvious relation
kB::=;;: k (TB) and of the 2.7.3, 3.2.2, 3.2.3 and 3.2.4.
Since nB ::=;;:kc B the theorem 3.3. implies this corollary:
3.3.1. C o I' o Il a r y. For any ranged set B one has kB::=;;:(2ka B)kcil
(ef. Kurepa [4] Lemma p. 63).

3.3.2. The ore m (a) For any ranged set B there are two r B-
sequences of cardinal numbers

ka::=;;: (N B)-, aa::=;;: k (1 + a), a < te; (c < r B)
a

such that

"
If N is regular, one could require that, moreover,

ka < N B, (a < r B).

(b) The general continuum hypothesis implies for any regular
N the existence of two mappings of IK, : x -+ k, into IN and x -+ ax
into I K, such that kB'::=;;:2: k,"x, (x - I Kc).

The theorem is implied by Th. 2.8. and. the lemmas 3.2.2, 3.2.4.

3'. G-ranged Sets.

Let ....•rbe a binary ariusymmetrical relation; this means that
for distinct points a, b the relations a ....•b and b~ a are not possible
(the relation a--4- a is not excluded; the transitive property of --4- is
not excluded either).

3'.1. Def. An oriented graph is any ordered pai.r (S; --4-) of a set
S and an an1Jisymmetrical binary relation --4- in S.
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3'.2. A g-ranged set is amy oriented gr aph (G; --*) in which
every non void chain C has an initial element i. e. .an element e
such that e -+ x f.ar every x c:: C.

3'.3. For any X ~ G let R X he a maximal antichain containing
every initial point of X.

For amy ranged set (G;~) and any X ~ G the antichain R X
is well determined just like for ranged sets (B; <i).

3'.4. Dual g-ranged set of (S,~) is the structure (S,~) where
a ~ b means b ---. a.

3'.5. The' preceding cansideratians on ranged sets hold for g-
ranged sets too.

4. Ordered Chains.

4.1. Let E he a chain and co a normal well - ordering of E.
Let B he the set E ardered by superposition of the given arder in
E and the well-arder w. B 1:S a ranged set and

te, B:::;: w, E; (1)

Ka B:::;: w, E, (2)

r os r». (3)

Let us prave (2). Let A he any antichain in B. Now in the
wellarder w, the set A IS well-ordered; the same set A in the given
chain E is Inversely well - orđered, - otherwise A would he no
antichain in B: any ccuple of d:istinct poirits of A are distinctly
ardered in E and w.

Since k E = k B on applying the theorern 3.3 we conclude that
k E :::;: (Wd E)1Đc E.

Analogously an cansidering the order (S; » instead of the order
(S; <i) we see that Wd(S, » = wc(S, <), wc(S; » = Wd(S, <i) and
the preceding relatian yields

k E :::;: (wc E)1Đ'd F:.

Thus we have the foflowing result.
4.2. The ore m. For every totally ardered set E we have

k E :::;:ab

where
a = sup {wc E, Wd E}, b = inf {wc E, Wd E}.

4.2.1. Car o Il ary. F01' every ordered chain E we have

k E :::;: 2a, a = sup {wc E, Wd E}. (Hausdorff).

The thearem 4.2. is a strengthening of the preceding corallary.
E. g. if far a chain Wc E = 2~O, Wd E = ~o, then the theorern yields
k E :::;: (2~o)~o = 2~o; by the corollary one has the weaker majoration
kE:::;:2~o.
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4.3. Rem a r k. As application of the theorem 3.3.2. one gets a
corresponding statement for ordered chains.

4.4. The s-number of a chain E. For a family F of sets let S F
be the first cardinal > k D, D being any disjoirited sistem orf sets
which are elements of F. We put sF = (S F)-. Thus s F is the
suprernum of k D, D having the same meaning. For an ordered set
E we denote by S E, s E respectively the numbers SF, sF, F meaning
the family of all the open intervals of E.

4.4.1. Lemma. For any ordered chain E sE>wcE, SE>WdE.
4.4.2. Theorem. kE::;;'2sE

The theorem is a corrolary of 4.2.1. and 4.4.1.

5. Ordered Sets.

5.1. Let (E; <) be any ordered set (partially or totaly ordered);
let W mean a normal well-order of E. Let (B, (!) mean the ordering
of E obtained as the product of the orderings (E, <) and w i. e.
x (! y means that x precedes y in (E; <) and in w. The set {B; (!) is
ranged. By theorern 3.3 we have

i.e «; (nB)kcB », B.

Now, kc B::;;' WC (E, <): therefore

kB::;;' (nB)WcE Wc E.

(1)

nB ::;;,ka{B, (!).

(2)

(3)
On the other hand

Now, let A be any antichain in (B; (!); let (A; o) be the order of A
obtained as the product of the ordersof A in (E, » and in w. The
set (A; o) in ranged and obviously

Ka (A, a) ::;;,Ka (E, <) i. e. ka (A, a) ::;;, ka E
kc(A, a)::;;' kc(E, » = kd(E, <) = kd E. (4)

By the theorem 3.3. we have, therefore,

kA::;;' (ka A)WcA. Wc A::;;' (ka E)WdE Wc A. (5)

Taking here the supremum with respecf to the antichain A in (A, (!)
one gets

ka B = sup kA::;;' (ka E)WdE Wd A (6)

and the formula (2) yields
kB ::;;'Hka E)WdE Wd A]kcB Wc B = (ka E)WdE' WcE (Wd E)WcB

i. e. (since kB=kE):
k E ::;;,(ka E)W'cE WdE (Wd E)W'cE. (7)

By permutmg the mdices c .and d,one gets another similar formula.
Therefore, we have the following theorem.
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5.2. Theorem on ordered sets. Putting for any ordered set E

x = sup {wc E, Wd E}, Y = inf {wc E, Wd E}
we have

k E :::;: (ka E)X . xu.

5.2.1. C.o r O Il ary. For any chain E
in (8) ka E = 1; ef. Theorem 4.2).

5.2.2. Cor o Il ary. For any ordered set E we have k E < .
:::;:(2 ka E)X, x = sup {wc E, Wd E} (ef. relation (4) in Kurepa [4]).

As a matter 'of fact xY:::;: XX = 2x, and the rela tion (8) yields
k E :::;: (ka E)X 2X = (2 ka E)X. Q. E. D.

(8)
we have k E :::;:xY (put

6. Bšnary Symmetršcal Relations. Graphs.

6.1. As an immediate generalization of preceding considerations
on ordered sets one has the corresponding results for binary graphs
(G; e). The role of the comparability) (oesf. incomparabtlity) relation
in ordered sets is played now by any binary symmetrical relation e.
Obviously, in this case the nurnbers Wc, Wd are to be replaced by
the number Kc defimed as the first cardinal mumber > k C, C being
any e-chain of the graph (G; (!). Analogously, Ka ar K~ is the least
cardinal > k A, A being any antichain of the graph.

6.1.1. Dual graph (G; e*) of a graph (G; e) is obtained from
(G; e) by perrnuting .the connexion and the disconnection relation:

a e* b (=) anan (! b.
Consequently,

kc (G, (!) = k~ (G ; (!*)

kč (G, (!) = kc (G; (!).

6.2. To every graph (G; (!) we associate a tree (T G; =1) in the
following way. (ef. § 3.2). Let W a normal well-order of the set G;
let the relation -+ mean the product of the (!-relation and of the
well-order relation W d. e. a -+ b (=) a o b and wa <w b. Then for
any ~ chain C we have the set G (C, .) =

{x 1 x č- G" C, c -+ x for every c ~ C}

as well as the set R G (C,.) of the first points of G (C, .). 'I'hen to
every a :: G one associates a ~ -chain C (a) = Cl)(a), Cl (a), ... such
that a :: C (a) and C' (a) . ~ a where C' (a) = C (c) - {a} and that
Cda) :: R G({Co(a);. Cda) .. },.). The set C(a) is a maximal+> chain
of the" set G (, . c], The length JI C (a) of C (a) is :::;:w (a), C (a) being
also a e-chain, one has necessarily JI C (a) :::;: w (kr)' The tree T G
will be formed of the ohains C{a), (u E G) and ordered by the
rela tion =1-

6.2.1. Le Iri ma. The sets (G, (!) and (T G ;-I) are connected by
the relations:
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«c «: kTG (1)

(2)

(3)

y T G < W(kc)

NTGš. KaG

Let us prave for instance the last relation. Let C be a chain in
(T G; =1); then U X = X is a chain in (G; -+); the set G (X, .) and

XEC
its initiai row R are well determined: Risa e -antichain and one
sees that the elements X U {x}, (x ~ R) form the nade R (T G (C,.»
of (T G; -I>.

6.2.2. T he ore m. For any graph (G; e) one has

«c «;»
where

x = sup {ka G, kc G}, y = inf {ka G, kc G}.

As amatter of fact, the nOS2.7.3. and 6.2.1. imply

kG Š. (ka G)"cG . »; .G.

Now, for dual graph (G, e*) the analogous relation yields kG <
Š. (kc G)k'a G . ka G. And the last two formulas yield the required
formula of the theorem.

6.2.3. The ore m. Let (G; e) be a graph of cardinality > 2~a;
then G contains a e -chain ar a e -antichain of cardinality> Ka.
This is a direct consequence 'Of 6.2.2. T.

7. On Symmetnical Mappings with 2 Variables.

·7.1.Defi:niti'On. Let 12={O,1}; for any set S let S11/2 be
the set of all the ordered pairs (x, y) such that x :::::S, y :::::S and
x =!= y.

7.2. The ore m. Let S be any set and f a symmetrical mapping
of S1112 into InS), where for a given number n we denote by In the
set of numbers < n.

If k S.'> 2~a and n <w, then there exists a subset X of S such
that kX > K, and that f be constant im,X11/2. The conclusion need
not hold provided kS < 2~'a ar provided f he non symmetrical,
regardless of the rnumber kS.

p r o o f 7.2.1. The proof will be carriedout by the induction
aegument on n. •

F i r s t ste p: n = 2. Let us denote the relation .f ta. b) = O by
a e b; then we have the graph (S; e) and the wordina »X is a chain
(antichain) in (S; e)« is equivalent to the warding X, /2 ~ [f-l O},
(resp. {f-1 1}). Therefore, the theorem 6.2.3. implies the theorern 7.2
for n = 2.

8) i. e. f (x, y) = f tu. x).
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Se c o n d ste p: let 2 < n < w and suppose that the theorem
7.2 holds for every n < l. We shall prave that 'it holds also for n = I.
For this, let a o b mean f (a, b) = l-l. On gets the graph (S; o).
We have these alternatives: F i rs t c ase: S contains a o -chain X
of cardinality > ~a; this means that the theorern holds for n = l.
S e c on d c ase: every o-chain im (S; o) is ::;: ~a. In this case, S
contains necessarily an o -antichain A of cardinality > 2 ~a; in the
opposite case, one would have kA::;: 2~a for every o -antichain.
In virtue of the. theđrern 6.2.2. one would have kS::;: (2 ~a)~a = 2~a,
contrar ily to the hypothesis, Consequently, there exists a o -anti-
chain A of cardinality > 2~a; this means that the restriction of f
on A is a mapping of Al2 into I (I-I); by induction hypothesis, A
contains a sub-set X 'of cardinality > ~a such that f be constant in
XUI2. Finally, the theorern holds 11O'rn = I too. Thus it holds for
each n<w.

7.2.2. On the other hand, let Ma be the set, orđered alphabeti-
cally, of Wa -sequences of rational numbers 'and OJ a normal well-
order of Ma. If we put f(a, b) = O if and only if a precedes b and
and w a <w b, and f (a, b) =l= 0(=) Ha, b) = 1, then f is a mapping
of Mal2 into 12 which is non constant in every square of cardi:nality
> ~a; the cardinal number of Ma is ~o.a i. €. 2 ~a. Thus the oon-
di tion kS> ~~'L of the theorern is necessary.

7.2.3. On the other hand, let S be any set and f ·a mapping of
SI2 anto 12 such that f (a, b) =l= f (b, a) for a =l= b. Then f is non-
constant 'on the square XI2 for each X <;: S, k X > l. Thus the sym-
metry condition of f in the theorem is necessary.

7.2.4. Rem ark. I thought that by induction argument the
theorem 7.2. holds for Ir instead of 12 for any integer r > 1 (ef.
Kurepa [6], [7]); ef. also the theorems 8.3 and 8.4, 9.4, 9.5 and the
remark. 9.6).

8. On Symmetrical Mappings.

B.l. De f i n i ,t io n. Let (A, B) be any orđered pair of sets and
AllB or All (B) the set of all the one-ta-one mappings of B mto A.
In parrticular, r being any ordinal number, AJ1Ir denotes all the
one-to-one r-sequences of elements of A.

By definition we put A = A]1I1.

B.2. D efi I!l i ti a-n. Let (m, n) be any ordered Iair of numbers
and r any ordinal <w; we define mr n in the Iollowing way:

mon=n, mln=mn, mx+l=m"'xn

E. g. 32 4 = 334

B.3. Ma i n the.o rem. Let S be a set and r apositive integer
and ~a any aleph. If there exists a symmetrical mapping f of S11Tr

into a set M of cardinality m such that the relations
X <;: S, kf XJlIr = 1 imply «x s: ~Q'
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then
»s s: mr-l Ka.

The theorem is equivalent -to the following theorem.
8,4. The <orem, For any positive integer r and set S let f be

a symmetrical mapping of Sl1 Ir into a set of cardinality m. If
m:::;: Ka and kS >mr -1 Ka, there exists a subset X of S such that
kX> Ka and that Let f be constant in x.,«.

Therefore, let us prove the theorem 8.4, The proof will be car-
ried out by induction on r. .

8.4.1. The theorem holds for r = 1: if a set of cardinality
> mo K ,(= Ka) is rnapped by f ·i;ntoM with kM:::;: Ka, then f is
constant on a subset of S of a cardinality > Ka' In the opposite
case, there would be k {-f a} :::;:Ka f.or each a E: M and the rela tion
U{-fa}=S would imply kM· Ka>kS i. e. Ka·Ka~kS, eon-

aEiU

trary to the hypothesis k S.'> Ka.
Let nDW e be any integer > 1 and suppose that the theorem

8,3 holds for each r < e; we shalI prove that it holds for r = e tDO.
8.4.2. Let

(w) ... wO' wl' w2' •••

he a 1-'-1 mapping 'OfI W{k.) onto S. For every a E S we define a
subsequence C (a) 'Ofpoirrts x E: S satisfying -x:::;:- wa9). We put

C(wo) = (wo), C(Wl) = (wo WI),.,., C(We_l) = (wo, W1,.,., We-2).

For any 'other point a E: S »re put ao= WO,al = W1, ... , ae-2 = We-2
and defi:ne ae-1 as the first element x in the well-order (w) such
that f(se-1X) =f(se-I a), where Se-l=aOal .. ,ae-2. Let a be an
ordinal such that the a -sequence aa = (aa')a' be defiried and that
each of its e -subsequences s satisfies f(s) = f(s' al, where s' means
the sequence s with-out it last term. We defme then aa as the first
element x E: S, -x:::;:- wa in (w) such that f{y x) = f (y a) for each
(e-1) -subsequenee y of aa.

The formation of C (a) is firiished when the point a becomes an
element 'OfC (a).

8.4.3. Obviously 'Y C (a) :::;:r W a.
8.4.4. The mapping a -+ C (a) (a E: S) is one-to-one. First of all

the mapping is urriforrn. Seoondly, the inverse mapping is uniform
too.

As a matter of fact if x, y are distinct, elements of S then either
-wx<-wy or -wx>-wy. In the first case 'Onehas x ;:::-C(x),
y E' C (x); 'in the second case, x E:' C{y). y E C{y); thus C (x) =1=(y).

8.4.5. Let T = T S be the tree whose elements are all the imdtial
portions of the sequences C{a), (a E: S); we order T S by -I.

8.4.6. Every no de of T is :::;: rn, i. e. for every sequence s =
= ao al ... aa' , ... the number of the s,equences 'Of the fOI1I11s x
sati:sfying s x ::::::T, x E S is :::;:m.

9) The relations wa = X, a = -w x are equivalent.
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In fact, for every subsequence y of (e -1) terrns of s and every
value v ~ M let {- f(y) v} mean the set 'Of all the x: satisfying
x ~ S, f(y x) = V. For a given v ~ M the rntersection of all these
sets is well determined as well as its first element u; u depends
upon s and v i. e. u = u (s ; v). It might happen that for sorne v :;:- M
the 'Point u (s; v) does not exist: anyway the immediate followers
of s in T are of the form s, u (s; v), v running through M; therefore,
the number of these followers is .::s;: m., Q. E. D.

8.4.7. One has

k rs: X m"a, (a < r. y < sup y C (a), a ES).
"

This is an imrnediate oonsequence 'of 4. and § 2.7.1.
8.4.8. There exists an a E 5 such that

kC(a»me_2Ka(=b). (1)

In the opposite case, for every a E S one would have k C (a) .::s;: b
and y C (a) <W(b) + 1 thus

k T.::s;: 2: m"a = K(b)+l' mb = (me-l Ka)+' me-l Ka= me-l Ka
a<w(b)+l

Hence k T.::s;: me+ 1Ka which is in contradiction with k S.::s;: k T and
kS>me-lK •. This proves the relation (1).

8.4.9. Now, the definition of C (a) implies that
f (s) = f (s a) for every e-subsequence s of C (a). (2)

In this way w€ get a determined symmetrical mapping

x -+ f (x a) (x E C(a)l1I(e-l) (3)

The relation (1) enables us to apply the induction hypothesis: the
set C (a) eontains a subset X of cardinalitv > Ka such that the
mapping (3) be constant 'in Xl1l(e-1l. This means, in virtue of (2),
that also the mappimg f is constant in XllIe• Q. E. D.

8.5. Remark on the symmetry condition. The symmetry eon-
dition in theorem 8.3, 8.4 is needed.

In faet, Jet S he any set and f a mapping of S omto 12 such
that f(x, y) =F f(y, x) for every x, y ::- S, x =F y. Then f is non-
constant 'on the set XllIr for each X:; S, kX> 1.

8.6. Rem ark. For r = 2 the condition k 5 > ml Ka is needed:
there exists a set 5 such that k S' = 2~a and a symmetrical mapping
of 51112 into 12 which is non-constant in X11 (12) for each subset X
of cardinality > Ka. " . ,'; , '
As a matter of faet let

be a system 'Ofall the wa-sequences 'Ofrational numbers ordered by
the principle of the first differences; S is a chain, each interval of
S ha kS = 2~a points andevery strictly increasing (decreasing)
sequence in S is of a cardina1ity .::s;: K,. Now, let w -be a normal
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well-ordering of S. Let then the order relation -< be defined in S
as the superposition (product) of the preceding two orderings of
S: a -< b means that a precedes b in (S; <) and in (S; w). Then
each chain (antichain) in (S; -<) as a well-ordered (resp.a dually
well-ordered) subset of (S; -<) is ~a, although kS = 2~a(cf. Kurepa
18). If then f(a, b) = O means that a, b are in (S; -<) comparable
relative to -< and if f(a, b) = 1 means that the points a, b are
incomparable relative to -<, then we are dealmg with a symmetri-
cal mapping f 'of S11/2 rnto 12 and which is non-constant 'in Xu/2

for each X ~ S with k S >~a.

9. On Combinations.

9.1. De f i n i t i o n. For amy set S and any cardinal number n

let -eS) denote the system of all subsets of S, of cardiriali ty n each.
n .

SIf S, Mare sets, then (M) denotes the set 'Ofall the subsets of

S, of cardimality kM each.

If n> k S and if kM> k S, one puts (~) = 12)= (~). Any

mapping f of (S) is a symmetrical mapping of S11 (B), wheren .
kB = n.IO)

Therefore the results 'of §§ 7 and 8 imply the following statements.
9.2. The 10 r e!ID.Let ~al be given. In ard er that for eaeh map-

ping f of (~) into M of cardinality ~ ~a the1·e exists a subset X of

S sueh that k X > ~a and that f be constant in <;) it in necessary

and suffieient that kS>2~a (ef § 7).
9.3. The ore m. Let ~a be given. In order that for each par-

tition P of (i) into m classes there exists ,a sub set X of S of eardi-

'<nality > ~,and such that (2) be entirely eontained in one class of

the partitian, it is necessary and sufficient that kS> 2~a.

The statement 9.3, IS equivalent to the statement 9.2 as it is

visible by the correspondence f x = A (=) x EA "::::P, (x ~ (f».
One gets dn this way a mappmg of (~) in to the set P which takes

now the role of the set M in statement 9.2.

10) A mapping f of SI1 (B) is symmetrical provdded fg = fbg (g E.
E:- iSl1 (B), b ;:::- B!); B! denotes the set of all the permutations of B.
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9.4. The ore m. Let S, r, ~. be any set, any positive integer

and any aleph respectively; il there exists a mapping f of (S) in to
1"

a set M of cardinality m such that the relations

X ~ S, kf(x) = 1 imply kX::;;:~.
r

then kS<mr_1S.
The theorern 9A is a special case of the theorem 8.3.

9.5. The ore m. For any set S, any cardinal nurnber ~o and

any positive integer r let f be a mapping of (S) into a set M of
r

cardinality m::;;: ~.; if kS> mr 1~., where mn ~o = ~a, ml~. =
= m ~o, m, + 1 = mmx~o then there exists a subset X of S such that

k X > ~.and that f be constant in (X ).
r

The theorem "is an drnmediate consequenee of the § 7.5.
9.6. Rem ark. The converse of the theorem 9.4 holds too for

r = 1,2 (ef. § 8.6)11)

10. Problem.

10.1. P r o b 1e m. Let ~. be given. Does there exist a cardinal
number R (~.) such that for every set S and for every mapping f

of (~~) into I2 the relation kS> R(~a) implies the existence of a

set X in S such that f be constant in ( •.~:) and that k X > ~o-
'''a

10.2. P r o b 1e m. Given cardinals m, ~a. Let S be any set and

f any mapping of (;0) into I2; if every set X s;: S such that f be

constant in { ••~ ) is of a ca1"dinality ::;;:m, determine sup kS.
,''o

10.3. Gen era 1 p r o b 1 e m. Let a, m, e be given numbers

(each finite ar infinite); let us constder any set S, the set (S) anda
any mapping f of (S) into a set M of a cardinality ::;;:m. Does there

a
exist - and dete1"mine - a numb er R = R (a, m, e) sucht that the

reLation kS> R implies f01' any mapping f of (S) into M the exi-
a

stence of a subset X of S of a ca1'dinality > e and such that f be

constant in (X)? E. g. R (2, 2, ~,) = 2~0 and R (2, n, ~a) = 2~O fora
each l<n::;;:~o. We thought that R(a,n,~,)=2.'°for any fi.nite
a> I (ef. Kurepa [6), [7]); therefore, the publieation of this paper
sbopped sinee 1952.

I') As I was told by P. Er d o s, the converse was :recently proved
in 1959 by Ha jna 1 for each positive integer r.
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Glossary and Notations

s S
Cornbination, (M)' (M)

Grarph
G(C, .)
G -rang ed
Ix (x any number): the set of all the

numbers < x
11, All (B), AllB .

kS ... the cardinali ty of S
kr, k~ = ka 1.6;
Kc, K~ = Kn 1.3;
m,n

8.1

6.1
6.1
8.2
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mT
N,n
Node
Oriented graph
R; Ro .
Ra.nged
Ra.nk
Ra
S, S .
Tree
Tree associa ted to G
xr: = sup Ix; x' means x' < x
W(x) is the first ordinal of cardinality x
Wc(x), W" 1.4
Wc, Wd 1.5
=1 rneans » to be an initial part of" . (3.2)
-I means »to be a proper inibial par t of- (3.2)
-W X .8.4.2
! 9.1 (Note)

.2.4.1
1.8
2.6
3.1

1.7; 3'.3
3.1
2.2
2.3
4.4
2.1
G.2

o KARDIN4LNOM BROJU UREĐENIR SKUPOVA I STI\fETRTČNIH
STRUKTURA U ZAVlSNOSTl on K \RDI ALNIH BROJEVA NJIHOVIH

LANACA I ANTILANACAl)

G j u roK ure p a, Z a g r e b

Sadržaj

Neka je S (potpuno ili nepotpuno) uređen skup, T stablo, a G
graf (t. j. skup u kojem je definirana simetrična bina rna relacija, e)
Tad se mogu promatrati brojevi Kc G, K~ G kao oni najmanji kar-
dimalni brojevi koji su veći od kardinalnog broja <svakog Ianca
odnosno antilanaca iz G. Već se u Tezi pojavio problem da li je k T
supremum brojeva kc T = (Kc T)-, k~T = K~T)- te problem da li S!U

brojevi K; T, k~ T dostignuti u pojedinom T. Specijalno za »uske-
Tvove dokazano je da svako beskonačno T ima isti kardinalni broj
kao nekoji lanac iz T (Kurepa [1] str. 80. T. 5bis; u [8] je taj teorern
reproduciran), Za uređene skupove S 'Problem je ·riješen »osnovriom
relaoijom- (1) u Kurepa [3] te [4]: vrijedi «s-: (2 k~ S) v;S (isp. § 5).
Rezultat i dokaz se prenose na biriarrie simetrične relacije. Mislio
sam da će isti rezultat vrijediti i za n-arne simetrtčne relacije ([6],
[7]) pa je zato potpuno 'Objavljivanje sve dalje odgađano sve dok
nedavno nisam doznao od P. Erdosa da je procjena za k S 'li T. 8.3
(odn. 9.4) najbolja kao što je Hajnal dokazao.

') O tom predmetu .govorio sam: 06.9.1952 u Munchenu na kongresu
njemačkih matematičara, 03. 12. 1952 na Ilwwk'VijlUu Zagrebu, 24.'02.1953.
na Faoulte des Sciences u Partzu te 17.3.1954 na kolokviju u Zagrebu.
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Od interesa je imati u vidu kako razmatranja 'o stablima ulaze
u razmatranja 'o općim simetničnim relacijama (ef. §§ 3.2, 6.2, 8.4.5).

§ 1. Definicije

1.1. r S označuje prvi redni broj koji je veći 'Odsvakog rednog
broja koji se može predstaviti unutar S.

1.4. WeS joeprvi glavni broj koji nije pretstavljiv kao glavni
broj nekog dobro uređenog podskupa iz S; w, S* = We (S , ».

1.6. Ako joeX ~ S, tad RX znači bilo koji maksimalni antilanac
iz S koji obuhvata Ro X; Ro X označuje rnnožinu svih početnih ele-
menata iz X. Slično, RX za X ~ G znači bilo koji maksimalni anti-
lanac iz grafa G.

1.7. Za lanac C iz S neka S (C, .) znači skup svih x E S za koje
je y < x za svako y E C. Neka N S znači prvi kardinalni broj
> kR S (C, .) za svako C:-:;;: S. Stavljamo m.S = n = (NSl-o

§ 2. Stabla.

2.7.1. Teorem.2) Za svako a<yT vrijedi kRaT:-:;;:kaaa gdje
su ka, aa kardinalni brojevi za koje joeka:-:;;:N-, aa:-:;;:k (1 + al. T je
slično s nekim dij-elom stabla T (n; y) sastavljenog od svih nizova
dužine < y T Tednih broj eva < W (n) i uređenog relacijom -lo Vri-
Jedi k T (n, y) = Z nka. Teorerni 2.7.2 2.7.3 i 2.8 mogu se razabrati iz

a<'Y
engleskog teksta.

§ 3. Razvrstani skupovi.

To su uređeni skupovi B kod kojih je svaki lanac dobro uređen.
Svakom B može se pridružiti drvo T B (Kurepa [4] § 2) promatra-
[ući skupove B (. , x] (x E B), njihove maksimalne lance i uvodeći
međusobni .poredak pomoću relacije -l. Tad se može pokazati
teorem 3.3 kao i teorem 3.3.2.

§ 3'. G -razv1'stani skupovi.
Tu ee radi 'o binarrroj antisimetričnoj relaciji; označujerno je sa

~ pa se može govoriti 'o orijentiranim grafovima (S; --+) pri- čemu
je S proizvoljan skup. Teoremi o razvrstanim skupovima prenose
se na t. zvo g-razvrstane skupove t. j. naor.ijentirane grafove kod
kojih svaki lanac- ima početan član,

§ 4. Uređeni lanci.

4.1. Ako je E uređen lanac, a w normalno dobro-uređenje od
E, tad 'se superpozicijom tih dvaju uređenja dobije razvrstan skup
B za koje vrijede 'Obrasci (1)" (2), (3) kao i teorem 4.2.:) ~7

2) O oznacfvldl alfabetski popis na kraju Čianka:. '
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4.4. s-broj lanca E. Pridružimo svakoj obitelji F skupova broj
SF kao prvi kardinalmi broj> kD, gdje je D proizvoljan disjunk-
tivan podsistem 00 F; stavljamo s F = (SF)-. Tad vrijede iskazi
4.4.1 i 4.4.2.

§ 5. U1·eđeni skupovi.

Glavni iskaz .o uređenim sloupovima nalazi se u § 5.2.

§ 6. Binarne simetrične relacije. Grafovi.

Gornja razmatranja o uređenirn skupovima prenose se na
skupove snabdjevene proizvoljnom simetričnom binarnom rel aci-
jom e koja zamijenjuje 'relaciju uporedljivosti kod uT~đenih sku-
pova. Specijalno važe teorerni 6.2.2. i 6.2.3.

§ 7. Simetrične funkcije s 2 varijable.

7.2. Neka S,/2 označuje skrup svih uređenih pari (x, y) za koje
je x E,S, y ES, x::j=y. Ako je f simetrično preslikavanje os S1112

na I n (n prirodan broj), pa ako je k S.'> 2~a, tad S sadrži dio X
od > ~a članova i to tako da f bude konstantno u X]112.

7.2.4. P 1" i m jed b a. Držao sam ([6], [7]) da gornji iskaz važi
i onda kad se mjesto 12 čita I r (za bilo koji prirodni broj r '> 1)
pa joe nastojanje da se prvobitni pogrešni »dokaz« toga popravi
oteglo objavljivanje samog članka.

§ 8. O simetričnim preslikavanjima.
1

8.3. Ako za neki skup S, prurodni broj r i alef ~a postoji sime-
tnično preslikavanje f 'OldSnlr na skup M od m elemenata tako da
vrijedi relacija (1) tad je k S ~ mr -1 ~a. Pritom se posljednji sim-
bol definira rekurzijom u § 8.2. Drugim riječima:

8.4. Ako je k S"> mr-1 ~a tad S sadrži skup kod> ~a članova
tako da f bude konstarrta u x~~.

§ 9. O kombinacijama.

9.1. Za skup S i broj m neka ( S) označuje množinu svih dijelovam

od S po m članova. Ako je M skup od mčlanova, stavljamo ( S) =
m

= (~). K~ko je svaki član iz sf~u vezi određenom r-kombinacijom

mogu se teoremi iz §§ 7 i 8 iskazati i pomoću kombinacija.
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9.2. Te ore m. Neka je Ka zadano. Da bi za svako preslikava-

nje od (~) na skup M od ~Ka elemenata postojao podskup X ~ S

Xtako da f bude u ( 2 ) 'korrstantno i k X > Ka, treba a i dosta je da

vrijedi kS > 2~a (isp. § 7.).

9.3. Te ore m. Zadano je Ka; da bi za svaku podjelu P od C ~

na m razreda postojalo neko X ~ S od > Ka članova sa svojstvom

da čitavo (-;:) leži u jednom članu od P potrebno je i dovoljno da

bude kS > 2~a.
9.4. Neka su S, r, Ka skup, prirodan broj i alef; postoji li sime-

trično preslikavanje f od C~) '~a Mod m ~lanova tako da iz X ~ S,

k f( ~) = 1 slijedi kX < Ka, tad je kS ~ mr-l Ka.

9.5. Uz prepostavke kao u 9.4 relacija kS> mr-l Ka uslovljava
postojanje množine X iz S sa svojstvima kX > K'a i da f bude kon-

Xstantno u ( ).
r

9.6. P rim jed b a. Za r = 1,2 procjena za k S u iskazu 9.4 je
najbolja (isp. 8.6); prema obavijesti P. Erdčsa procjena 9.4 za k S je
najbolja za svako r kao što je to Hajnal dokazao u 1959.

§ 10. Problem.

10.1. P r o b 1e m. Neka je zadano Ka; postoji li kardinalan broj
R = R{Ka) sa svojstvom da za svaki skup S i svako preslikavanje

f od (....~) na 12 relacija ks> R ima za posljedicu da S sadrži dio
'''a, • X

X tako da f bude konstanta u (Ka)?

10.3. O p Ć i p r O b le m. Neka su a, m, c brojevi (svaki od njih

konačan ili beskonačan). Neka je S skup, a ~preslikavanje od (~) na

M potencije ~ m. Postoji li broj R = R (a, m, c) sa svojstvom da iz

kS> R slijedi da S obuhvata dio X od > c 'članova i da f u eX)a
bude konstantno?

(Prrmljeno 20. V. 1959.)


