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ON A GEOMETRIC CONSTRUCTION OF INTEGRABLE
HAMILTONIAN HIERARCHIES FOR CLASSICAL
W-ALGEBRAS

SHIGENORI NAKATSUKA

Université Paris-Saclay, France

ABSTRACT. A class of classical affine W-algebras is shown to be iso-
morphic as differential algebras to the coordinate rings of double coset
spaces of certain prounipotent proalgebraic groups. As an application,
integrable Hamiltonian hierarchies associated with them are constructed
geometrically, generalizing the corresponding result of Feigin-Frenkel and
Enriquez-Frenkel for the principal cases.

1. INTRODUCTION

Since the discovery of the Drinfel’d-Sokolov hierarchy [16], a number of in-
tegrable systems have been constructed in the same spirit, e.g. [4, 6, 19, 23, 24].
Those integrable systems are not of finite dimension, which are formulated by
Poisson algebras, but of infinite dimension, reflecting classical field theory as
their origin.

In [2], Barakat, De Sole, and Kac used Poisson vertex algebras, which play
the role of Poisson algebras for integrable systems as above, and introduced
the notion of integrable Hamiltonian hierarchies as a framework of integra-
bility for Poisson vertex algebras. Since then, De Sole, Kac, and Valeri (e.g.
[11, 12, 13, 14, 15]) have studied systematically integrable Hamiltonian hier-
archies associated with Poisson vertex algebras, called the classical (affine)
W-algebras, which are obtained as the classical limit of vertex algebras, called
the (affine) W-algebras [9, 28], see also [10, 33].

The W-algebras are parametrized by a triple (g, f, k) consisting of a finite-
dimensional simple Lie algebra g over C, a nonzero nilpotent element f € g,
and a complex number k € C, called the level and are denoted by W¥ (g, f).
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2 S. NAKATSUKA

The classical W-algebras are also parametrized by the same data, and thus we
denote them also by W¥(g, f). De Sole, Kac, and Valeri recovered the earlier
results on the integrable Hamiltonian hierarchies mentioned above in their
study and obtained a culminating result in [15] on the existence of integrable
Hamiltonian hierarchies associated with W¥(g, f), which states: the classical
affine W-algebra W¥ (g, f) admits an integrable Hamiltonian hierarchy for any
finite-dimensional simple Lie algebra g of classical type, nonzero nilpotent
element f, and k # 0.

Besides the algebraic theory of integrable Hamiltonian hierarchies men-
tioned above, there is a result of Feigin-Frenkel [20, 21] and Enriquez-Frenkel
[18] which constructs the Drinfel’d-Sokolov hierarchies by using a geometric
realization of the classical affine W-algebra szl(g, fprin), where fpin de-
notes the principal nilpotent element in g. More precisely, they proved that
W =L(g, forin) is isomorphic as a differential algebra to the coordinate ring of
a certain double coset space of a prounipotent proalgebraic group and that
the associated Drinfel’d-Sokolov hierarchy is induced from a natural group
action on this space.

The aim of this paper is to generalize those results to the classical W-
algebras W¥(g, f) when f satisfies certain properties (see the condition (F)
below) and the level k € C is nonzero. We note that the choice of f is a special
case of the so-called Type I in [4, 6, 19]. By construction, the integrable
Hamiltonian hierarchies obtained in the paper for k£ = 1 coincide with special
cases of those considered in [3] and are special cases of the result in [11].

Let g be a finite-dimensional Lie algebra over C, and f € g be a non-
zero nilpotent element. We fix an sla-triple {e, h = 2z, f} containing f. We
denote by T : g = @g; the ad,-grading and by g = h & (Bacada) a root
space decomposition of g which is homogeneous with respect to I'. Then the
root system A admits an induced grading A = UA;. Let II denote the subset
of Asg = Uj»0A; consisting of the elements indecomposable in Asg. Let
V*(go) denote the universal affine Poisson vertex algebra associated with the
reductive Lie algebra go at level k and F'(g;/2) the y-system Poisson vertex
algebra associated with the symplectic vector space g; /2. Then the W-algebra
WE(g, f) is defined as the 0-th cohomology of the BRST complex C*(g, f),
see Section 3.1 for details.

For generic levels k, the (quantum) W-algebras are realized as the joint
kernel of certain screening operators [27]. Our first result (Theorem 3.6) is a
Poisson vertex algebra analogue of this result. Namely, for k£ # 0, we realize
the classical affine W-algebra W¥(g, f) as the Poisson vertex subalgebra of
VFE(go) ® F(g1/2) invariant under the derivations QY. (a €TI):

(L) Wre. )= () Ker(Q : VE(g0) © Flary) = V¥(g0) @ Flary))-

acll
See (3.15) and (3.16) for the definition of Q).
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We now suppose that the pair (g, f) satisfies the following condition (F):
(F1) The grading T is a Z-grading.
(F2) There exists an element y € g4 such that s = f + yt=! € g[tT!] is
semisimple.
(F3) The Lie subalgebra Ker(ad,) C g[t*!] is abelian and Im(ad,)Ng[t*!]o =
go-
Here g[t*!] = g@C[t,t 1] and g[t*!] = ®;ezg[tT]; is the Z-grading given by
deg(Xt") = j+(d+1)n, (X € g;) and d is the maximal I'-grading on g. The
nilpotent elements f satisfying (F1)-(F2) are called Type I in the literature
e.g. [19, 4, 6]. We consider the completion Lg = g®C((t)). It has subalgebras
Lg., which is the completion of g[t*!].o, and Lg_ = g[t*']<o. We have the
corresponding closed subgroups LG, LG_ of the loop group LG of G.
Let a denote the completion of Ker(ady) in Lg, and ar = aN Lgy. Let
A, (resp. Ay) be the closed subgroup of LG corresponding to a, (resp. a).
The right A-action LG_\LG/A; x A — LG_\LG/A,, induces a Lie
algebra homomorphism a — Der(C[LG_\LG/A]), and so that

(1.2) a — Der(C[LG1/AL])

since LG /Ay C LG_\LG/A, is an open subset. We denote this action by
a +— aft. In particular, we obtain a differential algebra (C[LG, /A ], s). On
the other hand, the natural left LG -action LG4 x LG+ /A, — LGL/A4
induces a Lie algebra homomorphism Lg; — Der(C[LG4/A4]), which we
denote by X — XL,

Our second result (Theorem 4.3) is the following geometric interpretation
of (1.1) under the condition (F): there exists an isomorphism of differential
algebras

Uy, : VF(go) — C[LG /AL,

such that the derivation QY is identified with X2 for some element X, € ga,
(ov € II). Since such root vectors X, generate a Lie algebra g4 = ®;>00;,
it implies that W*(g, f) is isomorphic to C[G\LG,/A.] as a differential
algebra (Corollary 4.4). Here G is the closed subgroup of LG corresponding
to g+

The action in (1.2) preserves the subalgebra C[G4+\LG+/A4]. Thus, we
obtain a space of mutually commutative derivations of W*(g, f) as the image
of a_. We denote this space by H"*(g, f). Our third result (Theorem 5.10)
states that H*(g, f) is an integrable Hamiltonian hierarchy associated with
W*(g, f).

The double coset spaces G \LG, /A, considered here are embedded into
the abelianized Grassmannians G[t~'|\LG/A, as a Zariski open subset. The
abelianized Grassmannians have been used to construct Drinfeld-Sokolov hi-
erarchies geometrically [3]. As pointed out in loc.cit., such a construction
implies a strong compatibility of integrable Hamiltonian systems associated
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with classical affine W-algebras and Hitchin systems. The author hopes to
investigate the relationship between classical affine W-algebras and Hitchin
systems in future work.

The main difficulty in extending the geometric construction to the cases
of non-principal W-algebras is that each screening operator involves several
root components, rather than a single simple-root direction. The key new
ingredient in this article is a further decomposition of these operators that
geometrically induces the G-action. This construction was subsequently un-
derstood in terms of parabolic BGG resolutions in [32]. This perspective
suggests a generalization of the AKNS hierarchy constructed for affine Pois-
son vertex algebras [22] to W-algebras associated with nilpotent elements of
semisimple type. A geometric interpretation when the nilpotent elements
admit an integrable triple [7, 8] remains an open problem.

2. POISSON VERTEX SUPERALGEBRAS

2.1. Poisson vertex superalgebra. We recall here some basics about Poisson
vertex superalgebras and their relation to the theory of integrable systems,
following [2, 33]. We remove the prefix “super” whenever we consider the
non-super cases.

A differential C-superalgebra is a pair (V,9) consisting of a supercommu-
tative C-superalgebra V' and an even derivation 0 on it. We denote by a the
parity of a € V and by Der(V) the set of super-derivations of V. In particular,
the superalgebra of differential polynomials in the variables u; (i € I := I[gUIy)
is a tensor product

V =C[Usl® )\ u,
of the polynomial ring in the variables Uy = {ugn) | i € Ig,n > 0} and the
exterior algebra in the variables Uy = {ugn) | i € I;,n > 0} equipped with

n

a derivation 0 so that u; ) = 9"u; holds. A Poisson vertex superalgebra is a
triple (V,0,{ - x - }) consisting of a differential C-superalgebra (V,d) and an
even C-bilinear map

(2.3) {2 }: VXV VL (o) = {fgt=) %f(n)%

n>0

called the A\-bracket, satisfying

(2.4) {0f g} = =M/fag), {f209} = (A+0){frg},
(25 {oaf} = —(=DI{f o g},

(2.6 {Flguh}} = D Hgu{fah}} = ({Frghaeh},
2.7 {Fagh} = {frgth+ (=1)""{f:h}g,

)
)
)
(2.8) {Forh} = (1) frioh} g + ()T {gy o} f,
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for f,g,h € V. Here, the arrows in the brackets indicate where A acts when
A is replaced by non-commutative operators:

rog)s = fmgO+0) Afarag) = SO+ 0)" fapg.

REMARK 2.1. Given a superalgebra of differential polynomials V' in the
variables u; (i € I), a linear map F : spanc{u;};c;r — V[A] uniquely extends
to F: V — VI[A] by (2.4) and (2.8).

Let V be a superalgebra of differential polynomials in the variables u;,
(i € I). We denote by
0 Or

6u(n) ) 8Ru(n) S DGI'(V)

denote the derivations with respect to ugn) from the left and the right,
respectively (which coincide if V' is non-super). Then the A-bracket on V is
determined by the values {u;xu;} in the following sense.

THEOREM 2.2 ([2, 33]). Let (V,0) be a superalgebra of differential poly-
nomials in the variables u;, (1 € I), and H;j(N), (i,j € I), an element of V)]
with the same parity as u;u;. Then there is a unique Poisson vertex superal-
gebra structure on V' satisfying {uzu;} = Hj;(N) if and only if the A-bracket
satisfies (2.5) and (2.6) for u;, (i € I). Moreover, the A\-bracket is given by

s O 0
that= 3 ()7 289 oy 0) (A — o)
igel, 8Ruj ou,
n,m>0

ExaMmpPLE 2.3. Given a finite-dimensional Lie algebra L over C and a
nondegenerate symmetric invariant bilinear form & on L, let V*(L) denote the
algebra of differential polynomials in the variables given by a basis of L. Then
the A-bracket { - x - }: L x L — V*(L)[)] given by {uyv} = [u, v] + £(u,v)A,
(u,v € L), defines a unique Poisson vertex algebra structure on V*(L). This
is called the universal affine Poisson vertex algebra associated with L at level
K.

Given a Poisson vertex superalgebra V', a Poisson verter module over V
(cf. [1]) is a vector superspace M which is a V-module as a supercommutative
algebra V and endowed with an even C-bilinear map { - » - } : VxM — MI)]
satisfying

{0fam} = =A{fam},

{Frfgum}} = (=17 {g,{frm}} = ({frg}rrum},
{fag-m}={frg}-m+ (=179 {fym},

{Ffgxm} = (=1 {frrom}og + (1) T g\ om}_ f
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for f,g € V, m € M. Here, the right V-action M x V — M is defined by
the action of V' as a supercommutative algebra. In this case, we define the
A-bracket

{2} MxV = MM, (mf) e {maf} = —(=1)™ {f_o_m}.

For m € M, the linear map {my - } : V. — M) is called an intertwining
operator and m is called the Hamiltonian.

For a Poisson vertex superalgebra V', the vector superspace Lie(V) =
V/OV is called the space of local functionals. We denote by

/:V—>Lie(V), f»—>/f
the canonical projection.

PROPOSITION 2.4 ([2, 33]).

1. The bilinear map

Lie(V) x Lie(V) — Lie(V), (/ ﬂ/g) — /{f}\g}A:o

is well-defined and defines a Lie superalgebra structure. Moreover, if
V is even and an algebra of differential polynomials in the variables
{uitier, then

o] = ] 82 oy

where

) 0 6 0
i i 7>0

n>0 augn) , RU 8Ru£n)

denote the left and right variational derivative of f with respect to u;.
2. The Lie superalgebra Lie(V') acts on V by

n : Lie(V) — Der(V), /f'—>{fA - Ha=o-

We use the following lemma below.

LEMMA 2.5 (cf. [2, Proposition 1.33]). Let L be a finite-dimensional Lie
algebra over C equipped with a mondegenerate symmetric invariant bilinear

form k. For the universal affine Poisson vertex algebra V*(L), the kernel of
n : Lie(V*(L)) — Der(V*(L)) is

Ker() = span {/ 1,/u lue Z(L)}

where Z(L) is the center of L.
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PROOF. Let {u;};cr be abasis of L. Suppose [ F € Ker(n) C Lie(V*(L)).
By Theorem 2.2, we have

o([F) = Z o () + ntuwporgy ) -

(n)
i,j,n aU]

and thus

oF
M; = Z([ui,uj] + n(u,—,uj)a)a—ui =0

for all j € I. Define a degree on V*(L) by deg(ugn)) = n and deg(AB) =
deg(A) + deg(B). Then §/du; preserves the degree. Let G; be the top de-
gree component of §F/du;. Then the top component M;Op of Mj is M;Op =
>, k(us, u;)0G;. Since k is nondegenerate, we obtain 0G; = 0, which implies
G; € C. Since V*(L) is an algebra of differential polynomials, we conclude
F € C@ L. (See the proof of [2, Proposition 1.5].) Set F' = a + ), byu;,
(a,bi S (C) Then Mj = [Zz biui,uj} =0, (] S I), which implies Zz bu; €
Z(L). D

Finally, given a Poisson vertex superalgebra V, an element [ f € Lie(V)
is called integrable if there exists an infinite-dimensional abelian Lie subsuper-
algebra H of Lie(V') which contains [ f. In this case, H is called an integrable
Hamiltonian hierarchy associated with V.

2.2. Differential graded Poisson vertex superalgebra. A differential graded Pois-
son verter superalgebra (d.g. Poisson vertex superalgebra) is a pair (V,d)
consisting of a Poisson vertex superalgebra V = ®,,czV,, and a linear map
d:V — V| called the differential, satisfying

e V is a Z-graded Poisson vertex superalgebra, i.e., V = @,czV, as a
vector superspace satisfying

Voo - Vin CVosm,  {VaraVin} C VigemAl,
o the linear map d is odd and satisfies d?> = 0,
d:V, = Vig,
which satisfies
d(ab) = da-b+ (=1)%a - db, d{arb} = {darb} + (—1)%{axdb}.

The cohomology H*(V;d) = @,ezH™(V;d) inherits a Z-graded Poisson ver-
tex algebra structure. Moreover, H°(V'; d) is a Poisson vertex subsuperalgebra
and H"(V;d), (n € Z), is a Poisson vertex module over H°(V;d). In the se-
quel, we also use the notion of a differential graded vertex superalgebra. The
definition is similar, and therefore, we omit the details.
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2.3. Classical limit. Let V be a vertex superalgebra over a polynomial ring
Cle]. Suppose that V is free as a C[e]-module and the A-bracket satisfies

(2.9) [VAV] C eV.

Define the vector superspace V! = V/eV and let V — V., (f — f) denote
the canonical projection. Then

VExVE s v (f,9) — fong

is well-defined and defines an associative supercommutative algebra structure
on V. Since the translation operator & of V preserves €V, it induces a linear
map

Ve vl af = a(f),

which is a derivation of V. Since the €V is an ideal of V by (2.9), the
A-bracket of V' induces a bilinear map

{ a3 VEXVES VI, (f9) = [fag)
The triple (V,0,{ - » - }) defines a Poisson vertex superalgebra, called the
classical limit of V' (cf. [9, 25]).

3. SCREENING OPERATORS FOR CLASSICAL AFFINE W-ALGEBRAS

In this section, we describe the classical affine W-algebras by using screen-
ing operators. They will be obtained as a classical limit of the screening oper-
ators for the affine W-algebras obtained in [27]. We will use the same notation
for Poisson vertex algebras as vertex algebras since there will be no confusion.

3.1. Affine W-algebras. Let g be a finite-dimensional simple Lie algebra over
C with the normalized symmetric invariant bilinear form « = (- |- ). Let
/ € g be anonzero nilpotent element, fix an sly-triple {e, h = 2z, f} containing
f and denote by I' : g = ®_4<j<qg; the %Z—grading given by ad,, with d
the largest number such that gq # 0. We fix a triangular decomposition
g=n®hdn_sothat x € b, gs0 = Bj>08; C ny, and geg = Bj<09; C n_.
Let g = h D Bacaga be aroot space decomposition, A; = {a € A | go C gj},
and Aso = Uj;>04;. Fix a nonzero root vector e, in g, and a basis e;, (i € I),
of h. Then e,, (a« € I UA), form a basis of g. We denote by {es tacrua its
dual basis of g with respect to . Let Cl, 5 denote the structure constants of
g, i'e'a [6047 eﬂ] = nyeIuA Cl,ﬂe’Y'

Let V¥(g) be the universal affine vertex algebra of g at level k, gen-
erated by the even elements e,, (o € I U A), with A-bracket [eqreg] =
[ea,es] +E(eales)N. Let F(gg) be the charged free fermion vertex superal-
gebra associated with the symplectic odd vector superspace g~ ® g%, gener-
ated by the odd elements p,, 9%, (o € Asg), with A-bracket [par¢®] = 04 5,
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[Pares] = [“apP] = 0. Let F(g1/2) be the By-system vertex algebra asso-
ciated with the symplectic vector space g/, generated by @, (a € Ay/3),
with A\-bracket [@,,Pg] = x([ea;f]), where x(- )= (f] -).

The affine W-algebra W* (g, f) associated with the triple (g, f, k), (k € C),
is the vertex algebra defined as the 0-th cohomology of the differential graded
vertex algebra

CM(g, f) = V*(g) ® F™(g50) ® Flg1/2),
with differential d = [@x - ]|x=0 with

1
Q=Y (a+@atxlea))p™—5 D clopre™d’,
a€Aso a,B,7EA>o
called the BRST complex. The grading C*(g, f) = ©nezC*(g, f) is given by
gr(ea) = gr(®p) = 0, gr(p”) = —gr(¢a) = 1 with gr(AB) = gr(A) + gr(B)
and gr(9A) = gr(A). Then we have d : C¥(g, f) — CF_ (g, f). We have
H™(C*(g, f)) = 0 for n # 0 (see [29, 30]).

3.2. Classical limit. By [29, 30], we have vertex subsuperalgebras C% (g, f),
which gives a decomposition of a complex C*(g, f) = C* (g, f)® C% (g, f) and
satisfies H"(C* (g, f)) = 6,,0C. Thus H°(C* (g, f)) = W¥*(g, f). As a vertex
superalgebra, C* (g, f) is generated by

T =u+ Y € eye”, (u€ g<o),

(I)av (a € A1/2)7 <Pa7 (a € A>0)'

Following [27], we introduce the classical affine W-algebra as the coho-
mology of the differential graded Poisson vertex algebra in the classical limit

of C* (g, f).

Suppose k +hY # 0. Set ¢ = L, (K € C\{0}), J* = eJ*, (u € g<o),
and &, = e®,, (0 € Ay3). Then we have
(3.10) [J“\J"] = e(j["’vl + (k’(u|v) + o(e)))\)7 [\ J"] =€ Z cg)ﬂgpﬁ,

BEASO

(3.11) [Par®s] =€ x([easep]),  [T“r8a] = [p™r0"] = [p™r®5] = 0,
(cf. [27]). Viewing € as an indeterminate in (3.10), (3.11), we obtain a vertex
superalgebra C* over the polynomial ring Cle]. By Section 2.3, we obtain a

Poisson vertex superalgebra C* /eC* | which we denote by Cs = Cei(g, f).
We have an isomorphism

O = V¥ (g<o) ® F(g1)® /\9*>0

of a Poisson vertex superalgebra where Vk'(ggo) is the universal affine Pois-
son vertex algebra generated by g<o with A-bracket {uxv} = [u, v] + &' (ulv)A,
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F(g1/2) the By-system Poisson vertex algebra generated by @4, (o € Ay/2),

with A-bracket {®o2Ps} = (fl|[ea, es]), and A g% the differential C-superalgebra
generated by odd elements ¢, (o € Asg), which satisfy

{etwut = D else”, {p™aet ={r2a} = 0.
BEASo

Decompose the differential d as d = dg; + dne + dy, With de = [Qe - ||x=0
where

1
Qst = Z ea@a—§ Z Cl,ﬁﬂov@a@ﬂ,

aEAsg a,BEAs
YEASo
Qne: Z ‘I)uﬁ/?a, Qx: Z X(ea)(pa'
aeA% aEAso
Then we have
Q"I == D capl¢+ Y (K (ulv)(@+A)+o(e)e”,
aclUA <o BEASo
BEASo
_ - 1 -
@uer"] = Y GRag?, Q= D x(ues))e”,
OLGAl/Q B€A>0
BEASo
1 _
[Qstk@a] = 75 Z Cgﬁ@ﬁ@v» [QIIC)\(I)Q] = Z X([eﬁaea])wﬁ,
B,vEAS0 BEAL /2

[Quex¢®] = [Qxa9"] = [Qsta®a] = [Qxa®a] = 0.

The differential d is thus given by d = dg; + dne + d, With

de = {Qex - Ha=o: Ci'(g, f) = CiM(g, FIN,
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which satisfy
{Quru} == D clgead” + D k(ule)(d+ N\)p”

O(EIUAS[] ﬁ€A>O
BEASo
(e 1 (6%
{Qsea®a} =0, {QstASO}:_g Z 5,707,
B, vEA>0
{QneAu}: Z Cgﬁq)a‘pﬁa
a€ly/n
BEASo
{Quex®a} = > (flles.eal)9”, {Querg®} =0,
BEAL2
{Qout = > (fllwea)e”s {Qae™} = {Qun®a} =0,
ﬂ€A>0

and are extended to C§! by (2.4) and (2.7). The 0-th cohomology of C¢!(g, f),
which we denote by W¥(g, f) = H°(C¢\(g, f)), is a Poisson vertex algebra
called the classical affine W-algebra associated with (g, f, k) ([27]). Note that
H™(C¢N(g, f)) = 0 holds for all n # 0.

3.3. Screening operators. Introduce another grading wt on C,il by
wi(u) = —2j, (u € 5;), WH(®a) =0, (a € Ayp), W) =2 (a € Ay),
exteded so that
wt(0A) = wt(A), and wt(AB) = wt(A) + wt(B).
and a decreasing filtration {F,C{'},>¢ on C{! by
F,C{! = span{A € C§!|wt(A) > p},

This filtration is exhaustive, separated, and compatible with the grading of
C’,‘él as a complex. The associated spectral sequence {E,, d,},>o has the dif-
ferentials

do =dst, di =dpe, do= dx7 d, =0, (T > 3)7

and thus converges at 7 = 3. We will describe W¥(g, f) = H°(C¢\(g, f)) by
using it. Since the calculation is straightforward, we omit the details. (The
analogous argument for vertex algebras can be found in [27].)

To calculate E; = H*(C’,ﬁl,dst), note that dg acts trivially on F'(gi/2)
and, thus, it suffices to compute the complex

Gk ~:V g<0 ®/\g>0

equipped with the differential dy. As discussed in [27, §4.5], we may identify
this complex as the Chevalley-Eilenberg complex of the Lie algebra go[t]
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with coefficients in the space of algebraic functions over the following space
of k-connections:

d
Conn := k@ + g>o[t]dt

with the Adjoint Gs¢[t]-action:
d _ 1 d
g(t). (kdt + a(t)dt) =g(t) (kdt + a(t)dt) g(t)

d d
=k— —X -1 t) ) dt
g + (X0 + 90 (o))
where Gs¢[t] is the proalgebaic group whose Lie algebra is g=¢[t] so that

e guolt] = Gooltl,  X(1) = g(t) := exp(X(2)).

The identification V*(g<o) ~ C[Conn] is given by the residue pairing:
d
oMy (kdt + a(t)dt) = Resy—o (ut™" 'a(t)) dt
with 9"y = %anu. Note that if k£ # 0, then we have an isomorphism

Go[t]+ x (k;t + gO[[t]]dt> = Conn
induced by the group action, where Gso[t]+ C Gso[t] whose Lie algebra is
g>o[t]t C g>0[t].- Hence, the Hochschild—Serre spectral sequence
Ey? = HP(g>0; H(g>0[t]t; C[Conn])) = H*(go[t]: C[Conn]).
associated with gso[t] =~ gso0 X g>o[t]t implies that
(3.12) E§T ~ ERT =~ 5,0V*(g0) ® H?(g50; C).

Indeed, by setting A4 to be the exterier algebra generated by ¢* (o € Asy),
we find a subcomplex

—cl
Vk(gO) ® /\red C ek

whose cohomology agrees with (3.12). Thus we obtain the following lemma
on the original spectral sequence.

LEMMA 3.1. For k # 0, we have an isomorphism of graded vector super-
spaces

V*(go) ® F(g1)2) ® H*(g=0; C) = B},

which restricts to an isomorphism of Poisson vertex algebras

VF(go) ® F(g1/2) — EY.
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Note that each cohomology E§n) is a Poisson vertex modules over Eio) o~
VE(go) @ F(g1/2). Let us describe it more explicitly. Recall that the coadjoint
representation on g%, of go induces a representation of gy on H™(g~0,C) as
described as follows (cf. [31, Chapter 3]). Let W denote the Weyl group of
gandset Iy = {i € I | a; € Ao}, W) = {w € W | wAf C AT}. Let
*: W x h* — bh* denote the shifted action of W and | : W — Z>¢ the length
function. Then there is an isomorphism of gg-modules

H"(950;C) = P Lo(w ™" x0),
weW]
l(w)=n

where Lo(w™! % 0) is the integrable highest weight go-module with highest
weight w1 * 0.

For a go-module M, set M* = V*(gy) ®c M. The space M* has a unique
Poisson vertex module over V*(gg) such that V*(go) acts as a commutative
algebra by multiplication on the first component and the A-bracket { - x - }:
VFE(go) @ MF — MF[)] satisfies {axb@m} = {axb} @ m+b®a-m for a € go,
b e VF(go), and m € M. We denote by L5 (w~'%0) the Poisson vertex module
obtained from Lo(w™! % 0).

LEMMA 3.2. There is an isomorphism

EM = @ Liw ' +0)® Fg ),
weWy
l(w)=n

as a Poisson vertex module over V*(go) ® F(g1/2).

In particular, we have E%l) =@icns, L§(—a;)®F (g1 /2) and the subspace
Lo(—ay;) is identified as

Lo(foll') = @ (CQDB C EF),
BElai]

where [a;] = Aso N (a; + Qo) and Qp denotes the root lattice of Ag. For
a € [o;] with i € I\Ip, we have

(o7 1 (7
(3.13) Op® = Z Z cﬁﬂeﬁcpﬂ.
BE[al,
yeIUAg
Let us describe the differentials on E; induced from @, and Q. Consider
the intertwining operators QY : V¥(go) ® F(g1/2) — L§(—a;) @ F(g1/2) given
by
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ST {@s0P5  Yamo, (€ Tip),

QW _ BEla;]
' > {(flea)e?s - Hazo, (i€ ).
Be(ai]

Then we have:
LEMMA 3.3. The differentials on E; induced by dyn. and d, are given by
de= Y QY anddy=>_ Q.
i€l =
Recall that the complex C{! = C¢l(g, f) is Z>o-graded and that
H"™(C (g, f)) = 60,0W" (g, f)-

Then we see that W¥ (g, f) is a subalgebra of the 0-th degree C,‘g{o =VF(g<o)®
F(g1/2). Since the ideal J generated by 0"u (u € g<o, n > 0) is also a Poisson
vertex ideal of C’,‘é{o, we obtain a homomorphism of Poisson vertex algebras

WH(g, f) = Cilo /I = VF(g0) ® Flgi)2)-

It is injective, and the image is described by using the differentials d,,, and
dy, as in the following theorem.

THEOREM 3.4. For k # 0, there is an isomorphism

i WHe, )= ) Ker(QiWth(go)®F(91/2)—>]L§(—Oéi)®F(91/2))7
i€l joUl

of Poisson vertex algebras.

The operators {va}iell/zull are called the screening operators for Wk(g, f).

The inclusion j : W*(g, f) = V*(go) ® F(g12) in Theorem 3.4 induces a Lie
algebra homomorphism between their spaces of local functionals

je : Lie(W*(g, f)) — Lie(V*(g0) © F(g1/2))-
(See Proposition 2.4.)
LEMMA 3.5. The Lie algebra homomorphism j. is injective.
PRrOOF. It is easy to see
(3.14) Ker(a LE(—a) ® Flgyj2) = LE(—on) ® F(gl/g)) =0

for i € I/, U I;. Now, take an element f € WF(g, f) such that | f € Ker j,.
Then there exists an element g in V*(go) ® F(g1/2) such that j(f) = dg. Let
H} denote the Hamiltonian of Q. Then we have

0=QYi(f) ={H"\j(f)}r=0 = {H]Y 209} r=0 = O{H}" xg}| =0
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It follows {H}Y yg}|a=0 = 0 by (3.14) and thus g € j(W¥(g, f)) by Theorem
3.4. Therefore, [ f=0. ]

Let QY : V*(go)@F (g1/2) = V*(g90)®F (g1/2), (o € IT), be the derivation
determined by

(3.15) QWeB = wei[:a] cgaq)w QW(I)B _ {(f”eou e[-j]) (a € HI/Z)
(flless eal)s 0 (o € IIy),
and
1
(3.16) [ ZV’a] = 7 Z Cl’ﬁegQY{V.
BelUAg
€[]

THEOREM 3.6. For k # 0, the classical affine W-algebra W¥(g, f) is iso-
morphic to the Poisson vertex subalgebra

(3.17) W(g, f) = ﬂ Ker(QZV :V¥(go) ® F(g1/2) = V*(g0) ® F(91/2)),

a€ll
of V¥(g0) ® F(g1/2) invariant under the derivations QY , (o € II).

PROOF. Since QI : V*(go) ® F(g1/2) — LE(—i) ® F(gi2) acts by
derivation, it decomposes as QY = > aead] ©*QW , where Q% € Der(VF(go)®
F(g1/2)) and ¢ is the multiplication by ¢®. We check that QY satisfies (3.16)
and (3.15). By direct calculation, (3.15) follows from the definition of Q. To
show (3.16), recall that V*(go) has a Virasoro element L = 5 Y aciuA, Calas
i.e., it satisfies {L L} = (0 + X)L + ¢ A® for some ¢, € C and 9 = L o). Then
we have

QY01 = LY s Hacos (L Hmol
= {{H}" \L}x+n - Yamp=o = —{0H]"x - }r0 = 0.
where H}V is the Hamiltonian of Q. Here, we have used (2.6) in the second,
(2.5) in the third, and (2.4) in the last equality. Therefore,

> (e°[QN 0 - (0eMQY) = [@I, 9] = 0.
a€lay]
and, thus, (3.16) by (3.13). 0

4. GEOMETRIC REALIZATION OF W*(g, f)

4.1. Double coset space. Consider the Lie algebra g[t*!] = g ® C[t*!]. By
abuse of notation, we denote by x = ( - | - ) the invariant bilinear form on
g[tT!] given by (at"|bt™) = (a|b)8,1m.0, which extends the one on g. We
extend the grading T on g to g[t*!] by setting deg(at”™) = deg(a) + (d + 1)n
(see Section 3.1) and fix a homogencous basis e, (v € I U A), extending the
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basis eq, (o € T LU A), of g. We denote |a| = deg(e,) for simplicity and ¢, 4
the structure constants, i.e., [eq, €g] = N czﬁe.y. Let e5, (a € II_IA), denote
the dual basis of e,, (o € I LU A), with respect to .

Consider the completion Lg = lim _ (g[t*']/g[t*']>»), which we call
the loop algebra of g. The grading on g[t*!] induces a decomposition Lg =
Lg, ® Lg— where Lg = yﬂlwo(g[til]w/g[tﬂ]m) and Lg_ = g[t=']<o. We
decompose X € Lgas X = Xy +X_ € Lg, & Lg_. The subspace Lg, is an
affine scheme of infinite type. By setting z, the coordinates of the basis e,
(e Aug € A), of Lgy, we have C[Lg4] = Clza | @ € Asg].

Let G be the connected simply-connected algebraic group whose Lie al-
gebra is g and LG the loop group of G, whose Lie algebra is Lg. We have
closed subgroups LG+ of LG whose Lie algebra is Lg .

Let us consider the quotient space LG_\LG, which is an ind-scheme.
It has an open subscheme LG,. The C-points of LG, is identified with
the LG -orbits of the image of the identity in LG_\LG. Since LG, is a
prounipotent proalgebraic group, the exponential map exp : Lg. — LG is
an isomorphism of schemes. Thus the coordinate ring C[LG] is identified
with C[Lgy] = Clza | a € Asg].

The left multiplication LG x LGy — LG+, ((91,92) — g7 'g2) induces
a Lgi-action on C[LG4] as derivations

(4.18) ¢l Lg, — Der(C[LGY]), ¢ — ¢~

Since LG is embedded into LG_\LG as an open subscheme, the right mul-
tiplication LG_\LG x LG_ — LG_\LG, (([g1],92) + [9192]), induces a
Lg_-action on C[LG] as derivations

(4.19) " Lg. — Der(C[LGL)), ¢ o

The commutator of these actions £, ¢ can be expressed by using the dis-
tinguished element K = exp(}_,ca_, Za€a) € LG+ (C[LGL]). Note that this
element is coordinate independent since it is identified with the identity mor-
phism under the correspondence

LG (CILG,]) = Hom(CILG, ], CILG, )
LEMMA 4.1. Foru € Lg; and v € Lg, [u”, v®] = [u, (KvK~)_]% holds.

PROOF. We use the notation eX = exp(X) for brevity. Let ¢; be dual
numbers which satisfy €2 = 0. For F € C[LG] and g € LG4, we have

(v F)(g) = the e-linear term of F(ge?)

= the es-linear term of F((e(v9 )+)g),
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and

(uFvBF)(g) = the € -linear term of (vEF)(e=% g)

= the e;ep-linear term of F((e(¢ " gva™" eIy et g)

= the €jeg-linear term of F(g1(e1, €2)),

where
—uer+(gog ) e2—([u,gvg ]+ +(gug )41
gi(e1,€0) = e7ue (gvg™ )4 e2—([u,gvg™ ]+ +(gvg™ )+ u)erez qg.

Similarly, we obtain

(vBul)(F)(g) = the eiey-linear term of F(gs (e, €2))

where
ga(€1,€2) = e—uer+(gvg ™) yea—u(gug ) eren g
Since
g1(€1,€2) = o [w(gvg™) “lqeren go(er, €2),
we obtain [u®, v F(g) = [u, (gug~") -1 F(g). O

In the sequel, we assume that (g, f) satisfies the condition (F) introduced
in Section 1:
(F1) The grading T is a Z-grading.
(F2) There exists an element y € g4 such that s = f 4+ yt=' € g[t*!] is
semisimple.
(F3) The Lie subalgebra Ker(ads) C g[t*!] is abelian and Im(ad)Ng[t*!]o =
9o-

EXAMPLE 4.2. The following pairs (g, f) satisfy (F).

1. (g, f) with f principal nilpotent element.

2. (9(Cn); famy) and (9(Can), fam)), (n = 2).
3. (9(Xy), f) with X = E, F, G listed in Table 1.

Here we have used the classification of nilpotent elements of g(C),) by sym-
plectic partitions and that of g(X,), (X = E, F,G), by the weighted Dynkin
diagram, (see [5].)

Let a denote the completion of Ker(ad,) in Lg. It is abelian by (F'3). Let
A C LG, (resp. Ax C LG1) be the closed subgroup of LG whose Lie algebra
is a, (resp. ax = anNLgy). We consider the quotient space LGy /A, which is
an open subset in the double coset LG_\LG/A,. We have a left LG -action

LGy x LGy /Ay — LGy [Ay,  (g,[h]) = [g7'hl,
and a right A_-action
LGy /AL x A_ — LG_\LG/Ay, ([hl],g)+— [hy].
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TABLE 1. Weighted Dynkin diagrams in the exceptional cases

Lie type Dynkin diagram Weights of vertices
G2 =0 20 22
Fy o0—o0==0—>0 0200 0202

2202 2222

0
Eg 20202 22022

2
22222

2 2

Er ooiooo 220222 222222
0 0

Eg ooioooo 0020020 2020202

2 2
2202022 2222222

The right A_-action is well-defined since A is abelian. These actions
induce infinitesimal actions

¢": Lgy —» DerC[LG /AL, (¢ ¢"),
¢fa_ - DerC[LGL/AL], (6 ¢T),

respectively. In particular, C[LG /AL] becomes a differential algebra by let-
ting s¥ be the differential. We will see that the Lg, -action on the differential
algebra C[LG /A, ] agrees with those of the screening operators QY in The-
orem 3.17 by identifying C[LG 4 /A ] and V*(go) established below, while the
commutative a_-action induces an integrable Hamiltonian hierarchy.

Set

(4.20) E, =k(eo|KsK™1) € C[LG4], (a€TUA).
We have E, € C[LG/A4] since
a(eq|KsK™1) = the elinear term of (eq|K e s(K e“)™1)

= (ealKfa,s]K™") =0,

for a € a, . Since the Poisson vertex algebra V*(g) is an algebra of differential
polynomials, there exists a unique homomorphism of differential algebras

Uy, : VF(go) = C[LG, /AL, eq— E,.
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THEOREM 4.3. Suppose that (g, f) satisfies (F) and k # 0. Then Uy, is
an isomorphism of differential algebras and satisfies

)

1
(4.21) QY = _EeL a el

PROOF. Since V¥(gy) and C[LG, /A.] are polynomial rings, it suffices
to show that the linear map do¥y, : TgSpecV¥(go) — T7HLG /Ay between
the cotangent spaces is an isomorphism. By the identification Lg} = Lg<g
and a} = a_ induced by &, we obtain T[’;]LG+/A+ >~ (Lgy/ay)* =2 Lgeg/a—.
This isomorphism is given by dz, — es. Under this isomorphism, we have
doU(0"eq) = kad?+1 €a, as proved by inductive use of the n = 0 case:

doWr(ea) = kd(ea| KsK™) = kd(ea|[ Y zses, s])

1Bl=1
= k(s calles)dzs =k Y (s, ealles)es
[Bl=1 181=1

= k[s, eq].

It follows from (F2) and (F3) that ¥y is an isomorphism.
To show (4.21), it suffices to show

1
UéEﬁ = (f|[eﬁ7€a])7 [uﬁ,sR] = E Z CZ(”DEﬁU{;, o€ Hl» B € Il—,A()v
pEIUAg
Y€l

where u, = —1eq by (3.16), (3.15). For the first one, we have
ul Eg = the e-linear term of k(eg|e™“¢/k KsK 1 e®a/k)
= {epl[ear KK 1) = (fegs al K5 K )
= ([es, ealls) = ([es, eallf)-

The second one follows from Lemma 4.1 since

_ -1 1
g 5] = Jwos (KKl = 73 D QpBpey =1 3 cl,Bpuy.
pEIUA, pEIUA,
vE[a] v€[a]

O

Note that the Lie subalgebra g, = ®;>0g; is generated by the subspace
Baemnbe- Let G4 C LG, denote the closed subgroup whose Lie algebra is g .

COROLLARY 4.4. The isomorphism Wy restricts to an isomorphism of
differential algebras W¥(g, f) = C[G4 \LG4 /A4].

Proor. The claim follows from Theorem 4.3 since

Wr(g, f) = ] Ker(Q1 : VF(go) = V¥(g0)),
a€elly
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by Theorem 3.6 and (F1). 0

4.2. Mutually commutative derivations on W*(g, f). By (F3), we have a Lie
algebra homomorphism ¢ : a_ — Der(C[LG, /A4]), (a+ a®).

PROPOSITION 4.5. The action £® preserves the subspace
ClGA\LG4/AL] C CILG 4 /AL].
PROOF. By Lemma 4.1, we have, for e, € g, (¢ € II1), and a € a_,

ek, a") = [e, (KakK ™) ] = [ea, (KaK ol" = 3 Fleas ol
BeETUAg
for some polynomials Fjg € C[LG4/A4]. Hence, for G € C[G4\LG4 /A4], we
have
eL(af@) = [k, af)G = Z Fplea, es)tG = 0.
BeEIUAg

5. INTEGRABLE HAMILTONIAN HIERARCHY

In this section, we always assume that the condition (F) holds and & # 0,
and identify V*(go) with C[LG,/A] by ¥}, (Theorem 4.3).

5.1. Hierarchy. In the previous section, we have proven an isomorphism of
differential algebras

W¥(g, f) = C[G4\LG /A4]
in Corollary 4.4 and showed that it is preserved by the family of commutative
derivations £¥(a_) by Proposition 4.5.

DEFINITION 5.1. We denote by 3* (g, f) the family of commutative deriva-

tions £f(a_) on W¥(g, f) and call it a geometric hierarchy on the classical
affine W-algebra W*(g, f).

When f is principal, this hierarchy was constructed by Feigin - Frenkel, and
indeed provides a geometric realization of the Drinfeld—Sokolov hierarchy [18,
20, 21].

We will prove that J*(g, f) is indeed an integrable Hamiltonian hierarchy
associated with the classical affine W-algebra W¥ (g, f).

5.2. Construction of Hamiltonians. Let Qqr(LG1) = C[LG4]®/\ Lg?, denote
the algebraic de Rham complex of LG . Here Lg7 is the vector space dual
to the space Lg, of the right invariant vector fields LgJLr on LG . We take a
basis ¢%, (o € A>0), of Lg% so that ¢%(eg) = dap, (0,8 € A>0), holds.
Note that the complex Q4r(LG+) coincides with the Chevalley-Eilenberg
complex of the Lie algebra Lg with coefficients in (C[LG 1], £¢F). Similarly, let
Qar(A4) = C[AL]®A a denote the algebraic de Rham complex of A;. Then
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the inclusion A4 < LG induces the projection Qqr(LG1) — Qar(Ay). It
restricts to af-invariant subcomplexes:

(5.22) 7:CILG, /A ® \Lgi - Co N df.

As a Lgi-module, C[LG4/A4] is isomorphic to the Lgy-module CoindaLerC
coinduced from the trivial a;-module C. Then 7 induces an isomorphism

H*(Lgy; C[LG1 /Ay]) = H*(Lgy; Coind[**C) = H*(ay; C)

by Shapiro’s lemma (cf. [26]). The right-hand side is isomorphic to A a’
since a is abelian. The action &% of a_ induces a_-actions on the complexes
Qar(LG+), Qar(A4), which commute with 7. Since a is abelian, a_ acts on
Qqr(A4) trivially. Thus a_ acts on the cohomology H*(Lg4; C[LG4/AL])
trivially. In particular, s acts on H*(Lgy; C[LG1/A]) trivially. By abuse of
notation, we write the above a_-actions by &F.

Consider the double complex %

C — Qur(LGy) —=% Qur(LG) —<— C.

Here ¢ is the unit morphism and € the counit morphism. It has the following
shape:

Co,2)

I

d . d
0-1,1) — C[LG4+/At]01) — CILGL/A{]® Ly} () ——

o=sn | —an ]

d . d
0—1,00 — CLG4+/At]00) — CILGL/AL® LG} (1) — -+

Cio,-1)

where the subscript (7, /) denotes the bidegree of €. Then the calculation of
the cohomology H*(%) via spectral sequences gives the isomorphisms
" C @ Im(sh) Im(sf) '
By Theorem 4.3, we have an isomorphism

CILG 4 /A1)/C & Im(s®) = Lie(V¥(g0))/C
as vector spaces. Since V*(gg) is an algebra of differential polynomials,
[:C = Lie(Vk(go)) is injective. Thus we may replace elements [ f in
Lie(V*(go))/C so that it is without the constant term f(0) = 0 if necessary.
Identifying a_ with a’ by &, we obtain an isomorphism

(5.23) o) 2 HY%) = Kcr(d
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a_ ¥ af {/f € Lie(V*(go))|f(0) =0, d/f =o}, a— /H(a).

The local functionals [ H(a) will provide the Hamiltonians for the geometric
hierarchy 3(*(g, f). Let us denote the space of Hamiltonians as

/H(a,) - {/H(a) lac a} C Lie(V*(go)).

Thanks to Lemma 3.5, the following proposition makes sense.
PROPOSITION 5.2. The image [ H(a_) lies in Lie(W*(g, f)).

PrOOF. We may assume that the basis {eq},ca_, of Lgy respects the
decomposition Lgy = Im(ad,) @ Ker(ad,). For a € a_, the element [ H(a) €

Lie(V*(go)) satisfies, by construction, dH (a) = sA for some element A =
Yach, Fa ®@¢® € CILGL/AL]® Lg;. Then,

dH(a) = s®A = s Z Fy ® ¢

aEA>o

Y AF)@e"+ Y Fa®s™(e”)

acAso aclAsg

ST 0Fa+ Y Fpcl By |0+ > Froen,

aclly pelly GA II
~ELA, a€Aso\IIy

for some element F* € C[LG4 /A, ]. In the last equality, we have used Lemma
5.3 below. By the identification C[LGy/A] = V*(go) and C[LG, /A4 ]p® =
LE(—a), (a € ), we obtain

Yo oFa+ D Fscl Bs ®go°‘8<z Fa®w>o.

a€ell BET, a€ell
yeEIUAg
On the other hand, by the definition of d, we have dH(a) = 5. eLH(a)®
aclso
. It follows that el [ H(a) = 0 for all o € IIy, which implies [ H(a) €
Lie(W*(g, f)) by Theorem 4.3. O
LEMMA 5.3. The following formula holds
fet 1 o fe4 A
(5.24) sRp* = Z Z E;Ycﬁﬂnpﬁ + Z c@ystpﬁ, a € Asyp.

BEASo BeAso
yeEITUAQ
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Proor. By Lemma 4.1, we have

(5:35F k] = —lea, (KK 1))k = 1 3" Egleascal — leanslt.
BeIUA,

Then, from the definition of Lg% , we have

1
(s%0%) (ep) = —¢™(Des) = - D BEsch, +ch,
yeIUAg

The claim (5.24) follows from it immediately. 0

5.3. Poisson vertex superalgebra structure on C[LG4/A] ® A Lg}. We ex-
tend the Poisson vertex algebra structure on C[LG4/AL] given by Theorem
4.3, to the whole differential superalgebra (C[LG4/AL] ® A Lg%, s™).

PROPOSITION 5.4. The differential superalgebra (C[LG4 /A ]®@\ Lg?., s™)
admits a unique Poisson vertex superalgebra structure, which satisfies

1. {uav} = [u,v] + k(u|v)A,  (u,v € go),

2. {¢g*¢"} =0, (¢ ¢ € LgjUar),

3. {uap®} = =2 ch 9%, (¢ € Lot Uat,u € go).
It satisfies

(5.26) {urp®} = —Zciﬁcpﬁ, (p* € Lg*,u € go)-

ProoF. It follows from Lemma 5.3 that C[LG /A, ] ® A Lg’ is an al-
gebra of differential polynomials in the variables given by the union of bases
of go and Lg} U a’. By Theorem 2.2, it suffices to show (2.5), (2.6) for these
variables in order to prove that (1)-(3) define a Poisson vertex superalgebra
on C[LG4 /A ]® A Lg% . The only non-trivial ones are (2.6) for {e,,eg, ¢}
By (2.5), they reduce to the special case

(5.27) {ear{esn}} — {epuleary™}} = {{earestarn®” }-

Since it coincides with the Jacobi identity

(ad"(ea) ad"(e5) — ad” (eg) ad” (ea))¢” = ad” ([ea, €4]) "

of the coadjoint go-action on Lg? , (5.27) holds.

Next, we show (5.26). Since ad, is an isomorphism on Im(ads) C Lg, we
have its inverse ad; ' on Im(ad,) and on its dual space Im(ad,)*. Then we
have a decomposition Lgso = ad; ' Im(ads)s¢ @ (Lg, U a; ). We show (5.26)
for o € Im(ad,) by induction on degree. From Lemma 5.3, we have

1
ad; ! o = dp® — Z ch,a6a80b7 »* € Im(ady);.

a,b
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Here the sum with respect to Greek letters (resp. Roman letters) is taken
over I LAy (resp. Asg). We use the same rule below. Then, for e, € go and
©* € Im(ads)1, we have

{ean(ad; )"p"t = = > i y(ads ) e,
bl=lal
which is proved by the inductive use of the n =1 case:

— a a 1 a
{ea)\ ads 1 %) } = {ea)\agp } — % Zcb’ﬂ{ea)\e[}@b}
B,b

1
= 0+ Nieards") — 1 2 challearcale + {earedeq)
B,b
8+A)anb<p — chba ( N +k(ea|eﬂ))\)<p —anc c)
=M Dochpd’ + D chsleales)d”

b 8.b
1
Z Ci,basﬁb + A Z Ch ([ea, eBka - Z Ci,ceéwc)
b 8,b c
= - chpad;t el
b

In the last equality, we used (eqleg) = da,g for the Alinear term and use

Lemma 5.3, ¢, = = b, and the Jacobi identity of the Lie bracket for the
constant term. This implies (5.26) for ¢* € Im(ad,)*. Then (5.26) follows
from this and (3). 0

The de Rham differential d = Za€A>g L ® ¢* on C[LG4/A4] can be de-
scribed in terms of the Poisson vertex superalgebra structure in Proposition
5.4.

LEMMA 5.5. The differential d is determined uniquely by

1. dEﬁ = —k ZQGA>O([63,SHGQ) ® (,00(, (6 clll Ao),

2. [d,0] =0.
PRrOOF. (1) follows immediately from the formula ef E, = —k([eq, s]|es)
(see also (4.20)). (2) follows from (5.25) and Lemma 5.3. 0

Let s* € Lg% denote the element corresponding to s € Lg_ by the identifi-
cation kK = (- |- ) : Lg_ = Lg% and 5 € Lg, the element corresponding to

s*.



W-ALGEBRAS AND INTEGRABLE SYSTEMS 25

PROPOSITION 5.6. Under the isomorphism ¥y, : V¥(go) = C[LG 4 /A4],
d = —k{s*x—}|x=0,
holds on C[LG/A].

Proor. It suffices to show that —k{s*) - }|a=o satisfies (1) and(2) in
Lemma 5.5: (1) follows from the definition of s* and Proposition 5.4 (3).
Then, (2) follows from (2.4). 0

The following property of the derivation n, = n( [ H(a)) € Der(C[LG4 /A4]),
(a € a_), will be used.

LEMMA 5.7. Fora € a_, there exist some polynomials F,,(a) € C[LG4/A],
(a € I U Ay), which satisfies

[uLvn(l] = Z Fa(a)[u,ea]L, u € Lgl
aEllAg
PROOF. By construction of [ H(a), we have d [ H(a) = [dH(a) =0 €
Lie(C[LG4/A4] ® A\ Lg%) and thus {dH (a)y - }la=o = 0. By (2.6), we have

{aH (@) - Yo = [  Hamo {H @4 - Humo| = [ 3 k@ % mi]

a€A>U
= > (lebnd @9 — ek @nap™).
OéEA>o
It follows from them that
[eéﬂla] = Z (ea | na(wﬂ)>€é7
BeAsg
where (- | -): Lgy x Lg% — C denotes the canonical pairing. By Proposi-
tion 5.4, we have
0H(a) 0H (a)
ma(@?) = {H@)xoYamo = D {esor’}n—5 === D o o=
yETUA v ~eIUA v
pEASo
Hence, for o € Lg; we obtain
0H(a)
= Y fealm@eb=— 3 2, T e o)k
BEA, BeA o 7EIUAG K
pEAS

= Z M[eave’y]L-

de
~elUA, 2

This completes the proof. 0
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5.4. Integrable Hamiltonian hierarchy. Let Vect(LG ) denote the Lie algebra
of the algebraic vector fields on LG;. Recall the infinitesimal Lg-actions
(4.18), (4.19).

LEMMA 5.8. We have Vect(LG+)L94Lr = Lg and Vect(LG_s_)Lgfrt = Lg*.

PRrROOF. Although this is well-known, we give a proof for the completeness
of the paper. The pairing
W(Lgy) x C[LG4] = C, (X1Xg---Xn, F) = (X{XE - XEF)(e),

defined by is Lg-invariant and nondegenerate. Here U(Lgy) denotes the
universal enveloping algebra of Lg,. Hence, we have

L
C[LG]"*% =U(Lg)/Lg+U(Lgy) = C.

Since Lg% commutes with Lg# and Vect(LG4) = C[LG1] ®c Lg¥, we obtain
Vect(LGy ) 9% = (C[LG4] ®c Lok) o = C[LG4] % ®c Lok = Lok,
The latter claim is proved similarly. 0

We say that an element X € Vect(LG.) satisfies (P) if
whXle Y ClLewedt, uele.
acllUAg
Let £ denote the set of elements in Vect(LG ) satisfying (P). It is straightfor-
ward to show that £ C Vect(LG,) forms a Lie subalgebra. The Witt algebra
Witt = (C((t))% acts on Lg by derivations with respect to ¢. Since the subal-
gebra Witt_ = C[t~1]t-2 preserves Lg<o, it acts on B\G((t)) infinitesimally

and therefore on the open dense subset LG,. The induced Witt_-action on
C[LG4] is given by

L, exp E Za€o | = the e-linear term of exp E Zola | €57,
a€A>o a€A>g

where L,, = —t"+1% € Witt_.
LEMMA 5.9. We have £ = Witt_ x Lg®.

PROOF. By Lemma 4.1, we have Lg® C £. In particular, this implies
that £ is a Lg-module. The inclusion Witt_ C £ is shown in the same way as
in the proof of Lemma 4.1. It is obvious that these two actions give an action
of their semidirect product Witt_ x Lg® C £.

To show its equality, consider the quotient Lg-module M := £/Witt_ x
Lg®. Let us show that M belongs to the category O of the affine Lie algebra
g =g[tf']®@CC @ CLj at level 0. Let g = ny @ h & A_ be the standard
triangular decomposition of g. Indeed, the action of the Cartan subalgebra
h=haCC® Ly on Vect(LG. ) is diagonalizable and, moreover, preserves £
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and Witt_ x Lg®. Hence, it is diagonalizable on M = £/Witt_ x Lg. Let
us show that the dimension dim U(ny)w is finite for any w € M. Let w € £
denote a lift of w. The decomposition iy = g X where g = @aeA0+ 9oa
and n-g = ny N Lgso induces a decomposition of the universal enveloping
algebra U(ny) = U(gd) ® U(nsg) as vector spaces. By definition of £, @
satisfies, for any u € Lg,

[uf w] = Z Fo(w)[eq, u]* for some element F,,(w) € C[LG ].
aclUAg

Since 1%, and n%, commute, for any Z € U(n>o),

[ul, 28w = ZR([ubw)) = D Z(Fa(w))ea, ult.
aclllAg
If ZB(F,(w)) = 0 for all &« € I U Ag and u € Lg;, then by Lemma 5.8,
we have [ZT, w] € nfi, which is zero in M. Considering the h-weights of
ZR(F,(w)), we conclude that dim U(fsq)?(F,(w)) < oo for each a and hence
dim U(nso)"w < co. Thus it remains to show dim U(gy )w < oo. Take u € g
and v € g, we have [ul,vf] = [u,v]* by Lemma 4.1. Then by setting
[u®, w] =3 herun, Galw)[u, eq]” for some element G, € C[LG ], we have

[uL7 [Uva” = [[U’U]L7w] + [UR’ [uva”
= Y Ge)lwol e+ Y vA(Ga(w))lu, el
aclUAg a€ellUAy

By induction, we obtain

[uL7[U{?7 ['057"' ,[U,}f,w}~~~] = Z (UﬁGa(w))H%UB]Jea}L
acellUAy
AUB={1,2,- n}
for vy, va, -+ , v, € g, where v§ = vflvfz ~~~vfmx for A={ai,a2, * ,Amax
(a1 < az <+ < amax), and [u,vp] = [ [, Vb, ], Uby)s -+ * |5 Vbpay) fOr B =
{b1,b2, -+, bmax}, (b1 < b2 < -+ < bmax). Since

adgh Lot =0, ((a)™) N Ga(w) =0

for N large enough, it follows that [u”, [vff, [v&, - - [WE w]---] = 0 for n
sufficiently large and hence [vft, [vf, -+ | [vf, w],---] € 7, which is zero in

M. Therefore, we obtain dimU(gd)Fw < oo. Thus, we conclude that M
belongs to the category O.

Suppose M # 0. Then it contains a nonzero highest weight vector w.
Let @ € £ denote a lift of w. Then Witt_ x Lg® + Cw is an extension
of n-module Witt_ x Lg® by a trivial 1-dimensional n-module Cw, which is
nontrivial by construction. Thus, this extension defines a nonzero element in
H(n; Witt_ x Lg®). Since the action Lg® on C[LG] is faithful, Lg® = Lg
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as n-modules. On the other hand, the cohomology H"(n; Witt_ x Lg%) is
describes as
H(n; Witt_ x Lg) = H™'(n; C) ® Wittso,

where Wittso = C[[t]]t>Z ([20]). This isomorphism is h-equivariant. In
particular, all the degrees of the homogeneous elements with respect to the
action of 2 + (d + 1)Lg in the first cohomology H!(W; Witt_ x Lg) = Witts
are positive. (See Section 1 for the definition of z and d.) On the other hand,
the cocycle corresponding to Cw is negative due to the definition of £, which
is a contradiction. Therefore, we conclude M = 0. This completes the proof

O

THEOREM 5.10. Suppose that (g, f) satisfies (F) and k # 0. Then,
(g, f) is an integrable Hamiltonian hierarchy associated with W*(g, f).

PROOF. By abuse of notation, let 1, € Der(V*(gg)) also denote the cor-
responding element in Vect(LG4/Ay) by Uy in Theorem 4.3. Since LG =
(LG4/AL) x Ay as affine schemes in an Aff-equivariant way, the elements of
Vect(LG4 /A4) naturally lift to elements of Vect(LG.) which commute with
afl. Again, let 7, denote the lift of 7, in Vect(LGy). Then by Lemma 5.7,
the lift 7, lies in £ and, moreover, [u”,na] = Y, a, Fo(a)[u, ea]” with
Fo(ne) € C[LG4/A4] for u € Lg;. Since § € a4, we have, for u € Lg;,

[ULa [ng Nall = [§R’ [uLv Nall = [ng Z Fo(na)[u, ea}L] = Z ER(Fa(ﬂa))[Ua ea}L
=0.

Since Lg; generates Lg,, we obtain [57,n,] € Vect(LG+)L9i = Lg®. The
degree of [5%,1,] is non-positive, and the degrees of the elements in Lgf are
positive with respect to the action of x + (d+1)Lo. This implies [57,7,] = 0,
ie., 7. € £5°. On the other hand, we have £5" = Witt® (Lg®)T since
(%, Witt_] C [a, Witt_]® C aff and [5%,Lgf] N af = 0. Since 5 € Lg is
not an element in g, we have Witt>" = 0. From the definition of 5 (and
s), we obtain Lg® = af. Thus £5° = af holds. Therefore, 1, lies in af,
which means [H(a_) C af®. Considering the degree given by the action of
z+ (d+ 1)Lo, we see [ H(a_) C a”. By Lemma 2.5, it is easy to show that
the map [ on H(a_) is injective. Since the map a + [ H(a) preserves the
degree with respect to the action of x + (d + 1)Lg, we obtain [ H(a_) = af.

0

ACKNOWLEDGEMENTS.

This paper is the master’s thesis of the author while he was at the Univer-
sity of Tokyo. He wishes to express his gratitude to Professor Atsushi Matsuo
for his encouragement throughout this work and his numerous pieces of advice.
He thanks the referees for careful proofreading and useful suggestions.



(1]
2]
(3]

(4]

5

(6]
[7]
(8]
(9]
(10]

(11]

(12]

(13]
(14]

(18]

[16]
17)
[18]
[19]
[20]

(21]

W-ALGEBRAS AND INTEGRABLE SYSTEMS 29

REFERENCES

T. Arakawa, Introduction to W-algebras and their representation theory, Perspectives
in Lie theory, Springer INdAAM Ser., 19 (2017), 179-250, Springer, Cham.

A. Barakat, A. De Sole and V. Kac, Poisson vertezx algebras in the theory of Hamil-
tonian equations, Jpn. J. Math., 4(2) (2009), 141-252.

D. Ben-Zvi and E. Frenkel, Spectral curves, opers and integrable systems, Publ. Math.
Inst. Hautes Etudes Sci., 94 (2001), 87-159.

N. Burroughs, M. de Groot, T. Hollowood and J. Miramontes, Generalized Drinfel’d-
Sokolov hierarchies. II. The Hamiltonian structures, Comm. Math. Phys., 153(1)
(1993), 187-215.

D. Collingwood and W. McGovern, Nilpotent orbits in semisimple Lie algebras,
Van Nostrand Reinhold Mathematics Series, Van Nostrand Reinhold Co., New York
(1993), xiv+186 pp.

M. de Groot, T. Hollowood and J. Miramontes, Generalized Drinfel’d-Sokolov hier-
archies, Comm. Math. Phys., 145(1) (1992), 57-84.

A. De Sole, M. Jibladze, V. Kac and D. Valeri, Integrability of classical affine W -
algebras, Transform. Groups, 26(2) (2021), 479-500.

A. De Sole, M. Jibladze, V. Kac and D. Valeri, Integrable triples in semisimple Lie
algebras, Lett. Math. Phys., 111(5) (2021), Paper No. 117, 64 pp.

A. De Sole and V. Kac, Finite vs affine W-algebras, Jpn. J. Math., 1(1) (2006),
137-261.

A. De Sole and V. Kac, The variational Poisson cohomology, Jpn. J. Math., 8(1)
(2013), 1-145.

A. De Sole, V. Kac and D. Valeri, Classical W-algebras and generalized Drinfeld-
Sokolov bi-Hamiltonian systems within the theory of Poisson vertex algebras, Comm.
Math. Phys., 323(2) (2013), 663-711.

A. De Sole, V. Kac and D. Valeri, Adler-Gelfand-Dickey approach to classical W-
algebras within the theory of Poisson vertex algebras, Int. Math. Res. Not. IMRN,
2015(21) (2015), 11186-11235.

A. De Sole, V. Kac and D. Valeri, Structure of classical (finite and affine) W-algebras,
J. Eur. Math. Soc. (JEMS), 18(9) (2016), 1873-1908.

A. De Sole, V. Kac and D. Valeri, Classical affine W-algebras for gl and associated
integrable Hamiltonian hierarchies, Comm. Math. Phys., 348(1) (2016), 265-319.
A. De Sole, V. Kac and D. Valeri, Classical affine W-algebras and the associated
integrable Hamiltonian hierarchies for classical Lie algebras, Comm. Math. Phys.,
360(3) (2018), 851-918.

V. Drinfel’d and V. Sokolov, Lie algebras and equations of Korteweg-de Vries type,
Current problems in mathematics, Vol. 24, Itogi Nauki i Tekhniki (1984), 81-180.
A. Elashvili and V. Kac, Classification of good gradings of simple Lie algebras, Lie
groups and invariant theory, Amer. Math. Soc. Transl. Ser. 2, 213 (2005), 85-104.
B. Enriquez and E. Frenkel, Fquivalence of two approaches to integrable hierarchies
of KdV type, Comm. Math. Phys., 185(1) (1997), 211-230.

L. Fehér, J. Harnad and I. Marshall, Generalized Drinfel’d-Sokolov reductions and
KdV type hierarchies, Comm. Math. Phys., 154(1) (1993), 181-214.

B. Feigin and E. Frenkel, Kac-Moody groups and integrability of soliton equations,
Invent. Math., 120(2) (1995), 379-408.

B. Feigin and E. Frenkel, Integrals of motion and quantum groups, Integrable sys-
tems and quantum groups (Montecatini Terme, 1993), Lecture Notes in Math., 1620
(1996), 349-418.



30 S. NAKATSUKA

[22] B. Feigin and E. Frenkel, Integrable hierarchies and Wakimoto modules, Differential
topology, infinite-dimensional Lie algebras and applications, Amer. Math. Soc. Transl.
Ser. 2, 194 (1999), 27-60.

[23] C. Ferndndez-Pousa, M. V. Gallas, J. Miramontes and J. Sdnchez Guillén, Integrable

systems and W -algebras, VIII J. A. Swieca Summer School on Particles and Fields

(Rio de Janeiro, 1995) (1996), 475-479.

C. Ferndndez-Pousa, M. V. Gallas, J. Miramontes and J. Sdnchez Guillén, W -algebras

Jfrom soliton equations and Heisenberg subalgebras, Ann. Physics, 243(2) (1995), 372—

419.

[25] E. Frenkel and D. Ben-Zvi, Vertezx algebras and algebraic curves, Mathematical Sur-
veys and Monographs, 88, American Mathematical Society, Providence, RI (2001),
xii+348 pp.

[26] D. Fuks, Cohomology of infinite-dimensional Lie algebras, Contemporary Soviet
Mathematics (1986), xii+339 pp.

[27] N. Genra, Screening operators for W-algebras, Selecta Math. (N.S.), 23(3) (2017),
2157-2202.

[28] V. Kac, S. Roan and M. Wakimoto, Quantum reduction for affine superalgebras,
Comm. Math. Phys., 241(2-3) (2003), 307-342.

[29] V. Kac and M. Wakimoto, Quantum reduction and representation theory of super-
conformal algebras, Adv. Math., 185(2) (2004), 400-458.

[30] V. Kac and M. Wakimoto, Corrigendum to: “Quantum reduction and represen-
tation theory of superconformal algebras” [Adv. Math. 185(2) (2004), 400-458;
MR2060475], Adv. Math., 193(2) (2005), 453-455.

[31] S. Kumar, Kac-Moody groups, their flag varieties and representation theory, Progress
in Mathematics, 204, Birkhauser Boston, Inc., Boston, MA (2002), xvi+606 pp.

[32] S. Nakatsuka, Miura maps and parabolic Wakimoto resolutions, Appendix to

[N. Genra, Screening operators and parabolic inductions for affine W-algebras, Adv.

Math., 369 (2020), 107179, 62 pp..

U. Suh, Classical affine W-superalgebras via generalized Drinfel’d—Sokolov reductions

and related integrable systems, Comm. Math. Phys., 358(1) (2018), 199-236.

(24

(33

S. Nakatsuka

Laboratoire de Mathématiques d’Orsay

Université Paris-Saclay

91405 Orsay

France

E-mail: shigenori.nakatsuka@universite-paris-saclay.fr



