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ON EXOTIC DIOPHANTINE TRIPLES IN R[X]

ANA JURASIC

ABSTRACT. Originally, an exotic Diophantine triple is a three-element
set {a, b, ¢} of nonzero rational numbers for which
a+1, b+1, c¢c+1, ab+1, ac+1, bc+1, abc+1

are all perfect squares. We prove that there is no such triple in R[X], with at
least one nonconstant element, if none of a, b, ¢ is equal to 1. Equivalently,
under the distinct nonzero convention, every exotic Diophantine triple in
R[X] with a nonconstant element must contain the element 1.

1. INTRODUCTION

A classical Diophantine m-tuple is a set of m positive integers such that
the product of any two of its distinct elements, increased by 1, is a square.
This problem has a long history, beginning with examples of Diophantus in
the rational case and Fermat in the integer case (see [1]). Since then, many
variants have been considered, obtained either by changing the observed ring
or by modifying the square conditions imposed on the elements.

Recently, Dujella, Kazalicki, and Petric¢evié [2] introduced the following
seven-square variant of the Diophantine tuple condition over the rational num-
bers. Here is a more general definition:

DEFINITION 1.1. A three-element set {a,b,c} of nonzero elements of a
commutative ring R with 1 is called an exotic Diophantine triple if

(1.1) a+1, b+1, c¢+1, ab+1, ac+1, bec+1, abc+1
are all perfect squares of some elements of R.
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If 1 ¢ {a,b,c}, then, equivalently, {1,a,b,c} is a Diophantine quadruple
and abc+1 is also a square. Moreover, every exotic triple {a, b, ¢} satisfies the
Diophantine triple conditions, and so does the set {1,ab, c} whenever it has
three elements. Dujella, Kazalicki, and Petricevié [2] proved that infinitely
many exotic triples exist over Q, while no such triples exist in positive integers.
The closely related four-square condition that ab + 1, ac + 1, bc + 1, and
abc + 1 are all perfect squares was considered by Dujella and Szalay [3], who
proved that there are infinitely many such triples {a, b, c} of positive integers.
Recently, Jurasié¢ [5] proved that in R[X] there exist infinitely many four-
square polynomial triples {a, b, c}.

The nonexistence of nonconstant exotic Diophantine triples in Z[X] fol-
lows immediately, since any such triple would, by specialization, yield infin-
itely many exotic Diophantine triples in positive integers. Motivated by the
recent rational seven-square problem of Dujella, Kazalicki, and Petricevié¢ [2],
we consider the corresponding analogue in the polynomial ring R[X].

There are immediate nonconstant examples if the element 1 is allowed in
such a triple. For instance, for every nonconstant k € R[X], the set

(1.2) {B* =1, (k+1)>-1, 1}
is an exotic triple in R[X], since the seven expressions in (1.1) are
k27 (k+1)27 (\/5)27 (k2+k_ 1)27 k27 (k+1)2: (k2+k_ 1)2'

The question considered here is whether, under the usual convention that
the entries are distinct and nonzero, an exotic triple over R[X] can be noncon-
stant when the value 1 is excluded. The answer is negative. In other words,
in R[X] the presence of 1 in an exotic Diophantine triple is forced. The fam-
ily (1.2) shows that this conclusion is sharp. The proof uses the regularity
theorem of Filipin and Jurasié¢ [4] for polynomial Diophantine quadruples in

R[X].

THEOREM 1.2. There is no three-element set {a,b,c} C R[X] of nonzero
polynomials such that:

1. at least one of a,b, ¢ is nonconstant,

2. none of a,b,c is equal to 1,

3. all seven polynomials in (1.1) are perfect squares in R[X].

2. PRELIMINARIES

We first record that, once 0 and 1 are excluded, a nonconstant exotic
triple over R[X] has no constant element.

LEMMA 2.1. Let the set {a,b,c} C R[X], with at least one nonconstant
element, satisfy the seven-square condition (1.1). If the elements are nonzero
and none of them is equal to 1, then all three elements are nonconstant.
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PROOF. Assume that k € {a,b,c} is constant. By hypothesis, k # 0, 1.
Let f be a nonconstant element of the triple. The seven-square condition
gives polynomials z,y € R[X] such that

fH1=2%  kf+1=y"
Eliminating f gives
(2.1) v -kt =1—k.
Then (2.1) factors in C[X] as

(y —aVk)(y +avk) =1k

The right-hand side is a nonzero constant, so both factors are constants.
Hence z is constant, so f = 22 — 1 is constant, a contradiction. 0

In the proof of the main theorem, we use the regularity theorem for poly-
nomial Diophantine quadruples over R[X].

THEOREM 2.2 (Filipin and Jurasi¢ [4]). Let {a,b,c,d} be a set of four dis-
tinct nonzero polynomials in R[X], not all constant. Suppose that the product
of any two distinct elements of that set, increased by 1, is a perfect square in
R[X]. Then the quadruple is reqular; equivalently, for any labeling a,b, c,d of
the four polynomials in that set,

(2.2) (a+b—c—d)?=4(ab+1)(cd+1).

Using the same notation as in [2], the expression (2.2) can be replaced by
ra(a,b,c,d) = 0, where

ra(a,b,c,d) = (a+b—c—d)? —4(ab+ 1)(cd + 1).

Then, r4 is a symmetric polynomial in a, b, ¢, d.

Also, in the proof of the main theorem, we will use the following result:

LEMMA 2.3. Let p,q € R[X] be nonconstant polynomials with degp =
degq. If

(2.3) P =1(*-1)+1
is a square in R[X], then either
q==xp=£1,

or
q=(£V2+1)p,

where the signs £ are independent.
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PROOF. Let h € R[X] satisfy
(2.4) =@ - -1)+1=p¢ —p* - +2

Replacing h by —h if necessary, assume that i has the same leading coefficient
as pq. Since p and ¢ have the same positive degree, it holds p? + ¢% — 2 # 0,

deg(pq + h) = 2degp,
and
deg(p® + ¢*> — 2) = 2degp.

By (2.4), it holds (pq — h)(pq+h) = p?+q> — 2, so pg — h is a constant. Write
pq — h =\, with X\ € R. Substituting h = pg — A into (2.4), gives
(2.5) (q—Ap)* = (N = 1)p* +2— A\~

If A2 ¢ {1,2}, then the right-hand side of (2.5) has the form ap? + 3 with
a,f € R and aff # 0. Over C[X], equation (2.5) gives a factorization

(¢ —Ap—pva)(a—Ap+pva) =p.

Both factors are constants, since their product is a nonzero constant. Hence,
their difference —2py/a is constant, contradicting the assumption that p is
nonconstant.

If A2 = 1, then (2.5) gives (¢ — Ap)2 = 1,80 ¢ = Ap+1=4p+1. If
A2 =2, then (2.5) gives (¢ — A\p)2 =p?, 50 ¢ = (A £ 1)p = (£v2 + 1)p. 0

3. PROOF OF THE MAIN THEOREM

PROOF OF THEOREM 1.2. Assume that {a,b,c} C R[X] satisfies the hy-
potheses. By Lemma 2.1, a, b, ¢ are nonconstant. Let

dega < degb < degec.
Since a 4+ 1,b+ 1,¢ + 1 are perfect squares, write
(3.1) a=az%-1, b=y?—1, c=2%-1,
with z,y, 2 € R[X]. Then z,y, z are nonconstant and
degr < degy < degz.
Let r € R[X] satisfy
(3.2) ab+1=r%

Changing r to —r if necessary, assume that r has the same leading coefficient
as zy. From (3.1) and (3.2), we have

(3.3) =@ -1 -1 +1=0% -2 9> +2
and degr = degx + degy.

The set {1,a,b,c} is a Diophantine quadruple in R[X], with at least
one nonconstant element. By Theorem 2.2, this quadruple is regular. Thus
r4(1,a,b,¢) = 0. Since ry is symmetric, we may write the regularity relation
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as r4(a,b,1,c¢) = 0. Hence, (a +b—1—c)? = 4(ab+ 1)(c+ 1). Using (3.1),
(3.2), and (3.3), we get
(3.4) c+1=(zy=£r)

We now exclude the minus sign in (3.4). Since r and zy have the same
degree and the same leading coefficient, it follows that

(3.5) deg(zy + 1) = degx + degy.
Moreover, from (3.3), it follows
(3.6) (xy —r)(wy +7) = 2%9y* —r? =2 +y* — 2.

The polynomial on the right-hand side has degree 2 degy, since degz < degy
and the leading coefficients of 22 and 32 cannot cancel over R. Combining
this with (3.5) and (3.6), we get

deg(zy —r) = degy — degz < degy,

since x is nonconstant. But, degz > degy. Hence, z cannot be equal, even
up to sign, to xy — r. Replacing z by —z if necessary, we may assume that

(3.7 z=xy+T.
Finally, we use the condition that abc + 1 is a square. Since ab = r? — 1
and ¢ = z2 — 1, the polynomial
(3.8) (r?—1)(z*=1)+1
is a square in R[X]. The polynomials r and z = xy + r are nonconstant and

have the same degree. Applying Lemma 2.3, with p = r and ¢ = 2z, we obtain
two possible cases. Suppose first that

z==xr+1.

By (3.7), either xy = £1 or xy 4+ 2r = +1. Neither option is possible, since z
and y are nonconstant and nonconstant polynomials r» and zy have the same
degree and the same leading coefficients. The other possibility is

z = pur,

for some p € {+v/2 £ 1}. By (3.7), it easily follows zy = (u — 1)r. Hence,
@ — 1 # 0. Substituting » = zy/(u — 1) into (3.3), yields

2,2
Ty 2,2 2 2

—— =xy -z -y +2.

(n—1)?

Since z and y are both nonconstant, the degree of 2%y? is strictly larger than
the degrees of 22 and y2. Comparing the leading coefficients in (3.9), gives
(u —1)? = 1. However, none of the four values p € {#+/2 £ 1} satisfies that
condition. 0

(3.9)
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COROLLARY 3.1. Let A be a subring of R containing 1. Under the distinct
nonzero convention, every exotic Diophantine triple in A[X] with a noncon-
stant element contains 1. In particular, this holds over K[X], for every sub-
field K C R. Since 2 is not a square in Q[X|, there are no exotic Diophantine
triples in Q[X] with a nonconstant element.

PROOF. Any exotic Diophantine triple in A[X] is also one in R[X]. The
conclusion follows directly from Theorem 1.2. 0

REMARK 3.2. If the zero polynomial is allowed, then for any nonconstant
t € R[X] the set
{0, * =1, (t+1)*> -1}
satisfies the seven-square condition (1.1) and contains no element equal to
1. It is not an exotic Diophantine triple from Definition 1.1, because exotic
triples are required to have nonzero elements.

ACKNOWLEDGEMENTS.

This work was supported by the Croatian Science Foundation Grant
No. IP-2022-10-5008. A. J. was also supported by the European Union —
NextGenerationEU, project number uniri-iz-25-62-ALGEBRA. During the
preparation of this work, the author utilized ChatGPT-5.5 Pro to assist with
searching for possible exotic triples. The author independently verified, re-
fined, and wrote all mathematical arguments, and takes full responsibility for
the correctness and originality of the final results. The author would like to
thank Professor Andrej Dujella for his valuable suggestions and support.

REFERENCES

[1] A. Dujella, Diophantine m-tuples and Elliptic Curves, Developments in Mathematics,
vol. 79, Springer, Cham, 2024.

[2] A. Dujella, M. Kazalicki, and V. Petricevi¢, Seven squares from three numbers,
https://arxiv.org/abs/2604.08729, 2026.

[3] A. Dujella  and L. Szalay, Four  squares  from  three  numbers,
https://arxiv.org/abs/2506.14013, 2025.

[4] A. Filipin and A. Jurasié¢, A polynomial variant of a problem of Diophantus and its
consequences, Glas. Mat. Ser. III 54(74) (2019), no. 1, 21-52.

[5] A. Jurasié, Four squares from three real polynomials, https://arxiv.org/abs/2607.06586,
2026.

A. Jurasié¢

Faculty of Mathematics
University of Rijeka

Radmile Matejci¢ 2

51000 Rijeka

Croatia

E-mail: ajurasic@math.uniri.hr



