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ON A GEOMETRIC CONSTRUCTION OF INTEGRABLE
HAMILTONIAN HIERARCHIES FOR CLASSICAL

W-ALGEBRAS

Shigenori Nakatsuka

Université Paris-Saclay, France

Abstract. A class of classical affine W-algebras is shown to be iso-

morphic as differential algebras to the coordinate rings of double coset

spaces of certain prounipotent proalgebraic groups. As an application,
integrable Hamiltonian hierarchies associated with them are constructed

geometrically, generalizing the corresponding result of Feigin-Frenkel and
Enriquez-Frenkel for the principal cases.

1. Introduction

Since the discovery of the Drinfel’d-Sokolov hierarchy [16], a number of in-
tegrable systems have been constructed in the same spirit, e.g. [4, 6, 19, 23, 24].
Those integrable systems are not of finite dimension, which are formulated by
Poisson algebras, but of infinite dimension, reflecting classical field theory as
their origin.

In [2], Barakat, De Sole, and Kac used Poisson vertex algebras, which play
the role of Poisson algebras for integrable systems as above, and introduced
the notion of integrable Hamiltonian hierarchies as a framework of integra-
bility for Poisson vertex algebras. Since then, De Sole, Kac, and Valeri (e.g.
[11, 12, 13, 14, 15]) have studied systematically integrable Hamiltonian hier-
archies associated with Poisson vertex algebras, called the classical (affine)
W-algebras, which are obtained as the classical limit of vertex algebras, called
the (affine) W-algebras [9, 28], see also [10, 33].

The W-algebras are parametrized by a triple (g, f, k) consisting of a finite-
dimensional simple Lie algebra g over C, a nonzero nilpotent element f ∈ g,
and a complex number k ∈ C, called the level and are denoted by Wk(g, f).
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The classical W-algebras are also parametrized by the same data, and thus we
denote them also by Wk(g, f). De Sole, Kac, and Valeri recovered the earlier
results on the integrable Hamiltonian hierarchies mentioned above in their
study and obtained a culminating result in [15] on the existence of integrable
Hamiltonian hierarchies associated with Wk(g, f), which states: the classical
affine W-algebra Wk(g, f) admits an integrable Hamiltonian hierarchy for any
finite-dimensional simple Lie algebra g of classical type, nonzero nilpotent
element f , and k ̸= 0.

Besides the algebraic theory of integrable Hamiltonian hierarchies men-
tioned above, there is a result of Feigin-Frenkel [20, 21] and Enriquez-Frenkel
[18] which constructs the Drinfel’d-Sokolov hierarchies by using a geometric
realization of the classical affine W-algebra Wk=1(g, fprin), where fprin de-
notes the principal nilpotent element in g. More precisely, they proved that
Wk=1(g, fprin) is isomorphic as a differential algebra to the coordinate ring of
a certain double coset space of a prounipotent proalgebraic group and that
the associated Drinfel’d-Sokolov hierarchy is induced from a natural group
action on this space.

The aim of this paper is to generalize those results to the classical W-
algebras Wk(g, f) when f satisfies certain properties (see the condition (F)
below) and the level k ∈ C is nonzero. We note that the choice of f is a special
case of the so-called Type I in [4, 6, 19]. By construction, the integrable
Hamiltonian hierarchies obtained in the paper for k = 1 coincide with special
cases of those considered in [3] and are special cases of the result in [11].

Let g be a finite-dimensional Lie algebra over C, and f ∈ g be a non-
zero nilpotent element. We fix an sl2-triple {e, h = 2x, f} containing f . We
denote by Γ : g = ⊕gj the adx-grading and by g = h ⊕ (⊕α∈∆gα) a root
space decomposition of g which is homogeneous with respect to Γ. Then the
root system ∆ admits an induced grading ∆ = ⊔∆j . Let Π denote the subset
of ∆>0 = ⊔j>0∆j consisting of the elements indecomposable in ∆>0. Let
V k(g0) denote the universal affine Poisson vertex algebra associated with the
reductive Lie algebra g0 at level k and F (g1/2) the βγ-system Poisson vertex
algebra associated with the symplectic vector space g1/2. Then the W-algebra

Wk(g, f) is defined as the 0-th cohomology of the BRST complex Ck(g, f),
see Section 3.1 for details.

For generic levels k, the (quantum) W-algebras are realized as the joint
kernel of certain screening operators [27]. Our first result (Theorem 3.6) is a
Poisson vertex algebra analogue of this result. Namely, for k ̸= 0, we realize
the classical affine W-algebra Wk(g, f) as the Poisson vertex subalgebra of
V k(g0)⊗ F (g1/2) invariant under the derivations QW

α , (α ∈ Π):

(1.1) Wk(g, f) ∼=
⋂

α∈Π
Ker

(
QW

α : V k(g0)⊗ F (g1/2)→ V k(g0)⊗ F (g1/2)
)
.

See (3.15) and (3.16) for the definition of QW
α .
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We now suppose that the pair (g, f) satisfies the following condition (F):

(F1) The grading Γ is a Z-grading.
(F2) There exists an element y ∈ gd such that s = f + yt−1 ∈ g[t±1] is

semisimple.
(F3) The Lie subalgebra Ker(ads) ⊂ g[t±1] is abelian and Im(ads)∩g[t±1]0 =

g0.

Here g[t±1] = g⊗C[t, t−1] and g[t±1] = ⊕j∈Zg[t±1]j is the Z-grading given by
deg(Xtn) = j+(d+1)n, (X ∈ gj) and d is the maximal Γ-grading on g. The
nilpotent elements f satisfying (F1)-(F2) are called Type I in the literature
e.g. [19, 4, 6]. We consider the completion Lg = g⊗C((t)). It has subalgebras
Lg+, which is the completion of g[t±1]>0, and Lg− = g[t±1]≤0. We have the
corresponding closed subgroups LG+, LG− of the loop group LG of G.

Let a denote the completion of Ker(ads) in Lg, and a± = a ∩ Lg±. Let
A, (resp. A±) be the closed subgroup of LG corresponding to a, (resp. a±).

The right A-action LG−\LG/A+ × A → LG−\LG/A+, induces a Lie
algebra homomorphism a→ Der(C[LG−\LG/A+]), and so that

(1.2) a→ Der(C[LG+/A+])

since LG+/A+ ⊂ LG−\LG/A+ is an open subset. We denote this action by
a 7→ aR. In particular, we obtain a differential algebra (C[LG+/A+], s

R). On
the other hand, the natural left LG+-action LG+ × LG+/A+ → LG+/A+

induces a Lie algebra homomorphism Lg+ → Der(C[LG+/A+]), which we
denote by X 7→ XL.

Our second result (Theorem 4.3) is the following geometric interpretation
of (1.1) under the condition (F): there exists an isomorphism of differential
algebras

Ψk : V k(g0)→ C[LG+/A+],

such that the derivation QW
α is identified with XL

α for some element Xα ∈ gα,
(α ∈ Π). Since such root vectors Xα generate a Lie algebra g+ = ⊕j>0gj ,
it implies that Wk(g, f) is isomorphic to C[G+\LG+/A+] as a differential
algebra (Corollary 4.4). Here G+ is the closed subgroup of LG+ corresponding
to g+.

The action in (1.2) preserves the subalgebra C[G+\LG+/A+]. Thus, we
obtain a space of mutually commutative derivations of Wκ(g, f) as the image
of a−. We denote this space by Hκ(g, f). Our third result (Theorem 5.10)
states that Hk(g, f) is an integrable Hamiltonian hierarchy associated with
Wk(g, f).

The double coset spaces G+\LG+/A+ considered here are embedded into
the abelianized Grassmannians G[t−1]\LG/A+ as a Zariski open subset. The
abelianized Grassmannians have been used to construct Drinfeld-Sokolov hi-
erarchies geometrically [3]. As pointed out in loc.cit., such a construction
implies a strong compatibility of integrable Hamiltonian systems associated
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with classical affine W-algebras and Hitchin systems. The author hopes to
investigate the relationship between classical affine W-algebras and Hitchin
systems in future work.

The main difficulty in extending the geometric construction to the cases
of non-principal W-algebras is that each screening operator involves several
root components, rather than a single simple-root direction. The key new
ingredient in this article is a further decomposition of these operators that
geometrically induces the G+-action. This construction was subsequently un-
derstood in terms of parabolic BGG resolutions in [32]. This perspective
suggests a generalization of the AKNS hierarchy constructed for affine Pois-
son vertex algebras [22] to W-algebras associated with nilpotent elements of
semisimple type. A geometric interpretation when the nilpotent elements
admit an integrable triple [7, 8] remains an open problem.

2. Poisson vertex superalgebras

2.1. Poisson vertex superalgebra. We recall here some basics about Poisson
vertex superalgebras and their relation to the theory of integrable systems,
following [2, 33]. We remove the prefix “super” whenever we consider the
non-super cases.

A differential C-superalgebra is a pair (V, ∂) consisting of a supercommu-
tative C-superalgebra V and an even derivation ∂ on it. We denote by ā the
parity of a ∈ V and by Der(V ) the set of super-derivations of V . In particular,
the superalgebra of differential polynomials in the variables ui (i ∈ I := I0̄⊔I1̄)
is a tensor product

V = C[U0]⊗
∧

U1

of the polynomial ring in the variables U0 = {u(n)
i | i ∈ I0̄, n ≥ 0} and the

exterior algebra in the variables U1 = {u(n)
i | i ∈ I1̄, n ≥ 0} equipped with

a derivation ∂ so that u
(n)
i = ∂nui holds. A Poisson vertex superalgebra is a

triple (V, ∂, { · λ · }) consisting of a differential C-superalgebra (V, ∂) and an
even C-bilinear map

(2.3) { · λ · } : V × V → V [λ], (f, g) 7→ {fλg} =
∑

n≥0

λn

n!
f(n)g,

called the λ-bracket, satisfying

{∂fλg} = −λ{fλg}, {fλ∂g} = (λ+ ∂){fλg},(2.4)

{gλf} = −(−1)f̄ ḡ←{f−∂−λg},(2.5)

{fλ{gµh}} − (−1)f̄ ḡ{gµ{fλh}} = {{fλg}λ+µh},(2.6)

{fλgh} = {fλg}h+ (−1)ḡh̄{fλh}g,(2.7)

{fgλh} = (−1)ḡh̄{fλ+∂h}→g + (−1)f̄(ḡ+h̄){gλ+∂h}→f,(2.8)
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for f, g, h ∈ V . Here, the arrows in the brackets indicate where λ acts when
λ is replaced by non-commutative operators:

{fλ+∂g}→ =
∑ 1

n!
f(n)g(λ+ ∂)n, ←{fλ+∂g} =

∑
(λ+ ∂)n

1

n!
f(n)g.

Remark 2.1. Given a superalgebra of differential polynomials V in the
variables ui (i ∈ I), a linear map F : spanC{ui}i∈I → V [λ] uniquely extends
to F : V → V [λ] by (2.4) and (2.8).

Let V be a superalgebra of differential polynomials in the variables ui,
(i ∈ I). We denote by

∂

∂u
(n)
i

,
∂R

∂Ru
(n)
i

∈ Der(V )

denote the derivations with respect to u
(n)
i from the left and the right,

respectively (which coincide if V is non-super). Then the λ-bracket on V is
determined by the values {uiλuj} in the following sense.

Theorem 2.2 ([2, 33]). Let (V, ∂) be a superalgebra of differential poly-
nomials in the variables ui, (i ∈ I), and Hij(λ), (i, j ∈ I), an element of V [λ]
with the same parity as uiuj. Then there is a unique Poisson vertex superal-
gebra structure on V satisfying {uiλuj} = Hji(λ) if and only if the λ-bracket
satisfies (2.5) and (2.6) for ui, (i ∈ I). Moreover, the λ-bracket is given by

{fλg} =
∑

i,j∈I,
n,m≥0

(−1)f̄ ḡ+īj̄ ∂Rg

∂Ru
(n)
j

(λ+ ∂)nHji(λ+ ∂)→(−λ− ∂)m
∂f

∂u
(m)
i

.

Example 2.3. Given a finite-dimensional Lie algebra L over C and a
nondegenerate symmetric invariant bilinear form κ on L, let V κ(L) denote the
algebra of differential polynomials in the variables given by a basis of L. Then
the λ-bracket { · λ · } : L×L→ V κ(L)[λ] given by {uλv} = [u, v] + κ(u, v)λ,
(u, v ∈ L), defines a unique Poisson vertex algebra structure on V κ(L). This
is called the universal affine Poisson vertex algebra associated with L at level
κ.

Given a Poisson vertex superalgebra V , a Poisson vertex module over V
(cf. [1]) is a vector superspace M which is a V -module as a supercommutative
algebra V and endowed with an even C-bilinear map { · λ · } : V ×M →M [λ]
satisfying

{∂fλm} = −λ{fλm},
{fλ{gµm}} − (−1)f̄ ḡ{gµ{fλm}} = {{fλg}λ+µm},
{fλg ·m} = {fλg} ·m+ (−1)f̄ ḡg · {fλm},
{fgλm} = (−1)m̄ḡ{fλ+∂m}→g + (−1)f̄(ḡ+m̄){gλ+∂m}→f
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for f, g ∈ V , m ∈ M . Here, the right V -action M × V → M is defined by
the action of V as a supercommutative algebra. In this case, we define the
λ-bracket

{ · λ · } : M × V →M [λ], (m, f) 7→ {mλf} = −(−1)m̄f̄
←{f−∂−λm}.

For m ∈ M , the linear map {mλ · } : V → M [λ] is called an intertwining
operator and m is called the Hamiltonian.

For a Poisson vertex superalgebra V , the vector superspace Lie(V ) =
V/∂V is called the space of local functionals. We denote by

∫
: V → Lie(V ), f 7→

∫
f

the canonical projection.

Proposition 2.4 ([2, 33]).

1. The bilinear map

Lie(V )× Lie(V )→ Lie(V ),

(∫
f,

∫
g

)
7→
∫
{fλg}λ=0

is well-defined and defines a Lie superalgebra structure. Moreover, if
V is even and an algebra of differential polynomials in the variables
{ui}i∈I , then

[∫
f,

∫
g

]
=
∑

i.j∈I

∫
δRg

δRuj
{ui∂uj}→

δf

δui
,

where

δf

δui
=
∑

n≥0
(−∂)n ∂f

∂u
(n)
i

,
δRf

δRui
=
∑

n≥0
(−∂)n ∂Rf

∂Ru
(n)
i

denote the left and right variational derivative of f with respect to ui.
2. The Lie superalgebra Lie(V ) acts on V by

η : Lie(V )→ Der(V ),

∫
f 7→ {fλ · }|λ=0.

We use the following lemma below.

Lemma 2.5 (cf. [2, Proposition 1.33]). Let L be a finite-dimensional Lie
algebra over C equipped with a nondegenerate symmetric invariant bilinear
form κ. For the universal affine Poisson vertex algebra V κ(L), the kernel of
η : Lie(V κ(L))→ Der(V κ(L)) is

Ker(η) = spanC

{∫
1,

∫
u | u ∈ Z(L)

}

where Z(L) is the center of L.
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Proof. Let {ui}i∈I be a basis of L. Suppose
∫
F ∈ Ker(η) ⊂ Lie(V κ(L)).

By Theorem 2.2, we have

η

(∫
F

)
=
∑

i,j,n

∂n

(
([ui, uj ] + κ(ui, uj)∂)

δF

δui

)
∂

∂u
(n)
j

and thus

Mj =
∑

i

([ui, uj ] + κ(ui, uj)∂)
δF

δui
= 0

for all j ∈ I. Define a degree on V κ(L) by deg(u
(n)
i ) = n and deg(AB) =

deg(A) + deg(B). Then δ/δui preserves the degree. Let Gi be the top de-

gree component of δF/δui. Then the top component M top
j of Mj is M top

j =∑
i κ(ui, uj)∂Gi. Since κ is nondegenerate, we obtain ∂Gi = 0, which implies

Gi ∈ C. Since V κ(L) is an algebra of differential polynomials, we conclude
F ∈ C ⊕ L. (See the proof of [2, Proposition 1.5].) Set F = a +

∑
i biui,

(a, bi ∈ C). Then Mj = [
∑

i biui, uj ] = 0, (j ∈ I), which implies
∑

i biui ∈
Z(L).

Finally, given a Poisson vertex superalgebra V , an element
∫
f ∈ Lie(V )

is called integrable if there exists an infinite-dimensional abelian Lie subsuper-
algebra H of Lie(V ) which contains

∫
f . In this case, H is called an integrable

Hamiltonian hierarchy associated with V .

2.2. Differential graded Poisson vertex superalgebra. A differential graded Pois-
son vertex superalgebra (d.g. Poisson vertex superalgebra) is a pair (V, d)
consisting of a Poisson vertex superalgebra V = ⊕n∈ZVn and a linear map
d : V → V , called the differential, satisfying

• V is a Z-graded Poisson vertex superalgebra, i.e., V = ⊕n∈ZVn as a
vector superspace satisfying

Vn · Vm ⊂ Vn+m, {VnλVm} ⊂ Vn+m[λ],

• the linear map d is odd and satisfies d2 = 0,

d : Vn → Vn+1,

which satisfies

d(ab) = da · b+ (−1)d̄āa · db, d{aλb} = {daλb}+ (−1)d̄ā{aλdb}.
The cohomology H∗(V ; d) = ⊕n∈ZHn(V ; d) inherits a Z-graded Poisson ver-
tex algebra structure. Moreover, H0(V ; d) is a Poisson vertex subsuperalgebra
and Hn(V ; d), (n ∈ Z), is a Poisson vertex module over H0(V ; d). In the se-
quel, we also use the notion of a differential graded vertex superalgebra. The
definition is similar, and therefore, we omit the details.
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2.3. Classical limit. Let V be a vertex superalgebra over a polynomial ring
C[ϵ]. Suppose that V is free as a C[ϵ]-module and the λ-bracket satisfies

(2.9) [V λV ] ⊂ ϵV.

Define the vector superspace V cl = V/ϵV and let V → V cl, (f 7→ f̄) denote
the canonical projection. Then

V cl × V cl → V cl, (f̄ , ḡ) 7→ f(−1)g

is well-defined and defines an associative supercommutative algebra structure
on V cl. Since the translation operator ∂ of V preserves ϵV , it induces a linear
map

∂ : V cl → V cl, ∂f̄ 7→ ∂(f),

which is a derivation of V cl. Since the ϵV is an ideal of V by (2.9), the
λ-bracket of V induces a bilinear map

{ · λ · } : V cl × V cl → V cl[λ], (f̄ ḡ) 7→ [fλg].

The triple (V cl, ∂, { · λ · }) defines a Poisson vertex superalgebra, called the
classical limit of V (cf. [9, 25]).

3. Screening operators for classical affine W-algebras

In this section, we describe the classical affine W-algebras by using screen-
ing operators. They will be obtained as a classical limit of the screening oper-
ators for the affine W-algebras obtained in [27]. We will use the same notation
for Poisson vertex algebras as vertex algebras since there will be no confusion.

3.1. Affine W-algebras. Let g be a finite-dimensional simple Lie algebra over
C with the normalized symmetric invariant bilinear form κ = ( · | · ). Let
f ∈ g be a nonzero nilpotent element, fix an sl2-triple {e, h = 2x, f} containing
f and denote by Γ : g = ⊕−d≤j≤dgj the 1

2Z-grading given by adx, with d
the largest number such that gd ̸= 0. We fix a triangular decomposition
g = n+⊕ h⊕ n− so that x ∈ h, g>0 = ⊕j>0gj ⊂ n+, and g<0 = ⊕j<0gj ⊂ n−.
Let g = h

⊕⊕α∈∆gα be a root space decomposition, ∆j = {α ∈ ∆ | gα ⊂ gj},
and ∆>0 = ⊔j>0∆j . Fix a nonzero root vector eα in gα and a basis ei, (i ∈ I),
of h. Then eα, (α ∈ I ⊔∆), form a basis of g. We denote by {eᾱ}α∈I⊔∆ its
dual basis of g with respect to κ. Let cγα,β denote the structure constants of

g, i.e., [eα, eβ ] =
∑

γ∈I⊔∆ cγα,βeγ .

Let V k(g) be the universal affine vertex algebra of g at level k, gen-
erated by the even elements eα, (α ∈ I ⊔ ∆), with λ-bracket [eαλeβ ] =
[eα, eβ ]+k(eα|eβ)λ. Let F ch(g>0) be the charged free fermion vertex superal-
gebra associated with the symplectic odd vector superspace g>0⊕g∗>0, gener-

ated by the odd elements φα, φ
α, (α ∈ ∆>0), with λ-bracket [φαλφ

β ] = δα,β ,



W-ALGEBRAS AND INTEGRABLE SYSTEMS 9

[φαλφβ ] = [φα
λφ

β ] = 0. Let F (g1/2) be the βγ-system vertex algebra asso-
ciated with the symplectic vector space g1/2, generated by Φα, (α ∈ ∆1/2),
with λ-bracket [ΦαλΦβ ] = χ([eα, β]), where χ( · ) = (f | · ).

The affineW-algebraWk(g, f) associated with the triple (g, f, k), (k ∈ C),
is the vertex algebra defined as the 0-th cohomology of the differential graded
vertex algebra

Ck(g, f) = V k(g)⊗ F ch(g>0)⊗ F (g1/2),

with differential d = [Qλ · ]|λ=0 with

Q =
∑

α∈∆>0

(
(eα +Φα + χ(eα)

)
φα − 1

2

∑

α,β,γ∈∆>0

cγα,βφγφ
αφβ ,

called the BRST complex. The grading Ck(g, f) = ⊕n∈ZCk
n(g, f) is given by

gr(eα) = gr(Φβ) = 0, gr(φα) = −gr(φα) = 1 with gr(AB) = gr(A) + gr(B)
and gr(∂A) = gr(A). Then we have d : Ck

n(g, f) → Ck
n+1(g, f). We have

Hn(Ck(g, f)) = 0 for n ̸= 0 (see [29, 30]).

3.2. Classical limit. By [29, 30], we have vertex subsuperalgebras Ck
±(g, f),

which gives a decomposition of a complex Ck(g, f) = Ck
−(g, f)⊗Ck

+(g, f) and

satisfies Hn(Ck
+(g, f))

∼= δn,0C. Thus H0(Ck
−(g, f)) ∼= Wk(g, f). As a vertex

superalgebra, Ck
−(g, f) is generated by

Ju = u+
∑

β,γ∈∆>0

cγu,βφγφ
β , (u ∈ g≤0),

Φα, (α ∈ ∆1/2), φα, (α ∈ ∆>0).

Following [27], we introduce the classical affine W-algebra as the coho-
mology of the differential graded Poisson vertex algebra in the classical limit
of Ck

−(g, f).

Suppose k + h∨ ̸= 0. Set ϵ = k′

k+h∨ , (k
′ ∈ C\{0}), J̄u = ϵJu, (u ∈ g≤0),

and Φ̄α = ϵΦα, (α ∈ ∆1/2). Then we have

[J̄u
λJ̄

v] = ϵ
(
J̄ [u,v] +

(
k′(u|v) + o(ϵ))λ

)
, [φα

λJ̄
u] = ϵ

∑

β∈∆>0

cαu,βφ
β ,(3.10)

[Φ̄αλΦ̄β ] = ϵ · χ([eα, eβ ]), [J̄u
λΦ̄α] = [φα

λφ
β ] = [φα

λΦ̄β ] = 0,(3.11)

(cf. [27]). Viewing ϵ as an indeterminate in (3.10), (3.11), we obtain a vertex

superalgebra C̃k
− over the polynomial ring C[ϵ]. By Section 2.3, we obtain a

Poisson vertex superalgebra C̃k
−/ϵC̃

k
−, which we denote by Ccl

k′ = Ccl
k′(g, f).

We have an isomorphism

Ccl
k′ ∼= V k′

(g≤0)⊗ F (g 1
2
)⊗

∧
g∗>0

of a Poisson vertex superalgebra where V k′
(g≤0) is the universal affine Pois-

son vertex algebra generated by g≤0 with λ-bracket {uλv} = [u, v]+k′(u|v)λ,
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F (g1/2) the βγ-system Poisson vertex algebra generated by Φα, (α ∈ ∆1/2),
with λ-bracket {ΦαλΦβ} = (f |[eα, eβ ]), and

∧
g∗>0 the differential C-superalgebra

generated by odd elements φα, (α ∈ ∆>0), which satisfy

{φα
λu} =

∑

β∈∆>0

cαu,βφ
β , {φα

λφ
β} = {φβ

λΦα} = 0.

Decompose the differential d as d = dst + dne + dχ with d• = [Q•λ · ]|λ=0

where

Qst =
∑

α∈∆>0

eαφ
α − 1

2

∑

α,β∈∆>0

γ∈∆>0

cγα,βφγφ
αφβ ,

Qne =
∑

α∈∆ 1
2

Φαφ
α, Qχ =

∑

α∈∆>0

χ(eα)φ
α.

Then we have

[QstλJ̄
u] = −

∑

α∈I⊔∆≤0

β∈∆>0

cαu,β J̄
eαφβ +

∑

β∈∆>0

(k′(u|v)(∂ + λ) + o(ϵ))φβ ,

[QneλJ̄
u] =

∑

α∈∆1/2

β∈∆>0

cαβ Φ̄αφ
β ,

1

ϵ
[QχλJ̄

u] =
∑

β∈∆>0

χ([u, eβ ])φ
β ,

[Qstλφ
α] = −1

2

∑

β,γ∈∆>0

cαβ,γφ
βφγ , [QneλΦ̄α] =

∑

β∈∆1/2

χ([eβ , eα])φ
β ,

[Qneλφ
α] = [Qχλφ

α] = [QstλΦ̄α] = [QχλΦ̄α] = 0.

The differential d is thus given by d = dst + dne + dχ with

d• = {Q•λ · }|λ=0 : C
cl
k (g, f)→ Ccl

k (g, f)[λ],
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which satisfy

{Qstλu} = −
∑

α∈I⊔∆≤0

β∈∆>0

cαu,βeαφ
β +

∑

β∈∆>0

k(u|eβ)(∂ + λ)φβ ,

{QstλΦα} = 0, {Qstλφ
α} = −1

2

∑

β,γ∈∆>0

cαβ,γφ
βφγ ,

{Qneλu} =
∑

α∈∆1/2

β∈∆>0

cαu,βΦαφ
β ,

{QneλΦα} =
∑

β∈∆1/2

(f |[eβ , eα])φβ , {Qneλφ
α} = 0,

{Qχλu} =
∑

β∈∆>0

(f |[u, eβ ])φβ , {Qχλφ
α} = {QχλΦα} = 0,

and are extended to Ccl
k by (2.4) and (2.7). The 0-th cohomology of Ccl

k (g, f),
which we denote by Wk(g, f) = H0(Ccl

k (g, f)), is a Poisson vertex algebra
called the classical affine W-algebra associated with (g, f, k) ([27]). Note that
Hn(Ccl

k (g, f)) = 0 holds for all n ̸= 0.

3.3. Screening operators. Introduce another grading wt on Ccl
k by

wt(u) = −2j, (u ∈ gj), wt(Φα) = 0, (α ∈ ∆1/2), wt(φα) = 2j (α ∈ ∆j),

exteded so that

wt(∂A) = wt(A), and wt(AB) = wt(A) + wt(B).

and a decreasing filtration {FpC
cl
k }p≥0 on Ccl

k by

FpC
cl
k = span{A ∈ Ccl

k |wt(A) ≥ p},
This filtration is exhaustive, separated, and compatible with the grading of
Ccl

k as a complex. The associated spectral sequence {Er, dr}r≥0 has the dif-
ferentials

d0 = dst, d1 = dne, d2 = dχ, dr = 0, (r ≥ 3),

and thus converges at r = 3. We will describe Wk(g, f) = H0(Ccl
k (g, f)) by

using it. Since the calculation is straightforward, we omit the details. (The
analogous argument for vertex algebras can be found in [27].)

To calculate E1 = H∗(Ccl
k , dst), note that dst acts trivially on F (g1/2)

and, thus, it suffices to compute the complex

C
cl

k := V k(g≤0)⊗
∧

g∗>0

equipped with the differential d0. As discussed in [27, §4.5], we may identify
this complex as the Chevalley-Eilenberg complex of the Lie algebra g>0[[t]]
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with coefficients in the space of algebraic functions over the following space
of k-connections:

Conn := k
d

dt
+ g≥0[[t]]dt

with the Adjoint G>0[[t]]-action:

g(t).

(
k
d

dt
+ a(t)dt

)
= g(t)−1

(
k
d

dt
+ a(t)dt

)
g(t)

= k
d

dt
+

(
k
d

dt
X(t) + g(t)−1a(t)g(t)

)
dt,

where G>0[[t]] is the proalgebaic group whose Lie algebra is g>0[[t]] so that

e• : g>0[[t]]
≃−→ G>0[[t]], X(t) 7→ g(t) := exp(X(t)).

The identification V k(g≤0) ≃ C[Conn] is given by the residue pairing:

∂(n)u

(
k
d

dt
+ a(t)dt

)
= Rest=0

(
ut−n−1|a(t)

)
dt

with ∂(n)u = 1
n!∂

nu. Note that if k ̸= 0, then we have an isomorphism

G>0[[t]]+ ×
(
k
d

dt
+ g0[[t]]dt

)
≃−→ Conn

induced by the group action, where G>0[[t]]+ ⊂ G>0[[t]] whose Lie algebra is
g>0[[t]]t ⊂ g>0[[t]]. Hence, the Hochschild–Serre spectral sequence

Ep,q
2 = Hp(g>0;H

q(g>0[[t]]t;C[Conn]))⇒ H•(g>0[[t]] : C[Conn]).

associated with g>0[[t]] ≃ g>0 ⋉ g>0[[t]]t implies that

Ep,q
2 ≃ Ep,q

∞ ≃ δq,0V
k(g0)⊗Hp(g>0;C).(3.12)

Indeed, by setting
∧

red to be the exterier algebra generated by φα (α ∈ ∆>0),
we find a subcomplex

V k(g0)⊗
∧

red ⊂ C
cl

k

whose cohomology agrees with (3.12). Thus we obtain the following lemma
on the original spectral sequence.

Lemma 3.1. For k ̸= 0, we have an isomorphism of graded vector super-
spaces

V k(g0)⊗ F (g1/2)⊗H•(g>0;C)
≃−→ E•1 ,

which restricts to an isomorphism of Poisson vertex algebras

V k(g0)⊗ F (g1/2)
≃−→ E

(0)
1 .
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Note that each cohomology E
(n)
1 is a Poisson vertex modules over E

(0)
1 ≃

V k(g0)⊗F (g1/2). Let us describe it more explicitly. Recall that the coadjoint
representation on g∗>0 of g0 induces a representation of g0 on Hn(g>0,C) as
described as follows (cf. [31, Chapter 3]). Let W denote the Weyl group of
g and set I0 = {i ∈ I | αi ∈ ∆0}, W ′0 = {w ∈ W | w∆+

0 ⊂ ∆+}. Let
∗ : W × h∗ → h∗ denote the shifted action of W and l : W → Z≥0 the length
function. Then there is an isomorphism of g0-modules

Hn(g>0;C) ∼=
⊕

w∈W ′
0

l(w)=n

L0(w
−1 ∗ 0),

where L0(w
−1 ∗ 0) is the integrable highest weight g0-module with highest

weight w−1 ∗ 0.
For a g0-module M , set Mk = V k(g0)⊗C M . The space Mk has a unique

Poisson vertex module over V k(g0) such that V k(g0) acts as a commutative
algebra by multiplication on the first component and the λ-bracket { · λ · } :
V k(g0)⊗Mk →Mk[λ] satisfies {aλb⊗m} = {aλb}⊗m+ b⊗ a ·m for a ∈ g0,
b ∈ V k(g0), and m ∈M . We denote by Lk

0(w
−1∗0) the Poisson vertex module

obtained from L0(w
−1 ∗ 0).

Lemma 3.2. There is an isomorphism

E
(n)
1
∼=

⊕

w∈W ′
0

l(w)=n

Lk
0(w

−1 ∗ 0)⊗ F (g1/2),

as a Poisson vertex module over V k(g0)⊗ F (g1/2).

In particular, we have E
(1)
1
∼=
⊕

i∈I\I0 L
k
0(−αi)⊗F (g1/2) and the subspace

L0(−αi) is identified as

L0(−αi) ∼=
⊕

β∈[αi]

Cφβ ⊂ E
(1)
1 ,

where [αi] = ∆>0 ∩ (αi + Q0) and Q0 denotes the root lattice of ∆0. For
α ∈ [αi] with i ∈ I\I0, we have

(3.13) ∂φα =
1

k

∑

β∈[α],
γ∈I⊔∆0

cαβ,γeγ̄φ
β .

Let us describe the differentials on E1 induced from Qne and Qχ. Consider
the intertwining operators QW

i : V k(g0)⊗F (g1/2)→ Lk
0(−αi)⊗F (g1/2) given

by
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QW
i =





∑

β∈[αi]

{Φβφ
β
λ · }|λ=0, (i ∈ I1/2),

∑

β∈[αi]

{(f |eβ)φβ
λ · }|λ=0, (i ∈ I1).

Then we have:

Lemma 3.3. The differentials on E1 induced by dne and dχ are given by

dne =
∑

i∈I1/2
QW

i and dχ =
∑

i∈I1
QW

i .

Recall that the complex Ccl
k = Ccl

k (g, f) is Z≥0-graded and that

Hn(Ccl
k (g, f))

∼= δn,0W
k(g, f).

Then we see thatWk(g, f) is a subalgebra of the 0-th degree Ccl
k,0 = V k(g≤0)⊗

F (g1/2). Since the ideal I generated by ∂nu (u ∈ g<0, n ≥ 0) is also a Poisson

vertex ideal of Ccl
k,0, we obtain a homomorphism of Poisson vertex algebras

Wk(g, f)→ Ccl
k,0/I

∼= V k(g0)⊗ F (g1/2).

It is injective, and the image is described by using the differentials dne and
dχ as in the following theorem.

Theorem 3.4. For k ̸= 0, there is an isomorphism

j : Wk(g, f) ∼=
⋂

i∈I1/2⊔I1
Ker

(
QW

i : V k(g0)⊗ F (g1/2)→ Lk
0(−αi)⊗ F (g1/2)

)
,

of Poisson vertex algebras.

The operators {QW
i }i∈I1/2⊔I1 are called the screening operators for Wk(g, f).

The inclusion j : Wk(g, f)→ V k(g0)⊗F (g1/2) in Theorem 3.4 induces a Lie
algebra homomorphism between their spaces of local functionals

j∗ : Lie
(
Wk(g, f)

)
→ Lie

(
V k(g0)⊗ F (g1/2)

)
.

(See Proposition 2.4.)

Lemma 3.5. The Lie algebra homomorphism j∗ is injective.

Proof. It is easy to see

Ker
(
∂ : Lk

0(−αi)⊗ F (g1/2)→ Lk
0(−αi)⊗ F (g1/2)

)
= 0(3.14)

for i ∈ I1/2 ⊔ I1. Now, take an element f ∈ Wk(g, f) such that
∫
f ∈ Ker j∗.

Then there exists an element g in V k(g0)⊗F (g1/2) such that j(f) = ∂g. Let

HW
i denote the Hamiltonian of QW

i . Then we have

0 = QW
i j(f) = {HW

i λj(f)}|λ=0 = {HW
i λ∂g}|λ=0 = ∂{HW

i λg}|λ=0.
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It follows {HW
i λg}|λ=0 = 0 by (3.14) and thus g ∈ j(Wk(g, f)) by Theorem

3.4. Therefore,
∫
f = 0.

LetQW
α : V k(g0)⊗F (g1/2)→ V k(g0)⊗F (g1/2), (α ∈ Π), be the derivation

determined by

(3.15) QW
α eβ =





∑
γ∈[α]

cγβαΦγ

(f |[eβ , eα]),
QW

α Φβ =

{
(f |[eα, eβ ]) (α ∈ Π1/2)

0 (α ∈ Π1),

and

(3.16) [QW
α , ∂] =

1

k

∑

β∈I⊔∆0

γ∈[α]

cγα,βeβ̄Q
W
γ .

Theorem 3.6. For k ̸= 0, the classical affine W-algebra Wk(g, f) is iso-
morphic to the Poisson vertex subalgebra

(3.17) Wk(g, f) ∼=
⋂

α∈Π
Ker

(
QW

α : V k(g0)⊗ F (g1/2)→ V k(g0)⊗ F (g1/2)
)
,

of V k(g0)⊗ F (g1/2) invariant under the derivations QW
α , (α ∈ Π).

Proof. Since QW
i : V k(g0) ⊗ F (g1/2) → Lk

0(−αi) ⊗ F (g1/2) acts by

derivation, it decomposes asQW
i =

∑
α∈[αi]

φαQW
α , whereQW

α ∈ Der(V k(g0)⊗
F (g1/2)) and φα is the multiplication by φα. We check thatQW

α satisfies (3.16)

and (3.15). By direct calculation, (3.15) follows from the definition of QW
i . To

show (3.16), recall that V k(g0) has a Virasoro element L = 1
2k

∑
α∈I⊔∆0

eαeᾱ,

i.e., it satisfies {LλL} = (∂+λ)L+ ckλ
3 for some ck ∈ C and ∂ = L(0). Then

we have

[QW
i , ∂] = [{HW

i λ · }|λ=0, {Lµ · }|µ=0]

= {{HW
i λL}λ+µ · }|λ=µ=0 = −{∂HW

i λ · }|λ=0 = 0.

where HW
i is the Hamiltonian of QW

i . Here, we have used (2.6) in the second,
(2.5) in the third, and (2.4) in the last equality. Therefore,

∑

α∈[αi]

(
φα[QW

α , ∂]− (∂φα)QW
α

)
= [QW

i , ∂] = 0.

and, thus, (3.16) by (3.13).

4. Geometric Realization of Wk(g, f)

4.1. Double coset space. Consider the Lie algebra g[t±1] = g ⊗ C[t±1]. By
abuse of notation, we denote by κ = ( · | · ) the invariant bilinear form on
g[t±1] given by (atn|btm) = (a|b)δn+m,0, which extends the one on g. We
extend the grading Γ on g to g[t±1] by setting deg(atn) = deg(a) + (d + 1)n

(see Section 3.1) and fix a homogeneous basis eα, (α ∈ I ⊔ ∆̂), extending the
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basis eα, (α ∈ I ⊔∆), of g. We denote |α| = deg(eα) for simplicity and cγα,β
the structure constants, i.e., [eα, eβ ] =

∑
γ c

γ
α,βeγ . Let eᾱ, (α ∈ I⊔∆̂), denote

the dual basis of eα, (α ∈ I ⊔ ∆̂), with respect to κ.
Consider the completion Lg = lim←−n>0

(g[t±1]/g[t±1]>n), which we call

the loop algebra of g. The grading on g[t±1] induces a decomposition Lg =
Lg+⊕Lg− where Lg+ = lim←−n>0

(g[t±1]>0/g[t
±1]>n) and Lg− = g[t±1]≤0. We

decompose X ∈ Lg as X = X+ +X− ∈ Lg+ ⊕Lg−. The subspace Lg+ is an
affine scheme of infinite type. By setting zα the coordinates of the basis eα,
(α ∈ ∆̂>0 ⊂ ∆̂), of Lg+, we have C[Lg+] = C[zα | α ∈ ∆̂>0].

Let G be the connected simply-connected algebraic group whose Lie al-
gebra is g and LG the loop group of G, whose Lie algebra is Lg. We have
closed subgroups LG± of LG whose Lie algebra is Lg±.

Let us consider the quotient space LG−\LG, which is an ind-scheme.
It has an open subscheme LG+. The C-points of LG+ is identified with
the LG+-orbits of the image of the identity in LG−\LG. Since LG+ is a
prounipotent proalgebraic group, the exponential map exp : Lg+ → LG+ is
an isomorphism of schemes. Thus the coordinate ring C[LG+] is identified

with C[Lg+] = C[zα | α ∈ ∆̂>0].
The left multiplication LG+ × LG+ → LG+, ((g1, g2) 7→ g−11 g2) induces

a Lg+-action on C[LG+] as derivations

(4.18) ξL : Lg+ → Der(C[LG+]), ϕ 7→ ϕL.

Since LG+ is embedded into LG−\LG as an open subscheme, the right mul-
tiplication LG−\LG × LG− → LG−\LG, (([g1], g2) 7→ [g1g2]), induces a
Lg−-action on C[LG+] as derivations

(4.19) ξR : Lg− → Der(C[LG+]), ϕ 7→ ϕR.

The commutator of these actions ξL, ξR can be expressed by using the dis-
tinguished element K = exp(

∑
α∈∆̂>0

zαeα) ∈ LG+(C[LG+]). Note that this

element is coordinate independent since it is identified with the identity mor-
phism under the correspondence

LG+(C[LG+]) = Hom(C[LG+],C[LG+]).

Lemma 4.1. For u ∈ Lg+ and v ∈ Lg, [uL, vR] = [u, (KvK−1)−]L+ holds.

Proof. We use the notation eX = exp(X) for brevity. Let ϵi be dual
numbers which satisfy ϵ2i = 0. For F ∈ C[LG+] and g ∈ LG+, we have

(vRF )(g) = the ϵ2-linear term of F (g eϵ2v)

= the ϵ2-linear term of F ((eϵ2(gvg
−1)+)g),
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and

(uLvRF )(g) = the ϵ1-linear term of (vRF )(e−ϵ1u g)

= the ϵ1ϵ2-linear term of F ((eϵ2(e
−ϵ1u gvg−1 eϵ1u)+) e−ϵ1u g)

= the ϵ1ϵ2-linear term of F (g1(ϵ1, ϵ2)),

where

g1(ϵ1, ϵ2) = e−uϵ1+(gvg−1)+ϵ2−([u,gvg−1]++(gvg−1)+u)ϵ1ϵ2 g.

Similarly, we obtain

(vRuL)(F )(g) = the ϵ1ϵ2-linear term of F (g2(ϵ1, ϵ2))

where

g2(ϵ1, ϵ2) = e−uϵ1+(gvg−1)+ϵ2−u(gvg−1)+ϵ1ϵ2 g.

Since

g1(ϵ1, ϵ2) = e−[u,(gvg
−1)−]+ϵ1ϵ2 g2(ϵ1, ϵ2),

we obtain [uL, vR]F (g) = [u, (gvg−1)−]L+F (g).

In the sequel, we assume that (g, f) satisfies the condition (F) introduced
in Section 1:

(F1) The grading Γ is a Z-grading.
(F2) There exists an element y ∈ gd such that s = f + yt−1 ∈ g[t±1] is

semisimple.
(F3) The Lie subalgebra Ker(ads) ⊂ g[t±1] is abelian and Im(ads)∩g[t±1]0 =

g0.

Example 4.2. The following pairs (g, f) satisfy (F).

1. (g, f) with f principal nilpotent element.
2. (g(Cn), f(2n)) and (g(C2n), f(4n)), (n ≥ 2).
3. (g(Xn), f) with X = E,F,G listed in Table 1.

Here we have used the classification of nilpotent elements of g(Cn) by sym-
plectic partitions and that of g(Xn), (X = E,F,G), by the weighted Dynkin
diagram, (see [5].)

Let a denote the completion of Ker(ads) in Lg. It is abelian by (F3). Let
A ⊂ LG, (resp. A± ⊂ LG±) be the closed subgroup of LG whose Lie algebra
is a, (resp. a± = a∩Lg±). We consider the quotient space LG+/A+, which is
an open subset in the double coset LG−\LG/A+. We have a left LG+-action

LG+ × LG+/A+ → LG+/A+, (g, [h]) 7→ [g−1h],

and a right A−-action

LG+/A+ ×A− → LG−\LG/A+, ([h], g) 7→ [hg].
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Table 1. Weighted Dynkin diagrams in the exceptional cases

Lie type Dynkin diagram Weights of vertices

G2
c cH� 2 0 2 2

F4
c c c cH� 0 2 0 0 0 2 0 2

2 2 0 2 2 2 2 2

E6 c c c c cc
2 0

0
2 0 2 2 2

2
0 2 2

2 2
2
2 2 2

E7 c c c c c cc
2 2

2
0 2 2 2 2 2

2
2 2 2 2

E8 c c c c c c cc
0 0

0
2 0 0 2 0 2 0

0
2 0 2 0 2

2 2
2
0 2 0 2 2 2 2

2
2 2 2 2 2

The right A−-action is well-defined since A is abelian. These actions
induce infinitesimal actions

ξL : Lg+ → DerC[LG+/A+], (ϕ 7→ ϕL),

ξR : a− → DerC[LG+/A+], (ϕ 7→ ϕR),

respectively. In particular, C[LG+/A+] becomes a differential algebra by let-
ting sR be the differential. We will see that the Lg+-action on the differential
algebra C[LG+/A+] agrees with those of the screening operators QW

α in The-
orem 3.17 by identifying C[LG+/A+] and V k(g0) established below, while the
commutative a−-action induces an integrable Hamiltonian hierarchy.

Set

(4.20) Eα = k(eα|KsK−1) ∈ C[LG+], (α ∈ I ⊔∆0).

We have Eα ∈ C[LG+/A+] since

aR(eα|KsK−1) = the ϵ-linear term of (eα|K eϵa s(K eϵa)−1)

= (eα|K[a, s]K−1) = 0,

for a ∈ a+. Since the Poisson vertex algebra V k(g0) is an algebra of differential
polynomials, there exists a unique homomorphism of differential algebras

Ψk : V k(g0)→ C[LG+/A+], eα 7→ Eα.
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Theorem 4.3. Suppose that (g, f) satisfies (F) and k ̸= 0. Then Ψk is
an isomorphism of differential algebras and satisfies

(4.21) ΨkQ
W
α Ψ−1k = −1

k
eLα, α ∈ Π.

Proof. Since V k(g0) and C[LG+/A+] are polynomial rings, it suffices
to show that the linear map d0Ψk : T ∗0 SpecV

k(g0) → T ∗[e]LG+/A+ between

the cotangent spaces is an isomorphism. By the identification Lg∗+ ∼= Lg<0

and a∗+ ∼= a− induced by κ, we obtain T ∗[e]LG+/A+
∼= (Lg+/a+)

∗ ∼= Lg<0/a−.
This isomorphism is given by dzα 7→ eᾱ. Under this isomorphism, we have
d0Ψk(∂

neα) = k adn+1
s eα, as proved by inductive use of the n = 0 case:

d0Ψk(eα) = kd(eα|KsK−1) = kd(eα|[
∑

|β|=1

zβeβ , s])

=
∑

|β|=1

k([s, eα]|eβ)dzβ = k
∑

|β|=1

([s, eα]|eβ)eβ̄

= k[s, eα].

It follows from (F2) and (F3) that Ψk is an isomorphism.
To show (4.21), it suffices to show

uL
αEβ = (f |[eβ , eα]), [uL

α, s
R] =

1

k

∑

ρ∈I⊔∆0

γ∈[α]

cγα,ρEρ̄u
L
γ , α ∈ Π1, β ∈ I ⊔∆0,

where uα = − 1
keα by (3.16), (3.15). For the first one, we have

uL
αEβ = the ϵ-linear term of k(eβ | e−ϵeα/k KsK−1 eϵeα/k)

= k(eβ |[−
1

k
eα,KsK−1]) = ([eβ , eα]|KsK−1)

= ([eβ , eα]|s) = ([eβ , eα]|f).
The second one follows from Lemma 4.1 since

[uL
α, s

R] = [uα, (KsK−1)0]
L
+ =

−1
k2

∑

ρ∈I⊔∆0

γ∈[α]

cγα,ρEρ̄e
L
γ =

1

k

∑

ρ∈I⊔∆0

γ∈[α]

cγα,ρEρ̄u
L
γ .

Note that the Lie subalgebra g+ = ⊕j>0gj is generated by the subspace
⊕α∈Πgα. Let G+ ⊂ LG+ denote the closed subgroup whose Lie algebra is g+.

Corollary 4.4. The isomorphism Ψk restricts to an isomorphism of
differential algebras Wk(g, f) ∼= C[G+\LG+/A+].

Proof. The claim follows from Theorem 4.3 since

Wk(g, f) ∼=
⋂

α∈Π1

Ker
(
QW

α : V k(g0)→ V k(g0)
)
,
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by Theorem 3.6 and (F1).

4.2. Mutually commutative derivations on Wk(g, f). By (F3), we have a Lie
algebra homomorphism ξR : a− → Der(C[LG+/A+]), (a 7→ aR).

Proposition 4.5. The action ξR preserves the subspace

C[G+\LG+/A+] ⊂ C[LG+/A+].

Proof. By Lemma 4.1, we have, for eα ∈ g, (α ∈ Π1), and a ∈ a−,

[eLα, a
R] = [eα, (KaK−1)−]

L
+ = [eα, (KaK−1)0]

L =
∑

β∈I⊔∆0

Fβ [eα, eβ ]
L,

for some polynomials Fβ ∈ C[LG+/A+]. Hence, for G ∈ C[G+\LG+/A+], we
have

eLα(a
RG) = [eLα, a

R]G =
∑

β∈I⊔∆0

Fβ [eα, eβ ]
LG = 0.

5. Integrable Hamiltonian hierarchy

In this section, we always assume that the condition (F) holds and k ̸= 0,
and identify V k(g0) with C[LG+/A+] by Ψk, (Theorem 4.3).

5.1. Hierarchy. In the previous section, we have proven an isomorphism of
differential algebras

Wk(g, f) ∼= C[G+\LG+/A+]

in Corollary 4.4 and showed that it is preserved by the family of commutative
derivations ξR(a−) by Proposition 4.5.

Definition 5.1. We denote byHk(g, f) the family of commutative deriva-
tions ξR(a−) on Wk(g, f) and call it a geometric hierarchy on the classical
affine W-algebra Wk(g, f).

When f is principal, this hierarchy was constructed by Feigin - Frenkel, and
indeed provides a geometric realization of the Drinfeld–Sokolov hierarchy [18,
20, 21].

We will prove that Hk(g, f) is indeed an integrable Hamiltonian hierarchy
associated with the classical affine W-algebra Wk(g, f).

5.2. Construction of Hamiltonians. Let ΩdR(LG+) = C[LG+]⊗
∧

Lg∗+ denote
the algebraic de Rham complex of LG+. Here Lg∗+ is the vector space dual

to the space Lg+ of the right invariant vector fields LgL+ on LG+. We take a

basis φα, (α ∈ ∆̂>0), of Lg
∗
+ so that φα(eβ) = δα,β , (α, β ∈ ∆̂>0), holds.

Note that the complex ΩdR(LG+) coincides with the Chevalley-Eilenberg
complex of the Lie algebra Lg+ with coefficients in (C[LG+], ξ

L). Similarly, let
ΩdR(A+) = C[A+]⊗

∧
a∗+ denote the algebraic de Rham complex of A+. Then
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the inclusion A+ ↪→ LG+ induces the projection ΩdR(LG+) → ΩdR(A+). It
restricts to aR+-invariant subcomplexes:

(5.22) π : C[LG+/A+]⊗
∧

Lg∗+ → C⊗
∧

a∗+.

As a Lg+-module, C[LG+/A+] is isomorphic to the Lg+-module CoindLg+
a+

C
coinduced from the trivial a+-module C. Then π induces an isomorphism

H∗(Lg+;C[LG+/A+]) ∼= H∗
(
Lg+; Coind

Lg+
a+

C
) ∼= H∗(a+;C)

by Shapiro’s lemma (cf. [26]). The right-hand side is isomorphic to
∧
a∗+

since a+ is abelian. The action ξR of a− induces a−-actions on the complexes
ΩdR(LG+), ΩdR(A+), which commute with π. Since a is abelian, a− acts on
ΩdR(A+) trivially. Thus a− acts on the cohomology H∗(Lg+;C[LG+/A+])
trivially. In particular, s acts on H∗(Lg+;C[LG+/A+]) trivially. By abuse of
notation, we write the above a−-actions by ξR.

Consider the double complex C

C ι−−−−→ ΩdR(LG+)
±sR−−−−→ ΩdR(LG+)

ϵ−−−−→ C.
Here ι is the unit morphism and ϵ the counit morphism. It has the following
shape:

C(0,2)

ϵ

x

0(−1,1) −−−−→ C[LG+/A+](0,1)
d−−−−→ C[LG+/A+]⊗ Lg∗+ (1,1)

d−−−−→ · · ·

∂=sR

x −sR
x

0(−1,0) −−−−→ C[LG+/A+](0,0)
d−−−−→ C[LG+/A+]⊗ Lg∗+ (1,0)

d−−−−→ · · · ,
ι

x

C(0,−1)

where the subscript (i, j) denotes the bidegree of C . Then the calculation of
the cohomology H∗(C ) via spectral sequences gives the isomorphisms

(5.23) a∗+ ∼= H1(C ) ∼= Ker
(
d :

C[LG+/A+]

C⊕ Im(sR)
→ C[LG+/A+]⊗ Lg∗+

Im(sR)

)
.

By Theorem 4.3, we have an isomorphism

C[LG+/A+]/C⊕ Im(sR) ∼= Lie(V k(g0))/C
as vector spaces. Since V k(g0) is an algebra of differential polynomials,∫

: C → Lie
(
V k(g0)

)
is injective. Thus we may replace elements

∫
f in

Lie(V k(g0))/C so that it is without the constant term f(0) = 0 if necessary.
Identifying a− with a∗+ by κ, we obtain an isomorphism
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a− ∼= a∗+ ∼=
{∫

f ∈ Lie(V k(g0))|f(0) = 0, d

∫
f = 0

}
, a 7→

∫
H(a).

The local functionals
∫
H(a) will provide the Hamiltonians for the geometric

hierarchy Hk(g, f). Let us denote the space of Hamiltonians as
∫

H(a−) :=

{∫
H(a) | a ∈ a−

}
⊂ Lie(V k(g0)).

Thanks to Lemma 3.5, the following proposition makes sense.

Proposition 5.2. The image
∫
H(a−) lies in Lie(Wk(g, f)).

Proof. We may assume that the basis {eα}α∈∆̂>0
of Lg+ respects the

decomposition Lg+ = Im(ads)⊕Ker(ads). For a ∈ a−, the element
∫
H(a) ∈

Lie(V k(g0)) satisfies, by construction, dH(a) = sRA for some element A =∑
α∈∆̂>0

Fα ⊗ φα ∈ C[LG+/A+]⊗ Lg∗+. Then,

dH(a) = sRA = sR
∑

α∈∆̂>0

Fα ⊗ φα

=
∑

α∈∆̂>0

∂(Fα)⊗ φα +
∑

α∈∆̂>0

Fα ⊗ sR(φα)

=
∑

α∈Π1


∂Fα +

∑

β∈Π1
γ∈⊔∆0

Fβc
β
α,γEγ̄


⊗ φα +

∑

α∈∆̂>0\Π1

F̃n
α ⊗ φα,

for some element F̃n
α ∈ C[LG+/A+]. In the last equality, we have used Lemma

5.3 below. By the identification C[LG+/A+] ∼= V k(g0) and C[LG+/A+]φ
α ∼=

Lk
0(−α), (α ∈ Π1), we obtain

∑

α∈Π1


∂Fα +

∑

β∈Π1
γ∈I⊔∆0

Fβc
β
α,γEγ̄


⊗ φα = ∂

(∑

α∈Π1

Fα ⊗ φα

)
= 0.

On the other hand, by the definition of d, we have dH(a) =
∑

α∈∆̂>0

eLαH(a)⊗

φα. It follows that eLα
∫
H(a) = 0 for all α ∈ Π1, which implies

∫
H(a) ∈

Lie(Wk(g, f)) by Theorem 4.3.

Lemma 5.3. The following formula holds

(5.24) sRφα =
1

k

∑

β∈∆̂>0

γ∈I⊔∆0

Eγ̄c
α
β,γφ

β +
∑

β∈∆̂>0

cαβ,sφ
β , α ∈ ∆̂>0.
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Proof. By Lemma 4.1, we have

[sR, eLα] = −[eα, (KsK−1)−]
L
+ = −1

k

∑

β∈I⊔∆0

Eβ̄ [eα, eβ ]
L − [eα, s]

L
+.(5.25)

Then, from the definition of Lg∗+, we have

(
sRφα

)
(eβ) = −φα(∂eβ) =

1

k

∑

γ∈I⊔∆0

Eγ̄c
α
β,γ + cαβ,s.

The claim (5.24) follows from it immediately.

5.3. Poisson vertex superalgebra structure on C[LG+/A+] ⊗
∧
Lg∗+. We ex-

tend the Poisson vertex algebra structure on C[LG+/A+] given by Theorem
4.3, to the whole differential superalgebra (C[LG+/A+]⊗

∧
Lg∗+, s

R).

Proposition 5.4. The differential superalgebra (C[LG+/A+]⊗
∧

Lg∗+, s
R)

admits a unique Poisson vertex superalgebra structure, which satisfies

1. {uλv} = [u, v] + k(u|v)λ, (u, v ∈ g0),
2. {φα

λφ
β} = 0, (φα, φβ ∈ Lg∗1 ∪ a∗+),

3. {uλφ
α} = −∑ cαu,βφ

β , (φα ∈ Lg∗1 ∪ a∗+, u ∈ g0).

It satisfies

{uλφ
α} = −

∑
cαu,βφ

β , (φα ∈ Lg∗, u ∈ g0).(5.26)

Proof. It follows from Lemma 5.3 that C[LG+/A+] ⊗
∧

Lg∗+ is an al-
gebra of differential polynomials in the variables given by the union of bases
of g0 and Lg∗1 ∪ a∗+. By Theorem 2.2, it suffices to show (2.5), (2.6) for these
variables in order to prove that (1)-(3) define a Poisson vertex superalgebra
on C[LG+/A+]⊗

∧
Lg∗+. The only non-trivial ones are (2.6) for {eα, eβ , φγ}.

By (2.5), they reduce to the special case

(5.27) {eαλ{eβµφγ}} − {eβµ{eαλφγ}} = {{eαλeβ}λ+µφ
γ}.

Since it coincides with the Jacobi identity

(ad*(eα) ad
*(eβ)− ad*(eβ) ad

*(eα))φ
γ = ad*([eα, eβ ])φ

γ

of the coadjoint g0-action on Lg∗+, (5.27) holds.
Next, we show (5.26). Since ads is an isomorphism on Im(ads) ⊂ Lg, we

have its inverse ad−1s on Im(ads) and on its dual space Im(ads)
∗. Then we

have a decomposition Lg>0 = ad−1s Im(ads)>0 ⊕ (Lg1 ∪ a+). We show (5.26)
for φα ∈ Im(ads) by induction on degree. From Lemma 5.3, we have

ad−1s φa = ∂φa − 1

k

∑

α,b

cab,αeᾱφ
b, φα ∈ Im(ads)1.
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Here the sum with respect to Greek letters (resp. Roman letters) is taken

over I ⊔∆0 (resp. ∆̂>0). We use the same rule below. Then, for eα ∈ g0 and
φa ∈ Im(ads)1, we have

{eαλ(ad−1s )nφa} = −
∑

|b|=|a|
caα,b(ad

−1
s )nφb,

which is proved by the inductive use of the n = 1 case:

{eαλ ad
−1
s φa} = {eαλ∂φ

a} − 1

k

∑

β,b

cab,β{eαλeβ̄φ
b}

= (∂ + λ){eαλ∂φ
a} − 1

k

∑

β,b

cab,β({eαλeβ̄}φb + {eαλφ
b}eβ̄)

= −(∂ + λ)
∑

b

caαbφ
b − 1

k

∑

α,b

cab,α

(
([eα, eβ̄ ] + k(eα|eβ̄)λ)φb −

∑

c

cbα,ceβ̄φ
c

)

= −λ


∑

b

caα,bφ
b +

∑

β,b

cab,β(eα|eβ̄)φb




−


∑

b

caα,b∂φ
b +

1

k

∑

β,b

cab,β
(
[eα, eβ̄ ]φ

b −
∑

c

cbα,ceβ̄φ
c
)



= −
∑

b

caα,b ad
−1
s φb.

In the last equality, we used (eα|eβ̄) = δα,β for the λ-linear term and use

Lemma 5.3, cca,b = cb̄c̄,a, and the Jacobi identity of the Lie bracket for the

constant term. This implies (5.26) for φα ∈ Im(ads)
∗. Then (5.26) follows

from this and (3).

The de Rham differential d =
∑

α∈∆̂>0
eLα ⊗ φα on C[LG+/A+] can be de-

scribed in terms of the Poisson vertex superalgebra structure in Proposition
5.4.

Lemma 5.5. The differential d is determined uniquely by

1. dEβ = −k∑α∈∆̂>0
([eβ , s]|eα)⊗ φα, (β ∈ I ⊔∆0),

2. [d, ∂] = 0.

Proof. (1) follows immediately from the formula eLβEα = −k([eα, s]|eβ)
(see also (4.20)). (2) follows from (5.25) and Lemma 5.3.

Let s∗ ∈ Lg∗+ denote the element corresponding to s ∈ Lg− by the identifi-
cation κ = ( · | · ) : Lg− ∼= Lg∗+ and s̄ ∈ Lg+ the element corresponding to
s∗.
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Proposition 5.6. Under the isomorphism Ψk : V k(g0) ∼= C[LG+/A+],

d = −k{s∗λ−}|λ=0,

holds on C[LG+/A+].

Proof. It suffices to show that −k{s∗λ · }|λ=0 satisfies (1) and(2) in
Lemma 5.5: (1) follows from the definition of s∗ and Proposition 5.4 (3).
Then, (2) follows from (2.4).

The following property of the derivation ηa = η(
∫
H(a)) ∈ Der(C[LG+/A+]),

(a ∈ a−), will be used.

Lemma 5.7. For a ∈ a−, there exist some polynomials Fα(a) ∈ C[LG+/A+],
(α ∈ I ⊔∆0), which satisfies

[uL, ηa] =
∑

α∈I⊔∆0

Fα(a)[u, eα]
L, u ∈ Lg1.

Proof. By construction of
∫
H(a), we have d

∫
H(a) =

∫
dH(a) = 0 ∈

Lie(C[LG+/A+]⊗
∧

Lg∗+) and thus {dH(a)λ · }|λ=0 = 0. By (2.6), we have

{dH(a)λ · }|λ=0 =
[
{s∗λ · }|λ=0, {H(a)µ · }|µ=0

]
=
[ ∑

α∈∆̂>0

eLα ⊗ φα, ηa

]

=
∑

α∈∆̂>0

(
[eLα, ηa]⊗ φα − eLα ⊗ ηa(φ

α)
)
.

It follows from them that

[eLα, ηa] =
∑

β∈∆̂>0

⟨eα | ηa(φβ)⟩eLβ ,

where ⟨ · | · ⟩ : Lg+ × Lg∗+ → C denotes the canonical pairing. By Proposi-
tion 5.4, we have

ηa(φ
β) = {H(a)λφ

β}|λ=0 =
∑

γ∈I⊔∆0

{eγ∂φβ}→
δH(a)

δeγ
= −

∑

γ∈I⊔∆0

ρ∈∆̂>0

cβγ,ρφ
ρ δH(a)

δeγ
.

Hence, for α ∈ Lg1 we obtain

[eLα, ηa] =
∑

β∈∆̂>0

⟨eα | ηa(φβ)⟩eLβ = −
∑

β∈∆̂>0

∑

γ∈I⊔∆0

ρ∈∆̂>0

cβγ,ρ
δH(a)

δeγ
⟨eα | φρ⟩eLβ

=
∑

γ∈I⊔∆0

δH(a)

δeγ
[eα, eγ ]

L.

This completes the proof.
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5.4. Integrable Hamiltonian hierarchy. Let Vect(LG+) denote the Lie algebra
of the algebraic vector fields on LG+. Recall the infinitesimal Lg+-actions
(4.18), (4.19).

Lemma 5.8. We have Vect(LG+)
LgL

+ = LgR+ and Vect(LG+)
LgR

+ = LgL+.

Proof. Although this is well-known, we give a proof for the completeness
of the paper. The pairing

U(Lg+)× C[LG+]→ C, (X1X2 · · ·Xn, F ) 7→ (XL
1 X

L
2 · · ·XL

nF )(e),

defined by is Lg+-invariant and nondegenerate. Here U(Lg+) denotes the
universal enveloping algebra of Lg+. Hence, we have

C[LG+]
LgL

+ ∼= U(Lg+)/Lg+U(Lg+) ∼= C.
Since LgL+ commutes with LgR+ and Vect(LG+) ∼= C[LG+]⊗CLgR+, we obtain

Vect(LG+)
LgL

+ ∼= (C[LG+]⊗C LgR+)
LgL

+ = C[LG+]
LgL

+ ⊗C LgR+
∼= LgR+.

The latter claim is proved similarly.

We say that an element X ∈ Vect(LG+) satisfies (P) if

[uL, X] ∈
∑

α∈I⊔∆0

C[LG+][u, eα]
L, u ∈ Lg1.

Let L denote the set of elements in Vect(LG+) satisfying (P). It is straightfor-
ward to show that L ⊂ Vect(LG+) forms a Lie subalgebra. The Witt algebra
Witt = C((t)) ∂

∂t acts on Lg by derivations with respect to t. Since the subal-

gebra Witt− = C[t−1]t ∂
∂t preserves Lg≤0, it acts on B\G((t)) infinitesimally

and therefore on the open dense subset LG+. The induced Witt−-action on
C[LG+] is given by

Ln exp


 ∑

α∈∆̂>0

zαeα


 = the ϵ-linear term of exp


 ∑

α∈∆̂>0

zαeα


 eϵLn ,

where Ln = −tn+1 ∂
∂t ∈Witt−.

Lemma 5.9. We have L = Witt− ⋉ LgR.

Proof. By Lemma 4.1, we have LgR ⊂ L. In particular, this implies
that L is a Lg-module. The inclusion Witt− ⊂ L is shown in the same way as
in the proof of Lemma 4.1. It is obvious that these two actions give an action
of their semidirect product Witt− ⋉ LgR ⊂ L.

To show its equality, consider the quotient Lg-module M := L/Witt− ⋉
LgR. Let us show that M belongs to the category O of the affine Lie algebra

g̃ = g[t±1] ⊕ CC ⊕ CL0 at level 0. Let g̃ = ñ+ ⊕ h̃ ⊕ ñ− be the standard
triangular decomposition of g̃. Indeed, the action of the Cartan subalgebra

h̃ = h⊕CC ⊕ L0 on Vect(LG+) is diagonalizable and, moreover, preserves L
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and Witt− ⋉ LgR. Hence, it is diagonalizable on M = L/Witt− ⋉ LgR. Let
us show that the dimension dimU(ñ+)w is finite for any w ∈ M . Let w̃ ∈ L

denote a lift of w. The decomposition ñ+ = g+0 ⋉ñ>0 where g
+
0 =

⊕
α∈∆0+

g0α
and ñ>0 = ñ+ ∩ Lg>0 induces a decomposition of the universal enveloping
algebra U(ñ+) ∼= U(g+0 ) ⊗ U(ñ>0) as vector spaces. By definition of L, w̃
satisfies, for any u ∈ Lg1,

[uL, w] =
∑

α∈I⊔∆0

Fα(w)[eα, u]
L for some element Fα(w) ∈ C[LG+].

Since ñL>0 and ñR>0 commute, for any Z ∈ U(ñ>0),

[uL, ZR(w)] = ZR([uL, w]) =
∑

α∈I⊔∆0

ZR
(
Fα(w)

)
[eα, u]

L.

If ZR(Fα(w)) = 0 for all α ∈ I ⊔ ∆0 and u ∈ Lg1, then by Lemma 5.8,

we have [ZR, w] ∈ ñR>0, which is zero in M . Considering the h̃-weights of
ZR(Fα(w)), we conclude that dimU(ñ>0)

R(Fα(w)) <∞ for each α and hence
dimU(ñ>0)

Rw <∞. Thus it remains to show dimU(g+0 )w <∞. Take u ∈ g̃1
and v ∈ g+0 , we have [uL, vR] = [u, v]L by Lemma 4.1. Then by setting
[uL, w] =

∑
α∈I⊔∆0

Gα(w)[u, eα]
L for some element Gα ∈ C[LG+], we have

[uL, [vR, w]] = [[u, v]L, w] + [vR, [uL, w]]

=
∑

α∈I⊔∆0

Gα(w)[[u, v], eα]
L +

∑

α∈I⊔∆0

vR(Gα(w))[u, eα]
L.

By induction, we obtain

[uL, [vR1 , [v
R
2 , · · · , [vRn , w] · · · ] =

∑

α∈I⊔∆0

A⊔B={1,2,··· ,n}

(vRAGα(w))[[u, vB ], eα]
L

for v1, v2, · · · , vn ∈ g+0 , where v
R
A = vRa1

vRa2
· · · vRamax

forA = {a1, a2, · · · , amax},
(a1 < a2 < · · · < amax), and [u, vB ] = [· · · [u, vb1 ], vb2 ], · · · ], vbmax

] for B =
{b1, b2, · · · , bmax}, (b1 < b2 < · · · < bmax). Since

adN
g+
0
Lg1 = 0, ((g+0 )

R)NGα(w) = 0

for N large enough, it follows that [uL, [vR1 , [v
R
2 , · · · , [vRn , w] · · · ] = 0 for n

sufficiently large and hence [vR1 , [v
R
2 , · · · , [vRn , w], · · · ] ∈ ñR>0, which is zero in

M . Therefore, we obtain dimU(g+0 )
Rw < ∞. Thus, we conclude that M

belongs to the category O.
Suppose M ̸= 0. Then it contains a nonzero highest weight vector w.

Let w̃ ∈ L denote a lift of w. Then Witt− ⋉ LgR + Cw̃ is an extension
of ñ-module Witt− ⋉ LgR by a trivial 1-dimensional ñ-module Cw, which is
nontrivial by construction. Thus, this extension defines a nonzero element in
H1(ñ;Witt− ⋉ LgR). Since the action LgR on C[LG+] is faithful, Lg

R ∼= Lg
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as ñ-modules. On the other hand, the cohomology Hn(ñ;Witt− ⋉ LgR) is
describes as

Hi(ñ;Witt− ⋉ Lg) ∼= Hi−1(ñ;C)⊗Witt>0,

where Witt>0 = C[[t]]t2 ∂
∂t ([20]). This isomorphism is h̃-equivariant. In

particular, all the degrees of the homogeneous elements with respect to the
action of x+ (d+ 1)L0 in the first cohomology H1(ñ;Witt− ⋉ Lg) ∼= Witt>0

are positive. (See Section 1 for the definition of x and d.) On the other hand,
the cocycle corresponding to Cw is negative due to the definition of L, which
is a contradiction. Therefore, we conclude M = 0. This completes the proof

Theorem 5.10. Suppose that (g, f) satisfies (F) and k ̸= 0. Then,
Hk(g, f) is an integrable Hamiltonian hierarchy associated with Wk(g, f).

Proof. By abuse of notation, let ηa ∈ Der(V k(g0)) also denote the cor-
responding element in Vect(LG+/A+) by Ψk in Theorem 4.3. Since LG+

∼=
(LG+/A+)×A+ as affine schemes in an AR

+-equivariant way, the elements of
Vect(LG+/A+) naturally lift to elements of Vect(LG+) which commute with
aR+. Again, let ηa denote the lift of ηa in Vect(LG+). Then by Lemma 5.7,

the lift ηa lies in L and, moreover, [uL, ηa] =
∑

αI⊔∆0
Fα(ηa)[u, eα]

L with

Fα(ηa) ∈ C[LG+/A+] for u ∈ Lg1. Since s̄ ∈ a+, we have, for u ∈ Lg1,

[uL, [s̄R, ηa]] = [s̄R, [uL, ηa]] =
[
s̄R,
∑

α

Fα(ηa)[u, eα]
L
]
=
∑

α

s̄R(Fα(ηa))[u, eα]
L

= 0.

Since Lg1 generates Lg+, we obtain [s̄R, ηa] ∈ Vect(LG+)
LgL

+ = LgR+. The

degree of [s̄R, ηa] is non-positive, and the degrees of the elements in LgR+ are

positive with respect to the action of x+(d+1)L0. This implies [s̄R, ηa] = 0,

i.e., ηa ∈ Ls̄R . On the other hand, we have Ls̄R = Witts̄
R

− ⋉ (Lgs̄)R since

[s̄R,Witt−] ⊂ [a,Witt−]R ⊂ aR and [s̄R, LgR] ∩ aR = 0. Since s̄ ∈ Lg is

not an element in g, we have Witts̄
R

− = 0. From the definition of s̄ (and

s), we obtain Lgs̄
R

= aR. Thus Ls̄R = aR holds. Therefore, ηa lies in aR,
which means

∫
H(a−) ⊂ aR. Considering the degree given by the action of

x+ (d+ 1)L0, we see
∫
H(a−) ⊂ aR−. By Lemma 2.5, it is easy to show that

the map
∫

on H(a−) is injective. Since the map a 7→
∫
H(a) preserves the

degree with respect to the action of x+ (d+ 1)L0, we obtain
∫
H(a−) = aR−.
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