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Abstract. The objective of this paper is to prove a broader, gen-

eralized version of the Hitchin–Kobayashi correspondence for the twisted
quiver bundle R over the non-compact special affine Gauduchon manifold

(M,D, g, ν). On the one hand, we prove that the analytic (σ, τ)-stability

on R implies the existence of affine (σ, τ)-Hermite–Einstein metric. On
the other hand, we prove that the analytic (σ, τ)-semi-stability on R im-

plies the existence of approximately affine (σ, τ)-Hermite–Einstein struc-
ture. The proof of the theorems relies on the heat flow method, alongside

the continuity approach by Uhlenbeck and Yau. To overcome the analyti-

cal obstacles brought by the structure of the quiver, we use the maximum
and minimum values of some eigenvalues to define a new quantity χ. Based

on the method of proof by contradiction, the quantity χ can be used in the

discussion of constructing weak quiver subbundles that contradict stability
or semi-stability.

1. Introduction

The esteemed Hitchin–Kobayashi correspondence (HK correspondence for
short), uncovers a deep linkage between stable bundles and Hermite–Einstein
metrics. In the literature, the Hitchin–Kobayashi correspondence is also called
the Kobayashi–Hitchin correspondence or the Donaldson–Uhlenbeck–Yau cor-
respondence. In the 1980s, propelled by several prominent mathematicians,
research on the HK correspondence surged, as chronicled in publications like
[16, 20, 27, 39, 41]. Throughout the last three decades, the correspondence has
persistently captivated numerous researchers, attested to by numerous works
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([3, 8, 9, 10, 11, 12, 24, 25, 26, 33, 34, 35, 36, 37, 38, 42, 43, 44, 45, 46, 47]
and their cited references).

A twisted quiver bundle R comprises a set of vector bundles, interre-
lated through vertices, arrows, and morphisms twisted by the bundles. In
2003, Álvarez-Cónsul and Garćıa-Prada [2] demonstrated an HK correspon-
dence for such bundles on standard compact Kähler manifolds. Hu and Huang
[22] further explored the HK correspondence for quiver bundles on compact
generalized Kähler manifolds. Meanwhile, Loftin [31] established an HK cor-
respondence for flat complex vector bundles on compact affine Gauduchon
manifolds, proving the existence of an affine Hermite–Einstein metric for sta-
ble bundles. Biswas–Loftin [4], along with Biswas–Loftin–Stemmler [5, 6],
subsequently extended these results to principal bundles, flat Higgs bundles,
and flat pairs on compact Gauduchon manifolds. Recently, Shen, Zhang,
and Zhang [38] generalized these results to Higgs bundles on non-compact
affine Gauduchon manifolds. Inspired by these works, we aim to formulate a
broader HK correspondence for twisted quiver bundles on non-compact affine
Gauduchon manifolds.

Drawing inspiration from [39, 38], we initiate our discussion by presenting
three pivotal conditions:

• Condition 1. The non-compact affine Gauduchon manifold (M,D, g, ν)
possesses a finite volume.

• Condition 2. There exists an exhaustion function φ ≥ 0 such that
trg∂∂̄φ remains bounded.

• Condition 3. Let ξ : [0,+∞) → [0,+∞) be a non-decreasing function
with ξ(0) = 0 and ξ(x) = x for x > 1. If f is a bounded positive
function on (M,D, g, ν) satisfying trg∂∂̄f ≥ −C, then it holds that

sup
M

|f | ≤ C · ξ
(∫

M

|f |ω
n
g

ν

)
.

Furthermore, if trg∂∂̄f ≥ 0, then trg∂∂̄f = 0 necessarily.

Under the aforementioned conditions, we first establish the following the-
orem:

Theorem 1.1. Consider the non-compact special affine Gauduchon man-
ifold (M,D, g, ν) satisfying Conditions 1-3, with the additional assumption

that |∂ω
n−1
g

ν |g ∈ L2(M). Let Q = (Q0, Q1) denote a quiver, and let R =

(E, Ẽ, Q, ϕ) be a twisted quiver bundle as per Definition 2.1 over (M,D, g, ν),

where E = ⊕v∈Q0
Ev and Ẽ = ⊕a∈Q1

Ea. Fix a background Hermitian metric
K = {Kv}v∈Q0

for R. For each v ∈ Q0, suppose the metric Kv on the flat
bundle Ev fulfills

trgFKv
≤ 0, sup

M
|trgFKv

|Kv
< +∞, sup

M
|ϕ|Kv

< +∞.
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Furthermore, let σ = {σv} and τ = {τv} be two sets of positive real numbers.

If R = (E, Ẽ, Q, ϕ) is analytically (σ, τ)-stable with respect to K, then there
exists an affine (σ, τ)-Hermite–Einstein metric H = {Hv}v∈Q0

on R such
that for every v ∈ Q0, the metric Hv on Ev satisfies

σvtrgFHv
+

∑

a∈h−1(v)

ϕa ◦ ϕ∗Hv
a −

∑

a∈t−1(v)

ϕ∗Hv
a ◦ ϕa = τv · IdEv

.

Remark 1.2. The proof of the theorem hinges upon both the flow method
and the continuity method. While these methods bear similarities to those
employed in [44], certain modifications necessitate careful consideration. The
algebraic framework of the quiver bundle presents significant challenges in the
analysis of PDEs, and the proof heavily relies on the arguments of weakly L2

1

quiver sub-bundles. We introduce a novel quantity χ (6.32), defined by the
extrema of eigenvalues of morphisms, distinguishing it from [38, 44].

As for the semi-stable case, we establish the following theorem:

Theorem 1.3. Consider the non-compact special affine Gauduchon man-
ifold (M,D, g, ν) satisfying Conditions 1-3, with the additional assumption

that |∂ω
n−1
g

ν |g ∈ L2(M). Let Q = (Q0, Q1) denote a quiver, and let R =

(E, Ẽ, Q, ϕ) be a twisted quiver bundle as per Definition 2.1 over (M,D, g, ν),

where E = ⊕v∈Q0Ev and Ẽ = ⊕a∈Q1Ea. Fix a background Hermitian metric
K = {Kv}v∈Q0 for R. For each v ∈ Q0, suppose the metric Kv on the flat
bundle Ev fulfills

trgFKv
≤ 0, sup

M
|trgFKv

|Kv
< +∞, sup

M
|ϕ|Kv

< +∞.

Furthermore, let σ = {σv} and τ = {τv} be two sets of positive real numbers.

If R = (E, Ẽ, Q, ϕ) is analytically (σ, τ)-semi-stable with respect to K, then
there exists an approximately affine (σ, τ)-Hermite–Einstein structure H =
{Hv}v∈Q0

on R such that for every v ∈ Q0, the metric Hv on Ev satisfies

sup
M

|σvtrgFHv +
∑

a∈h−1(v)

ϕa ◦ ϕ∗Hv
a −

∑

a∈t−1(v)

ϕ∗Hv
a ◦ ϕa − τv · IdEv |Hv < ε

for any ε > 0.

Remark 1.4. In [38], the authors modified the method used in the limit
of the Hermite–Yang–Mills flow instead of a combination of the heat flow
method and the continuity method. Their approach might not be directly
effective in studying the semi-stable case in Theorem 1.3.

2. Basic notations

2.1. Flat vector bundle over affine Gauduchon manifold. In this section, we
introduce the essential setup and notation pertaining to affine Gauduchon
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manifolds, which remain consistent throughout the paper. For a deeper insight
into affine Gauduchon manifolds, readers are advised to consult [31].

Consider an n-dimensional affine manifold (M,D), where D signifies a
flat, torsion-free connection on the tangent bundle TM . This is equivalent to
an affine structure, furnished by an atlas of M with transition functions given
by affine transformations of the form

x 7→ Ax+ b,

with A ∈ Gl(n,R) and b ∈ Rn. Throughout this paper, all manifolds are
presumed to be both connected and smooth. When an atlas on M comprises
solely of affine transformations as transition maps, the associated coordinates
{xi} are termed local affine. If {xi} is defined over an open subset U ⊂ M , we
denote the fiber coordinates, corresponding to the local trivialization of TM
by { ∂

∂xi }ni=1, as yi. Consequently, on the open subset TU ⊂ TM , we obtain

the holomorphic coordinate functions zi = xi +
√
−1yi, naturally transform-

ing TM into a complex manifold. This n-dimensional complex manifold is
designated as MC.

The vector bundle of (p, q)-forms on M is defined as

Ap,q = ∧pT ∗M ⊗ ∧qT ∗M,

constituting restrictions of (p, q)-forms from the complex manifold MC. These
are differential operators given by

∂ :=
1

2
(d⊗ Id) : ∧pT ∗M ⊗ ∧qT ∗M → ∧p+1T ∗M ⊗ ∧qT ∗M,

∂ := (−1)k
1

2
(Id⊗ d) : ∧pT ∗M ⊗ ∧qT ∗M → ∧pT ∗M ⊗ ∧q+1T ∗M,

which are derived as restrictions from the operators on MC.
An affine manifold (M,D) is deemed special if it possesses a volume form

ν that remains covariant constant relative to the flat connection D on TM .
Throughout this paper, we operate under the assumption that (M,D, g, ν) is
special.

On such a special affine manifold (M, g, ν), the volume form ν induces
homomorphisms:

An,q → ∧qT ∗M, ν ⊗ θ 7→ (−1)
n(n−1)

2 θ,

Ap,n → ∧pT ∗M, θ ⊗ ν 7→ (−1)
n(n−1)

2 θ,

termed as division by ν. When M is compact, integration of an (n, n)-form θ
is facilitated through ∫

M

θ

ν
.
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A smooth Riemannian metric g on (M,D) induces a (1, 1)-form, expressed
in local affine coordinates as

ωg =
n∑

i,j=1

gijdx
i ⊗ dxj ,

which is a restriction of the corresponding (1, 1)-form on MC obtained by
extending g to MC. The metric g is termed an affine Gauduchon metric when

∂∂ωn−1
g = 0.

As per [31], every conformal class of Riemannian metrics on a compact, con-
nected special affine manifold contains a unique affine Gauduchon metric, up
to a positive scalar multiple.

In the realm of affine manifolds, a flat complex vector bundle serves as
the appropriate counterpart to a holomorphic vector bundle on a complex
manifold. To elucidate, consider a smooth complex vector bundle E over an
affine manifold M . Denote the pullback of E to MC via the natural projection
MC = TM → M as EC. The transition functions for EC are derived by
extending those of E uniformly along the fibers of TM . A transition function
on MC is holomorphic precisely when the associated transition function for E
is locally constant. Hence, EC constitutes a holomorphic vector bundle over
MC if and only if E is a flat vector bundle over M . Thus, the assignment
E 7→ EC establishes a bijective relationship between flat vector bundles on
M and holomorphic vector bundles on MC that remain constant across the
fibers of TM . Given that EC is the pullback of a vector bundle on M , the
term “constant across the fibers of TM” is unambiguously defined.

Let H be a Hermitian metric on E, which induces a Hermitian metric on
EC. Denote by ∇H the Chern connection associated with this metric on EC.
According to the decomposition into (1, 0)- and (0, 1)-parts, ∇H aligns with
the pair

(∂H , ∂E) = (∂H,∇, ∂E,∇),

where ∂H,∇ : Γ(E) → A1,0(E) and ∂E,∇ : Γ(E) → A0,1(E) are smooth
differential operators. This pair is referred to as the extended Hermitian
connection of (E,H).

For a locally constant frame {s1, . . . , sr} on E associated with the flat
connection ∇, and denoting Hαβ̄ = H(sα, sβ), we define:

• The extended connection form AH = H−1∂H ∈ A1,0(EndE),
• The extended curvature form FH = ∂AH ∈ A1,1(EndE),
• The extended mean curvature KH = trgFH ∈ C∞(M,EndE),
• The extended first Chern form c1(E,H) = trEFH ∈ A1,1.

All these forms are restrictions of their counterparts on EC. Note that trg
signifies the contraction of differential forms using the Riemannian metric g,
while trE denotes the trace map on the fibers of EndE. The degree of the
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flat vector bundle (E,∇) over an affine Gauduchon manifold (M,D, g, ν) is
defined as

degg(E) :=

∫

M

c1(E,H) ∧ ωn−1
g

ν
,

which is well-defined for compact manifolds [31].

2.2. Quiver bundle over affine Gauduchon manifold. In this section, we in-
troduce the essential setup and notation for quiver bundles, which are con-
sistently employed throughout the paper. For a thorough comprehension of
twisted quiver bundles, please consult [2].

Definition 2.1. A quiver consists of a pair Q = (Q0, Q1) equipped with
two maps, h and t, that assign vertices to arrows. The set Q0 contains vertices,
while Q1 comprises arrows. For each arrow a ∈ Q1, the vertex ha denotes the
head, and ta denotes the tail.

A twisted quiver bundle over an affine Gauduchon manifold (M,D, g, ν)

is defined as a 4-tuple (E, Ẽ, Q, ϕ), where:

1. E is a collection of flat vector bundles Ev on (M,D, g, ν), each asso-
ciated with a vertex v ∈ Q0,

2. Ẽ is a collection of flat vector bundles Ẽa on (M,D, g, ν), each corre-
sponding to an arrow a ∈ Q1,

3. ϕ is a collection of morphisms ϕa : Eta ⊗ Ẽa → Eha, with the stipu-
lation that Ev = 0 for all vertices v ∈ Q0 except a finite number, and
similarly, ϕa = 0 for all arrows a ∈ Q1 except a finite number.

An Hermitian metric H on a twisted quiver bundle R = (E, Ẽ, Q, ϕ)
comprises a set of Hermitian metrics Hv assigned to each non-zero vector
bundle Ev associated with a vertex v ∈ Q0. Given collections of real numbers
σ = {σv}v∈Q0

and τ = {τv}v∈Q0
, the bundle R is said to admit an affine

(σ, τ)-Hermite–Einstein metric H = {Hv}v∈Q0
if, for all non-zero Ev, the

following equation holds:

(2.1) σv · trgFHv
+

∑

a∈h−1(v)

ϕa ◦ ϕ∗Hv
a −

∑

a∈t−1(v)

ϕ∗Hv
a ◦ ϕa = τv · IdEv

,

where FHv
is the curvature of the Chern connection ∇Hv

on Ev, and ϕ∗Hv
a

denotes the adjoint of ϕa with respect to Hv. The bundle R is said to admit
an approximately affine (σ, τ)-Hermite–Einstein structure H = {Hv}v∈Q0 if,
for every v ∈ Q0, the metric Hv on Ev satisfies

sup
M

|σvtrgFHv
+

∑

a∈h−1(v)

ϕa ◦ ϕ∗Hv
a −

∑

a∈t−1(v)

ϕ∗Hv
a ◦ ϕa − τv · IdEv

|Hv
< ε

for any ε > 0.



THE HITCHIN–KOBAYASHI CORRESPONDENCE FOR QUIVER BUNDLES 7

Fix a background Hermitian metric K = {Kv}v∈Q0 on R over the affine
Gauduchon manifold (M,D, g, ν). The degree of Ev is defined as [39]

deg(Ev,Kv) =
1

n

∫

M

trEv (trgFKv )
ωn
g

ν
,

where FKv
is the curvature of the Chern connection ∇Kv

on Ev. According to
the Chern–Weil theory [39], for any saturated subsheaf E′

v of Ev, the analytic
degree is given by

deg(E′
v,Kv) =

1

n

∫

M

(
trEv

(πvtrgFKv
)− |∂Ev

πv|2Kv

) ωn
g

ν
,

where πv denotes the projection onto E′
v with respect to Kv.

The analytic (σ, τ)-degree and (σ, τ)-slope of the twisted quiver bundle
R are defined based on weighted combinations of the degrees and ranks of
the vector bundles Ev associated with each vertex v in Q0. Specifically, the
(σ, τ)-degree is expressed as

degσ,τ (R,K) =
∑

v∈Q0

(σv · deg(Ev,Kv)− τv · rk(Ev)),

where σv and τv are real numbers corresponding to each vertex v. The (σ, τ)-
slope is subsequently defined as the ratio of the (σ, τ)-degree to the total
weighted rank:

Sσ,τ (R,K) =
degσ,τ (R,K)∑
v∈Q0

σvrk(Ev)
.

The twisted quiver bundle R is deemed analytic (σ, τ)-(semi)stable with re-
spect to K if, for all proper quiver subsheaves R′ of R, the following condition
holds:

Sσ,τ (R′,K) < (≤)Sσ,τ (R,K).

In the framework of twisted quiver bundles, this definition enables the
establishment of moduli spaces of (σ, τ)-stable twisted quiver bundles, which
exhibit favorable geometric properties [1]. This condition generalizes the sta-
bility criterion for vector bundles, a concept that is pivotal in the investiga-
tion of moduli spaces for vector bundles. Over recent years, the exploration of
moduli spaces for vector bundles and various geometric objects has garnered
significant attention and focus (see [7, 13, 14, 17, 19, 21, 23, 30] and references
therein).

3. Preliminary results

3.1. The perturbed heat flow. Let R = (E, Ẽ, Q, ϕ) denote a twisted quiver
bundle over the affine Gauduchon manifold (M,D, g, ν), and letH0 = {H0,v}v∈Q0
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be a Hermitian metric on R. For each v ∈ Q0 and nonnegative constant ε,
we introduce the perturbed heat flow as follows:

(3.2) H−1
v

∂Hv

∂t
= − 4

σv
Φε,v(Hv),

where Hv := Hv(t) and Φε,v(Hv) is given by

Φε,v(Hv) = σvtrgFHv
+

∑

a∈h−1(v)

ϕa ◦ ϕ∗Hv
a −

∑

a∈t−1(v)

ϕ∗Hv
a ◦ ϕa

− τv · IdEv
+ εσv log(H

−1
0,vHv).

For simplicity, we define

hv := hv(t) = H−1
0,vHv(t).

Furthermore, we define the complex Laplacian by

∆̃f = 4trg∂̄∂f = gij̄
∂2f

∂zi∂z̄j
,

where (gij̄) is the inverse of the metric matrix (gij̄). Additionally, we refer to
the Beltrami-Laplacian as ∆. It is well-known that the relationship between
these Laplacians is given by

(∆̃−∆)f = ⟨V,∇f⟩g,

where V is a well-defined vector field on the affine Gauduchon manifold M .
We begin by establishing the following proposition, which will be used in

proving the long-time existence of the flow (3.2).

Proposition 3.1. For each v ∈ Q0, let Hv = Hv(t) denote a solution of
the flow (3.2), then

(3.3) (
∂

∂t
− ∆̃)[

∑

v∈Q0

1

σv
|Φε,v|2Hv

] ≤ 0.

and

(3.4) (
∂

∂t
− ∆̃){e2εttrEv

(Φε,v)} = 0.
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Proof. By direct calculation, we have:

∂

∂t
Φε,v = σvtrg∂Ev∂H0,v (h

−1
v

∂hv

∂t
)

−
∑

a∈h−1(v)

(ϕa ◦H−1
ta

∂Hta

∂t
⊗ IdẼa

◦ ϕ∗Ha
a − ϕa ◦ ϕ∗Ha

a ◦H−1
v

∂Hv

∂t
)

−
∑

a∈t−1(v)

(H−1
v

∂Hv

∂t
ϕ∗Ha
a ◦ ϕa − ϕ∗Ha

a ◦H−1
ha

∂Hha

∂t
⊗ IdẼa

◦ ϕa)

+ εσv
∂

∂t
log(hv)

(3.5)

and

∆̃|Φε,v|2Hv
= −4trg∂̄∂trEv

{Φε,vH
−1
v Φ̄t

ε,vHv}
= −4trg∂̄trEv

{∂Φε,vH
−1
v Φ̄t

ε,vHv − Φε,vH
−1
v ∂HvH

−1
v Φ̄t

ε,vHv

+ΦH−1
v ∂̄Φε,v

t
Hv +Φε,vH

−1
v Φ̄t

ε,vHvH
−1
v ∂Hv}

= 2Re⟨−4trg∂Ev
∂Hv

Φε,v,Φε,v⟩Hv
+ ⟨[4trgFHv

,Φε,v],Φε,v⟩Hv

+ 4|∂HvΦε,v|2Hv
+ 4|∂EvΦε,v|2Hv

.

Using the above formulas, we conclude that

(
∂

∂t
− ∆̃)[

∑

v∈Q0

1

σv
|Φε,v|2Hv

] = −
∑

v∈Q0

4

σv
|∇Hv

Φε,v|2Hv

− 4
∑

a∈Q1

(
|ϕ∗Ha

a

Φε,ha

σha
|2Hha

+ |Φε,ta

σta
ϕ∗Ha
a |2Hta

− 2⟨ϕa ◦
Φε,ta

σta
⊗ IdẼa

◦ ϕ∗Ha
a ,

Φε,ha

σha
⟩Hha⊗Hta

)

− 4
∑

a∈Q1

(
|ϕa

Φε,ta

σta
|2Hta

+ |Φε,ha

σha
ϕa|2Hha

− 2⟨ϕ∗Ha
a ◦ Φε,ha

σha
⊗ IdẼ∗

a
◦ ϕa,

Φε,ta

σta
⟩Hha⊗Hta

)

+
∑

v∈Q0

4ε

σv
⟨ ∂
∂t

log(hv),Φε,v⟩Hv

≤ 0,

where the last inequality used (3.2) and the following inequality [44]

⟨ ∂
∂t

log(hv), h
−1
v

∂hv

∂t
⟩Hv

≥ 0.



10 PAN ZHANG, MENG-QI ZHENG, AND CHANG-SHENG ZHU

By taking the trace of both sides of (3.5), we obtain the equality (3.4).

3.2. Donaldson’s distance along the flow. Below, we recall the Donaldson’s
distance [16, 48] defined on the space of Hermitian metrics.

Definition 3.2. Given two Hermitian metrics H and K on the bundle
E, the Donaldson’s distance between them is given by

σ(H,K) := trE(H
−1K) + trE(K

−1H)− 2rk(E).

For collections of Hermitian metrics H = {Hv}v∈Q0 and K = {Kv}v∈Q0 on
the twisted quiver bundle R, we define the Donaldson’s distance on R as

σ(H,K) :=
∑

v∈Q0

σv · σ(Hv,Kv),

where σv is a weighting factor associated with each vertex v.

It is evident that σ(H,K) is non-negative and vanishes if and only if
H = K. Furthermore, a sequence of metrics H(t) converges to a limiting
metric H in the C0 sense if and only if supσ(H(t),H) → 0 as t approaches
the limit.

Proposition 3.3. Let H(t) = {Hv(t)}v∈Q0
and K(t) = {Kv(t)}v∈Q0

de-
note two sets of Hermitian metrics on the twisted quiver bundle R. Assuming
Hv(t) and Kv(t) satisfy the flow equation (3.2) for each v ∈ Q0, it follows
that

(
∂

∂t
− ∆̃

)
σ(H(t),K(t)) ≤ 0.

Proof. For brevity, we denote by

hv := Kv(t)
−1Hv(t).
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By direct calculations, we have

(
∂

∂t
− ∆̃)

( ∑

v∈Q0

σv(trEv
hv + trEv

h−1
v )
)

= −4
∑

v∈Q0

σv

(
trEv

(−trg∂Ev
hvh

−1
v ∂Kv

hv) + trEv
(−trg∂Ev

h−1
v hv∂Kv

h−1
v )
)

− 4
∑

a∈Q1

trEv

(
ϕ∗Ka
a ◦ ϕa ◦ hta + hta ◦ ϕa ◦ h−1

ta ⊗ IdẼa
◦ ϕ∗Ka

a ◦ hha

− ϕ∗Ka
a ◦ hha ⊗ IdẼ∗

a
◦ ϕa − ϕa ◦ ϕ∗Ka

a ◦ hha

)

− 4
∑

a∈Q1

trEv

(
ϕ∗Ha
a ◦ ϕa ◦ h−1

ta + h−1
ta ◦ ϕa ◦ hta ⊗ IdẼa

◦ ϕ∗Ha
a ◦ h−1

ha

− ϕ∗Ha
a ◦ h−1

ha ⊗ IdẼ∗
a
◦ ϕa − ϕa ◦ ϕ∗Ha

a ◦ h−1
ha

)

+ 4ε
∑

v∈Q0

trEv

{
hv

(
log(H−1

0,vHv)− log(H−1
0,vKv)

)

+ h−1
v

(
log(H−1

0,vKv)− log(H−1
0,vHv)

)}

≤ 0,

where we used the inequalities [16, 38]

trEv (−trg∂Ev
hvh

−1
v ∂Kv

hv) ≥ 0, trEv
(−trg∂Ev

h−1
v hv∂Kv

h−1
v ) ≥ 0,

the summations on a ∈ Q0 are non-negative [48], and the following inequality
[44]

trEv
{hv(log(H

−1
0,vHv)− log(H−1

0,vKv))+h−1
v (log(H−1

0,vKv)− log(H−1
0,vHv))} ≥ 0.

We omit the proof of the ensuing proposition, since it bears resemblance
to the proof provided for Proposition 3.3.

Proposition 3.4. Let H = {Hv}v∈Q0
and K = {Kv}v∈Q0

denote two
sets of Hermitian metrics on the twisted quiver bundle R. Provided that each
Hv and Kv satisfies (2.1) for all v ∈ Q0, it follows that

∆̃σ(H,K) ≥ 0.

3.3. An inequality used for C0-estimate. The ensuing proposition acts as a
bridge connecting the stability of the bundle and the C0-estimate. Relying
heavily on [44], we shall only outline the proof here.

Proposition 3.5. Let R denote a twisted quiver bundle endowed with a
fixed Hermitian metric K = {Kv}v∈Q0

on the non-compact affine Gauduchon
manifold (M,D, g, ν). Given a collection of Hermitian metrics H = {Hv}v∈Q0
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on R, set sv := log(K−1
v Hv). Suppose the base manifold admits an ex-

haustion function φ satisfying
∫
M

|∆̃φ|ω
n
g

ν < +∞. Furthermore, assume

∥∂ωn−1
g

ν ∥L2(M) < +∞, sv is bounded, and ∥∂Evsv∥L2(M) < +∞. Then, the
subsequent inequality holds:

∑

v∈Q0

(∫

M

trEv (Φv(Kv)sv)
ωn
g

ν
+

∫

M

σv⟨Ψ(s)(∂Evs), ∂Evsv⟩Kv

ωn
g

ν

)

≤
∫

M

trEv (Φv(Hv)sv)
ωn
g

ν
,

(3.6)

where

Φv(Kv) = σvtrgFKv +
∑

a∈h−1(v)

ϕa ◦ ϕ∗Kv
a −

∑

a∈t−1(v)

ϕ∗Kv
a ◦ ϕa − τv · IdEv

and

Ψ(x, y) =

{
ey−x−1
y−x , x ̸= y;

1, x = y.

Proof. By direct calculations, we have

∑

v∈Q0

∫

M

trEv

(
Φv(Hv)− Φv(Kv))sv

)ωn
g

ν

≥
∑

v∈Q0

∫

M

σv

〈
trg∂Ev (h

−1
v ∂Kvhv), sv)

〉
Kv

ωn
g

ν

=
∑

v∈Q0

σv

∫

M

⟨Ψ(sv)(∂Ev
sv), ∂Ev

sv⟩Kv

ωn
g

ν
.

(3.7)

To derive the first inequality in (3.7), we employed the following fact (see [2,
Lemma 3.5]):
(3.8)∑

v∈Q0

⟨
∑

a∈h−1(v)

(ϕa ◦ϕ∗Hv
a −ϕa ◦ϕ∗Kv

a )−
∑

a∈t−1(v)

(ϕ∗Hv
a ◦ϕa−ϕ∗Kv

a ◦ϕa), sv⟩ ≥ 0

The second equality in (3.7) is a direct consequence of [38, Proposition 4.3].

Remark 3.6. It should be mentioned that the proof of [38, Proposi-

tion 4.3] rather relies on ∥∂ωn−1
g

ν ∥L2(M) < +∞ and the Gauduchon condition

∂∂̄ωn−1
g = 0.
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4. The perturbed heat flow on affine Gauduchon manifolds

4.1. Long-time existence for compact case. In this section, we investigate the
existence of long-term solutions for the perturbed heat flow (3.2) of the twisted
quiver bundle R on an affine Gauduchon manifold (M,D, g, ν), which may
or may not have a boundary. In the case where M is a manifold without
boundary, we consider the following perturbed heat flow:

(4.9)

{
H−1

v
∂Hv

∂t = − 4
σv

Φε,v(Hv),

Hv(0) = H0,v.

For a compact manifoldM with a smooth, non-empty boundary, we exam-
ine the Dirichlet boundary value problem with a fixed collection of Hermitian

metrics H̃ = {H̃v}v∈Q0
defined on ∂M :

(4.10)





H−1
v

∂Hv

∂t = − 4
σv

Φε,v(Hv),

Hv(0) = H0,v,

Hv|∂M = H0,v.

Due to the parabolic characteristics of the flow (3.2), the well-established
parabolic theory ensures the existence of a solution for a short period of time.

Proposition 4.1. For any sufficiently small T > 0, both (4.9) and (4.10)
possess a smooth, well-defined solution H(t) = {Hv(t)}v∈Q0 within the inter-
val 0 ≤ t < T .

Building upon the arguments in [16, Lemma 19], our goal is to prove the
continual existence of the perturbed heat flow.

Lemma 4.2. Suppose a smooth solution H(t) = {Hv(t)}v∈Q0 of either
(4.9) or (4.10) is defined on the interval 0 ≤ t < T < +∞. Then, as t → T ,
the metric H(t) converges in the C0 sense to a continuous, non-degenerate
metric H(T ) on the quiver bundle R.

Proof. By the continuity at t = 0, for any ϵ > 0, there exists a δ such
that supM σ(H(t0),H(t′0)) < ϵ whenever t0, t

′
0 ∈ (0, δ). Utilizing Proposition

3.3 and the maximum principle, we deduce that supM σ(H(t),H(t′)) < ϵ for
all t, t′ > T −δ. This implies that H(t) is uniformly Cauchy, so H(t) → H(T ),
where H(T ) is continuous.

Alternatively, by Proposition 3.1, |Φε,v(Hv)|Hv
is uniformly bounded.

Since ∣∣∣∣
∂

∂t
(log trEv

hv)

∣∣∣∣
Hv

≤ 2|Φε,v(Hv)|Hv

and ∣∣∣∣
∂

∂t
(log trEv

h−1
v )

∣∣∣∣
Hv

≤ 2|Φε,v(Hv)|Hv
,
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we infer that σ(H(t),H(0)) is uniformly bounded on M × [0, T ). Therefore,
the metric H(T ) is non-degenerate.

By employing a similar argument as in [16, Lemma 19], the subsequent
lemma is straightforward to prove.

Lemma 4.3. Let (M,D, g, ν) be a compact affine Gauduchon manifold,
either without boundary or with a non-empty boundary. Consider the collec-
tion of Hermitian metrics H(t) = {Hv(t)}v∈Q0 for 0 ≤ t < T on the twisted
quiver bundle R over M (subject to Dirichlet boundary conditions). Assume
H0 = {H0,v}v∈Q0

is the initial data on R. If, as t → T , H(t) converges in C0

to a non-degenerate continuous metric H(T ) on R, and if sup |trgFHv(t)|H0,v

is uniformly bounded for all t, then Hv(t) is bounded in C1 and Lp
2 (for any

1 < p < +∞) for all t.

We now demonstrate the existence of the flow for extended periods.

Proposition 4.4. Equations (4.9) and (4.10) possess a unique solution
H(t) that persists for all time.

Proof. Proposition 4.1 establishes short-term existence. Assume a so-
lution H(t) exists for 0 ≤ t < T < +∞. By Lemma 4.2, H(t) converges in
C0 to a non-degenerate, continuous H(T ) on R as t → T . Since T is finite,
(3.3) implies supM |trgFHv(t)|H0,v

is uniformly bounded on [0, T ). Further, by

Lemma 4.3, Hv(t) is uniformly bounded in C1 and Lp
2 (for any 1 < p < +∞)

for all t. Applying Hamilton’s methodology [18], we infer Hv(t) → Hv(T ) in
C∞, extending H(t) beyond T . Thus, (4.9) and (4.10) admit a solution H(t)
for all time. Uniqueness follows from the maximum principle and Proposition
3.3.

4.2. Long-time existence for non-compact case. In the remainder of this sec-
tion, we focus on the persistent presence of the perturbed heat flow (3.2)
for the twisted quiver bundle R over a non-compact affine Gauduchon man-
ifold (M,D, g, ν). We postulate an exhaustion function φ ≥ 0 with bounded
trg∂∂̄φ, satisfying Condition 2 for M . For a fixed ρ, let Mρ denote the com-
pact subspace {x ∈ M | φ(x) ≤ ρ} with boundary ∂Mρ. Given the initial
metric H0 on R over M , we consider the Dirichlet boundary condition:

(4.11) H(t)|∂Mρ
= H0|∂Mρ

.

By Proposition 4.4, for each Mρ, the flow (3.2) with this boundary condition
and initial metric H0 has a unique long-term solution H(t) for 0 ≤ t < +∞.

Proposition 4.5. Assuming H(t) is a long-term solution to the perturbed
heat flow (3.2) on Mρ that satisfies the Dirichlet boundary condition (4.11),
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we have
(4.12)

| log hv|H0,v
(x, t) ≤ C1

ε

∑

v∈Q0

max
Mρ

|Φv(H0,v)|H0,v
, ∀(x, t) ∈ Mρ × [0,+∞),

where C1 is a constant independent of ε.

Proof. By direct computations, we have
∑

v∈Q0

⟨H−1
v

∂Hv

∂t
, log hv⟩H0,v

=
∑

v∈Q0

⟨− 4

σv
Φε,v(Hv), log hv⟩H0,v

=
∑

v∈Q0

⟨− 4

σv
Φv(H0,v), log hv⟩H0,v

+
∑

v∈Q0

⟨− 4

σv
(Φε,v(Hv)− Φv(H0,v)), log hv⟩H0,v

≤
∑

v∈Q0

4

σv
|Φv(H0,v)|Hv | log hv|Hv

+
∑

v∈Q0

〈
4 trg

(
∂Ev

(h−1
v ∂H0,v

hv)
)
+ εσv log hv, log hv

〉
H0,v

,

where we have used the inequality (3.8).
Alternatively, one can easily verify that

∑

v∈Q0

⟨H−1
v

∂Hv

∂t
, log hv⟩H0,v

= ⟨h−1
v

∂hv

∂t
, log hv⟩H0,v

=
1

2

∂

∂t

( ∑

v∈Q0

| log hv|2H0,v

)

and
∑

v∈Q0

⟨4trg∂Ev
(h−1

v ∂H0,v
hv), log hv⟩H0,v

≥ −1

2
∆̃
( ∑

v∈Q0

| log hv|2H0,v

)
.

Then

1

2
(
∂

∂t
− ∆̃)(

∑

v∈Q0

| log hv|2H0,v
)

≤ −ε
∑

v∈Q0

σv| log hv|2H0,v
+
∑

v∈Q0

4

σv
|Φ(H0,v)|H0,v

| log hv|H0,v

≤ −εC2

∑

v∈Q0

| log hv|2H0,v
+ C3

∑

v∈Q0

|Φ(H0,v)|H0,v | log hv|H0,v ,

which together with the maximum principle implies (4.12).

For future reference, we recall the following lemma.
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Lemma 4.6 ([39, Lemma 6.7]). Let u(x, t) be a function on Mρ × [0, T ]
satisfying (

∂

∂t
− ∆̃

)
u ≤ 0, u|t=0 = 0,

and supMρ
u ≤ C4. Then, we have

u(x, t) ≤ C4

ρ
(φ(x) + C5t),

where C5 is the bound of ∆̃φ as in Condition 2.

We postulate that for all v ∈ Q0, the norm |Φv(H0,v)|H0,v
is bounded

on the affine Gauduchon manifold (M,D, g, ν). Given any compact subset
Ω ⊂ M , there exists a constant ρ0 such that Ω ⊆ Mρ0 . Consider Hρ(t) =
{Hρ,v(t)}v∈Q0 and Hρ1(t) = {Hρ1,v(t)}v∈Q0 as long-term solutions to the
perturbed heat flow (3.2) satisfying the Dirichlet boundary condition (4.11)
for ρ0 < ρ1 < ρ. Define u = σ(Hρ(t),Hρ1

(t)). By Proposition 4.5, u is
uniformly bounded and serves as a subsolution for the heat operator with
u(0) = 0. Applying Lemma 4.6, we obtain

σ(Hρ(t),Hρ1(t)) ≤ C4
(ρ0 + C5T )

ρ

on Mρ0
× [0, T ]. Thus, Hρ forms a Cauchy sequence on Mρ0

× [0, T ] as
ρ → ∞. For each v ∈ Q0, Proposition 4.5 guarantees the uniform C0 bound
of Hρ(t), and local C1 estimates can be derived similarly to [44, Proposition
3.5]. Using the standard Schauder estimate for parabolic equations, we obtain
local uniform and smooth estimates for Hρ,v(t) for each v ∈ Q0. Note that
the parabolic Schauder estimate only yields a uniform and smooth estimate
for hv(t) on Mρ0 × [ι, T ] with ι > 0, depending on ι−1. To address this,
we apply the maximum principle to obtain a local uniform bound on the
curvature |FHρ,v

|Hρ,v
for each v ∈ Q0, followed by standard elliptic estimates

to obtain locally uniform and smooth estimates. This step is omitted due to
its similarity to [29, Lemma 2.5]. By taking a subsequence with ρ → ∞, the
metric Hρ(t) converges in C∞

loc-topology on the twisted quiver bundle R to a
long-term solution H(t) of the perturbed heat flow (3.2) on M × [0,∞). In
summary, we have the following proposition.

Proposition 4.7. Let R denote the twisted quiver bundle, endowed with a
fixed Hermitian metric H0, over the non-compact affine Gauduchon manifold
(M,D, g, ν) fulfilling Condition 2. Assuming supM |Φv(H0,v)|H0,v

is finite,
it can be demonstrated that the perturbed heat flow (3.2) admits a long-term
solution H(t) satisfying the following bound on the whole M :

sup
(x,t)∈M×[0,+∞)

| log hv|H0(x, t) ≤
C1

ε

∑

v∈Q0

sup
M

|Φv(H0,v)|H0,v .
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5. Solution to the perturbed equation

5.1. Dirichlet problem on compact affine Gauduchon manifold. We first tackle
the Dirichlet problem related to the perturbed equation, leading to the fol-
lowing proposition.

Theorem 5.1. Consider R, the twisted quiver bundle, endowed with a
fixed Hermitian metric H0 = {H0,v}v∈Q0

, over a compact affine Gauduchon
manifold (M,D, g, ν) with a non-empty boundary ∂M . There exists a unique
Hermitian metric H = {Hv}v∈Q0

on R fulfilling the conditions

(5.13) Φε,v(Hv) = 0 and Hv|∂M = H0,v, ∀ε ≥ 0.

For ε > 0, it holds that

(5.14) sup
x∈M

|sv|H0,v
(x) ≤ C1

ε

∑

v∈Q0

sup
M

|Φv(H0,v)|H0,v
.

Furthermore,

(5.15)
∑

v∈Q0

∥∂Ev
sv∥L2(M) ≤ C(ε−1,Φv(H0,v),Vol(M)),

where sv = log(H−1
0,vHv). If the initial metric H0 on R satisfies

(5.16) trEv (Φv(H0,v)) = 0,

then
∑

v∈Q0
σvtrEv

(sv) = 0, and H on R also meets condition (5.16).

Proof. Based on Proposition 4.4, we establish the existence of a long-
term solutionH(t) for the perturbed heat equation (4.10). By applying Propo-
sition 3.1 and the inequality |∇ζ|2 ≥ |∇|ζ||2, we obtain

(5.17)

(
∂

∂t
− ∆̃

)
∑

v∈Q0

1

σv
|Φε,v(Hv)|Hv


 ≤ 0.

When the initial metricH0 satisfies (5.16), combining (3.4) with the maximum
principle yields ∑

v∈Q0

trEv
(Φε,v(Hv)) = 0.

As a result, ∑

v∈Q0

σvtrEv
(log(H−1

0,vHv(t))) = 0

holds true, ensuring that H(t) meets the condition (5.16) for all t ≥ 0.
Referring to [40, Chapter 5, Proposition 1.8], our objective is to address

the Dirichlet problem on M defined as:

(5.18) ∆̃f = −|Φv(H0,v)|H0,v
, f |∂M = 0.
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We introduce w(x, t) =
∫ t

0
|Φε,v(Hv)|Hv (x, ϱ)dϱ−f(x). By considering (5.17),

(5.18), and the boundary conditions of Hv, it becomes clear that for t > 0,
|Φε,v(Hv)|Hv

(x, t) diminishes on ∂M . Hence,

(
∂

∂t
− ∆̃

)
w(x, t) ≤ 0, w(x, 0) = −f(x), w(x, t)|∂M = 0.

Applying the maximum principle, for all x ∈ M and t ∈ (0,+∞), we derive

(5.19)

∫ t

0

|Φε,v(Hv)|Hv
(x, ϱ)dϱ ≤ sup

y∈M
f(y).

Given the assumptions t1 ≤ t ≤ t2 and defining h̄v(x, t) = H−1
v (x, t1)Hv(x, t),

one can easily deduce that

∂

∂t
log trEv

(h̄v) ≤ 2|Φε,v(Hv)|Hv
.

Through integration, we find

trEv (H
−1
v (x, t1)Hv(x, t)) ≤ r exp

(
2

∫ t

t1

|Φε,v(Hv)|Hvdϱ

)
.

Similarly, an equivalent bound holds for trEv (H
−1
v (x, t)Hv(x, t1)). Conse-

quently,

(5.20) σ(Hv(x, t), Hv(x, t1)) ≤ 2r

(
exp

(
2

∫ t

t1

|Φε,v(Hv)|Hv
dϱ

)
− 1

)
.

Using (5.19) and (5.20), we deduce that as t → ∞, the metric H(t) on
the twisted quiver bundle R converges to a continuous metric H∞ in the C0

topology. By Lemma 4.3, for each vertex v ∈ Q0, Hv(t) is uniformly bounded
in both C1

loc and Lp
2,loc (1 < p < +∞). Additionally, |H−1

v
∂Hv

∂t | is uniformly
bounded for each v ∈ Q0. Employing elliptic regularity, we conclude the
existence of a subsequence Hv(t) converging to Hv,∞ in C∞

loc-topology. From
(5.19), Hv,∞ meets the boundary condition. Uniqueness follows from the
maximum principle and Proposition 3.4.

If ε > 0, the implication in Proposition 4.5, as noted in (4.12), implies
(5.14). By definition, it is evident that

|∂Ev
sv|2H0,v

≤ C6⟨Ψ(s)(∂Ev
sv), ∂Ev

sv⟩H0,v
,

where C6 is a constant dependent only on the L∞-bound of sv.
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Applying inequality (3.6) from Proposition 3.5 and equation (5.13), we
derive
∑

v∈Q0

∫

M

|∂Evsv|2H0,v

ωn

ν
≤ C6

∑

v∈Q0

∫

M

⟨Ψ(sv)(∂Evsv), ∂Evsv⟩H0,v

ωn

ν

= C6

∑

v∈Q0

∫

M

(−trEv (Φv(H0,v)sv)− εσv|sv|2H0,v
)
ωn

ν

≤ C7

ε

∑

v∈Q0

sup
M

|Φv(H0,v)|2H0,v
·Vol(M),

which directly results in the conclusion of (5.15).

5.2. Solution on non-compact affine Gauduchon manifold. Let (M,D, g, ν)
denote a non-compact affine Gauduchon manifold, with {Mρ} constituting an
exhaustive sequence of its compact subdomains. Consider a twisted quiver
bundle R over the base Mρ, equipped with a set of Hermitian metrics H0

on R. According to Theorem 5.1, the Dirichlet problem on Mρ is solvable,
producing a Hermitian metric Hρ(x) = {Hρ,v}v∈Q0

on R that fulfills:
{
Φε,v(Hρ,v) = 0,

Hρ,v(x)|∂Mρ
= H0,v(x).

To extend the solution across the entire manifold M , we depend on a
priori estimates, notably the C0-estimate. Define by

hρ,v = H−1
0,vHρ,v

for each v ∈ Q0. By Proposition 5.1, we have for all v ∈ Q0:

sup
x∈Mρ

| log hρ,v|H0,v
(x) ≤ C1

ε

∑

v∈Q0

sup
Mρ

|Φv(H0,v)|H0,v
.

For any compact Ω ⊂ M , there is a ρ0 such that Ω ⊆ Mρ0 . Employing
arguments akin to those in [38, Proposition 4.1], we secure local uniform C1-
estimates. Specifically, for ρ > ρ0,

(5.21) sup
x∈Ω

|h−1
ρ,v∂H0,vhρ,v|H0,v ≤ C8,

where C8 is a constant uniform across ρ. Utilizing the perturbed equation
Φε,v(Hv) = 0 and standard elliptic theory, we infer uniform local higher-order
estimates. By extracting a subsequence, for each v ∈ Q0, Hρ,v converges in
C∞

loc-topology to H∞,v, which satisfies Φε,v(Hv) = 0 on M . This establishes
the following proposition:
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Proposition 5.2. Consider a twisted quiver bundle R equipped with a
fixed Hermitian metric H0 over a non-compact affine Gauduchon manifold
(M,D, g, ν). Provided that supM |Φv(H0)|H0,v

is bounded, for any ε > 0,
there exists a metric H = {Hv}v∈Q0

on R satisfying

Φε,v(Hv) = 0,

sup
x∈M

| log(H−1
0,vHv)|H0,v

(x) ≤ C1

ε

∑

v∈Q0

sup
M

|Φv(H0,v)|H0,v
,

and
∥∂Ev

(log(H−1
0,vHv))∥L2 ≤ C(ε−1,Φv(H0,v),Vol(M)).

Furthermore, if H0 meets the criterion (5.16), then
∑

v∈Q0

σvtrEv
log(H−1

0,vHv) = 0,

ensuring H also satisfies (5.16).

6. Stability implies the existence of the Hermite–Einstein
metric

Let (M,D, g, ν) denote the non-compact affine Gauduchon manifold as
specified in Theorem 1.1, and let R signify a twisted quiver bundle over
M . Provided a suitable background metric K = {Kv}v∈Q0

on R satisfy-
ing trgFKv ≤ 0, supM |trgFKv |Kv < +∞, and supM |ϕ|Kv < +∞, we invoke
[44, Proposition 4.3] to resolve the Poisson equation on M :

(6.22) trg∂̄∂f = − 1∑
v∈Q0

σv · rk(Ev)

∑

v∈Q0

trEv (Φv(Kv)).

Applying the conformal transformation Kv = efKv, direct calculation
yields

(6.23) trEv
Φv(Kv) = trEv

Φv(Kv) + trEv

(
σvtrg(∂̄∂f)IdEv

)
.

Using (6.22) and (6.23), we find that Kv meets the requirement:

(6.24)
∑

v∈Q0

trEv
(Φv(Kv)) = 0.

Analyzing the function f , we observe that if R displays analytic (σ, τ)-
stability relative to the Hermitian metric K, it retains this stability relative
to the transformed metric K = {Kv}v∈Q0

. Hence, we may assume without
loss of generality that the initial metric K on R already satisfies Equation
(6.24).

By Proposition 5.2, for every vertex v ∈ Q0 and any ε > 0, the following
perturbed equation is solvable:

(6.25) Φε,v(Hε,v) := Φv(Hε,v) + εσv(log hε,v) = 0,
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where hε,v is given by K−1
v Hε,v = esε,v and

Φv(Hε,v) = σvtrgFHε,v +
∑

a∈h−1(v)

ϕa ◦ ϕ∗Hε,v
a −

∑

a∈t−1(v)

ϕ∗Hε,v
a ◦ ϕa − τv · IdEv .

Considering that the initial Hermitian metric K on R satisfies (6.24), it
follows that: ∑

v∈Q0

σvtrEv
(log hε,v) = 0.

We denote by

Herm(Ev,Kv) = {η ∈ End(Ev) : η
∗Kv = η}

and

Herm+(Ev,Kv) = {ρ ∈ Herm(Ev,Kv) : ρ > 0},
where ρ means all eigenvalues of ρ are positive.

Using analogous arguments as in [31, Corollary 19] and [32, Lemma 3.3.4],
we can easily derive the following lemma.

Lemma 6.1. For hε,v ∈ Herm+(Ev,Kv) fulfilling Φε,v(Hε,v) = 0 with
some ε > 0, it follows that

σv sup
M

| log hε,v|Kv ≤ C9


∑

v∈Q0

σv∥ log hε,v∥L2(M) + C10


 ,

where C9 and C10 depend solely on ω and Kv.

When R displays analytic (σ, τ)-stability with respect to the Hermitian
metric K, our objective is to show that, by choosing a subsequence, Hε con-
verges to an affine (σ, τ)-Hermite–Einstein metric H in the C∞

loc-topology as
ε → 0. Utilizing the local C1-estimates from (5.21) combined with standard
elliptic theory, our primary goal becomes obtaining a uniform C0-estimate.
By virtue of Lemma 6.1, this task reduces to proving a uniform bound on∑

v∈Q0
σv∥ log hε,v∥L2(M).

We proceed by contradiction. If our assertion fails, there must exist a
positive constant δ and a subsequence εi → 0 as i → ∞ such that

∑

v∈Q0

σv∥ log hεi,v∥L2(M) → +∞.

Let us define

sεi,v = log hεi,v, li,v = ∥sεi,v∥L2(M), and uεi,v =
sεi,v
li,v

.
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From these definitions, it follows that
∑

v∈Q0
tr(σvuεi,v) = 0 and ∥uεi,v∥L2 =

1. By applying Lemma 6.1, we derive:

(6.26) sup
M

|uεi,v| ≤
C9

li,v


∑

v∈Q0

σvli,v + C10


 < C11 < +∞.

Step 1 We will show that for each v ∈ Q0, the L2
1 norms of uεi,v remain

uniformly bounded. Given that the L2 norms of uεi,v are normalized to 1,
our primary objective is to establish uniform boundedness for the L2 norms
of ∇uεi,v.

Utilizing Proposition 3.5 and the perturbed equation (6.25), we infer that
for all uεi,v, the following inequality is satisfied:

∑

v∈Q0

(∫

M

trEv (Φv(Kv)uεi,v)
ωn
g

ν

+ σv

∫

M

li,v
〈
Ψ(li,vuεi,v)(∂Ev

uεi,v), ∂Ev
uεi,v

〉
Kv

ωn
g

ν

)

≤ −εi
∑

v∈Q0

σvli,v,

Next, consider the function defined by:

γΨ(γx, γy) =

{
γ, if x = y,
eγ(y−x)−1

y−x , if x ̸= y.

From (6.26), we infer that (x, y) lies in the domain [−C12, C12]×[−C12, C12].
A simple verification yields:

(6.27) γΨ(γx, γy) →
{
(x− y)−1, if x > y,

+∞, if x ≤ y,

which increases monotonically as γ → +∞. We introduce ζ, a smooth func-
tion mapping R × R to R+ such that ζ(x, y) < (x − y)−1 for x > y. By
applying (6.27) and adopting reasoning from [39, Lemma 5.4], we derive:

∑

v∈Q0

(∫

M

trEv
(Φv(Kv)uεi,v)

ωn
g

ν

+σv

∫

M

〈
ζ(uεi,v)(∂Evuεi,v), ∂Evuεi,v

〉
Kv

ωn
g

ν

)

≤ 0,

(6.28)

for i large enough.
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Specifically, we opt for ζ(x, y) = 1
3C12

. Consequently, within the domain

(x, y) ∈ [−C12, C12]× [−C12, C12] and under the condition x > y, it holds that
1

3C12
< 1

x−y . Hence,

∑

v∈Q0

(∫

M

trEv
(Φv(Kv)uεi,v)

ωn
g

ν
+

σv

3C12

∫

M

|∂Ev
uεi,v|2Kv

ωn
g

ν

)
≤ 0

for sufficiently large i. This implies

∑

v∈Q0

∫

M

|∂Evuεi,v|2Kv

ωn
g

ν
≤ C13

∑

v∈Q0

sup
M

|Φv(Kv)|Kv
·Vol(M).

Hence, for every v ∈ Q0, the sequence uεi,v remains bounded in the L2
1

norm, enabling us to extract a weakly convergent subsequence in L2
1, denoted

{uεij ,v
}, which converges to u∞,v. For brevity, we continue to use {uεi,v}

to represent this subsequence. Considering the embedding of L2
1 into L2, it

follows that

1 = lim
i→∞

∫

M

|uεi,v|2H0,v

ωn
g

ν
=

∫

M

|u∞,v|2H0,v

ωn
g

ν
,

indicating that u∞,v has an L2 norm of 1 and is therefore non-trivial.
Utilizing equation (6.28) and paralleling the argument in [39, Lemma 5.4],

we obtain the inequality

∑

v∈Q0

(∫

M

trEv
(Φv(Kv)u∞,v)

ωn
g

ν

+σv

∫

M

〈
ζ(u∞,v)(∂Ev

u∞,v), ∂Ev
u∞,v

〉
Kv

ωn
g

ν

)

≤ 0.

(6.29)

Step 2 Utilizing the reasoning presented by Uhlenbeck and Yau in [41],
we construct a quiver subsheaf that contradicts the (σ, τ)-analytic stability of
R.

By leveraging equation (6.29) and the technique described in [39, Lemma
5.5], we infer that for all v ∈ Q0, the eigenvalues of u∞,v are constant over
almost every point. Let µ1,v < µ2,v < · · · < µl,v denote the unique eigenvalues
of u∞,v. Given the constraints

∑
v∈Q0

trEv
(σvu∞,v) = 0 and ∥u∞,v∥L2(M) =

1, it follows that 2 ≤ l ≤ r. For each eigenvalue µj,v with 1 ≤ j ≤ l − 1, we
define a function

Υj,v(x) : R → R
by

Υj,v(x) =

{
1, if x ≤ µj,v,

0, if x ≥ µj+1,v.
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We define πj,v as Υj,v(u∞,v) and denote Ej,v by πj,v(Ev). Based on [39,
p. 887], we ascertain the following properties:

1. πj,v belongs to L2
1;

2. πj,v is idempotent and self-adjoint with respect to H0,v;

3. πj,v commutes with ∂Ej,v under the projection IdEj,v − πj,v;
4. For every a ∈ Q1, the composition (IdEj,ha

−πj,ha) ◦ϕa ◦ (πj,ta⊗ IdẼa
)

vanishes.

Invoking Uhlenbeck and Yau’s regularity theorem for L2
1-subbundles from

[41], the collection {πj,v}l−1
j=1 determines l − 1 coherent sub-sheaves of Ev for

each v ∈ Q0. By applying the arguments in [48, p. 288], which extend [15,
Theorem 0.2], we can obtain a sequence of desirable weakly quiver sub-bundles
Rj of R.

Given that ∑

v∈Q0

trEv (σvu∞,v) = 0

and

u∞,v = µl,v · IdEv
−

l−1∑

j=1

(µj+1,v − µj,v) · πj,v,

it follows that

(6.30)
∑

v∈Q0


σvµl,v · rk(Ev)−

l−1∑

j=1

(µj+1,v − µj,v)σv · rk(Ej,v)


 = 0.

Let

µl,ṽ = max
v∈Q0

µl,v,
l−1∑

j=1

(µj+1,v̂ − µj,v̂) = min
v∈Q0

l−1∑

j=1

(µj+1,v − µj,v).

Then, from (6.30), we deduce

(6.31)
∑

v∈Q0

σv · µl,ṽ · rk(Ev) ≥
∑

v∈Q0

l−1∑

j=1

(µj+1,v̂ − µj,v̂)σv · rk(Ej,v).

Define the quantity χ as follows:

(6.32) χ = n


µl,ṽ degσ,τ (R,K)−

l−1∑

j=1

(µj+1,v̂ − µj,v̂) degσ,τ (Rj ,K)


 .

By substituting (6.31) into χ, we obtain:

(6.33) χ ≥ n

l−1∑

j=1

(µj+1,v̂ − µj,v̂)
∑

v∈Q0

σvrk(Ej,v) (Sσ,τ (R,K)− Sσ,τ (Rj ,K)) .
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Furthermore, according to [39, Lemma 3.2], the Chern–Weil formula with
respect to the metric K on the twisted quiver bundle R is given by:
(6.34)

deg(Ej,v,Kv) =
1

n

∑

v∈Q0

(∫

M

⟨trgFH0,v , πj,v⟩Kv

ωn
g

ν
−
∫

M

|∂Evπj,v|2Kv

ωn
g

ν

)
.

Substituting (6.34) into (6.32), we have

χ =
∑

v∈Q0

∫

M

〈
σv trg FKv

, µl,ṽ IdEv
−

l−1∑

j=1

(µj+1,v̂ − µi,v̂)πj,v

〉
Kv

ωn
g

ν

(6.35)

+
∑

v∈Q0

σv

l−1∑

j=1

(µj+1,v̂ − µj,v̂)∥∂Evπj,v∥2L2

−
∑

v∈Q0

τv ·
(
µl,ṽ rk(Ev)−

l−1∑

j=1

(µj+1,v̂ − µj,v̂) rk(Ej,v)
)

=
∑

v∈Q0

∫

M

〈
σv trg FKv

, µl,v · IdEv
−

l−1∑

j=1

(µj+1,v − µj,v)πj,v

〉
Kv

ωn
g

ν

+
∑

v∈Q0

σv

l−1∑

j=1

(µj+1,v − µj,v)∥∂Evπj,v∥2L2

−
∑

v∈Q0

τv ·
(
µl,v rk(Ev)−

l−1∑

j=1

(µj+1,v − µj,v) rk(Ej,v)
)

+
∑

v∈Q0

∫

M

〈
σv trg FKv

, (µl,ṽ − µl,v) · IdEv

+
( l−1∑

j=1

(µj+1,v − µj,v)−
l−1∑

j=1

(µj+1,v̂ − µj,v̂)
)
πj,v

〉
Kv

ωn
g

ν

+
∑

v∈Q0

(
σv

( l−1∑

j=1

(µj+1,v̂ − µj,v̂)−
l−1∑

j=1

(µj+1,v − µj,v)
)

× ∥∂Evπi,v∥2L2

)

+
∑

v∈Q0

τv ·
(
(µl,v − µl,ṽ) · rk(Ev)
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+
( l−1∑

j=1

(µi+1,v̂ − µj,v̂)−
l−1∑

j=1

(µj+1,v − µj,v)
)
rk(Ej,v)

)

≤
∑

v∈Q0

∫

M

(
⟨Φv(Kv), u∞,v⟩Kv

+
〈
σv

l−1∑

j=1

(µj+1,v − µj,v)(dΥj,v)
2(u∞,v)(∂Ev

u∞,v), ∂Ev
u∞,v

〉
Kv

)ωn
g

ν

≤ 0,

where the differential dΥj,v(x, y) : R× R → R is given by

dΥj,v(x, y) =





Υj,v(x)−Υj,v(y)

x− y
, if x ̸= y;

Υ′
j,v(x), if x = y.

Combining (6.33) and (6.35) leads to a contradiction with the analytic (σ, τ)-
stability of the bundle R.

7. Semi-stability implies the existence of the approximate
Hermite–Einstein structure

The proof for Theorem 1.3 bears resemblance to that of Theorem 1.1. To
facilitate readers, we will provide a detailed proof here.

Let (M,D, g, ν) denote the non-compact affine Gauduchon manifold as
described in Theorem 1.3, and let R represent a twisted quiver bundle over
M . Given a suitable background metric K = {Kv}v∈Q0

on R that satisfies
trgFKv ≤ 0, supM |trgFKv |Kv < +∞, and supM |ϕ|Kv < +∞. By applying

the conformal transformation Kv = efKv, we also observe that Kv fulfills the
condition:

(7.36)
∑

v∈Q0

trEv
(Φv(Kv)) = 0.

Upon analyzing the function f , we notice that if R exhibits analytic (σ, τ)-
semi-stability with respect to the Hermitian metric K, it maintains this semi-
stability with respect to the transformed metric K = {Kv}v∈Q0 . Therefore,
it suffices to consider the initial metric K on R that already fulfills Equation
(7.36), without loss of generality.

According to Proposition 5.2, for any vertex v ∈ Q0 and any positive ε,
the following perturbed equation admits a solution:

(7.37) Φε,v(Hε,v) := Φv(Hε,v) + εσv(log hε,v) = 0,

where hε,v is defined by K−1
v Hε,v = esε,v and

Φv(Hε,v) = σvtrgFHε,v
+

∑

a∈h−1(v)

ϕa ◦ ϕ∗Hε,v
a −

∑

a∈t−1(v)

ϕ∗Hε,v
a ◦ ϕa − τv · IdEv

.
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Given that the initial Hermitian metric K on R fulfills (7.36), it conse-
quently holds that:

∑

v∈Q0

σvtrEv
(log hε,v) = 0.

We will demonstrate that if the quiver bundle R is analytic (σ, τ)-semi-
stable, then as ε → 0, it follows that

sup
M

∣∣∣∣∣σv trg FHε,v
+

∑

a∈h−1(v)

ϕa ◦ ϕ∗Hε,v
a

−
∑

a∈t−1(v)

ϕ∗Hε,v
a ◦ ϕa − τv · IdEv

∣∣∣∣∣
Hε,v

→ 0.

We will use the techniques developed by Nie–Zhang [35] and Simpson [39].
Case1 Suppose there exists a uniform constant C14 such that

∥ log hε,v∥L2(M) ≤ C14 < +∞.

Then by Lemma 6.1, we have

sup
M

|σvtrgFHε,v
+

∑

a∈h−1(v)

ϕa ◦ ϕ∗Hε,v
a −

∑

a∈t−1(v)

ϕ∗Hv
a ◦ ϕa − τv · IdEv

|Hε,v

= εσv sup
M

| log hεi,v|Hε,v

< εC9(C15C14 + C10).

Hence when ε → 0, we have

sup
M

|σvtrgFHε,v
+

∑

a∈h−1(v)

ϕa ◦ϕ∗Hε,v
a −

∑

a∈t−1(v)

ϕ∗Hε,v
a ◦ϕa− τv · IdEv

|Hε,v
→ 0.

Case2 limεi→0∥ log hεi,v∥L2(M) → ∞.
Claim If R is analytic (σ, τ)-semi-stable with respect to the metric K,

then

lim
ε→0

sup
M

|σvtrgFHε,v
+

∑

a∈h−1(ε,v)

ϕa ◦ ϕ∗Hε,v
a −

∑

a∈t−1(ε,v)

ϕ∗Hε,v
a ◦ ϕa − τv · IdEv

|Hε,v

= εσv sup
M

| log hε,v|Hε,v

= 0.

Should the claim fail to hold, there would exist a δ > 0 and a subsequence
{εi} → 0 as i → +∞, such that

∥ log hεi,v∥L2 → +∞,
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and

sup
M

|σvtrgFHεi,v
+

∑

a∈h−1(ε,v)

ϕa ◦ ϕ∗Hεi,v
a −

∑

a∈t−1(ε,v)

ϕ
∗Hεi,v
a ◦ ϕa − τv · IdEv |Hεi,v

= εiσv sup
M

| log hε,v|Hεi,v

≥ δ.

Similar to the previous section, we define

sεi,v = log hεi,v, li,v = ∥sεi,v∥L2(M), and uεi,v =
sεi,v
li,v

.

From these definitions, we deduce that
∑

v∈Q0
trEv (σvuεi,v) = 0 and ∥uεi,v∥L2

= 1. Utilizing Lemma 6.1, we obtain

li ≥
δ

εiC9
− C10

C9
,

and

(7.38) sup
M

|uεi,v| ≤
C9

li,v


∑

v∈Q0

σvli,v + C10


 < C15 < +∞.

Step 1 We will demonstrate that for each v ∈ Q0, the L2
1 norms of uεi,v

remain uniformly bounded. Since the L2 norms of uεi,v are normalized to 1,
our main goal is to establish a uniform bound for the L2 norms of ∇uεi,v.

By leveraging Proposition 3.5 and the perturbed equation (7.37), we de-
duce that the following inequality holds for all uεi,v:

∑

v∈Q0

(∫

M

trEv
(Φv(Kv)uεi,v)

ωn
g

ν

+σv

∫

M

li,v
〈
Ψ(li,vuεi,v)(∂Evuεi,v), ∂Evuεi,v

〉
Kv

ωn
g

ν

)

≤ −εi
∑

v∈Q0

σvli,v,

Next, consider the function defined by:

γΨ(γx, γy) =

{
γ, if x = y,
eγ(y−x)−1

y−x , if x ̸= y.

From (7.38), we conclude that (x, y) lies within the domain [−C16, C16]×
[−C16, C16]. A straightforward verification reveals:

γΨ(γx, γy) →
{
(x− y)−1, if x > y,

+∞, if x ≤ y,
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which increases monotonically as γ → +∞. We introduce ζ, a smooth func-
tion mapping R×R to R+ such that ζ(x, y) < (x− y)−1 for x > y. Utilizing
(6.27) and following reasoning similar to that in [39, Lemma 5.4], for suffi-
ciently large i, we obtain:

δC17 +
∑

v∈Q0

(∫

M

trEv
(Φv(Kv)uεi,v)

ωn
g

ν

+σv

∫

M

〈
ζ(uεi,v)(∂Evuεi,v), ∂Evuεi,v

〉
Kv

ωn
g

ν

)

≤ εiC18,

(7.39)

where C17 and C18 are uniformly positive constants.
Specifically, we choose ζ(x, y) = 1

3C16
. Consequently, within the domain

(x, y) ∈ [−C16, C16] × [−C16, C16] and for x > y, it holds that 1
3C16

< 1
x−y .

Hence, for sufficiently large i, we have:

δC17 +
∑

v∈Q0

(∫

M

trEv
(Φv(Kv)uεi,v)

ωn
g

ν
+

σv

3C16

∫

M

|∂Ev
uεi,v|2Kv

ωn
g

ν

)
≤ 0.

This implies:

∑

v∈Q0

∫

M

|∂Ev
uεi,v|2Kv

ωn
g

ν
≤ C19

∑

v∈Q0

max
M

|Φv(Kv)|Kv
·Vol(M).

Hence, for each v ∈ Q0, the sequence uεi,v remains bounded in the
L2
1 norm, allowing us to extract a weakly convergent subsequence, denoted

{uεik ,v
}, which converges to u∞,v in L2

1. For simplicity, we will continue to

use {uεi,v} to represent this subsequence. Given the embedding of L2
1 into

L2, it follows that:

1 = lim
i→∞

∫

M

|uεi,v|2H0,v

ωn
g

ν
=

∫

M

|u∞,v|2H0,v

ωn
g

ν
,

indicating that u∞,v has an L2 norm of 1 and is thus non-trivial.
By utilizing equation (7.39) and following a similar argument as in [39,

Lemma 5.4], we derive the inequality:

δC17 +
∑

v∈Q0

(∫

M

trEv
(Φv(Kv)u∞,v)

ωn
g

ν

+σv

∫

M

〈
ζ(u∞,v)(∂Ev

u∞,v), ∂Ev
u∞,v

〉
Kv

ωn
g

ν

)

≤ 0.

(7.40)

Step 2 Drawing on the reasoning presented by Uhlenbeck and Yau in [41],
we construct a quiver subsheaf that contradicts the (σ, τ)-semi-stability of R.
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By employing equation (7.40) and the technique outlined in [39, Lemma
5.5], we deduce that for all v ∈ Q0, the eigenvalues of u∞,v are constant almost
everywhere. Let µ1,v < µ2,v < · · · < µl,v denote the distinct eigenvalues of
u∞,v. Given the constraints

∑
v∈Q0

trEv
(σvu∞,v) = 0 and ∥u∞,v∥L2(M) = 1,

it follows that 2 ≤ l ≤ r. For each eigenvalue µj,v with 1 ≤ j ≤ l − 1, we
define a function

Υj,v(x) : R → R
by

Υj,v(x) =

{
1, if x ≤ µj,v,

0, if x ≥ µj+1,v.

We define πj,v as Υj,v(u∞,v) and denote Ej,v by πj,v(Ev). Based on the
argument from [39, p. 887], we ascertain the following properties:

1. πj,v belongs to L2
1;

2. πj,v is idempotent and self-adjoint with respect to H0,v;

3. πj,v commutes with ∂Ej,v under the projection IdEj,v − πj,v;
4. For every a ∈ Q1, the composition (IdEj,ha

−πj,ha) ◦ϕa ◦ (πj,ta⊗ IdẼa
)

vanishes.

By invoking Uhlenbeck and Yau’s regularity theorem for L2
1-subbundles

from [41], the set {πj,v}l−1
j=1 determines l − 1 coherent sub-sheaves of Ev for

each v ∈ Q0. By utilizing the arguments presented in [48, p. 288], which build
upon [15, Theorem 0.2], we can construct a sequence of desired weakly quiver
sub-bundles Rj of R.

Given the equations
∑

v∈Q0

trEv
(σvu∞,v) = 0,

u∞,v = µl,v · IdEv −
l−1∑

j=1

(µj+1,v − µj,v) · πj,v,

it follows that

(7.41)
∑

v∈Q0


σvµl,v · rk(Ev)−

l−1∑

j=1

(µj+1,v − µj,v)σv · rk(Ej,v)


 = 0.

To move forward, let us introduce the following definitions:

µl,ṽ := max
v∈Q0

µl,v,
l−1∑

j=1

(µj+1,v̂ − µj,v̂) := min
v∈Q0

l−1∑

j=1

(µj+1,v − µj,v).

Then, from (7.41), we deduce

(7.42)
∑

v∈Q0

σv · µl,ṽ · rk(Ev) ≥
∑

v∈Q0

l−1∑

j=1

(µj+1,v̂ − µj,v̂)σv · rk(Ej,v).
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Define the quantity χ as follows:

(7.43) χ = n


µl,ṽ degσ,τ (R,K)−

l−1∑

j=1

(µj+1,v̂ − µj,v̂) degσ,τ (Rj ,K)


 .

By substituting (7.42) into χ, we obtain:

(7.44) χ ≥ n
l−1∑

i=1

(µj+1,v̂ − µj,v̂)
∑

v∈Q0

σvrk(Ej,v) (Sσ,τ (R,K)− Sσ,τ (Rj ,K)) .

Furthermore, as stated in [39, Lemma 3.2], the Chern–Weil formula for
the twisted quiver bundle R with respect to the metric K is expressed as
(7.45)

deg(Ej,v,Kv) =
1

n

∑

v∈Q0

(∫

M

⟨trgFH0,v
, πj,v⟩Kv

ωn
g

ν
−
∫

M

|∂Ev
πj,v|2Kv

ωn
g

ν

)
.

Substituting (7.45) into (7.43), and using the same argument in [28, Pages
793-794], we have

χ =
∑

v∈Q0

∫

M

〈
σvtrgFKv

, µl,ṽIdEv
−

l−1∑

j=1

(µj+1,v̂ − µj,v̂)πj,v

〉
Kv

ωn
g

ν

+
∑

v∈Q0

σv

l−1∑

j=1

(µj+1,v̂ − µj,v̂)∥∂Evπj,v∥2L2

−
∑

v∈Q0

τv ·
(
µl,ṽrk(Ev)−

l−1∑

j=1

(µj+1,v̂ − µj,v̂)rk(Ej,v)
)

≤
∑

v∈Q0

∫

M

(
⟨Φv(Kv), u∞,v⟩Kv

+ ⟨σv

l−1∑

j=1

(µj+1,v − µj,v)(dΥj,v)
2(u∞,v)(∂Ev

u∞,v), ∂Ev
u∞,v⟩Kv

)ωn
g

ν

≤ −δC17

< 0,

(7.46)

where the differential dΥj,v(x, y) : R× R → R is given by

dΥj,v(x, y) =





Υj,v(x)−Υj,v(y)

x− y
, if x ̸= y;

Υ′
j,v(x), if x = y.

Combining equations (7.44) and (7.46) results in a contradiction to the ana-
lytic (σ, τ)-semi-stability of the bundle R.



32 PAN ZHANG, MENG-QI ZHENG, AND CHANG-SHENG ZHU

Author contributions:

Writing–original draft: P.Z., M.-Q.Z.; Writing–review and editing: M.-
Q.Z., C.-S.Z.; Funding acquisition: P.Z.; Methodology: P.Z. The authors
acknowledge and agree with the content, accuracy and integrity of the man-
uscript and take absolute accountability for the same.

Funding:

This paper is supported by the National Natural Science Foundation
of China [Grant Numbers 12201001 and 12571061] and the Excellent Uni-
versity Research and Innovation Team in Anhui Province [Grant Number
2024AH010002].

Declarations

Declaration of Interests The authors have no conflict of interest.
Data Avaliability The manuscript has no associated data.

References
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