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THE HITCHIN-KOBAYASHI CORRESPONDENCE FOR
QUIVER BUNDLES OVER THE NON-COMPACT AFFINE
GAUDUCHON MANIFOLD

PAN ZHANG, MENG-QI ZHENG, AND CHANG-SHENG ZHU
School of Mathematical Sciences, Anhui University

ABSTRACT. The objective of this paper is to prove a broader, gen-
eralized version of the Hitchin—Kobayashi correspondence for the twisted
quiver bundle R over the non-compact special affine Gauduchon manifold
(M, D, g,v). On the one hand, we prove that the analytic (o, 7)-stability
on R implies the existence of affine (o, 7)-Hermite-Einstein metric. On
the other hand, we prove that the analytic (o, 7)-semi-stability on R im-
plies the existence of approximately affine (o, 7)-Hermite—Einstein struc-
ture. The proof of the theorems relies on the heat flow method, alongside
the continuity approach by Uhlenbeck and Yau. To overcome the analyti-
cal obstacles brought by the structure of the quiver, we use the maximum
and minimum values of some eigenvalues to define a new quantity x. Based
on the method of proof by contradiction, the quantity x can be used in the
discussion of constructing weak quiver subbundles that contradict stability
or semi-stability.

1. INTRODUCTION

The esteemed Hitchin—Kobayashi correspondence (HK correspondence for
short), uncovers a deep linkage between stable bundles and Hermite-Einstein
metrics. In the literature, the Hitchin—Kobayashi correspondence is also called
the Kobayashi—Hitchin correspondence or the Donaldson—-Uhlenbeck—Yau cor-
respondence. In the 1980s, propelled by several prominent mathematicians,
research on the HK correspondence surged, as chronicled in publications like
[16, 20, 27, 39, 41]. Throughout the last three decades, the correspondence has
persistently captivated numerous researchers, attested to by numerous works
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([3, 8,9, 10, 11, 12, 24, 25, 26, 33, 34, 35, 36, 37, 38, 42, 43, 44, 45, 46, 47]
and their cited references).

A twisted quiver bundle R comprises a set of vector bundles, interre-
lated through vertices, arrows, and morphisms twisted by the bundles. In
2003, Alvarez-Cénsul and Garcia-Prada [2] demonstrated an HK correspon-
dence for such bundles on standard compact Kahler manifolds. Hu and Huang
[22] further explored the HK correspondence for quiver bundles on compact
generalized Kéahler manifolds. Meanwhile, Loftin [31] established an HK cor-
respondence for flat complex vector bundles on compact affine Gauduchon
manifolds, proving the existence of an affine Hermite-Einstein metric for sta-
ble bundles. Biswas—Loftin [4], along with Biswas-Loftin-Stemmler [5, 6],
subsequently extended these results to principal bundles, flat Higgs bundles,
and flat pairs on compact Gauduchon manifolds. Recently, Shen, Zhang,
and Zhang [38] generalized these results to Higgs bundles on non-compact
affine Gauduchon manifolds. Inspired by these works, we aim to formulate a
broader HK correspondence for twisted quiver bundles on non-compact affine
Gauduchon manifolds.

Drawing inspiration from [39, 38], we initiate our discussion by presenting
three pivotal conditions:

e Condition 1. The non-compact affine Gauduchon manifold (M, D, g, v)
possesses a finite volume.

e Condition 2. There exists an exhaustion function ¢ > 0 such that
try00¢ remains bounded.

e Condition 3. Let £ : [0,+00) — [0, +00) be a non-decreasing function
with £(0) = 0 and &(z) = x for x > 1. If f is a bounded positive
function on (M, D, g,v) satisfying tr,00f > —C, then it holds that

SXFf|<C‘£</M|f|?)'

Furthermore, if trgag f >0, then trg[)g f = 0 necessarily.
Under the aforementioned conditions, we first establish the following the-
orem:
THEOREM 1.1. Consider the non-compact special affine Gauduchon man-
ifold (M, D, g,v) satisfying Conditions 1-3, with the additional assumption
that |22

: 1|g € L3(M). Let Q = (Qo,Q1) denote a quiver, and let R =
(E, E,Q, @) be a twisted quiver bundle as per Definition 2.1 over (M, D, g,v),
where B = @yeq,Fy and E-= DPacq, Fa- Fiz a background Hermitian metric
K = {K,}veq, for R. For each v € Qq, suppose the metric K, on the flat
bundle F., fulfills

trgFg, <0, supltreFi, |k, <+oo, sup|dlx, <+oo.
M M
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Furthermore, let 0 = {o,} and 7 = {7, } be two sets of positive real numbers.
If R = (E, E,Qgﬁ) is analytically (o, T)-stable with respect to K, then there
exists an affine (o,7)-Hermite-Einstein metric H = {H,}yeq, on R such
that for every v € Qq, the metric H, on E, satisfies

outrgFu, + > daodi— Y ¢iog, =7, 1dg,.

ach~1(v) act=1(v)

REMARK 1.2. The proof of the theorem hinges upon both the flow method
and the continuity method. While these methods bear similarities to those
employed in [44], certain modifications necessitate careful consideration. The
algebraic framework of the quiver bundle presents significant challenges in the
analysis of PDEs, and the proof heavily relies on the arguments of weakly L?
quiver sub-bundles. We introduce a novel quantity y (6.32), defined by the
extrema of eigenvalues of morphisms, distinguishing it from [38, 44].

As for the semi-stable case, we establish the following theorem:

THEOREM 1.3. Consider the non-compact special affine Gauduchon man-
ifold (M, D,g,v) satisfying Conditions 1-3, with the additional assumption
that |awg—1|g € L3(M). Let Q@ = (Qo,Q1) denote a quiver, and let R =
(E, E,Q, @) be a twisted quiver bundle as per Definition 2.1 over (M, D, g,v),
where E = ©ycq,Fy and E= Dac, Ea. Fiz a background Hermitian metric

K = {Ky,}veq, for R. For each v € Qq, suppose the metric K, on the flat
bundle E, fulfills

treFr, <0, supltroFi, |k, <400, sup|dlk, <+oo.
M M

Furthermore, let 0 = {0, } and 7 = {1,} be two sets of positive real numbers.
IfR = (E,E, Q, d) is analytically (o, T)-semi-stable with respect to K, then
there exists an approzimately affine (o, 7)-Hermite—Finstein structure H =
{Hy}veq, on R such that for every v € Qq, the metric H, on E, satisfies

sup ‘UUtTgFHU + Z ¢a o ¢:HU - Z (Z):Hv o ¢a — Ty IdEv
M

ach~1(v) act=1(v)

H, <€

for any e > 0.

REMARK 1.4. In [38], the authors modified the method used in the limit
of the Hermite-Yang—Mills flow instead of a combination of the heat flow
method and the continuity method. Their approach might not be directly
effective in studying the semi-stable case in Theorem 1.3.

2. BASIC NOTATIONS

2.1. Flat vector bundle over affine Gauduchon manifold. In this section, we
introduce the essential setup and notation pertaining to affine Gauduchon
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manifolds, which remain consistent throughout the paper. For a deeper insight
into affine Gauduchon manifolds, readers are advised to consult [31].

Consider an n-dimensional affine manifold (M, D), where D signifies a
flat, torsion-free connection on the tangent bundle T'M. This is equivalent to
an affine structure, furnished by an atlas of M with transition functions given
by affine transformations of the form

x+— Ax +0b,

with A € Gl(n,R) and b € R™. Throughout this paper, all manifolds are
presumed to be both connected and smooth. When an atlas on M comprises
solely of affine transformations as transition maps, the associated coordinates
{2%} are termed local affine. If {2} is defined over an open subset U C M, we
denote the fiber coordinates, corresponding to the local trivialization of T'M
by { % " ., as y*. Consequently, on the open subset TU C TM, we obtain
the holomorphic coordinate functions z* = x? + +/—1y¢, naturally transform-
ing TM into a complex manifold. This n-dimensional complex manifold is
designated as MC.
The vector bundle of (p, g)-forms on M is defined as

AP = NPT* M @ N1T* M,

constituting restrictions of (p, ¢)-forms from the complex manifold M®. These
are differential operators given by

1
Q= 5(d ®1d) : APT*M @ NT*M — NPTIT*M @ ANT* M,

0= (—1)’“%(&1 ®@d) : NPT*M @ NT*M — NPT*M @ NI M,

which are derived as restrictions from the operators on MC.

An affine manifold (M, D) is deemed special if it possesses a volume form
v that remains covariant constant relative to the flat connection D on T M.
Throughout this paper, we operate under the assumption that (M, D, g,v) is
special.

On such a special affine manifold (M, g,v), the volume form v induces
homomorphisms:

n(n—1)

A4 — NIT*M, v®0— (-1)" 2 0,

n(n—1)

AP s APTM, G @ v s (—1) 0,

termed as division by v. When M is compact, integration of an (n, n)-form 6
is facilitated through
0
v
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A smooth Riemannian metric g on (M, D) induces a (1, 1)-form, expressed
in local affine coordinates as
n

Wy = Z gijd:ci ® da?,

i,j=1
which is a restriction of the corresponding (1,1)-form on M® obtained by
extending g to MC. The metric g is termed an affine Gauduchon metric when

AW = 0.

g

As per [31], every conformal class of Riemannian metrics on a compact, con-
nected special affine manifold contains a unique affine Gauduchon metric, up
to a positive scalar multiple.

In the realm of affine manifolds, a flat complex vector bundle serves as
the appropriate counterpart to a holomorphic vector bundle on a complex
manifold. To elucidate, consider a smooth complex vector bundle E over an
affine manifold M. Denote the pullback of E to M€ via the natural projection
MC® = TM — M as EC. The transition functions for EC are derived by
extending those of E uniformly along the fibers of TM. A transition function
on M€ is holomorphic precisely when the associated transition function for F
is locally constant. Hence, ET constitutes a holomorphic vector bundle over
MC if and only if E is a flat vector bundle over M. Thus, the assignment
E +— EC establishes a bijective relationship between flat vector bundles on
M and holomorphic vector bundles on MC that remain constant across the
fibers of TM. Given that ET is the pullback of a vector bundle on M, the
term “constant across the fibers of TM” is unambiguously defined.

Let H be a Hermitian metric on F, which induces a Hermitian metric on
EC. Denote by V the Chern connection associated with this metric on EC.
According to the decomposition into (1,0)- and (0, 1)-parts, Vg aligns with
the pair

(0m,0E) = (Ou,v,0E,v),
where Oy v : I'(E) - AYY(E) and dpv : ['(E) — A%(E) are smooth
differential operators. This pair is referred to as the extended Hermitian
connection of (E, H).

For a locally constant frame {s1,...,s,} on E associated with the flat
connection V, and denoting H,z = H (s, ss), we define:

e The extended connection form Ay = H 10H € AY°(EndE),
e The extended curvature form Fyy = 0Ay € A% (EndE),

o The extended mean curvature Ky = tryFyg € C*°(M,EndE),

The extended first Chern form ¢;(E, H) = trpFy € Ab!.

All these forms are restrictions of their counterparts on EC. Note that try
signifies the contraction of differential forms using the Riemannian metric g,
while trg denotes the trace map on the fibers of EndE. The degree of the



6 PAN ZHANG, MENG-QI ZHENG, AND CHANG-SHENG ZHU

flat vector bundle (E, V) over an affine Gauduchon manifold (M, D, g,v) is
defined as

ci(E,H) Awl1
dog, (B) 1= [ IR

M v
which is well-defined for compact manifolds [31].

2.2. Quiver bundle over affine Gauduchon manifold. In this section, we in-
troduce the essential setup and notation for quiver bundles, which are con-
sistently employed throughout the paper. For a thorough comprehension of
twisted quiver bundles, please consult [2].

DEFINITION 2.1. A quiver consists of a pair @ = (Qo, Q1) equipped with
two maps, b and t, that assign vertices to arrows. The set Qg contains vertices,
while Q1 comprises arrows. For each arrow a € Q1, the verter ha denotes the
head, and ta denotes the tail.

A twisted quiver bundle over an affine Gauduchon manifold (M, D, g,v)

is defined as a 4-tuple (E, E, Q, p), where:

1. E is a collection of flat vector bundles E, on (M,D,g,v), each asso-
ciated with a verter v € Qo,

2. E is a collection of flat vector bundles Ea on (M, D,g,v), each corre-
sponding to an arrow a € @1,

3. ¢ is a collection of morphisms ¢q : Fiqg ® Ea — Eyq, with the stipu-
lation that E, = 0 for all vertices v € Qo except a finite number, and
similarly, ¢o = 0 for all arrows a € Q1 except a finite number.

An Hermitian metric H on a twisted quiver bundle R = (E,E,Q,¢)
comprises a set of Hermitian metrics H, assigned to each non-zero vector
bundle F, associated with a vertex v € y. Given collections of real numbers
0 = {ov}tveq, and 7 = {7, }veq,, the bundle R is said to admit an affine
(0, T)-Hermite-FEinstein metric H = {Hy}eq, if, for all non-zero E,, the
following equation holds:

(2'1) Oy * trgFHu + Z g © QSZHU - Z ¢2HU 0Py =Ty - IdEv;
ach—1(v) act—1(v)

where Fy, is the curvature of the Chern connection Vy, on E,, and ¢*fv
denotes the adjoint of ¢, with respect to H,. The bundle R is said to admit
an approximately affine (o, 7)-Hermite-Einstein structure H = {H, }yeq, if,
for every v € g, the metric H, on F, satisfies

sup ‘Ui’trgFHv + Z ¢a o (b:Hv - Z ¢:HU o ¢a — Ty - IdE'U ‘HU <eg
M a€h—1(v) act—1(v)

for any € > 0.
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Fix a background Hermitian metric K = {K, },eq, on R over the affine
Gauduchon manifold (M, D, g,v). The degree of F, is defined as [39]

1 wy
deg(Evav) = a trg, (trgFKu)Ta
M

where Fy, is the curvature of the Chern connection Vg, on E,. According to
the Chern—Weil theory [39], for any saturated subsheaf E! of E,, the analytic
degree is given by

n
deg(Ey ) = - [ (e (motry Fie) - Be.mlk,) 2.
n Ju v
where 7, denotes the projection onto E! with respect to K.

The analytic (o, 7)-degree and (o, 7)-slope of the twisted quiver bundle
R are defined based on weighted combinations of the degrees and ranks of
the vector bundles F, associated with each vertex v in @QQy. Specifically, the
(0, 7)-degree is expressed as

dega,T(RaK) = Z (UU : deg(EvaKv) —Tv rk(Ev))a
vEQo

where o, and 7, are real numbers corresponding to each vertex v. The (o, 7)-
slope is subsequently defined as the ratio of the (o, 7)-degree to the total
weighted rank:

dega’T(R, K)
Zvng ourk(Ey)
The twisted quiver bundle R is deemed analytic (o, 7)-(semi)stable with re-

spect to K if, for all proper quiver subsheaves R’ of R, the following condition
holds:

Sor(R,K) =

Sor(RK) < (<)Ss+(R,K).

In the framework of twisted quiver bundles, this definition enables the
establishment of moduli spaces of (o, 7)-stable twisted quiver bundles, which
exhibit favorable geometric properties [1]. This condition generalizes the sta-
bility criterion for vector bundles, a concept that is pivotal in the investiga-
tion of moduli spaces for vector bundles. Over recent years, the exploration of
moduli spaces for vector bundles and various geometric objects has garnered
significant attention and focus (see [7, 13, 14, 17, 19, 21, 23, 30] and references
therein).

3. PRELIMINARY RESULTS

3.1. The perturbed heat flow. Let R = (E,E,Q,¢) denote a twisted quiver
bundle over the affine Gauduchon manifold (M, D, g,v), and let Hy = {Ho » }veq,
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be a Hermitian metric on R. For each v € QQp and nonnegative constant &,
we introduce the perturbed heat flow as follows:

OH 4
2 H ' =_"%_,(H,
(3.2) v o p— (Hy),

where H, := H,(t) and ®. ,(H,) is given by

(I)s,’u(Hv) = UUtTgFHv + Z d)a o ¢ZH7} - Z ¢:§HU o d)a
ach~1(v) act—1(v)
-7, -1dg, + €0y 10g(H(;5HU).
For simplicity, we define
hy == hy(t) = Hy ) Hy(t).

Furthermore, we define the complex Laplacian by

0%f
0z19z3’

Af = 4tr,00f = g

where (g*7) is the inverse of the metric matrix (9i7)- Additionally, we refer to
the Beltrami-Laplacian as A. It is well-known that the relationship between
these Laplacians is given by

(A= A)f =(V,Vf)g,
where V is a well-defined vector field on the affine Gauduchon manifold M.
We begin by establishing the following proposition, which will be used in

proving the long-time existence of the flow (3.2).

PROPOSITION 3.1. For each v € Qq, let H, = H,(t) denote a solution of
the flow (3.2), then

(33 (SR el <o
vEQo v

and

(3.4) (9 — A){e*!trg, (9..,)} = 0.

ot
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ProoOF. By direct calculation, we have:

(3.5)
P L Oh,
8tq)8 v = Uq,tTgaEUaHO » (h ot
- (cmoH—la - @ldg o gl ¢ao¢*HﬂoHvla§:)
a€h—1(v)
_,0H, . _10Hy,
_ Z (Hv 5 ¢ O%,%Haloal 8: ®IdEaO¢a)
act—1(v)
+ 6%% log(hy)
and

Al®. |}, = —4tr,d0trp, (@, H, & H,}
= —dtry0trp, {00, ,H, '®. H, — ®. ,H, '0H,H, ' o' H,
+OH 8P, , Hy + @ Hy B! H,H OH,}
= 2Re(—4tr,0p, On, Pc v, ), + (4trgFr,, @co), Pov) 1,
+ 40m, P07y, + 4108, Pl -

Using the above formulas, we conclude that

0
(8t A)[Z |(I)€U|H] Z |VH (I)Ele
vEQo UEQO
* a @ ta
1y (I Sebe I g
ac€Q1 Ota
L S D, 4,
—2(¢a 0 - ®IdE o(b:;Ha?si’b)Hha@Hla)
Ota “ Oha
ta a
—4 Z (|¢a = |H1a \ Des ¢a|Hha
a€Q1
@ a a
- 2<¢2HG ° 677‘] ¢aa E7t>Hha®Hm)
Oha ta
4e 0
+ 2 (g loth), @eu)a,
UEQD

<0

where the last inequality used (3.2) and the following inequality [44]

Oh,,
ot

(2 tog (). by

> 0.
ot yu, 20
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By taking the trace of both sides of (3.5), we obtain the equality (3.4).
a

3.2. Donaldson’s distance along the flow. Below, we recall the Donaldson’s
distance [16, 48] defined on the space of Hermitian metrics.

DEFINITION 3.2. Given two Hermitian metrics H and K on the bundle
E, the Donaldson’s distance between them is given by

o(H,K) :=trg(H'K) + trg(K~'H) — 2rk(E).

For collections of Hermitian metrics H = {Hy}yeq, and K = {K,}veq, on
the twisted quiver bundle R, we define the Donaldson’s distance on R as

oc(H,K) := Z oy - o(Hy, Ky),
vEQo

where o, is a weighting factor associated with each vertex v.

It is evident that o(H,K) is non-negative and vanishes if and only if
H = K. Furthermore, a sequence of metrics H(t) converges to a limiting
metric H in the C° sense if and only if sup o(H(¢), H) — 0 as ¢ approaches
the limit.

PROPOSITION 3.3. Let H(t) = {H,(t) }veq, and K(t) = {K,(t)}veq, de-
note two sets of Hermitian metrics on the twisted quiver bundle R. Assuming
H,(t) and K,(t) satisfy the flow equation (3.2) for each v € Qo, it follows
that

(gt - &) o(H(t),K(t)) < 0.

PROOF. For brevity, we denote by
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By direct calculations, we have

(% — ﬁ)( Z ou(tre, hy +757“Evh;1))

vEQo

=—4 Z oy (trEv(—trggEvhvh;l@thv) +trEv(—trggEvh;lhv@thv_l))
vEQQ

—4Y trp, ((;S:;K“ 0 §a © hia + hia © $a 0 hiy' ® 15 0 6554 0 g
a€Q1

— 05 0 hya @1, © 64 — 0 0 937 0 Dy )
—4Y trp, (qs;Ha 0 a0 hyt +hilodaohy ®1dy o @i o byl
a€Q1
— g1 o byl @ 1dg. © 6o — do 0 @31 0 hb—;)
e trEU{hU (log(Hy L H,) — log(Hy L K.,))
vEQo
+ 1, (log(Hy LK) — log(H 1 H,)) b
<0,

where we used the inequalities [16, 38]

tre, (—try0p, hohy 'Ok, hy) >0, trg, (—try0p, hy thyOr, hy ') >0,
the summations on a € Qg are non-negative [48], and the following inequality
[44]
tre, {ho(log(Hg , Hy) —log(Hg , Ko)) +hy* (log(Hg Ky ) —log(Hg , Hy)) } > 0.

O

We omit the proof of the ensuing proposition, since it bears resemblance
to the proof provided for Proposition 3.3.

PROPOSITION 3.4. Let H = {Hy}veq, and K = {K,}veq, denote two
sets of Hermitian metrics on the twisted quiver bundle R. Provided that each
H, and K, satisfies (2.1) for all v € Qo, it follows that

Ac(H,K) > 0.

3.3. An inequality used for C°-estimate. The ensuing proposition acts as a
bridge connecting the stability of the bundle and the C°-estimate. Relying
heavily on [44], we shall only outline the proof here.

PRroOPOSITION 3.5. Let R denote a twisted quiver bundle endowed with a
fized Hermitian metric K = {K, }veq, on the non-compact affine Gauduchon
manifold (M, D, g,v). Given a collection of Hermitian metrics H = {H, }veq,
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on R, set s, = log(Kv_le). Suppose’ the base manifold admits an ez-

haustion function ¢ satisfying fM|&<p\w7‘7 < 4o00. Furthermore, assume

n—1 —
Hawf’ llL2(ar)y < 400, 5y is bounded, and ||0g,su|lr2(ar) < +00. Then, the

subsequent inequality holds:

_ wn

S ([ @)+ [ (w59, D5 50)x. )
(3.6) ve@ M : Y
< [ (@52

M
where
q)v (Kv) - thrgFI(U + Z ¢a o (Z):;KU - Z ¢ZKU o (ba — Ty IdE,,
ach—1(v) act=1(v)
and

ey "1 .
\I/(%y):{ y—lm ’ iij

PRrOOF. By direct calculations, we have

Z /M trg, (@U(Hv) — ‘I)u(Ku))sU) %

vEQo

(37) 2 Z /];I U7)<tr95E11(h;18K17 h7))7 S’U)>

n
Yo
14

vEQo

K,

_ _ w;’
- Y o / (W(5) @, 50), B, $0) 1, L
M 1%

vEQo

To derive the first inequality in (3.7), we employed the following fact (see [2,

Lemma 3.5]):

(3.8)

YUY (Baodi™ —da0di )= D (i 0 — i 0¢a),5,) > 0
vEQo ach—1(v) act=1(v)

The second equality in (3.7) is a direct consequence of [38, Proposition 4.3].
O

REMARK 3.6. It should be mentioned that the proof of [38, Proposi-
80.)?71

v

tion 4.3] rather relies on ||
Dowy =t = 0.

| L2(ary < 400 and the Gauduchon condition
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4. THE PERTURBED HEAT FLOW ON AFFINE GAUDUCHON MANIFOLDS

4.1. Long-time existence for compact case. In this section, we investigate the
existence of long-term solutions for the perturbed heat flow (3.2) of the twisted
quiver bundle R on an affine Gauduchon manifold (M, D, g,v), which may
or may not have a boundary. In the case where M is a manifold without
boundary, we consider the following perturbed heat flow:

H_laHU :*iq)sv Hv
(49) v ot Oy 3 < )7
H,(0) = Hy,,.

For a compact manifold M with a smooth, non-empty boundary, we exam-
ine the Dirichlet boundary value problem with a fixed collection of Hermitian
metrics H = {H, },eq, defined on OM:

Hy'ol — — 4o, (H,),
(4.10) H,(0) = Hy,y,
Hylom = Ho -

Due to the parabolic characteristics of the flow (3.2), the well-established
parabolic theory ensures the existence of a solution for a short period of time.

PROPOSITION 4.1. For any sufficiently small T > 0, both (4.9) and (4.10)
possess a smooth, well-defined solution H(t) = {H,(t)}veq, within the inter-
val 0 <t <T.

Building upon the arguments in [16, Lemma 19], our goal is to prove the
continual existence of the perturbed heat flow.

LEMMA 4.2. Suppose a smooth solution H(t) = {H,(t)}veq, of either
(4.9) or (4.10) is defined on the interval 0 <t < T < +oo. Then, ast — T,
the metric H(t) converges in the C° sense to a continuous, non-degenerate
metric H(T') on the quiver bundle R.

PRrROOF. By the continuity at ¢t = 0, for any € > 0, there exists a d such
that sup,, o(H(to), H(t))) < € whenever t,t; € (0,9). Utilizing Proposition
3.3 and the maximum principle, we deduce that sup,, o (H(t), H(t')) < ¢ for
all ¢,¢ > T —¢. This implies that H(¢) is uniformly Cauchy, so H(¢t) — H(T),
where H(T') is continuous.

Alternatively, by Proposition 3.1, |®.,(H,)|m, is uniformly bounded.
Since

< 2|¢57U(H'U)|Hv
H,

’(logtrE v)

and

4 (logtrg, h, 1)

= <20, (1)1,
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we infer that o(H(t), H(0)) is uniformly bounded on M x [0,T"). Therefore,
the metric H(T') is non-degenerate. O

By employing a similar argument as in [16, Lemma 19], the subsequent
lemma is straightforward to prove.

LEMMA 4.3. Let (M,D,g,v) be a compact affine Gauduchon manifold,
either without boundary or with a non-empty boundary. Consider the collec-
tion of Hermitian metrics H(t) = {H,(t)}veq, for 0 <t < T on the twisted
quiver bundle R over M (subject to Dirichlet boundary conditions). Assume
Hy = {Ho . }veq, is the initial data on R. If, ast — T, H(t) converges in C°
to a non-degenerate continuous metric H(T) on R, and if sup [tryFy, )|, .,
is uniformly bounded for all t, then H,(t) is bounded in C* and LY (for any
1< p<+x) forallt.

We now demonstrate the existence of the flow for extended periods.

PROPOSITION 4.4. FEquations (4.9) and (4.10) possess a unique solution
H(t) that persists for all time.

PROOF. Proposition 4.1 establishes short-term existence. Assume a so-
lution H(¢) exists for 0 < t < T < 4o00. By Lemma 4.2, H(t) converges in
C? to a non-degenerate, continuous H(T) on R as t — T. Since T is finite,
(3.3) implies sup, [trg Fr, (1)| o, is uniformly bounded on [0, T'). Further, by
Lemma 4.3, H,(t) is uniformly bounded in C' and L} (for any 1 < p < +00)
for all t. Applying Hamilton’s methodology [18], we infer H,(t) — H,(T) in
O, extending H(t) beyond T'. Thus, (4.9) and (4.10) admit a solution H(t)
for all time. Uniqueness follows from the maximum principle and Proposition
3.3. 0

4.2. Long-time existence for non-compact case. In the remainder of this sec-
tion, we focus on the persistent presence of the perturbed heat flow (3.2)
for the twisted quiver bundle R over a non-compact affine Gauduchon man-
ifold (M, D, g,v). We postulate an exhaustion function ¢ > 0 with bounded
trga&p, satisfying Condition 2 for M. For a fixed p, let M, denote the com-
pact subspace {x € M | ¢(z) < p} with boundary 0M,. Given the initial

metric Hy on R over M, we consider the Dirichlet boundary condition:
(4.11) H(t)|oar, = Holon, -

By Proposition 4.4, for each M, the flow (3.2) with this boundary condition
and initial metric Hy has a unique long-term solution H(¢) for 0 < ¢ < +o0.

PROPOSITION 4.5. Assuming H(t) is a long-term solution to the perturbed
heat flow (3.2) on M, that satisfies the Dirichlet boundary condition (4.11),
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we have
(4.12)

C
|10g hleo,u ('Z"t) < ?1 Z n}v‘?‘XM)U(HO,UNHo,m V(.%',t) € MP X [0,4—00),
vEQo °

where Cy is a constant independent of €.

PRrROOF. By direct computations, we have

_,0H, 4
Z (H, ! ot alOghv>Ho,@ = Z <_7¢57U(HU)’1oghv>H0,v

v€Q0 vEQo v
4
Z <707(1)”(H0,v)’10g h”>H07v
vEQo v
4
+ Z <_;(®6,U(H’U) - (PU(HOW))’IOg hv>H“>”
vEQo v

4
<3 ot gl
vEQo

+ Z <4trg(5Ev(h;18Hth)) +eoy, loghv,loaf;hv>HU ;
vEQo v

where we have used the inequality (3.8).
Alternatively, one can easily verify that

0H, oh, 10
-1 v _ -1 v _ -7 2
S (H S Yog kb, = (b S g b, = 55 (D oghul, )
vEQo vEQo
and
_ 1~
> (tr, s, (hy 0, ho). Jog hu) iy, = 5B ( D Noghul,, )-
vEQo vEQo
Then

1,0 ~ 2
5(a —A)( Z ‘IOghv|Ho,q,)

vEQo
4
<=2 ) oulloghuliy,, + > I2(How) m, [10ghuln,
vEQo vEQo
< —eCy Z |10g hvl%io,v +C3 Z |(D(H0,U)|Hn,v|10g hU|H(),v7
VEQR VEQRo

which together with the maximum principle implies (4.12).

For future reference, we recall the following lemma.
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LEMMA 4.6 ([39, Lemma 6.7]). Let u(z,t) be a function on M, x [0,T]

satisfying
(gt — 5) u S 0, u|t:0 = 0,
and supyy, u < Cy4. Then, we have

u(z,t) < %(g@(x) + Cst),

where C5 is the bound of 59@ as in Condition 2.

We postulate that for all v € Qo, the norm |®,(Hov)|m, , is bounded
on the affine Gauduchon manifold (M, D, g,v). Given any compact subset
1 C M, there exists a constant py such that Q@ C M, . Consider H,(t) =
{H,,(t)}veq, and H,, (t) = {Hp, v(t)}veq, as long-term solutions to the
perturbed heat flow (3.2) satisfying the Dirichlet boundary condition (4.11)
for po < p1 < p. Define v = o(H,(t),H,, (t)). By Proposition 4.5, u is
uniformly bounded and serves as a subsolution for the heat operator with
u(0) = 0. Applying Lemma 4.6, we obtain

o(H,(t),H,, (1)) < C4M

on M,, x [0,T]. Thus, H, forms a Cauchy sequence on M,, x [0,T] as
p — oo. For each v € Qo, Proposition 4.5 guarantees the uniform C° bound
of H,(t), and local C! estimates can be derived similarly to [44, Proposition
3.5]. Using the standard Schauder estimate for parabolic equations, we obtain
local uniform and smooth estimates for H),,(t) for each v € Q9. Note that
the parabolic Schauder estimate only yields a uniform and smooth estimate
for h,(t) on M,, x [¢,T] with ¢« > 0, depending on ¢~!. To address this,
we apply the maximum principle to obtain a local uniform bound on the
curvature |Fy, g, , for each v € Qo, followed by standard elliptic estimates
to obtain locally uniform and smooth estimates. This step is omitted due to
its similarity to [29, Lemma 2.5]. By taking a subsequence with p — oo, the
metric H,(¢) converges in C}% -topology on the twisted quiver bundle R to a
long-term solution H(t) of the perturbed heat flow (3.2) on M X [0,00). In
summary, we have the following proposition.

PROPOSITION 4.7. Let R denote the twisted quiver bundle, endowed with a
fized Hermitian metric Hy, over the non-compact affine Gauduchon manifold
(M,D,g,v) fulfilling Condition 2. Assuming sup s |®,(Ho)|m,., is finite,
it can be demonstrated that the perturbed heat flow (3.2) admits a long-term
solution H(t) satisfying the following bound on the whole M :

C
sup |10g h'U|HU (I7t) < =1 Z Sup|q)’0(H0,'U)|Ho,u'
(z,t)EM x[0,+00) € v€Q0 1
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5. SOLUTION TO THE PERTURBED EQUATION

5.1. Dirichlet problem on compact affine Gauduchon manifold. We first tackle
the Dirichlet problem related to the perturbed equation, leading to the fol-
lowing proposition.

THEOREM 5.1. Consider R, the twisted quiver bundle, endowed with a
fized Hermitian metric Hy = {Ho y }veq,, over a compact affine Gauduchon
manifold (M, D, g,v) with a non-empty boundary OM. There exists a unique
Hermitian metric H = {H,}yeq, on R fulfilling the conditions

(5.13) @57U(H1,) =0 and Hv‘a]\/j = Hom, Ve > 0.
For e > 0, it holds that

C
(5.14) sup [sy|m, , (¥) < =+ > sup [ @, (Ho.o)| o, -
zEM € M
vEQo
Furthermore,
(5.15) > 10,sull2ny < Ce™h, @4(Ho,p), Vol(M)),
vEQo
where s, = log(HOjiHv). If the initial metric Hy on R satisfies
(5.16) tre, (®,(Ho,w)) =0,

then 3, cq, OvtTE,(sv) =0, and H on R also meets condition (5.16).

PROOF. Based on Proposition 4.4, we establish the existence of a long-
term solution H(#) for the perturbed heat equation (4.10). By applying Propo-
sition 3.1 and the inequality |[V¢|? > |V|¢]|?, we obtain

(517) <68t - ﬁ) Z 0_i|(I)E,U(H’U)|HU <0.

vEQo v

When the initial metric Hy satisfies (5.16), combining (3.4) with the maximum
principle yields
Z lreg, ((I)a,v(Hv)) =0.
veQo
As a result,
> outr, (log(Hy, Hy(t))) =0
vEQo
holds true, ensuring that H(¢) meets the condition (5.16) for all ¢ > 0.

Referring to [40, Chapter 5, Proposition 1.8], our objective is to address
the Dirichlet problem on M defined as:

(5.18) Af = —|®,(How)to.s  flos = 0.
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We introduce w(z,t) = fot |®c o (Hy)|m, (2, 0)do— f(x). By considering (5.17),
(5.18), and the boundary conditions of H,, it becomes clear that for ¢ > 0,
[P (Hy)|m, (x,t) diminishes on OM. Hence,

<§t — K) ’lU(CU,t) S O, UJ(IL’,O) = —f(:[;)7 w(xat”@M —0.

Applying the maximum principle, for all x € M and ¢ € (0, +00), we derive

(5.19) /0 ..o (Hy)ar (2, 0)do < sup £(y).

yeEM

Given the assumptions t; < t < ¢, and defining h,(z,t) = H; (2, t,)H,(z, 1),
one can easily deduce that

% logtre, (hy) < 2| o(Hy)|m, -

Through integration, we find

t
tre, (Hv_l(ac,tl)Hv(Lt)) < rexp (2 ég,v(Hv)|HUdg>.

t1

Similarly, an equivalent bound holds for trg, (H, *(z,t)H,(x,t1)). Conse-
quently,

520 ot(ot) Hutet) <2 (o (2 [ outHlnde) ~1).

t1

Using (5.19) and (5.20), we deduce that as ¢ — oo, the metric H(t) on
the twisted quiver bundle R converges to a continuous metric Hy, in the C°
topology. By Lemma 4.3, for each vertex v € Qo, H,(t) is uniformly bounded
in both C}, and LY, (1 < p < +o0). Additionally, |[H, ! aé{t'“ is uniformly
bounded for each v € @Qo. Employing elliptic regularity, we conclude the
existence of a subsequence H,(t) converging to H, o in C2-topology. From
(5.19), H, o meets the boundary condition. Uniqueness follows from the
maximum principle and Proposition 3.4.

If £ > 0, the implication in Proposition 4.5, as noted in (4.12), implies
(5.14). By definition, it is evident that

‘EEU Sy ‘%!o,v < CG<\I’(5) (EEU 5v), 5Ev 5U>Ho,v7

where C is a constant dependent only on the L*°-bound of s,,.
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Applying inequality (3.6) from Proposition 3.5 and equation (5.13), we
derive

n

Z/ 10,50l wjg > /< (sv)@Evsy)ﬁEvsvmmv%

vEQo
n

=Cq Z / (—trg, (Py(How)sy) *ﬁﬂy\suﬁ{w)%

C
< = Z S}&p@v(HO,v)ﬁ{O,v - Vol(M),

vEQo

which directly results in the conclusion of (5.15).

0

5.2. Solution on non-compact affine Gauduchon manifold. Let (M, D,g,v)
denote a non-compact affine Gauduchon manifold, with {M,} constituting an
exhaustive sequence of its compact subdomains. Consider a twisted quiver
bundle R over the base M,, equipped with a set of Hermitian metrics Hy
on R. According to Theorem 5.1, the Dirichlet problem on M, is solvable,
producing a Hermitian metric H,(z) = {H, . }veq, on R that fulfills:

{(I)e,v (Hp.,v) = 07

Hp o ()lom, = Ho,w(z).

To extend the solution across the entire manifold M, we depend on a
priori estimates, notably the C%-estimate. Define by

hpo = Hg, ‘H,.,
for each v € Qy. By Proposition 5.1, we have for all v € Qo:
e [og hp,vlm, , () < ? > Sup|‘1> (Ho.o)|Ho,,-
r€EM vEQo

For any compact {2 C M, there is a pg such that & C M,,. Employing
arguments akin to those in [38, Proposition 4.1], we secure local uniform C*-
estimates. Specifically, for p > pg,

(5.21) sup ‘hp_j;aHo,uhP#U
€N

Ho o < CSv

where Cgs is a constant uniform across p. Utilizing the perturbed equation
®. ,(H,) = 0 and standard elliptic theory, we infer uniform local higher-order
estimates. By extracting a subsequence, for each v € Qo, H,, converges in
Cre -topology to Hs ., which satisfies ®. ,(H,) = 0 on M. This establishes
the following proposition:
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PROPOSITION 5.2. Consider a twisted quiver bundle R equipped with a
fized Hermitian metric Hy over a non-compact affine Gauduchon manifold
(M,D,g,v). Provided that supy; |®,(Ho)|m,, is bounded, for any e > 0,
there exists a metric H = {H,}yeq, on R satisfying

(DE,U(HU) = 07
1 Cl
sup [log(Ho,, Ho)l#o,, (1) < — D sup @y (Ho.)| s,
xeEM vEQo

and
10k, (log(Hy LH,)) |22 < C(e™t, ®,(Ho ), Vol(M)).

,U

Furthermore, if Hy meets the criterion (5.16), then
Z outre, log(HO_ﬂ}Hv) =0,
vEQo

ensuring H also satisfies (5.16).

6. STABILITY IMPLIES THE EXISTENCE OF THE HERMITE-EINSTEIN
METRIC

Let (M, D,g,v) denote the non-compact affine Gauduchon manifold as
specified in Theorem 1.1, and let R signify a twisted quiver bundle over
M. Provided a suitable background metric K = {K,}yecq, on R satisfy-
ing tryFg, <0, supy; [trgFk, |k, < +00, and sup,, |¢|x, < 400, we invoke
[44, Proposition 4.3] to resolve the Poisson equation on M:

1
tre, (P,(K,)).
ZUEQO Ouv - rk(Ev) ng:o

Applying the conformal transformation K, = ef K, direct calculation
yields

6.23)  trp,®,(K,) = tre, ®,(K,) + trp, (ovtrg(éa f)IdEu).

(6.22) try00f = —

Using (6.22) and (6.23), we find that K, meets the requirement:
(6.24) > tre, (@.(K,)) = 0.

vEQo
Analyzing the function f, we observe that if R displays analytic (o, 7)-
stability relative to the Hermitian metric K, it retains this stability relative
to the transformed metric K = {K, },ecq,. Hence, we may assume without
loss of generality that the initial metric K on R already satisfies Equation
(6.24).
By Proposition 5.2, for every vertex v € QQp and any £ > 0, the following
perturbed equation is solvable:

(6.25) . ,(H. ) = D, (He ) +eoy(loghe ) =0,
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where h. , is given by K, 1H,. , = e and

Oy (Hepw) = 0ulrgFp. , + Z Pa 0 PiTew — Z ¢pev 0y — 7y - 1dpg, -

ach—1(v) act=1(v)

Considering that the initial Hermitian metric K on R satisfies (6.24), it
follows that:

Z ovtre, (loghe ) = 0.
vEQo

We denote by
Herm(F,, K,) = {n € End(E,) : n*K“ =n}

and
Herm™(E,, K,) = {p € Herm(E,, K,)) : p > 0},

where p means all eigenvalues of p are positive.
Using analogous arguments as in [31, Corollary 19] and [32, Lemma 3.3.4],
we can easily derive the following lemma.

LEmMA 6.1. For h., € Herm™ (B, K,,) fulfilling b, ,(Hep) = 0 with
some € > 0, it follows that

ov SUp [log hewli, < Co | Y oulllogheullz2(ar) + Cuo | ,
vEQo

where Cy and Cyg depend solely on w and K.,.

When R displays analytic (o, 7)-stability with respect to the Hermitian
metric K, our objective is to show that, by choosing a subsequence, H. con-
verges to an affine (o, 7)-Hermite-Einstein metric H in the C;2-topology as
e — 0. Utilizing the local C'-estimates from (5.21) combined with standard
elliptic theory, our primary goal becomes obtaining a uniform CP-estimate.
By virtue of Lemma 6.1, this task reduces to proving a uniform bound on
ZUGQO U’U” log hs,v |L2(M)~

We proceed by contradiction. If our assertion fails, there must exist a
positive constant § and a subsequence £; — 0 as ¢ — oo such that

Z ovlllog he, ol L2 (ary — +00.
vEQo

Let us define

Seqv

Se; v = log hEiﬂ)? li,v = Hsai,v |L2(M)> and Ueg; v =

Zi,v
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From these definitions, it follows that }_ o tr(ovue,,») = 0 and [juc, o2 =
1. By applying Lemma 6.1, we derive:

C
(626) sup |u5i’v| < =9 Z lei,u + Cio | <Cq1 < +00.
M

=
7,v vEQo

Step 1 We will show that for each v € Qo, the L} norms of u., , remain
uniformly bounded. Given that the L? norms of Ug, » are normalized to 1,
our primary objective is to establish uniform boundedness for the L? norms
of Ve, .

Utilizing Proposition 3.5 and the perturbed equation (6.25), we infer that
for all ue, ., the following inequality is satisfied:

Z ( /M trg, (i)v(KU)uSM)%

vEQo

_ _ wy
+ Oy li,v <\Il(li,vushv)(aEv usl,v)a aEU u€i1”>KU
M

v
< —g E Ouli v,

vEQo

Next, consider the function defined by:

v if x = Y,
YT, vY) = oy
77 lf X # y
From (6.26), we infer that (z,y) lies in the domain [—C, C12] x[—C12, C12].
A simple verification yields:

(x—y)~t, ifz>y,

(6.27) Y (y, vy) {+OO7 o<y,

which increases monotonically as v — 4+o00. We introduce ¢, a smooth func-
tion mapping R x R to Rt such that ((z,y) < (z —y)~! for z > y. By
applying (6.27) and adopting reasoning from [39, Lemma 5.4], we derive:

n

2 </M b, (DK, e, ) -2

vEQo
(6.28) _ _ w;"
+U1;/ <C(usi,v)(aEuu€¢,v)7aEuusi,v>KU 7
M

<0,

for 4 large enough.
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Specifically, we opt for ((z,y) = . Consequently, within the domain
(x y) € [-C12,C1a] X [—C42, C12] and under the condition z > v, it holds that

< L Hence,
g
Z (/M tre, (o (Ky )ue,,v) 30 / |08, us, 0|5 1/) <0
for sufficiently large i. This implies
> / |0p, uw|K “a. < Ciz Y sup|®,(Ky)|k, - Vol(M).

vEQo
vEQo vEQo

3012

Hence, for every v € Qo, the sequence u., , remains bounded in the L?
norm, enabling us to extract a weakly convergent subsequence in L?, denoted
{te, o}, which converges to uss,,. For brevity, we continue to use {ue, .}

¥ ;

to represent this subsequence. Considering the embedding of L? into L2, it

follows that
'ﬂ/ n
. H 2 g 9
1= lim |u€r;,7v Ho,v |uoc v|H0 N )
i—oo Jar v

indicating that u~ , has an L? norm of 1 and is therefore non-trivial.
Utilizing equation (6.28) and paralleling the argument in [39, Lemma 5.4],
we obtain the inequality

Z (/M tre, (Po(Ky)toow) ng’

vEQo

_ _ wn
o / (C(thoo) @, oo ), Dt} )
M

vV

(6.29)

<0.

Step 2 Utilizing the reasoning presented by Uhlenbeck and Yau in [41],
we construct a quiver subsheaf that contradicts the (o, 7)-analytic stability of
R.

By leveraging equation (6.29) and the technique described in [39, Lemma
5.5], we infer that for all v € Qo, the eigenvalues of us, , are constant over
almost every point. Let pq1 , < pto » < --- < ., denote the unique eigenvalues
of Ueo . Given the constraints Zver tre, (0utic,y) = 0 and |[tee |22 (ar) =
1, it follows that 2 < I < r. For each eigenvalue 1, with 1 < j <1 -1, we
define a function

Tj,v (.’L‘) :R—R
by

T, (@) 1, ifx < e,
() =
I O, if x 2 Hi+10-
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We define ;,, as Yj ,(toow) and denote Ej,, by m;.(E,). Based on [39,
p. 887], we ascertain the following properties:
1. m;, belongs to L%;
2. 7j, is idempotent and self-adjoint with respect to Hy,,;
3. 7, commutes with EE_,,,,, under the projection Idg, |,
4. For every a € Q1, the composition (Idg; ,, — 7j,pa) © da © ()00 ®1dg )
vanishes.

— Tjv;3

Invoking Uhlenbeck and Yau’s regularity theorem for L2-subbundles from
[41], the collection {7rj7v}é-;11 determines [ — 1 coherent sub-sheaves of F, for
each v € Qp. By applying the arguments in [48, p. 288], which extend [15,
Theorem 0.2], we can obtain a sequence of desirable weakly quiver sub-bundles
Rj of R.

Given that

Z tre, (Cptco,w) =0
vEQo

and
-1

Uoo,v = Ml * IdEU - Z(Uj+1,v - Nj,v) * M0,
Jj=1

it follows that
-1
(630) Z Oyl * rk(Ev) - Z(uj+1,v - Nj,v)o'v : rk(Ej,v) =0.

vEQo j=1
Let
-1 -1
My = Max fi y, Z(Mjﬂ,a —fy5) = min Y (1,0 = o)
vEQo — vEQQ £ 1
J= J=

Then, from (6.30), we deduce

-1
(6.31) Do owmatk(E) = Y (s — 1y0)0w - Th(Ej).

VEQR VEQRQ j=1
Define the quantity x as follows:

-1

(632)  x=n|mydeg, (R,K)=> (415 — pj5) deg, . (R;, K)
j=1

By substituting (6.31) into x, we obtain:

-1
(6.33) x = nZ(ﬂjJrl,iI — Hj5) Z outk(Ej ) (So,r (R, K) — So.7 (R, K)) -
j=1

VEQRo
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Furthermore, according to [39, Lemma 3.2], the Chern—Weil formula with
respect to the metric K on the twisted quiver bundle R is given by:
(6.34)

1 Wy 5 5 Wy
deg(Ejﬂ,,Kv) = E Z <tTgFHo,va7rj,v>K1,7 — \8Ev7rj7v K’U? .
M M

vEQo

Substituting (6.34) into (6.32), we have

(6.35)
-1 "
X = Z / <0v try Fre,, 5 1lde, — Z(Mj‘*'lvﬁ — Mi’ﬁ)’ﬂj’v>l{ 79
veQo "M j=1 v
-1 B
+ Y o> (e — 15,0108,
vEQo Jj=1
-1
-y T (uz,a rk(Ey) = Y (#5415 — Hs5) fk(Ej,v))
vEQo j=1
-1 "
= Z / <Uv trg FKy?)LLl,’U : IdEv - Z(,Ug#—l,v - /ffj,v)ﬂ-j,v> £
€Q M =1 Ko v
v 0 J
-1
+ ) 00 Y (Wisrw — i) 102, T 72
vEQo j=1
-1
— Z Ty * (/.Ll,v rk(Ev) — Z(“ﬁL” - ,uj,v) rk(Ej,v))
vEQo j=1
+ Z / <av tI'g FKU7 (,UJlﬁ - ,ul,v) . IdEv
vEQo M
-1 -1 wn
+ (Z(Nﬁm — Mjv) — Z(Mjﬂ,ﬁ - Mj,a))ﬂj,v>K 79
Jj=1 j=1 v
-1 -1
+ Z (UU ( Z(N;‘H,ﬁ — lj5) — Z(Mj+1,v - Mj,v))
vEQo Jj=1 j=1

% [0, il )

+ Z Tv ((ﬂl,v — ) - tk(Ey)

vEQo
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+ < (Nz+1 o — My, 5) — E (HjJrl v Mjw)) rk(E Jyv ))
1 Jj=1

< ( K ) Uoo v>K
vEQo M

M

.
Il

—1

+ <0'v Z(#j—‘—l,v - //fj,v)(d Tj,v)Q(uoo,v)(gEuuoo,v)vgEvuoo,u>K )

j=1 v

<&

<0,
where the differential dY; ,(z,y) : R x R — R is given by
Tjo(x) — Tj () :
sV f .
de,'U(x7 y) = x - ’ ' v # y’
(x) it x=y.

Combining (6.33) and (6.35) leads to a contradiction with the analytic (o, 7)-
stability of the bundle R. 0

7. SEMI-STABILITY IMPLIES THE EXISTENCE OF THE APPROXIMATE
HERMITE-EINSTEIN STRUCTURE

The proof for Theorem 1.3 bears resemblance to that of Theorem 1.1. To
facilitate readers, we will provide a detailed proof here.

Let (M, D,g,v) denote the non-compact affine Gauduchon manifold as
described in Theorem 1.3, and let R represent a twisted quiver bundle over
M. Given a suitable background metric K = {K,},cq, on R that satisfies
troFr, <0, supy; [troFi, |k, < 400, and sup,, |¢|k, < +o0o. By applying
the conformal transformation K, = ef K,,, we also observe that K, fulfills the
condition:

(7.36) > tre, (2,(K,)) =
vEQo

Upon analyzing the function f, we notice that if R exhibits analytic (o, 7)-
semi-stability with respect to the Hermitian metric K, it maintains this semi-
stability with respect to the transformed metric K = {K,},eq,. Therefore,
it suffices to consider the initial metric K on R that already fulfills Equation
(7.36), without loss of generality.

According to Proposition 5.2, for any vertex v € Qp and any positive €,
the following perturbed equation admits a solution:

(737) (I)E,U(HE,U) = q)v(Ha,v) + 5Uv(log ha,v) =0,
where h. , is defined by K, 'H., = e*=v and
(I)U(He,v) = O'UtTgFHE)U + Z ¢a o ¢2H5"” — Z (b:HE’“ o d)a — Ty * IdE,,-

ach~1(v) act=1(v)
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Given that the initial Hermitian metric K on R fulfills (7.36), it conse-
quently holds that:

Z outre, (loghe ) = 0.
VEQRo

We will demonstrate that if the quiver bundle R is analytic (o, 7)-semi-
stable, then as ¢ — 0, it follows that

sup |0y trg Fy, , + Z bg 0 ¢Hew
M a€h="(v)

_ Z v 0 ¢y — 7, - 1dp, — 0.
act—1(v) H. ,

We will use the techniques developed by Nie-Zhang [35] and Simpson [39].
Casel Suppose there exists a uniform constant C14 such that

[ 1og he |l 22 (ary < Cra < H00.
Then by Lemma 6.1, we have
suploytrgFu., + Y Gaodifor— Y 4o, — 7, - 1dg,
M agh—1(v) act—1(v)

= eoypsup|loghe, olm. ,
M

He o

< 609(015014 + ClO)-

Hence when € — 0, we have

suploytrgFu. ,+ Y gaodifor— Y ¢iferog, — 7, 1dg, b, — 0.
M ach—1(v) act—1(v)

Case2 lim., o[ 10g he, o || L2(ar) — o0.
Claim If R is analytic (o, 7)-semi-stable with respect to the metric K,
then

lim sup |oytryFu, , + E $a 0 ¢(’;st _ E ¢2H5,1, 0 g — T, - 1dg, |,
e—0 M ’
a€h—1(e,w) a€t—1(e,w)

= €0y Sup | log heﬂj H. ,
M '
=0.

Should the claim fail to hold, there would exist a § > 0 and a subsequence
{ei} = 0 as i — 400, such that

| log e, vl 2 — 400,
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and
*HE,“U *HE’.’U
sup |0—vt7‘gFH5i7U + Z ¢a o ¢a - Z ¢a - © ¢a — Ty IdEU |H6i,v
M ach=1(e,v) act=1(e,v)

= g;oysup |log he v|m.
M
> 4.
Similar to the previous section, we define

Seqv
Se; v = log hEi,Uy li,v = Hssi,v =

lL2(), and  ug, ., = ;
7,V

From these definitions, we deduce that ) o 7, (0vte, ») = 0 and [[ue, o || 2
= 1. Utilizing Lemma 6.1, we obtain

li > g - @a
~ £;,Cy Cy
and
Cy
(7.38) sup |ue, »| < — Z ouliv+Cro | < Cis < 400.
M 7,0

vEQo

Step 1 We will demonstrate that for each v € Qq, the L? norms of u., ,
remain uniformly bounded. Since the L? norms of Ue, » are normalized to 1,
our main goal is to establish a uniform bound for the L? norms of Vuc, ,.

By leveraging Proposition 3.5 and the perturbed equation (7.37), we de-
duce that the following inequality holds for all u,, ,:

Z (/M tre, ((I)v(Ku)uEM)&E

vEQo
_ _ w?
+Uv/ li,v <\Ij(li,vusi,v)(aEv usi,v)y aEU usi,'u>Kv Vq>
M

S —&; Z O'vli,w

vEQQ

Next, consider the function defined by:

e ifr = Y,
YT, vY) = oy
77 lf X # Y.
From (7.38), we conclude that (z,y) lies within the domain [—Cig, C16] X
[~C16, C16]. A straightforward verification reveals:

(x—y)~t, ifz>y,
W (ya, —
YV (yz,7y) {+m7 o<y,
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which increases monotonically as v — +o0o. We introduce (, a smooth func-
tion mapping R x R to Rt such that ((z,y) < (x —y)~! for & > y. Utilizing
(6.27) and following reasoning similar to that in [39, Lemma 5.4], for suffi-
ciently large i, we obtain:

wn
0Cy7 + Z (/ tI‘E (Kv)u&:.,11)79

vEQo
(7.39) _ _ wn
+Uv/ <<(U’E¢,v)(aEqui,v)a8Euu6i,U>K g>
M vV
< g;Cis,

where C17 and C1g are uniformly positive constants.
Specifically, we choose ((z,y) = 3016 Consequently, within the domaln

(z,y) € [-Ci6,Ci6] x [~Chs,Crg] and for & > y, it holds that - — < I—y

Hence, for sufficiently large i, we have:

W™ oy W
it Y ([ tre @)D 4 7 [ Ome i, ) <o

vEQQ

This implies:

S [ el S < G w04, - Vol(O1),
vEQo vEQo
Hence, for each v € o, the sequence u.,, remains bounded in the
L? norm, allowing us to extract a weakly convergent subsequence, denoted
1 g y g
{Uslk ), which converges to us , in L?. For simplicity, we will continue to
use {uc,,} to represent this subsequence. Given the embedding of L? into

L2, it follows that:
n TL
_ 1 2 Yy Wg
N LTy TR =
=00 Jar 14

indicating that 1., has an L? norm of 1 and is thus non-trivial.
By utilizing equation (7.39) and following a similar argument as in [39,
Lemma 5.4], we derive the inequality:

0C17 + Z (/ trg, ((I)U(Kv)uoo,v)wig
VEQRo v
(7.40) _ _ W
Uv/ <C(uoo,v)(aEvuoo,v)76Evuoc,v>K g>
M vV

<0.

Step 2 Drawing on the reasoning presented by Uhlenbeck and Yau in [41],
we construct a quiver subsheaf that contradicts the (o, 7)-semi-stability of R.
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By employing equation (7.40) and the technique outlined in [39, Lemma
5.5], we deduce that for all v € @, the eigenvalues of u ,, are constant almost
everywhere. Let 11, < po, < -+ < p,, denote the distinct eigenvalues of
Uso,v- Given the constraints ) o tre, (0vlco,w) = 0 and [Juce,ol[z2(ar) = 1,
it follows that 2 < I < r. For each eigenvalue p;, with 1 < j <1 -1, we
define a function

Tis(x):R—=>R
by
Tj,v(x) _ {17 1f-T < Hjvs
0, ifx>pjr1.0.

We define 7;, as Y;,(too,v) and denote E;, by 7;,(E,). Based on the
argument from [39, p. 887], we ascertain the following properties:

1. m;, belongs to L?;

2. 7j, is idempotent and self-adjoint with respect to Hy ,;

3. mj,» commutes with dg, , under the projection Idg, , — ;..

4. For every a € Q1, the composition (Idg; ,, — ) pa) © $a © (7)1 ®1df )

vanishes.

By invoking Uhlenbeck and Yau’s regularity theorem for L2-subbundles
from [41], the set {wj,v}é;ll determines [ — 1 coherent sub-sheaves of E, for
each v € Q. By utilizing the arguments presented in [48, p. 288], which build
upon [15, Theorem 0.2], we can construct a sequence of desired weakly quiver
sub-bundles R; of R.

Given the equations

Z tre, (0ptcow) =0,
vEQo
-1

Uoow = i 1dm, = Y (Hjt10 = Mi0) - T,
=1

it follows that
-1
(741) Y | gwpw tk(EY) = > (10 — Hjw)ow - Tk(Ej) | =0.

vEQo j=1

To move forward, let us introduce the following definitions:

-1 -1

fus = Max i, Y (a1s = M) = WD Y (i1 — Hyiw)-
vEQo = vEQo 4 7
- iz

Then, from (7.41), we deduce

-1
(7.42) Do owmatk(E) = YD (s — 10)0w - Th(Ej).

VEQR VEQRQ j=1
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Define the quantity x as follows:

-1
(743) X=n |ty dega‘,T(R7 K Z Hi+1,5 — Hjio degU,T (RJ’ K)
j=1

By substituting (7.42) into x, we obtain:

-1
(744) x>0 (pip15— 1ia) D 0urk(Ej) (Sor(R.K) — Sy 1 (R, K)).
=1 vEQo

Furthermore, as stated in [39, Lemma 3.2], the Chern-Weil formula for
the twisted quiver bundle R with respect to the metric K is expressed as
(7.45)

1 Tl
deg(Ejyv,Kv):E Z (/JM@T’QF’HO1},71']7 / \8;; 71']1} U) .
Substituting (7.45) into (7.43), and using the same argument in [28, Pages

vERo
793-794], we have

(7.46)
UJTL
X=> / thrgFKuyulUIdE Z(Nj+lv 15.5) 5,0 > ng
vEQo
+ Y o Z(NjJrl,@ — 11,0) 108, 75,0l 72
vEQo  j=1
-1
-y T (m wtk(Ey) = > (i1 — Mj,a)fk(Ej,u))
vEQo Jj=1
Z / uoo v)K
vEQo
- o o w”L
+ (0w Z(.L‘J—H v Nj,v)(de,v)Q(UOO,v)(aEvuoo,v)v aEUuOO1U>Kv) 79
j=1
< —0Cy7
<0,

where the differential dY; ,(z,y) : R x R — R is given by

Tjo(@) = T;0(y) :

: : , if =z ;

deq,v(‘T7y) = r—Yy 7éy
1. (), if z=y.

7,V

Combining equations (7.44) and (7.46) results in a contradiction to the ana-
lytic (o, 7)-semi-stability of the bundle R. o
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