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PAIR CORRELATION OF ZEROS OF DIRICHLET
L-FUNCTIONS AND PROPORTION OF SIMPLE ZEROS

RAMUNAS GARUNKSTIS, JULIJA PALIULIONYTE
Vilnius University, Lithuania

ABSTRACT. Baluyot, Goldston, Suriajaya, and Turnage-Butterbaugh
obtained an unconditional form of Montgomery’s theorem concerning pair
correlation of zeros of the Riemann zeta function. They used it to prove
that under certain assumptions at least 61.7% of the zeros are simple.
In this paper, we obtain an analogous theorem for Dirichlet L-functions
and apply it to prove a similar result regarding simple zeros of Dirichlet
L-functions.

1. INTRODUCTION

Let p = 8 + iy be a nontrivial zero of the Riemann zeta function ((s) and
W(u) = 1, Following Montgomery [8], Baluyot et al. [1] defined

4—u?"
F,T)= Y a7 'W(p-p),

pip’
0<y,y'<T
and
T -t T -t :
F(a):=(—logT) F(T*T)=(-—logT > T IW (p—p).
27 27 -

0<y,' <T
They generalised Montgomery’s pair correlation method to prove uncondi-
tionally that (we state corrected version, see Baluyot et al. [2])

(1) Fla) =T (log T +0(1)) + o+ 0 <¢1§?>

uniformly for 0 < a <1, T — 0.
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2 R. GARUNKSTIS, J. PALTULIONYTE

They used this to prove that if all the zeros p = S+ of {(s) with T: <y <T
satisfy % — ﬁ < B < % + ﬁ then at least 61.7% of the nontrivial zeros
are simple.

Baluyot et al. [1] also proved that assuming the weaker hypothesis

1
— <oc<l1
2+21ogT_U_ ’

N(o,T)=o0 (Tz(l_")(log T)_1> for

at least 61.7% of the nontrivial zeros are simple.

Here, we are interested in pair correlation of zeros of Dirichlet L-functions.
Let 7, denote an imaginary part of the zero of the Dirichlet L-function L(s, x).
Fujii [4, Theorem 13] assumed Generalised Riemann Hypothesis (GRH) and
showed that if y, ¥ are primitive characters mod ¢, k respectively, and

T T -1 T ia('Yx*’Yw)
Fy p(a) = (%log (27r>> Re Z <27r> Wy —v0) |,

0<yx,Yu <T
1 ify =
then for 0 < a <1, 8.4 = {0 ?fX b Z we have
if x

T —2« e 1

Karabulut and Yildirim [6, Theorem 3] proved that if x and v are prim-
itive characters mod q,, ¢y > 1, then, assuming GRH,

Fyp(@,T)= Y 2 OxIW(yy — )

Tlogx T log z log gy Tlog*T 1
=) 0] 140 —
X ( o ( T o + Caca log T

+ O(Tx*% log® 2x) 4+ O(z log 2z log log 3x) 4+ O(z log T').

In this paper, we will obtain results analogous to [1] concerning pair
correlation for Dirichlet L-functions and the proportion of simple zeros of
Dirichlet L-functions. Let x be a primitive Dirichlet character mod g > 1,
and from now on, let p = 8 + iy denote a nontrivial zero of L(s, x). Define,
forx >0and T > 2,

4

F(x,T,x) = Z 2" P W(p—p'), where W(u)= L

N
0<y,y'<T
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and for a € R,
(1.2)  Flax) = (;log(qT)> F((¢1)*, T, x)

= (77; log(qT)> 7 Yo @D IW(p— ).

PP’
0<y ' <T

We will prove the following unconditional theorem.

THEOREM 1.1. Let x be a primitive Dirichlet character mod ¢ > 1. Then
F(a,x) is real, even, and nonnegative. Moreover, as T — 0o, we have

q(log q)* loglog(¢T) )
log(qT')

(13) Flawx) = (¢T) > (log(qT) + O(1) + a + O (

uniformly for0 <a<1,1<q<logT.

In the proof of Theorem 1.1, we will use ideas from the proof of Theorem
1 in [1] and from Montgomery and Vaughan [10]. Note that in (1.3), the last
error term is smaller in the T aspect compared to the corresponding term
in (1.1). This is because the Dirichlet L-function for a primitive Dirichlet
character mod g > 1 is an entire function, whereas the Riemann zeta function
has a pole at s = 1. This difference is reflected in the corresponding explicit
formulas, compare formula (2.6) below with formula (2.3) in [1].

There are many results about the proportion of simple trivial zeros of
Dirichlet L-functions averaged over characters. For example, Sono [12], by
examining a specific averaged zero pair correlation function, proved that,
assuming GRH, at least 93.22% of low-lying zeros of Dirichlet L-functions,
averaged over primitive characters, are simple.

We will demonstrate the following two statements concerning the propor-
tion of simple trivial zeros of individual Dirichlet L-functions.

THEOREM 1.2. Suppose that all the zeros p = B8+ iy of L(s,x), where x
is a primitive Dirichlet character mod q > 1, satisfy g < B < %, and also
that all the zeros with (qT)% <~ < T, 1 < q < 1ogT, satisfy i- ﬁ(ﬂ) <
8 < %+W]@7’)' Then as T — oo, 1 < q < /logT, at least 61.7% of the

nontrivial zeros of L(s,x) are simple.

THEOREM 1.3. Let x be a primitive Dirichlet character mod q > 1. As-
sume that

(1.4) N(o,T,x) = o (g7 (aT)? =) (log(qT)) ")
uniformly for % + Wl(qT) <o<1,1<qg< VlogT. Then asT — o0, 1 <

q <VlogT, at least 61.7% of the nontrivial zeros of L(s,x) are simple.
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Most of the results on zero density estimates for Dirichlet L-functions are

of the form .

Y Y N(o.Tox) < (Q o)A@ o)t

9<Q x(mod q)
where the asterisk means that the sum is over primitive characters only. It is
conjectured that this holds with a = 1, A(c) = 2 for the interval % <o <1.
Heath-Brown [5] proved this for 1+ <o < 1.

The next section is devoted to the proof of Theorem 1.1. In Section 3,

we consider certain Fourier transforms and prove some results about Tsang

kernels, which will be useful in Section 4, where we prove Theorems 1.2 and
1.3.

2. PROOF OF THEOREM 1.1

Write g = % + &, where f% <i< % For Dirichlet L-functions we have the
following explicit formula.

LEMMA 2.1. Let x be a primitive character mod q > 1. Then for x > 1
and t € R we have

(2.5)

2o+ilv—t) < A(n)y(n) - 1

v Aln)x(n) . (n x _ )
221“‘@—74‘@5) Z it mln{x,n}-l—z (loggm + O(1))
+O0(z %)
1 =
uniformly in q, where 7 = |t| + 2, and a = { Z;XE 1;
if x(=1) = —

PrROOF. If z > 1, © # p™, s # p, s # —(2n + a), then (Yildinm [14,
formula (6)])

Awx(n) R S
2.6 — — .
@6 > =5 (50 - R D e

n<z 14 n=0
Denoting p = § 4 0 + iy we have
S+i(y—t)

x
2.7
2.7) ;0—%—5—1—2'@—7)

e 5 A = g et

= 2 _—
v * n;ﬁ ns + T;) 2n+a+s

If 0 > 1, then

= A(n)x(n
S A,

L/
f(&X) = - ns

n=1
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Substituting this into (2.7) we get, for o > 1,
(2.8)

Z 2O+i(v—1) i Z A(n)x(n) n i p—(2n+a)—it
= —X X .
p oc—L—0+i(t—7) ns 2n+a+s

n>x n=0

Replace o by 1 — o0, so that s is replaced by 1—5. Then we also need s # 1—p
and s # 1+ 2n + a. We get

(2.9)
po+i(v=1)
Z%—a—é-l—i(t—’y)

P

=272 | ) An)x(n) (E)l_a + xl“’%(l — o +it, x) — i

.,L.f(2n+a)7it

nit n
n<x n=0

2n+a+1l—-o+it
Subtract (2.9) from (2.8) to get, for 1 < o < 2,
(2.10)

(20—1)2(0_1

§)Q+ (t—’7+25)2

ot (3 A 2y 5 M) (2

2+i(y—1)

00 B .
T (2n+a)—it

«(2nt+ato+it)2n+a+l-o+it)

Both sides of (2.10) are continuous for all > 1, so we no longer exclude the
values © = 1,p™. Using the functional equation of L(s, x) and the fact that
11:((;)) =logs+O(|s|™) in -7+ § < args < m + § for any fixed § > 0 we get,
for o > 1,

L/
_f(l — o +it,x) =logqr + O4(1).
The last term of (2.10) is O(z~2~%r~1). Take o = 3 to get (2.5). O

Write (2.5) as I(z, ¢, x) = r(z,t,x) and define

T T
L(z,T,x) ;:/u(x,t,x)ﬁdt:/\r(x,t,x)ﬁdt =: R(z, T, x).
0 0
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In the same way as Lemma 3 in [1] it can be shown that

o0

I&—Hﬁ'y

(2.11) F(:v,T,X)=%/ > 14 (t— v +i0)? "

P
% Jo<y<T

LEMMA 2.2. Forx>1,1<q<logT, we have as T — oo,

(2.12) L(z,T,x) = 2xF (2, T, x) + O((¢T)?) + O(z(log ¢)?).

PRrROOF. We have

1z 5+z’y
2.13 T,
(2.13) L T.x) / 1 1+ (t—n+i6)?

0
Using the estimate N(T + 1,x) — N(T, x) < log(¢T') we obtain, for T > 2,
tl<T,

1 log(qT')

2.14
(2.14) 2 TR ST T

[>T

and, for [¢t| > T,

1 log(qT')
(2.15) > < .
T+(t—7)2 t|-T+1

B Rl G D L R

By (2.14) and (2.15) we have, for t € R,

1
5 v
By (2.16),
5+z'y 1 1

For |t| < T and Z > 2T the bound (2.14) leads to

iy 1 z log(qZ
T T2 10
S i < X < T,
— 1+ (t—v+1id) 14+ Z

>z

(2.18)

[vI>Z
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Hence by (2.17) and (2.18), taking Z = T'log®(qT) we get

(2.19)
L S+ivy S+iy T1 2 A
/Z G TN g T8 D)
- 1+ (t—v+id) 14+ (t—v+10) Z
O lhi>z
Also
2
’ iy Tlog*(qZ)
T xl log™(q
2.20 — |l dt<x =T«
(2.20) /;1+(t—7+i5)2 ST o ST
O lhi>z

From (2.13), (2.19) and (2.20) it follows that

5+z'y

1+ (t— 7y +10)2
M<Z

T
(2.21) L(z, T, x) 4/ dt + O(z).
0
The function L(s, x) has a zero-free region
o>1- 77(757X)7 |t| 2 107

where 0 < (¢, x) < 3 and 7(t, x) is decreasing in ¢. Thus, for z > 1, [t| < T,
by (2.14) we have
x(s—b—i’y

E - <L x?
— 2 — ’
i1t (t —~ +1id) T—t[+1
and by (2.16),
oty 1 1
T 1 1
E —,<<x52 7§x5§ —_—
_ 2 — )2 — )2
sy LT = +id) iz 1t =) ~ 1+ (=)

< x? log(qT).

Hence

(2.22)

/ 2y p0+iy J -z 3( )
E _ E — | dt K """ Nog” (¢T).
_ 2 _ 2
) T<W§Zl+(t v+ id) mng(t v+ id)
If 0 <t < T then
1 I T
Z < og(qT)

)2
§01+(t v) t+1

sofor0<t<T
S i )
14 (t—~ +i6)2 t+1

~Z<~<0
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Therefore

(2.23)
T

S+iy O+ivy

x x ,

/ L — |t < 2" EX) 1og3(qT).
2. || 2= T e

) |_f5<o 14 (t—v+19) =z 14+ (t—v+19)

By (2.21), (2.22) and (2.23) we get

(2.24)

T i
$+z'y

Lz, T.v) = 4 T | dt+ 02 EX) 10g3 (¢T)) + O(2).
@10 =1 [ S Tra | o g a) 0
0 Jo<y<T
If ¢t > T then
.C[}(s"'_i’Y 1 1 1 1
- 2 - 2 —
2 11—yt oF 2 1 &F 2 B

0<y<10 0<~<10 0<~<10

22N(10,x) _ xzlogq
T e STe o

and by (2.15),
x5+i'y

D G EROE

10<y<T N |<T
Hence, for t > T,

(T, 1 1_n(T, log(qT)
< g2 (Tx) Z T r— < gz X)t—T—i-l'

20+ < 51T log(qT") I 2 Iqu.

P oy v - 2
0<7§T1+(t v +i6) t—-T+1 t

It follows that

(o]

S+ivy

T

2.2 — | dt < 27" TN Nog?(¢T log ¢)2.

(2.25) / Z TS (=~ 1i0)? L og”(qT') + z(log q)
T lo<~y<T

If t <0 then

1 log qT
3 «
— )2 1
0ser 1+ (t—7) 1—-1
S0 _ .
E 0+ < AT logqT  z2log q
1+ (t— 7 +10)2 1—t ' 1-t

0<~y<T

Hence
0 .
(2.26) / > 0 dt < 21T 10g%(¢T) + 2(log ¢)°
. — 5 x ’ (o) (10 .
— T4 (t— 7 +i0)? &\ &4

% Jo<y<T
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By (2.24), (2.25), (2.26) and (2.11), we obtain

2

s L5+
L(z,T,x) :4/ ; m dt
T Jo<y<T
+0(2' 17 log?(¢T)) + O(x(log 9))
=27 F(z,T,x) + O(z' (T 10e”WT)-X) 1663 (¢T')) + O(z(log q)2).

By Khale [7] we can take,
B c
log ¢ + (log [t]) (log log |t]) 5

n(t, x) for ¢ >3, |t| > 10

for some constant ¢ > 0. Therefore for primitive y, we choose

227)  nlt,x) = c

(log [t])3 (log log [¢|)5

for some constant ¢ > 0.
1
For 1 < ¢ <logT, (¢T)2 < z, we have

for 1 < ¢ <loglt|, |t| > 10

log x
—C - p
(log x)2/3(log log 2:)1/3

p1=n(T log?(4T),x) log®(qT) < zexp ( > log®(¢T) < =z,

while for 1 < g <logT, 1<z < (QT)%,
g (T 108*(4T).X) 1063 (¢T) < (qT)?.
It follows that
L(x,T,x) = 2xF (2, T,X) + O((4T)*) + O(x(log ¢)*)

uniformly for x > 1,1 < ¢ <logT. 0

To obtain Lemma 2.5, we will use the following two lemmas, which are
proved in Montgomery and Vaughan [10, Corollary 26.6 and Theorem 26.7].

LEMMA 2.3. Suppose that aq,as, ... are real or complex numbers such that
oo

Y. lan| < 00, and let d,, be an integer such that d,, < & and with the property
n=1

that a,, = 0 whenever 0 < |m —n| < d,,. Then for any T > 0,

T | o0 2 [e%S) oo n|a |2
| e dt:TZ'“"'”O(Zf)'
0 n=1 n

n=1 n=1
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LEMMA 2.4. Let QQ denote the set of primepowers. For n € Q, let d,, be
the minimum of |m —n| for m € @, m # n. Then for U > 4,

1 UloglogU
dy, (logU)?

LEMMA 2.5. For 1 <z < qT and any q > 1 we have as T — oo

-2 2 1
R(z, T, x) == *“T'log*“(qT) <1 +0 <10g T +Tlogzx

+ O(qT (log q)* loglog(qT)).

PROOF. We see that |r(z,t, x)| = |l(z,t, x)| < vz loggr. Therefore

R(z,1,) = / (e, 1, ) [Pdt < x(logq)?.

By Lemma 2.3 we obtain

IS b (25

1 In=

2

-3 RO (22
+o(§; s mm{z,zr)

n=1

where d,, is the distance from n to the nearest other prime power.

By the prime number theorem 6(x) =z 4+ O (logz Hence
log
S A = Dlxaliosn + 3 ([1 2] 1) Il og
< = ogp
n<z p<z
=Y Ix(p)|log’ p+0( (V) log )
p<z
= [x(p)|log’ p + O(v/zlog x)
p<z
=> log’p— Y log’p+ O(vzlogx)
p<z p<z
plg
= Z log? p + O (log zlog q) + O(v/z log z)
p<z

=zlogz + O(zlogq).
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Therefore
e} A 2 2 2
Z AW Ix(m)* min {ﬁ, E} = logz + O(log q).
P n x'n
Lemma 2.4 leads to

Z EZ) min{g7%}2:o(xloglog4x).

Hence

(2.28)

T [e'e]
[ {5}

1 n=1

2
dt = (T — 1) (logz + O(log q)) + O(z loglog 4x)

=Tlogz + O(T log q) + O(x loglog 4x).

We have

(2.29)

2/ log(q7) + O(1))? dt = 22T log?(qT) (1 +0 <log1qT>>+O(x2(log 9)?%).

By integration by parts we get
T

) 1 T
/n*”log(qT)dt<< og(T) for n>2.
logn

1

Hence, the correlation between the two main terms of (2.5) is
(2.30)

T
_ ZA(n)x(n) . (n x log qT
1 Aln)x(n) nz _loggl
x /(Z:l il mm{x,n} (loqu+O(1))dt<<\/Elog(2x)<<Tlogq'
1 \"=

From (2.28), (2.29) and (2.30) it follows that
/T
1

=z~ 2T'log?(qT) <1 +0 <1

2

i zf(tn {Evf}ﬂfl (logqm + O(1))| dt

r n

n=1

oqu)> + Tlogz + O(T logq)

+ O(z loglog 4z) + O(z~2(log q)?).
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The integral of the square of the last error term of (2.5) is

T
/x_l_zaT_th < 1.
1

If M, f|fl (t)|2dt for i = 1,2, and My > Ms, then f|f1 )+ f2(t)|2dt =

My + O(\/ Ms).
Thus, for 1 S x < qT,

R(z,T,x) =z 2T log?(¢qT) (1 +0 ( >> + Tlogz + O(T log q)
+ O(zloglog 4z) + O(x(log )%)

=z 2Tlog?(¢T) (1 T1
x og“(qT) 1+ 0 loqu + Tlogx

+ O(qT(log g)* loglog(qT)).

PROOF OF THEOREM 1.1. F(«) is even because we may interchange p
and p’ in (1.2). F(«) is real and nonnegative by (2.11). By Lemma 2.2, for
1<z<qgTland 1 <q<logT,

L(x,T,x) =2rF(z, T, x)+0((qT)%)+O(x(log q)%) = 27F(z, T, x)+0(qT (log q)?).

By Lemma 2.5,

Tlog*(qT) 1 9
R(z,T,x) = — a2 1+0 log gl +T log 4+0(¢T (log q)= log log(¢T'))

for 1<axz<qT.
Since L(x,T,x) = R(z,T, x), it follows that, for 1 <z < ¢T, 1 < q¢ <logT,
we have

F(x,T,x) =

Tlog*(qT) 1 Tlogx 9
52 1+0 og(dD) + o +0(qT (log q)* loglog(qT)).

From (1.2) we deduce that, for 0 <a<1,1 < g <logT,

o (0 ) 0 ()
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3. TsANG’S KERNEL

Define the Fourier transform g(z) of g(«) by g(z f g(a)e 2™ dq.
Then
. log(qT 7 e
3 (0~ "5 = [ sty o-ae,
and so
(3.31)
~f. log(qT T
> 3 (it )5 Wi ) = o tostar) [ a(e)Flon)do.
- us 2m
psp —o0
0<y,y'<T

LEMMA 3.1. Let r(a) be a real-valued even function in L*(R) with support

[—1,1] and Lipschitz continuous at o = 0. Then 7(z) is an even analytic
function,

1
r(z) = 2/ r(a) cos(2mza) dav,
0
and we have

> 7 (it B ) wio - o)

2T
’
;
0<y,y'<T

_T ' g(log g)* loglog(¢T)
=5 log(qT) (r(O) + 2/0 ar(a)da+ O ( log(T) ))
uniformly as T — 0o, 1 < q <logT.

PROOF. Theorem 1.1 implies

oo

/F(ax —2/1Fozx

—o00 0

i <1+ <1og qT))) / 4T) 2 log(qT)r(a)da
(

1

—|—2/ar Yda+ O
0

q(log q)* loglog(qT)
log(¢T)
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Since () is Lipschitz continuous at o = 0, we get r(a) = 7(0)+0 (%)

asT—)ooand0<a<blgolg°(7gq(;)T) Hence as T' — oo, we obtain

loglog(qT)
log(qT)

2/ qT)~ 22 )og (¢T)r(a)da =2 / (qT)_zo‘ log(¢T)r(a)de

+0 / (4T)~** og(¢T)|r(a)|da

loglog(qT)
log(qT)

log log(gT)
log(qT)

=2 (T(O) +0 (Wg(qT))) / (qT)™**log(qT)da

log(¢T)
0 (log /|r a)|da>

=2 (r(O) +0 (%)) <; - QIOg;(qT)> o <10g(1qT)>

B loglog(qT)
-0 ()

Therefore

jmy(a)da:(Ho(bggm)) (0)+ 0 (Clsta)))

1
q(log g)* loglog(¢T ))
+ 2/a7" a)da+ O (
() log(qT")
0
1 (1og ¢)? log log(qT)
qllog q)~ log loglq
= r0+2/aro¢do¢+0( ) .
( @2 [orte) o
Then the lemma follows in view of (3.31). 0

Define the Tsang kernel K(z) b

K (t) := j(2mt)sech(2nt),
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where j(«) is even, nonnegative, bounded, twice differentiable on [0, 1], with
supp(j) € [-1,1], and 0 < j(w) < ﬁ for all w € R. Then

K(z) =

3|~

/j(a) sech(a) cos(za)da.

The Fejér kernel is

W

jr(a) = max{0,1 — |a|}, S(w) = <Sin7rw>2

The Montgomery-Taylor kernel is (Montgomery [9], Cheer and Goldston [3])

dante) = o (S sin (Vi (@) + gir(@)os (vEa) )

-~ 1 (sin(%(ﬂ?ww)) N Sin(é(\/i+27rw))>2.

w) =
I (w) 1 —cosv?2 V2 = 21w V2 + 21w

LEMMA 3.2 (K.-M. Tsang). The kernel K(z) is an even entire function
such that:

(a) K(x) >0 for all x € R,
(b) For z € C— {0}, K(2) < 1",
(¢) For z=x+1y, x,y € R, when |y| < 1, we have Re K(z + iy) > 0.

For the proof of this lemma, see Tsang [13, Lemma 1] and Baluyot et al. [1,
Lemma 6].

LEMMA 3.3. For a Tsang kernel K(z), we have

(3.32)
2r Y ReK (i(p—p)log(qT)) + S(T)

\ﬁ—ﬁ'|<m

T = 'S q(log g)* loglog(¢T)
=—1 )| K 2 K(—)d

27 og(T) ( 0+ /0 @ (271') a+O( log(¢T)
uniformly as T — oo, 1 < q <logT, where
(333)  S(T):=2rRe > K(i(p—p)log(qT)) W(p—p).

N
0<v,y'<T
’ 1
18—8'1> rogtars

Moreover, Re K > 0 for every term in the sum in (3.32), and K > 0.
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PRrROOF. In Lemma 3.1 take r(a) = IA((%) = j(a)sech(a). Then 7(z) =
27K (2nz). By Lemma 3.1,

2r Y K (i(p—p')log(qT)) W(p—p')

’

psp
0<y,y'<T
= D rog(qr) (R (0) +2 / CoR (&) da+o (105 24)* loglog(qT)
= 97 B\ o 21 log(qT) '
We have

p.p pp’
0<v,y'<T 0<y,Y'<T

1
Wip—p — < Tlog%(¢T).
o Wh-pl< > 15 (=) < Tlog™(dT)
Hence, since W(0) = 1, using Lemma 3.2 (b) we get

> K(i(p—p)log(qT)) (W(p—p/) - 1)

pp’
0<y,Y'<T

188 |< ogtary

4 — _ )2

= (p—1p)
0<v,y'<T

18—8'|< mstary

< Y K- pog(ar) L)

_ _ A2
= (p=10p')
0<v,y'<T
\/3—/3'|<m
(qT7)1#=7" lp—p'2
< Z 21002 4—(p— p')2
. |p—plPlog®(qT) |4 = (p = p')?|
pFp
0<vy,y'<T
18—8'|< mztary
1 ,
=—5 @)= W(p—p)l < T
41 2 Z
og”(qT) pryt
0<y,y'<T

1
18=8'1< t5gtzmy

We get (3.32) by taking real parts.
If|1g-p0< bg(%ﬂ then Re K (i(p — p')log(¢T)) > 0 by Lemma 3.2 (¢). O

LEMMA 3.4. Assume that

(3.34) N(o,T.x) = o (a7 (¢1)* =) (log(qT)) ")
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uniformlyfor%ergagl, 1< q<+logT. Then
S(T) = o(Tlog(qT)) as T — o0, 1 <q<+/logT.
PROOF. Lemma 3.2 (b) leads to

(qT)Iﬁ—B'I

K (i(p — p')log(qT)) < 17— 2 Tog2 (D)’

Further,
4 4
W(p—p)| = <
W= o= =G =7 = Rela— =)
B 4 < 4 <1
A-(B=0P+(r=7) " 3+(=7)?
Hence
Sy =2mRe Y K(ilp— o) los(aT)) W(p— /)
0<y,y'<T
18=6"1> 155ty
(qT)!5=#"]
<
0 Z (B =) log(¢T))* + ((7v =) log(¢T))?
<y <T
B8 \Zm
(qT)\ﬁfﬁ’l (qT)|5*5'|
<2 T+ (=) 2 L+ (y=1")?
0<v,y'<T 0<y,y'<T
18=B'12> ratary 16—0" 12 togigmy
T)218l 4 (gT)219"]
< X W
0<y,y'<T
16-8"12 togtary
In the sum above we have |§|+ (8’| > |6 — 0’| > m, so either [0] > m
or [0'] > m. Therefore
)28l 4 (T)219"] )28l 4 (T)219"]
S(T) < Z (¢T) (¢ /)2 + Z (¢T) (¢ /)2
: 1+ (=) . 1+ (v=7)
0<v,y'<T 0<y ' <T
1912 5155ty 151> 2165amy
V2161 & (7216
< Z (aT)""°" + (q /)2
: 1+ (v=7)
0<y,y' T
91> 3155775
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ey s

1 AN 1 _ ~7)2
oeorier 1T (v =) oeorer 1T (v=7")
WZWI(L,T) W\Zm
[8]>]8"| |6]<[5"]
(¢T)*°] 1
DI v e Al DR L) DI wrn e
0<v,y' <T 0<y<T 0<y'<T
|‘5|2W1(11T) WEW
< Y (qD)Nog(ghy| +2) < log(qT) > (q7)*".
0<y<T 0<y<T
|5|>zlog(q:r) ‘5|>2log(qT>

Thus, in view of the symmetry of the zeros with respect to the critical line,

S(T) < log(qT) > (q7)* "
0<~<T
1/2:41/ (2 log(aT)) <A<1

By the hypothesis (3.34),

S(T) < log(¢T) / (¢T)* 1 d(~N(u, T, X))

1/24+1/(21og(qT))

1 1
—elog(¢T)N =4+ ————.T
elog(qT) <2+210g(qT), ,x>

1
p2logen) [ N TG
1/24+1/(210g(qT))
—o(Tlog(qT)).

4. PROOF OF THEOREMS 1.2 AND 1.3

We will show that the assumption of Theorem 1.2 implies the assumption of
Theorem 1.3 and then we will prove Theorem 1.3.

LEMMA 4.1. Suppose that all the zeros p = B+iv of L(s, x) with (qT)% <

fygT,1<q§\/logTsatisfy%—m<ﬁ<%+m. Then

N(@,T,x) = o (47 ()2~ log(qT)) ")
o< g—, 1<qg<VlogT.
ProoF. If o > 1 5+ W then by our hypothesis we have

N(o,T,x) = N(o, (¢T)%,x) < N((¢T)%,x) < (qT)* log(qT).

uniformly for % + 2log(qT)
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Ifaﬁ%and1<q§\/lothhenasT%oo,

(¢7)¢log(qT) g% log’(qT) _ (logT)log*(T'logT)
g~ Y (qT)?(0=)(log(¢T))™* = T - Ts:
Hence, for § + m <o <2, 1<q<y/logT, we obtain

— 0.

N(@,T.x) = o (q7}(¢T)** = (log(qT)) ")

ProOOF OF THEOREM 1.3. Let m, denote the multiplicity of a zero p of
L(s, x)-
We have
(4.35)
q(log q)* loglog(¢T)
log(qT")

Using Lemma 3.3, Lemma 3.4 and (4.35), we derive, for 1 < g < y/logT,

1
> omy= > 1:m Z ReK (0)

=o0(1) wuniformly for T — 00,1 < g < +/logT.

p /
0<y=T 0<'¢,"¢/§T 0<y,y' <T
p=p' p=p'
1
== Re K (i(p — p') log(qT"))
COpps
0<,7'<T
p=p
1
< Re K (i(p — p') log(qT))
CORP
0<'v:'v’§T

|ﬂ—ﬂ/|<m

1T - '
oo log(aT) (K(0)+2 [ aR (5-) da+o(1) ).
i) 22 08T (KO 42 [aR (51) daton)
Let N(T,x) denote the number of nontrivial zeros of L(s, x) with 0 <~ < T.
Then

T qT T
N(T,x) = —1 — | - = log ¢T
(T, x) = 5~ log <2ﬂ> 5, T OlogT)
uniformly for all g (see Corollary 14.7 of [11]). The number of nontrivial zeros
of L(s,x) with =T < v < 0 is N(T,%), and the number of nontrivial zeros
with v = 0 is O(logq).
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For 1 < ¢ < /log T, the proportion of nontrivial zeros of L(s, x) in the upper
half-plane that are simple is

1 1
NI 2 22 Nmy X M

p:simple
0<~y<T 0<y<T

22—%(?{(0)%/{)1&?(;) da+0(1)>.

Then the Montgomery-Taylor kernel j(a) = ja(«) leads to (see Baluyot et
al. [1, Section 7])

1
— 1> 0.617483786... + o(1).
N(T7 X) p:sigple ( )
0<y<T
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