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CHARACTERIZATION OF FUCHSIAN GROUPS AS
LAMINAR GROUPS & THE STRUCTURE THEOREM OF

HYPERBOLIC 2-ORBIFOLDS

Hyungryul Baik and KyeongRo Kim

KAIST, South Korea

Abstract. Thurston and Calegari-Dunfield showed that the funda-

mental group of a tautly foliated hyperbolic 3-manifold acts on the circle

in a distinctive way that the action preserves some structure of S1, so-
called a circle lamination. Indeed, a large class of Kleinian groups acts on

the circle preserving a circle lamination. In this paper, we are concerned
with the converse problem that a group acting on the circle with at least

two invariant circle laminations is Kleinian. We prove that a subgroup of

the orientation preserving circle homeomorphism group is a Fuchsian group
whose quotient orbifold is not a geometric pair of pants (or turnover) if and

only if it preserves three circle laminations with a certain transversality.

This is the complete generalization of the previous result of the first author
which is proven under the assumption that the subgroup is discrete and

torsion-free. On the way to our main result, we also show a structure the-

orem (generalized pants decomposition) for complete 2-dimensional hyper-
bolic orbifolds, including the case of infinite type, which is of independent

interest.

1. Introduction

1.1. Background and Motivation. The classification of a group action on a
manifold is a fundamental question in mathematics. Along this line, one
of the outstanding studies is the Zimmer’s program. One part of Zimmer’s
program is to understand the actions of a lattice G of a semi-simple Lie group
Γ on a compact manifold M . See [18] for the survey of Zimmer’s program.
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The most accessible case is that M is dimension one, namely, M = S1.
When Γ is of real rank at least two, Ghys [21] gave a complete characterization
for homomorphisms from G to the orientation preserving circle homeomor-
phism group Homeo+(S1). This result says that the circle action of a higher
rank lattice is rigid.

On the contrary, in the rank one case, the circle actions of G are more
flexible. For instance, when Γ = PSL2(R) and G is a closed hyperbolic surface
group, the space of G-actions is studied by Mann [25] and Mann-Wolff [26] in
terms of the Euler number. They showed the equivalency of the rigidity and
the geometricity of the G-actions. This implies that non-geometric actions
have no rigidity in some reasonable sense. Hence, in general, given any sub-
group H of Homeo+(S1), it is difficult to determine whether H comes from a
lattice of a semi-simple Lie group of real rank one.

Nonetheless, in the case of PSL2(C), we can observe that a large class of
lattices act on the circle in a distinctive way that the actions preserve some
structure of S1, so-called a circle lamination. This feature is first observed by
Thurston along the proof of the hyperbolization theorem for surface bundles
over S1. More generally, in [32], Thurston showed that the fundamental group
of a tautly foliated hyperbolic 3-manifold faithfully acts on S1, preserving a
pair of circle laminations. In various circumstance, Thurston’s theorem has
been generalized by many authors, e.g. [12], [15], [13], [17], [19] and so on.
Also, we can see that almost all torsion-free lattices in PSL2(R) which are the
fundamental groups of hyperbolic surfaces of finite type act on S1 preserving
infinitely many distinct circle laminations.

Hence, it is natural to ask whether a subgroup of Homeo+(S1) preserving
several circle laminations, so-called a laminar group, is a discrete subgroup of
PSL2(C), so-called a Kleinian group. Also, we may ask that a laminar group
with infinite many invariant circle laminations is a Fuchsian group which is
a discrete subgroup of PSL2(R). In this paper, we are mainly concerned
with the second question. We will show that three is the enough number of
invariant circle laminations to characterize Fuchsian groups.

1.2. Main results. To present the precise statements for the questions and our
main theorems, we roughly introduce basic notions about laminations. Let
H2 be the hyperbolic plane. For now, we use the Poincaré disk for H2 which is
the open unit disk in the complex plane C. The Gromov boundary of H2 is the
unit circle S1 in C. Hence, we can think of the orientation preserving isometry
group PSL2(R) for H2 as a subgroup of Homeo+(S1) since each element of
PSL2(R) is continuously and uniquely extended to S1.

A given geodesic in H2 joins two points in S1. Conversely, given two
distinct points in S1, there is a unique geodesic in H2 connecting them. Hence,
the set g(H2) of geodesics in H2 is parametrized by the set M of subsets of
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S1 with cardinality of 2. We denote the parametrization from g(H2) to M by
ϵ.

A geodesic lamination Λ in H2 is a non-empty subcollection of g(H2) such
that

⋃
Λ is a closed subset in H2 and each pair of elements of Λ are disjoint.

We say that for each component of H2 \ Λ, the closure of the component in

H2 is a non-leaf gap of Λ. A geodesic lamination is quite full if every non-leaf
gap is either an ideal polygon or a crown. Here, a crown G is a non-leaf
gap having a sequence {ti}i∈Z in S1 such that ϵ−1({ti, ti+1}) is a boundary
geodesic of G and {ti}i∈Z accumulates to a unique point p. The point p is
called the pivot of the crown. In particular, a quite full geodesic lamination
without crowns is said to be very full.

A circle lamination L is a subcollection ofM if L = ϵ(Λ) for some geodesic
lamination Λ inH2. For convenience, we think of circle laminations as geodesic
laminations in H2. Given a collection C = {Lα}α∈Γ of circle laminations,
we denote by Aut(C) the set of all elements in Homeo+(S1) preserving C,
namely, Aut(C) := {g ∈ Homeo+(S1) : g(Lα) = Lα for all α ∈ Γ}. We also
call Aut(C) the laminar automorphism group of C. A subgroup of Homeo+(S1)
is laminar if it is a subgroup of the laminar automorphism group of some circle
lamination. The laminar groups were first introduced in [11].

Now, we are ready to give the precise statements for the questions ex-
plained in the previous section.

Question 1.1. Let C = {Lα}α∈Γ be a collection of quite full circle lamina-
tions whose endpoint sets are pairwise disjoints, namely, (

⋃Lα)∩(
⋃Lβ) = ∅

for any α ̸= β. Is every subgroup of Aut(C) isomorphic to a discrete subgroup
of PSL2(C) ?

Question 1.2. Are the Fuchsian groups the only case to act faithfully
on S1 preserving an infinite collection of quite full circle laminations whose
endpoint sets are pairwise disjoint? In other words, if C is an infinite collection
of quite full circle laminations whose endpoint sets are pairwise disjoint, is
every subgroup of Aut(C) conjugated to a Fuchsian group as subgroups in
Homeo+(S1)?

Indeed, Question 1.1 was proposed in [3] and [1] in terms of pants-like
COLn groups. See Section 3 for the definition of a pants-like COLn group.
According to [4], given a finite collection C = {Lα}α∈Γ of quite full circle
laminations whose endpoint sets are pairwise disjoint, for any subgroup G
of Aut(C), we can construct a pants-like collection C′ = {L′

α}α∈Γ of circle
laminations preserved by G. Hence, even thought the definition of a pants-like
COLn group looks artificial, this is a weaker condition than preserving n quite
full circle laminations with the disjoint endpoint set condition. Therefore,
Question 1.1 assumes conditions which are stronger than in [3] and weaker
than in [1].
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In this paper, we prove the following corollary, which gives an affirma-
tive answer to Question 1.2. In particular, three invariant laminations are
sufficient to characterize circle actions of Fuchsian groups.

Corollary 1.3. If C = {L1,L2,L3} is a collection of quite full circle
laminations whose endpoint sets are pairwise disjoint, then every subgroup
of Aut(C) is conjugate to a Fuchsian group as a subgroup of Homeo+(S1).
Conversely, given a Fuchsian group G, we can construct three quite full circle
laminations satisfying the disjoint endpoint condition and preserved by G,
provided that H2/G is not a geometric pair of pants.

In fact, we prove a stronger statement than the first assertion of Corol-
lary 1.3.

Theorem A. Every pants-like COL3 group is a convergence group.

Together with the following well-known theorem, Theorem A implies the
desired Corollary 1.5.

Theorem 1.4 (Convergence group theorem ([33],[20],[16], cf. [23] for the
indiscrete case)). A subgroup of Homeo+(S1) is a convergence group if and
only if it is conjugate to a Fuchsian group in Homeo+(S1).

Corollary 1.5. Every pants-like COL3 group G is a discrete Möbius
group; namely, there is an element ϕ in Homeo+(S1) such that ϕGϕ−1 is a
Fuchsian group.

For the converse direction, we prove the following theorem.

Theorem B. Let G be a Fuchsian group. Suppose that H/G is not a
geometric pair of pants. Then G is a pants-like COL3 group.

With a minor modification, it implies the second assertion of Corol-
lary 1.3. See the paragraphs following the proofs of Theorem B and Corol-
lary 6.11 for details of this modification.

The combination of Theorem A and Theorem B is the complete general-
ization of the following theorem shown in [3].

Theorem 1.6. Let G be a torsion-free discrete subgroup of Homeo+(S1).
Then G is a pants-like COL3 group if and only if G is a Fuchsian group whose
quotient is not the thrice-punctured sphere.

Note that Theorem A and Theorem B are not immediately implied by
Theorem 1.6. First, in [3], the proof of the only-if-direction depends on the
fact that every non-trivial element has a fixed point which is implied by the
torsion-free condition. Also, along the proof, discreteness was used in a lemma
which is corresponding to Lemma 7.3 in this paper. Hence, we have to over-
come these difficulties to prove Theorem A. For the if-direction, the construc-
tion of three different geodesic laminations contained some technical issues.



LAMINAR GROUPS 5

Also, the Selberg’s Lemma does not make it easy to construct the geodesic
laminations on hyperbolic 2-orbifolds since we also consider the infinite type
orbifolds. Instead, we have to use the structure theorem (generalized pants
decomposition) for hyperbolic 2-orbifolds including the case of infinite type
as follows.

Theorem 6.1 (The structure theorem for complete hyperbolic 2-dimen-
sional orbifolds). Let G be a non-elementary Fuchsian group and S be the
complete 2-dimensional hyperbolic orbifold H/G. Suppose that there is a pants
decomposition C of S. Let Λ be the union of all geodesic realizations in S of
elements of C. Then Λ∪ (∂CH(L(G))/G) is a geometric pants decomposition
of CC(S).

This theorem is analogous of the structure theorem for complete hyper-
bolic surfaces of Álvarez and Rodŕıguez [2] and Basmajian and Šarić [6]. The
pants decomposition theorem for hyperbolic orbifolds of finite type is well
known. For instance, see Thurston [31, Chapter 13, Orbifolds]. However, we
could not find the structure theorem of hyperbolic 2-orbifold including the
case of infinite type in the literature. Hence, we collect and reorganize ba-
sic facts about the hyperbolic geometry of orbifolds, and prove the structure
theorem for hyperbolic orbifolds for the sake of completeness. This is of the
independent interest and could serve as a useful reference to the community
(for instance, see [8]).

Now, by Corollary 1.3, the remaining case of Question 1.1 is when C
consists of at most two circle laminations. The case where C consists of two
circle laminations was studied in [4]. In [4], Jung and the author show that
if C = {L1,L2} is a veering pair satisfying the disjoint endpoints condition
and some extra conditions, then every subgroup in Aut(C) is the fundamental
group of an irreducible 3-orbifold. Moreover, if the 3-orbifold is finite in some
sense, then the orbifold admits a complete hyperbolic metric, and hence the
fundamental group is Kleinian. We note that a key step in the proof in [4] is
Lemma 4.9, involving the concept of “pre-approximation sequences”, which
is used to prove the classification theorem for gap stabilizers.

Throughout the paper, we use basic notations and statements of [5] and
[3]. Especially, instead of the circle laminations, we use the notion of lami-
nations systems which are more proper to keep track of the dynamic of the
circle actions.

1.3. Organization. We give a brief review of necessary preliminaries in Section
2. In Section 3, we show that Möbius-like laminar groups with two invariant
laminations satisfying some special conditions are discrete in Homeo+(S1).
This implies that every pants-like COL3 group is discrete. In Section 4, we
prove Theorem A. In Section 5, we give a summary of elementary facts about
the geometry and topology of 2-dimensional hyperbolic orbifolds and for com-
pleteness, we prove some basic facts which are well-known among experts. In
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Section 6.1, we show a structure theorem of complete 2-dimensional hyper-
bolic orbifolds, Theorem 6.1, following the proof for hyperbolic surfaces in
[6]. Note that the structure theorem for complete hyperbolic surfaces was

firstly proven by Álvarez and Rodŕıguez [2], and after that, a geometric proof
was suggested by Basmajian and Šarić [6]. Using Theorem 6.1, in Section 6.2
and Section 6.3, we construct three different laminations in S1 and prove
Theorem B.

Acknowledgement: A large part of this paper is a part of the Ph.D. thesis of
the second author. We thank Inhyeok Choi, Suhyoung Choi, Sang-hyun Kim,
Seonhee Lim, Junghwan Park, Philippe Tranchida for helpful discussions. We
would also like to thank the anonymous referee for the careful reading of the
manuscript and for valuable comments and suggestions that greatly improved
the exposition. Both authors were partially supported by Samsung Science &
Technology Foundation grant No. SSTF-BA1702-01.

2. Basic notions and notations to study laminar groups

In first three sections, we review basic notions about Riemann surfaces
and the hyperbolic geometry on orbifolds. In this part, to prove Theorem 6.1,
we adopt a proper collection of definitions. This is based on [27], [7], and
[24]. Then, we recall circle laminations and lamination systems. Also, we
summerize related notions and technical lemmas. This part is a summary of
[5].

2.1. The Riemann sphere and the hyperbolic plane. Let Ĉ = C ∪ {∞} be the

Riemann sphere and R̂ = R ∪ {∞} be the extended real line. We denote the
upper half plane by H and the lower half plane by H∗. The upper half plane
H has a standard hyperbolic metric ρ, so-called the Poincaré metric. With
this metric, R̂ is the Gromov boundary ∂H. On the other hand, a Cayley
transformation p expressed as

p(z) = i
1 + z

1− z

gives an identification between the Poincaré disk D and the upper half plan
H where D is the unit open disk in C with the standard hyperbolic metric.

Recall that the automorphism groups of Ĉ andH are PSL2(C) and PSL2(R),
respectively. The group PSL2(C) acts on Ĉ by linear fractional transforma-

tions and especially the subgroup PSL2(R) acts on Ĉ preserving R̂. Recall
that the orientation preserving isometry group of H is exactly PSL2(R) . Note
that the automorphism group of D can be identified with PSL2(R), via p, and
so we think of the automorphism group of D as PSL2(R) .

AKleinian group is a discrete subgroup of PSL2(C). Especially, a Kleinian
group in PSL2(R) is called a Fuchsian group. We denote by Ω(G) the domain
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of discontinuity of a Fuchsian group G on Ĉ and by L(G) the limit set of G.

Note that L(G) is a closed subset of R̂, and H ∪ H∗ ⊂ Ω(G). The Fuchsian

group G is of the first kind if L(G) = R̂, and of the second kind, otherwise. In
the first kind case, Ω(G) has exactly two connected components H and H∗.
If L(G) is finite, then L(G) contains at most two points. In this case, we say
that G is elementary. Recall that every elementary Fuchsian group is virtu-
ally abelian and the converse is also true. When L(G) ̸= R̂ is infinite, L(G)

is a closed, perfect, nowhere dense subset of R̂, hence a Cantor set. Hence, in
the second kind case, Ω(G) has the only one connected component which is
conformally equivalent to the Riemann sphere without a cantor set.

2.2. Riemann surfaces with branched coverings. LetG be a subgroup of PSL2(C),
and let Ω be a non-empty G-invariant open subset of Ĉ. Suppose that G acts
properly discontinuously on Ω. If Ω has more than two boundary points, then,
for each z0 ∈ Ω, the stabilizer

Gz0 = {g ∈ G : g(z0) = z0}
is a finite cyclic group generated by an elliptic element fixing z0. Moreover,
we can take a complex structure on the orbit space Ω/G so that the quotient
map q from Ω to Ω/G is holomorphic and a branched covering.

In other words, for each z0 ∈ Ω, there are charts φ1 : U1 → V1 on Ω and
φ2 : U2 → V2 on Ω/G, with q(U1) ⊂ U2, such that φ1(z0) = 0 and

φ2 ◦ q ◦ φ−1
1 (z) = zm,

where m = |Gz0 |. We call m the ramification index of q at z0, and z0 is called
a ramification point if its ramification index is greater than 1. See [24] for a
more detailed discussion.

Let G be a non-elementary Fuchsian group. We write πd
G for the quotient

map from Ω(G) to Ω(G)/G, and πG for the quotient map from H to H/G.
With the conformal structures defined above, the quotient spaces Ω(G)/G
and H/G are Riemann surfaces.

If G is of the first kind, then Ω(G)/G has exactly two connected compo-
nents; otherwise, it is connected. If G is of the second kind, there is a natural
anti-conformal involution J on Ω(G)/G induced by complex conjugation on

Ĉ. The map J interchanges H/G and H∗/G and fixes (R̂−L(G))/G pointwise.

2.3. 2-dimensional hyperbolic orbifolds. Let S be a connected metric space.
The space S is called a 2-dimensional hyperbolic orbifold if there is a subgroup
G(S) of PSL2(R) and a non-empty G(S)-invariant simply connected open
set C(S) of H such that G(S) acts properly discontinuously on C(S) and
C(S)/G(S) with the metric induced by ρ is isometric to S. We say that S is
complete if C(S) = H.

Similarly, the space S is a 2-dimensional hyperbolic orbifold with geodesic
boundary if there is a subgroup G(S) of PSL2(R) and a G(S)-invariant closed



8 H. BAIK AND K. KIM

convex subset C(S) of H with non-empty interior whose boundary is a disjoint
union of bi-infinite geodesics such that G(S) acts properly discontinuously
on C(S) and C(S)/G(S) with the metric induced by ρ is isometric to S.
Here, C(S) is allowed to be H. By definition, every 2-dimensional hyperbolic
orbifold with geodesic boundary is complete as a metric space. Note that
G(S) is uniquely determined up to conjugation by PSL2(R) .

Let πS be the quotient map from C(S) to C(S)/G(S). As discussed above,
when S is a 2-dimensional hyperbolic orbifold, πS is a branched covering. Even
though S is a 2-dimensional hyperbolic orbifold with geodesic boundary, the
restriction πS |int(C(S)) to the interior int(C(S)) of C(S) is a branched cov-
ering onto int(C(S))/G(S) of S. This map can be also extended continuously
onto the geodesic boundary ∂C(S). Therefore, πS is a branched covering.

Let S be a 2-dimensional hyperbolic orbifold with or without geodesic
boundary. The set C(S) is a universal orbifold covering space and πS is the
orbifold covering map. We say that a point x ∈ S is a cone point of order n if
x is an image of a ramification point with ramification index n and we denote
the set of all cone points in S by Σ(S). Note that by definition, a ramification
point is not in ∂C(S) when S is a 2-dimensional hyperbolic orbifold with
geodesic boundary.

We define the geometric interior So of S by

So = int(C(S))/G(S)− Σ(S),

and call points of So regular points. Points of S − int(C(S))/G(S) are called
boundary points, and the set of boundary points of S is denoted by ∂S. Note
that if S is a 2-dimensional hyperbolic orbifold with geodesic boundary, then
∂S is a disjoint union of geodesics.

Recall that if a bordered Riemann surface X has an open subset which is
conformally equivalent to a unit disk without center, then we say that X has
a puncture. Moreover, when X has a puncture, we can uniquely extend S to
a bigger Riemann surface X by adding the center. In this sense, we think of
a puncture as the added center of the disk. If a point x is in ∂S ∪ Σ(S) or a
puncture of S, x is called a geometric boundary point and ∆S denotes the set
of all geometric boundary points of S.

Let S be a hyperbolic surface with geodesic boundary. Under the above
definition, S is a 2-dimensional hyperbolic orbifold with geodesic bound-
ary and without cone points. As usual, a geodesic lamination on S is a
nonempty closed subset of S which is a disjoint union of simple geodesics,
and the geodesics composing the lamination are called leaves. For hyperbolic
2-orbifolds with geodesic boundary, we define geodesic laminations as follows:

Definition 2.1. Let S be a 2-dimensional hyperbolic orbifold with geo-
desic boundary. Fix the corresponding group G(S). Then a closed subset Λ
of S is called a geodesic lamination on S if π−1

S (Λ) is a geodesic lamination

of C(S), namely π−1
S (Λ) is a closed subset of C(S) which consists of pairwise
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disjoint bi-infinite geodesics. In particular, if π−1
S (Λ) = G(S) · ℓ for some

bi-infinite geodesic ℓ in H, then we call Λ a simple geodesic in S.

When S is a complete 2-dimensional hyperbolic orbifold and Λ is a geo-
desic lamination of S, we think of Λ as a closed subset of S which is a disjoint
union of simple geodesics. Hence, the geodesics composing the lamination are
called leaves. As π−1

S (Λ) is a geodesic lamination of C(S), π−1
S (Λ) is a geodesic

lamination on H. Since given two points in ∂H, there is a unique bi-infinite
geodesic which has the points as end points, and vice versa, we may think
of π−1

S (Λ) as a collection of two-point sets of S1 corresponding to leaves of

π−1
S (Λ). Moreover, since G(S) acts on R̂ and G(S) permutes leaves of π−1

S (Λ),
G(S) acts on the collection of two-point sets of S1 and permutes two-point
sets. In the following sections, we will formulate precisely the collection of
two-point sets corresponding to π−1

S (Λ) in terms of the topology of S1 and
group actions on such collections.

2.4. The topology of S1. Let S1 be the unit circle on C which is the boundary
of the Poincare disk D. Now we introduce a circular order to S1 which is
helpful to discuss the topology of S1.

We start with a set X. For each n ∈ N with n ≥ 2, we write ∆n(X) for
the set

{(x1, · · · , xn) ∈ Xn : xi = xj for some i ̸= j}.
A circular order of X means a map φ from X3 to {−1, 0, 1} satisfying fol-
lowing properties :

(DV) φ−1(0) = ∆3(X), and
(C) φ(x1, x2, x3) − φ(x0, x2, x3) + φ(x0, x1, x3) − φ(x0, x1, x2) = 0 for all

x0, x1, x2, x3 ∈ X.

Let n ∈ N with n ≥ 3. A n-tuple (x1, · · · , xn) in (S1)n−∆n(S
1) is called

positively oriented in S1 if for each i ∈ {2, · · · , n−1}, p(x−1
1 xi) < p(x−1

1 xi+1)
where p is the Cayley transformation. Similarly, a n-tuple (x1, · · · , xn) in
(S1)n−∆n(S

1) is called negatively oriented in S1 if for each i ∈ {2, · · · , n−1},
p(x−1

1 xi+1) < p(x−1
1 xi). Let φ be a map from (S1)3 to {−1, 0, 1} defined by

φ(x) =





−1 if x is negatively oriented,

0 if x ∈ ∆3(S
1),

1 if x is positively oriented.

We can see that φ is a circular order of S1. From now on, the circular order
of S1 means the map φ.

We call a nonempty proper connected open subset of S1 an open interval
in S1. Let u, v be elements of S1. Then, we define the subset (u, v)S1 of S1

as follows:

1. If u ̸= v, (u, v)S1 is the set (u, v)S1 = {p ∈ S1 : φ(u, p, v) = 1} and is
called a nondegenerate open interval in S1.
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2. If u = v, (u, v)S1 is the set S1 − {u} and is called a degenerate open
interval in S1.

In particular, if (u, v)S1 is a nondegenerate open interval, then we denote
(v, u)S1 by (u, v)∗S1 , and call it the dual interval of (u, v)S1 . We can see that
the set of all nondegenerate open intervals of S1 is a basis for the topology
of S1 which is induced from the standard topology of C. For convenience,
when (u, v)S1 is a nondegenerate open interval, we use the following notations:
[u, v)S1

= {u} ∪ (u, v)S1 ; (u, v]S1 = (u, v)S1 ∪ {v}; and [u, v]S1 = (u, v)S1 ∪
{u, v}.

Remark 2.2. In [5], the map p is the stereographic projection

p(z) =
Im(z)

Re(z)− 1
.

Although we use the Cayley transform to define the circular order φ, the in-
duced circular order is the same. Hence this choice does not affect the results
of [5].

2.5. Laminations of S1. LetM be the set of all two-point subsets of S1. More
precisely,

M = ((S1)2 −∆2(S
1))/(x, y) ∼ (y, x).

For each {a, b} and {c, d} of M, they are said to be linked if each connected
component of S1 − {a, b} contains precisely one of c or d. They are called
unlinked if they are not linked. We can see easily that M has a hausdorff
distance induced from the Euclidean metric of C.

Definition 2.3. A lamination of S1 is a nonempty closed subset Λ of M
whose elements are pairwise unlinked. We call each element {a, b} of Λ a leaf
of Λ and the points a and b are called the end points of the leaf.

Remark 2.4. Let A be a geodesic laminations of H. For each leaf in H,
the end point set of the leaf is a two elements subset of S1. In this sense,
there is a subset of M corresponding to A. Then, this subset is obviously a
lamination of S1. For more detailed discussion, consult [14, Chapter 2].

2.6. Lamination systems on S1. From now on, we recall the notion of lami-
nation systems on S1 which is first introduced in [5]. This makes it easier to
do general topological arguments for laminations of S1. It turns out that a
lamination system on S1 is a subset of the topology of S1.

The idea of making a lamination system on S1 from a lamination of S1 is
to take all connected components of complements of each leaf of the lamination
of S1. So, we will define lamination systems as a collection of nondegenerate
open intervals in S1 with some conditions corresponding to unlinkedness and
closedness.

Let I and J be two nondegenerate open intervals. If I ⊆ J or I∗ ⊆ J ,
then we say that the pair of points {I, I∗} lies on J (See Figure 1). If Ī ⊆ J
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J

I

I∗I

J

I∗

Figure 1. The red segment represents the nondegenerate
open interval J and the blue parts represent I and I∗. Two
figures show all possible cases where {I, I∗} lies on J .

or I∗ ⊆ J , then we say that the pair of points {I, I∗} properly lies on J . Now,
we can define lamination systems as follows.

Definition 2.5 ([5]). Let L be a nonempty family of nondegenerate open
intervals of S1. L is called a lamination system on S1 if it satisfies the
following properties :

1. If I ∈ L, then I∗ ∈ L.
2. For any I, J ∈ L, {I, I∗} lies on J or J∗.
3. If there is a sequence {In}∞n=1 on L such that for any n ∈ N, In ⊆ In+1,

and

∞⋃

n=1

In is a nondegenerate open interval in S1, then

∞⋃

n=1

In ∈ L.

The third condition will imply the closedness of lamination systems on
S1.

We define leaves and gaps on a lamination system L as follows. A subset
G of L is a leaf of L if G = {I, I∗} for some I ∈ L. We denote such a leaf
G by ℓ(I). Likewise, a subset G of L is a gap of L if G satisfies following
conditions:

1. Elements of G are pairwise disjoint , and
2. for each I ∈ L, there is a J in G on which ℓ(I) lies.

By the second condition on gaps, every gap is nonempty. Obviously, a leaf is
also a gap with two elements. Hence, we say that a gap is a non-leaf gap if it

is not a leaf. We denote S1−
⋃

I∈G

I by v(G ) and call it a vertex set of G or an

end points set of G . Each element of a vertex set is called a vertex or an end
point. Note that in general, a vertex set need not be a discrete subset of S1.
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Let us talk about the closedness of lamination systems. First, we must
have the concept of convergence in lamination systems. The third condition
of lamination systems allows us define the notion of the limit of a sequence of
leaves.

Definition 2.6 ([5]). Let L be a lamination system, and {ℓn}∞n=1 be a
sequence of leaves in L. Let J be a nondegenerate open interval. We say that
{ℓn}∞n=1 converges to J if there is a sequence {In}∞n=1 in L such that for each
n ∈ N, ℓn = ℓ(In), and

J ⊆ lim inf In ⊆ lim sup In ⊆ J.

We denote this by ℓn → J .

This definition is symmetric in the following sense.

Proposition 2.7 ([5]). Let L be a lamination system and {ℓn}n=1 be a
sequence of leaves in L. Let J be a nondegenerate open interval. Suppose that
there is a sequence {In}∞n=1 in L such that for each n ∈ N, ℓn = ℓ(In) and

J ⊆ lim inf In ⊆ lim sup In ⊆ J.

Then

J∗ ⊆ lim inf I∗n ⊆ lim sup I∗n ⊆ J∗.

Since the third condition on lamination systems guarantees that the limit
of an ascending sequence on a lamination system is in the lamination system,
we need to consider descending sequences to say about limits of arbitrary
sequences on lamination systems. The following lemma implies the closedness
of descending sequences in a lamination system L.

Lemma 2.8 ([5]). Let {In}∞n=1 be a sequence on a lamination system L

such that In+1 ⊆ In for all n ∈ N, and
∞⋃

n=1

I∗n = J ∈ L. Then Int
( ∞⋂

n=1

In

)
=

J∗ ∈ L.
With this lemma, the following proposition shows the closedness of lami-

nation systems.

Proposition 2.9 ([5]). If a sequence {ℓn}∞n=1 of leaves of a lamination
system L converges to a nondegenerate open interval J , then J ∈ L.

Moreover, by Proposition 2.7 we can prove that if ℓn → J , then ℓn → J∗,
and so J∗ ∈ L. Due to that, we can make a concept of the limit of a sequence
of leaves.

Definition 2.10 ([5]). Let L be a lamination system, and {ℓn}∞n=1 be a
sequence of leaves on L. Let ℓ be a leaf of L. Then, we say that {ℓn}∞n=1

converges to ℓ if ℓn → I for some I ∈ ℓ and we denote it by ℓn → ℓ.
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Remark 2.11. Let Λ be a lamination of S1. Then the set

L = {(a, b)S1 : {a, b} ∈ Λ}
is a lamination system. Conversely, for a given lamination system L, the set

Λ = {v(ℓ(I)) : I ∈ L}.
Note that if a sequence {ℓn}∞n=1 of leaves of L converges to ℓ, then {v(ℓn)}∞n=1

is also a sequence of leaves of Λ and converges to v(ℓ).

2.7. Lamination systems and laminar groups. A homeomorphism f on S1 is
orientation preserving if for each positively oriented triple (x, y, z) ∈ (S1)3 −
∆3(S

1), (f(x), f(y), f(z)) is positively oriented. Homeo+(S1) is the set of
orientation preserving homeomorphisms on S1. For each f ∈ Homeo+(S1),
we denote the set of fixed points of f by Fixf .

Let G be a subgroup of Homeo+(S1). The group G is called a laminar
group if there is a lamination system L such that for any g ∈ G and I ∈ L,
g(I) ∈ L . We say a lamination system L to be G-invariant if for each g ∈ G
and I ∈ L, g(I) ∈ L . Note that on a G-invariant lamination system, every
gap is mapped to a gap and the converging property is preserved under the
given G-action.

Let L be a lamination system on S1. On a lamination system L on
S1, a gap G with |v(G )| < ∞ is called an ideal polygon. In particular,
an ideal polygon is called a non-leaf ideal polygon if it is not a non-leaf
gap. We say that a lamination system L is very full if every gap of L
is an ideal polygon. Note that for an ideal polygon G , since v(G ) is a
finite set, we can write v(G ) = {x1, x2, · · · , xn} where |v(G )| = n, and
(x1, x2, · · · , xn) is a positively oriented n-tuple. Moreover, we can represent
G = {(x1, x2)S1 , (x2, x3)S1 , · · · , (xn−1, xn)S1 , (xn, x1)S1}.

Let {I, J} be a subset of L. Then, {I, J} is called a distinct pair if
I ∩ J = ∅, and {I, J} is not a leaf. A distinct pair {I, J} is separated if there
is a non-leaf gap G such that I ⊆ K and J ⊆ L for some K,L ∈ G , not
necessarily K ̸= L. The lamination system L is totally disconnected if every
distinct pair is separated.

Let I ∈ L and {ℓn}∞n=1 be a sequence of leaves of L. Then we call {ℓn}∞n=1

an I-side sequence if for all n ∈ N, I /∈ ℓn, and ℓn lies on I, and ℓn → I. And
we say that I is isolated if there is no I-side sequence on L. Moreover, a leaf
ℓ is isolated if each element of ℓ is isolated.

For a lamination system L, let E(L) =
⋃

I∈L
v(ℓ(I)) and we call it the end

points set of L. When we consider several lamination systems at the same
time, considering transversality is useful.

Definition 2.12. Two lamination systems L1 and L2 on S1 are trans-
verse if L1 ∩L2 = ∅. They are said to be strongly transverse if E(L1) ∩
E(L2) = ∅.
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2.8. Some technical lemmas. The following structure is useful to deal with
the configuration of leaves and to argue the existence of a gap.

Definition 2.13 ([5]). Let L be a lamination system on S1 and I be
a nondegenerate open interval. Then, for p ∈ I, we define CI

p as the set

CI
p = {J ∈ L : p ∈ J ⊆ I}.

We can see that CI
p is totally ordered by the set inclusion [5]. The follow-

ing lemma gives good descending or ascending sequences of CI
p to make sure

the existence of the maximal or minimal interval in CI
p .

Lemma 2.14 ([5]). Let L be a lamination system on S1, and I be a
nondegenerate open interval. Let x be an element of I. Assume that CI

x is
nonempty. Then there is a sequence {Jn}∞n=1 on CI

x such that for all n ∈ N,

Jn ⊆ Jn+1, and
∞⋃

n=1

Jn =
⋃

K∈CI
x

K. Also, there is a sequence {Kn}∞n=1 on CI
x

such that for all n ∈ N, Kn+1 ⊆ Kn, and
∞⋂

n=1

Kn =
⋂

K∈CI
x

K.

The following lemma shows that the one-sided isolation condition is a
sufficient condition for a gap to exist.

Lemma 2.15 ([5]). Let L be a lamination system on S1 and I ∈ L. Sup-
pose that I∗ is isolated. Then there is a non-leaf gap G such that I ∈ G .

Like leaves, there is a kind of unlinkedness for gaps.

Lemma 2.16 ([5]). Let L be a lamination system on S1, and G , G ′ be two
gaps with |G |, |G ′ | ≥ 2. Then, G = G ′ or there are I in G , and I ′ in G ′ such
that I∗ ⊆ I ′, and for all J ∈ G , ℓ(J) lies on I ′, and for all J ′ ∈ G ′, ℓ(J ′) lies
on I.

Let L be a lamination system on S1. L is called dense if E(L) is a dense
subset of S1. Let p ∈ S1 and L be a dense lamination system. Suppose that
there is a sequence {In}∞n=1 on L such that for all n ∈ N, In+1 ⊆ In, and⋂

n∈N
In = {p}. We call such a sequence a rainbow at p. In [3], it is observed

that very full laminations have abundant rainbows.

Theorem 2.17 ([3],[5]). Let L be a very full lamination system of S1.
Then, for each p ∈ S1, either p ∈ E(L) or p has a rainbow, and these two
possibilities are mutually exclusive. Moreover, E(L) is dense in S1.

Totally disconnectedness is an important condition since it guarantees the
existence of a gap. The transversality condition makes lamination systems be
totally disconnected.

Lemma 2.18 ([1],[5]). If two dense lamination systems are strongly trans-
verse , then each of the lamination systems is totally disconnected.
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3. Laminar groups with two lamination systems and fixed point
sets

Analyzing fixed point sets of elements of laminar groups is useful to study
laminar groups. Let g be an element of Homeo+(S1). If g is not trivial, the
fixed point set Fixg is a proper closed subset of S1. Hence, the complement
of the fixed set Fixg is an at most countable disjoint union of open intervals.
Therefore, we can see that the action of g is just translations on the intervals of
the complement of Fixg . Fortunately, unlike laminar groups with one invariant
lamination system, in the case where laminar groups with more than two
lamination systems, the fixed point set of each element is a finite set [5].

Definition 3.1 ([3]). A nontrivial element g in Homeo+(S1) is said to
be :

1. elliptic if |Fixg | = 0,
2. parabolic if |Fixg | = 1, and
3. hyperbolic if |Fixg | = 2

A point p of S1 is called a cusp point of G if there is a parabolic element
g in G fixing p.

Remark 3.2 ([3]). Let G be a laminar group and L a G-invariant lam-
ination system. Suppose that L is very full. Given a cusp point, there are
infinitely many leaves of L having the cusp point as an end point.

Now we introduce some classes of laminar groups to study laminar groups
having more than two lamination systems.

Definition 3.3 ([3]). Let G be a subgroup of Homeo+(S1) and let C =
{Lα}α∈J be a collection of G-invariant very full lamination systems, where J
is an index set. Then C is called pants-like if the lamination systems in C are
pairwise transverse and for any α ̸= β ∈ J , every element of E(Lα) ∩ E(Lβ)
is a cusp point of G. A subgroup G of Homeo+(S1) is said to be pants-like
COLn for some n ∈ N if it admits a pants-like collection with n elements.

A subgroup G < Homeo+(S1) is Möbius-like if each element of G is
conjugate in Homeo+(S1) into PSL2(R). It is Möbius if G itself is conjugate
in Homeo+(S1) into PSL2(R).

We recall the following theorem.

Theorem 3.4 ([3]). Let G be a pants-like COL3 group. Then every non-
trivial element of G is conjugate in Homeo+(S1) to an element of PSL2(R).
Moreover, this conjugacy preserves type: elliptic elements are conjugate to
finite-order elliptics in PSL2(R), parabolic elements to parabolics, and hy-
perbolic elements to hyperbolics. Furthermore, G is discrete in Homeo+(S1)
under the compact–open topology
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Thus every pants-like COL3 group is Möbius-like and discrete. In Sec-
tion 4, we promote this Möbius-like property to the Möbius property by prov-
ing Theorem A.

In Lemma 2.18, transversality implies total disconnectedness. A similar
statement holds for pants-like COL2 groups:

Proposition 3.5. Let G be a pants-like COL2 group and C = {L1,L2}
be a pants-like collection for G. Then both L1 and L2 are totally disconnected.

Proof. First we show that L1 is totally disconnected. Assume that there
is a {I, J} be a distinct pair of L1 . We claim that if there is a point p in I∗∩J∗

such that CI∗
p ∩CJ∗

p is nonempty in L1, then {I, J} is separated. Let K be the

union of elements of CI∗
p ∩CJ∗

p . Then K is a nondegenerate open interval such

that CK
p = CI∗

p ∩ CJ∗
p . Moreover, by Lemma 2.14 and the closedness of L1,

we have that K ∈ L1 . Now we show that K∗ is isolated. Assume that there
is a K∗-side sequence {ℓn}∞n=1 of L1 . Then we can take a sequence {In}∞n=1

in L1 so that ℓn = ℓ(In) for all n ∈ N and

K∗ ⊆ lim inf In ⊆ lim sup In ⊆ K∗.

Choose a point pI in I and a point pJ in J . Since {pI , pJ} ⊆ K∗ and K∗ ⊆

lim inf In, there is a number N in N such that {pI , pJ} ⊆
∞⋂

k=N

Ik, that is for

all n with N ≤ n, {pI , pJ} ⊆ In. Similarly choose a point pK in K. Since
lim sup In ⊆ K∗ and pK /∈ Kc = K∗, there is a number M in N such that

pK /∈
∞⋃

k=M

Ik, that is for all n ∈ N with M ≤ n, pK /∈ In. Fix n0 with

max{N,M} < n0. Now we consider the unlinkedenss of I and In0
. Since

pI ∈ I ∩ In0
and I ∩ In0

is nonempty, there are three possible cases: I ⊆ In0
;

In0 ⊆ I; I∗n0
⊆ I. If In0 ⊆ I, then pJ /∈ In0 as pJ /∈ I. This is a contradiction.

If I∗n0
⊆ I, then pK ∈ I∗n0

⊆ I but pK ∈ K ⊆ (I∗ ∩ J∗) ⊆ I∗ = (I)c. This
is also a contradiction. Hence I ⊆ In0

is the only possible case. Likewise
J ⊆ In0 . Moreover since ℓ(In0) lies in K∗, In0 ⊆ K∗ or I∗n0

⊆ K∗. However, if
I∗n0

⊆ K∗, then pK ∈ K ⊆ In0 so this is in contradiction to that pK /∈ In0 . So

In0 ⊆ K∗ is the only possible case and then p ∈ I∗n0
. Therefore I∗n0

⊆ CI∗
p ∩CJ∗

p

and K ⊆ I∗n0
. However since {ℓn}∞n=1 is a K∗-side sequence, ℓ(In0

) ̸= ℓ(K)

and so K ⊊ I∗n0
. This contradicts the maximality of K in CK

p . Therefore
K∗ is isolated. By Lemma 2.15, there is a non-leaf gap G of L1 such that
K ∈ G . Then since G is a gap, there are two elements UI and UJ in G such
that ℓ(I) lies on UI and ℓ(J) lies on UJ . If I

∗ ⊆ UI , then K ⊆ I∗ ⊆ UI so
K = I∗ = UI . However pJ ∈ I∗ and pJ /∈ K. Hence this is a contradiction.
Therefore I ⊆ UI . Similarly we can get that J ⊆ UJ . Thus the distinct pair
{I, J} is separated so the claim is proved.
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Now observe that the intersection I∗∩J∗ is a nonempty open set as {I, J}
is not a leaf of L1 . Then since E(L2) is dense by Lemma 2.17, there is a point
p in I∗ ∩ J∗ ∩ E(L2). If p /∈ E(L1), then by Lemma 2.17, there is a rainbow
{Jn}∞n=1 at p in L1. Therefore we can show that CI∗

p ∩ CJ∗
p is nonempty in

this case, proving that Jn ∈ CI∗
p ∩ CJ∗

p for some n ∈ N. Hence by the claim,
{I, J} is separated. If not, p is in E(L1) ∩ E(L2) and is a cusp point of G
since {L1,L2} is a pants-like collection. Then there is a parabolic element g
of G fixing p and there is a leaf ℓ of L1 having p as an end point. Now we
take a nondegenerate open interval U which is a neighborhood of p so that
U ∩ (I ∪ J) = ∅. Since g is parabolic, gL(ℓ) lies on U for some L ∈ N. Hence
there is an element V in gL(ℓ) such that V ⊆ U and we pick a point q in
V. Then CI∗

q ∩ CJ∗
q is nonempty as V ∈ CI∗

q ∩ CJ∗
q . By the claim, {I, J}

is separated. Thus L1 is totally disconnected. Likewise L2 is also totally
disconnected.

Corollary 3.6. Let G be a pants-like COL2 group and C = {L1,L2} be
a pants-like collection for G. Then each of L1 and L2 has a non-leaf ideal
polygon.

Proof. Let L be an element of C. Since L is nonempty, there is an
element I of L and because E(L) is dense in S1, there is a point p in I∩E(L).
Hence there is a leaf ℓ having p as an end point and then since ℓ lies on I,
there is an element J of ℓ such that J ⊆ I. Note that I /∈ ℓ since p /∈ v(ℓ(I))
Therefore {J, I∗} is a distinct pair and so by Proposition 3.5, there is a non-
leaf gap G of L which makes {J, I∗} be separated. Thus G is a non-leaf ideal
polygon since L is very full.

Corollary 3.7. Let G be a pants-like COL2 group and C = {L1,L2} be
a pants-like collection for G. If G is Möbius-like, then G is a discrete subgroup
of Homeo+(S1) with the compact–open topology.

Proof. Let L be an element of C. Then by Corollary 3.6, there is a
non-leaf ideal polygon G of L . Then we write

G = {(x1, x2)S1 , (x2, x3)S1 , · · · , (xm, x1)S1}
for some m ∈ N with 2 < m. We choose a number ϵ in R so that 0 < ϵ <
dC(xr, xs)/3 for all r, s ∈ Zm.

Now we assume that G is not discrete, that is there is a sequence {gn}∞n=1

of nontrivial distinct elements of G converging to the identity map idS1 un-
der the compact–open topology. Then for each r ∈ Zm, let Ur be the ϵ-
neighborhood of xr in S1, i.e. Ur = {z ∈ S1 : dC(xr, z) < ϵ}. Fix r ∈ Zm.
Since {xr} is compact and {gn}∞n=1 converges to idS1 , there is a number Nr

in N such that gn(xr) ⊆ Ur whenever Nr < n.
Then we choose a numberN in N which is greater than max{N1, N2, · · · , Nm}.

Then for each r ∈ Zm, gN (xr) ∈ Ur. On the other hand, by Lemma 2.16,
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gN (G ) = G or gN ({x1, x2, · · · , xm}) ⊆ [xi, xi+1]S1 for some i ∈ Zm. If
gN ({x1, x2, · · · , xm}) ⊆ [xi, xi+1]S1 for some i ∈ Zm, then ϵ < dC(xi+2, gN (xi+2))
so this is in contradiction to that gN (xi+2) ∈ Ui+2. If gN (G ) = G , then by
the choice of N , gN must fix the end points of G and so gN has at least
three fixed points since G is not a leaf. However because G is Möbius-like,
gN must be the identity map but this is a contradiction since gN was taken
to be nontrivial. Thus G is a discrete subgroup of Homeo+(S1).

Corollary 3.8. Every pants-like COL3 group is a discrete subgroup of
Homeo+(S1) with the compact–open topology.

Proof. It follows from Theorem 3.4 and Corollary 3.7.

Hence we cloud expect the following lemma.

Lemma 3.9. Let G be a pants-like COL2 group and C = {L1,L2} be
a pants-like collection for G. If G is Möbius-like, then hyperbolic elements
can not share fixed points with parabolic elements, that is for any hyperbolic
element g and parabolic element h of G, Fixg ∩Fixh = ∅.

Proof. Let C = {L1,L2} be a pants-like collection for G. Assume that
there is a hyperbolic element g and a parabolic element h of G such that
Fixg ∩Fixh = {p}. We denote the other fixed point of g by q. For each i ∈ Z2,
there is a leaf ℓi of Li since p is a cusp point.

Fix i ∈ Z2. We claim that there is a leaf ℓi∞ of Li such that v(ℓi∞) = Fixg .
If q ∈ v(ℓi), then ℓi∞ = ℓi. If not, there is an element Ii in ℓi containing the
point q. Consider the sequences {gn(Ii)}∞n=1 and {g−n(Ii)}∞n=1.When g(Ii) ⊊

Ii, Ii∞ = Int
( ∞⋂

n=1

gn(Ii)
)
is in Li by Lemma 2.8 and v(ℓ(Ii∞)) = {p, q}.

Hence ℓi∞ = ℓ(Ii∞). Similarly if Ii ⊊ g(Ii), then Ii∞ = Int
( ∞⋃

n=1

g−n(Ii)
)
is in

Li and v(ℓ(Ii∞)) = {p, q}. Therefore ℓi∞ = ℓ(Ii∞). However this implies that
L1 ∩L2 ̸= ∅ and so it is a contradiction since L1 and L2 are transverse. Thus
we are done.

4. Pants-like COL3 groups are convergence groups

In this section, we show that every pants-like COL3 group is a convergence
group. Let G be a subgroup of Homeo+(S1). We say a sequence of distinct
elements of G to have the convergence property if there exist two points a and
b in S1 and a subsequence {gn}∞n=1 such that the sequence {gn|S1−{b}}∞n=1 of

maps restricted to S1 − {b} converges uniformly to the constant map from
S1 − {b} to {a} on every compact subset of S1 − {b}. The group G is called
a convergence group if every sequence of distinct elements of G has the con-
vergence property.
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Remark 4.1. Let {gn}∞n=1 be a sequence of distinct elements of a subgroup
G < Homeo+(S1). Then {gn}∞n=1 has the convergence property if and only if
{g−1

n }∞n=1 has the convergence property.

In the proofs of several theorems related to the convergence property,
we frequently take subsequences. Hence for clarity we sometimes think of a
sequence {sn}∞n=1 in a set S as a function s from N to S so that s(n) = sn
for all n ∈ N. Also, in this sense, a subsequence {snk

}∞k=1 of the sequence has
a function α on N increasing strictly so that α(k) = nk for all k ∈ N. Let α
be a strictly increasing function on N. A strictly increasing function γ on N
is called a subindex of α if there is a strictly increasing function β on N such
that γ = α ◦ β.

In the pants-like COL3 case, it is not so easy to directly show that a
given sequence of distinct elements has the convergence property. Theorem
4.2 gives another equivalent condition for convergence groups which makes
the situation be slightly easier. Let Θ(S1) be the set of all subsets of S1 of
cardinality 3 or equivalently Θ(S1) is the quotient space of (S1)3 − ∆3(S

1)
by the symmetric group S3 permuting coordinates (following the notation in
[9]). We say that a sequence {hn}∞n=1 of distinct elements of G is properly
discontinuous on triples if for any two compact subsets K and L of Θ(S1),
the set {m ∈ N : hm(K) ∩ L ̸= ∅} is finite.

Theorem 4.2 ([9]). Let G be a subgroup of Homeo+(S1) and {gn}∞n=1 be
a sequence of distinct elements of G. If {gn}∞n=1 is properly discontinuous on
triples, then every subsequence of {gn}∞n=1 has the convergence property. The
converse also holds.

The strategy for proving that pants-like COL3 groups are convergence
groups is first to assume that there is a sequence {gn}∞n=1 not having the
convergence property. By Theorem 4.2, the sequence is not properly discon-
tinuous on triples. Then there are two compact subsets K and L of Θ(S1)
such that the set {m ∈ N : gm(K) ∩ L ̸= ∅} is infinite. Namely, there is a
strictly increasing function α on N such that for all n ∈ N, gα(n)(K)∩L ̸= ∅.

Lemma 4.3. Let X be a topological space and {gn}∞n=1 a sequence of dis-
tinct homeomorphisms on X. Suppose that there are two sequentially compact
subsets K and L of X such that gn(K) ∩ L ̸= ∅ for infinitely many n ∈ N.
Then there is a sequence {xk}∞k=1 in K and a subsequence {gnk

}∞k=1 such that
{xk}∞k=1 converges to a point x in K and {gnk

(xk)}∞k=1 converges to a point
x′ in L.

Now by Lemma 4.3, there is a sequence {xn}∞n=1 in K and a subindex β
of α such that the sequence {xn}∞n=1 converges to a point x∞ in K and the
sequence {gβ(n)(xn)}∞n=1 converges to a point y∞ in L. Set xn = (x1

n, x
2
n, x

3
n),

x∞ = (x1
∞, x2

∞, x3
∞) and y∞ = (y1∞, y2∞, y3∞). In other words we have that

for each i ∈ Z3, the sequence {xi
n}∞n=1 converges to xi

∞ and the sequence
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{gβ(n)(xi
n)}∞n=1 converges to yi∞. Then, using lamination systems, we show

that the subsequence {gβ(n)}∞n=1 has the convergence property. This is in
contradiction to the assumption.

Therefore we will focus on analyzing the sequences {xi
n}∞n=1 and {gβ(n)}∞n=1.

To control the behavior of sequences of homeomorphisms, we need to consider
a slightly generalized concept of rainbows.

Definition 4.4. Let p be a point in S1 and L a lamination system. Then
a sequence {In}∞n=1 in L is called a quasi-rainbow at the point p if for each

n ∈ N, In+1 ⊆ In and

∞⋂

n=1

In = {p}.

Every rainbow at p is also a quasi-rainbow at p. Let L be a lamination

system and {In}∞n=1 a rainbow at p ∈ S1. Then {p} =
∞⋂

n=1

In ⊆
∞⋂

n=1

In.

Assume that there is a element q such that q ∈
∞⋂

n=1

In −{p}. Then q ∈ In for

all n ∈ N. On the other hand, since {p} =
∞⋂

n=1

In and In+1 ⊆ In for all n ∈ N,

there is N such that q /∈ In for all n > N. Therefore, for each n > N , q ∈ ∂In
so one of (p, q)S1 or (q, p)S1 is contained in In. If there is M and M ′ such that
M,M ′ > N , (p, q)S1 ⊆ IM , and (q, p)S1 ⊆ IM ′ , then one of IM and IM ′ must
be (q, q)S1 since it is either IM ⊆ IM ′ or IM ′ ⊆ IM . It is a contradiction since
(q, q)S1 /∈ L. Therefore, if (p, q)S1 ⊆ IN ′ for some N ′ > N , then (p, q)S1 ⊆ In

for all n > N ′ but {p} ⊊ [p, q)S1 ⊆
∞⋂

n=1

In. It is a condtradiction. Similarly,

if (q, p)S1 ⊆ IN ′′ for some N ′′ > N , then (q, p)S1 ⊆ In for all n > N ′′ but

{p} ⊊ (q, p]S1 ⊆
∞⋂

n=1

In. It is also a contradiction. Thus the rainbow {In}∞n=1

is a quasi-rainbow at p.

Definition 4.5. Let p be a point in S1 and {pn}∞n=1 a sequence in S1

converging to the point p. If φ(p, p1, p2) ̸= 0 and φ(p, p1, p2) = φ(p, pn, pn+1)
for all n ∈ N, then we say that the sequence {pn}∞n=1 converges monotonically
to the point p.

Let {pn}∞n=1 be a sequence in S1 converging monotonically to a point
p in S1. Observe that for each n ∈ N, φ(p, pn, pm) = φ(p, p1, p2) for all
m ∈ N with n < m. Hence every subsequence also converges monotonically.
If φ(p, p1, p2) = −1 and φ(p, p2, p1) = 1, then pn ∈ (p, p1)S1 for all n ∈ N
with n > 1 as φ(p, pn, p1) = 1 for all n ∈ N with n > 1. Moreover, for each
n ∈ N, pm ∈ (p, pn)S1 for all m ∈ N with n < m. Then for any n and m
in N with n < m, (p, pm)S1 ⊊ (p, pn)S1 and since {pn}∞n=1 converges to p,
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∞⋂

n=1

(p, pn)S1 = ∅ and
∞⋂

n=1

[p, pn]S1 = {p}. This looks like a quasi-rainbow at

p. Likewise, if φ(p, p1, p2) = 1, then we can derive similar results.

Lemma 4.6. Let G be a pants-like COL2 group and C = {L1,L2} be a
pants-like collection for G. Let p be a point in S1 and {pn}∞n=1 be a sequence in
S1 converging monotonically to p. Then there exists a subsequence {pnk

}∞k=1

and a quasi-rainbow {Ik}∞k=1 in Li for some i ∈ Z2 such that pnk
∈ Ik for all

k ∈ N.

Proof. First, we consider the case where one of L1 or L2 has a rainbow
{In}∞n=1 at p. For each n ∈ N, there is a number m(n) in N such that for
all m with m(n) < m, pm ∈ In because In is a neighborhood of p. Then a

subindex α of the identity idN on N can be given by α(n) =

n∑

k=1

m(k) so that

pα(n) ∈ In for all n ∈ N.
Then assume that there is no rainbow at p in both L1 and L2. By Theorem

2.17, p ∈ E(L1) ∩ E(L2), so p is a cusp point of G since C is pants-like.
As observed previously, there is a sequence {Jn}∞n=1 of nondegenerate open
intervals such that Jn+1 ⊆ Jn. Write ∂Jn = {p, pn}. Choose a leaf ℓ of L1

having the point p as an end point. Let q denote the other end point of ℓ.

Because
∞⋂

n=1

Jn = {p}, there is a number N such that q /∈ JN . Since

S1 −{p, q} = (p, q)S1 ∪ (q, p)S1 , JN ⊆ S1 −{p, q}, and JN is connected, there
is an element I in ℓ such that JN ∩ I∗ = {p}. Therefore, pm ∈ I for all m
with N ≤ m. Since p is a cusp point of G, we can take a parabolic element g
in G fixing p so that g(q) ∈ I and g(I) ⊂ I.

Now we claim that for each n ∈ N, there is a number o(n) in N such that
pm ∈ gn−1(I) for all m ∈ N with o(n) ≤ m. When n = 1, o(1) = N . Fix
a number n. Since gn(q) ∈ gn−1(I) ⊂ S1 − {p}, there is a number M with
N < M such that gn(q) /∈ JM . Then one of gn(I) or gn(I∗) contains JM .
If JM ⊆ gn(I∗), then JM ⊆ gn(I∗) ∩ I, and so pm ∈ gn(I∗) ∩ I for all m
with M < m. Hence the open neighborhood gn(I) ∪ {p} ∪ I∗ of p contains
only finitely many points of the sequence {pn}∞n=1 since gn(I) ∪ {p} ∪ I∗ and
gn(I∗) ∩ I are disjoint. This contradicts the fact that {pn}∞n=1 converges to

p. Therefore JM ⊆ gn(I) and JM ∩ gn(I∗) = {p}. Hence pm ∈ gn(I) for all
m with M ≤ m. Thus if we set o(n+ 1) = M , then the claim is proved.

Finally, define a subindex β of idN by β(n) =
n∑

k=1

o(k) so that pβ(n) ∈

gn−1(I) for all n ∈ N. The sequence {gn−1(I)}∞n=1 is contained in L1, and
hence it is a quasi-rainbow at p in L1. Thus we are done.
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Definition 4.7. Let G be a laminar group and L a G-invariant lamina-
tion system. Let p ∈ S1. Assume that there is a quasi-rainbow {In}∞n=1 at p.
A sequence {(gn, In)}∞n=1 of elements of G×L is called a pre-approximation
sequence at p if there is a point x in S1 such that gn(x) ∈ In for all n ∈ N.

Remark 4.8. Any subsequence of a pre-approximation sequence at p is
also a pre-approximation sequence at p.

The following is a key lemma to prove the main result of this chapter.
This lemma allows us to properly pass to subsequences.

Lemma 4.9. Let G be a pants-like COL2 group and C = {L1,L2} be
a pants-like collection for G. Suppose that we have a sequence {xn}∞n=1 of
elements of S1 converging to x ∈ S1 and a sequence {gn}∞n=1 of distinct
elements of G such that {gn(xn)}∞n=1 converges to x′ ∈ S1. Then we can have
one of the following cases:

1. there is a subsequence {gnk
}∞k=1 such that gnk

(x) = x′ for all k ∈ N;
2. there is a subsequence {gnk

}∞k=1 and a quasi-rainbow {Ik}∞k=1 at x′ in
Li for some i ∈ Z2 such that the sequence {(gnk

, Ik)}∞k=1 is a pre-
approximation sequence at x′;

3. there is a subsequence {gnk
}∞k=1 and a quasi-rainbow {Ik}∞k=1 at x in

Li for some i ∈ Z2 such that the sequence {(g−1
nk

, Ik)}∞k=1 is a pre-
approximation sequence at x.

Proof. Observe that every convergence sequence in S1 has a constant
subsequence or a subsequence converging monotonically. First we will take
a subsequence of {xn}∞n=1. Then we need to consider two possible cases by
the observation. Assume that there is a subindex α of the identity idN such
that the subsequence {xα(n)}∞n=1 is constant i.e. xα(n) = x for all n ∈ N.
The sequence {gα(n)(xα(n))}∞n=1 still converges to x′. We will take again a
subindex of α for {gα(n)(xα(n))}∞n=1. If there is a subindex β of α such that
{gβ(n)(xβ(n))}∞n=1 is constant, then gβ(n)(x) = gβ(n)(xβ(n)) = x′ for all n ∈ N
and this is the first case of the statement. If there is a subindex β of α such
that the sequence {gβ(n)(xβ(n))}∞n=1 converges monotonically to x′, then by
Lemma 4.6, we can take a subindex γ of β and a quasi-rainbow {In}∞n=1 at x′

in Li for some i ∈ Z2 so that gγ(n)(xγ(n)) ∈ In for all n ∈ N. Since the sequence
{xγ(n)}∞n=1 is constant, the sequence {(gγ(n), In)}∞n=1 is a pre-approximation
sequence at x′ and this is the second case of the statement.

Next we consider the case where there is a subindex α of the identity idN
such that the subsequence {xα(n)}∞n=1 converges monotonically to x. Simi-
larly we will take a subsequence of the sequence {gα(n)(xα(n))}∞n=1. If there
is a subindex β of α such that the sequence {gβ(n)(xβ(n))}∞n=1 is constant,

then xβ(n) = g−1
β(n)(x

′) for all n ∈ N. Because the sequence {xβ(n)}∞n=1 still

converges monotonically to x, Lemma 4.6 can apply so there is a subindex
γ of β and a quasi-rainbow {In}∞n=1 at x in Li for some i ∈ Z2 such that
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g−1
γ(n)(x

′) = xγ(n) ∈ In for all n ∈ N. Then the sequence {(g−1
γ(n), In)}∞n=1 is a

pre-approximation sequence at x and this is the third case.
Finally we assume that there is a subindex β of α such that the sequence

{gβ(n)(xβ(n))}∞n=1 converges monotonically to x′. By Lemma 4.6, there is a
subindex γ of β and a quasi-rainbow {Jn}∞n=1 at x′ in Li for some i ∈ Z2 such
that gγ(n)(xγ(n)) ∈ Jn for all n ∈ N. For brevity, we write hn = gγ(n) and

yn = xγ(n). Let us consider the sequence {h−1
n (Jn)}∞n=1.

First, assume that x ∈ h−1
n (Jn) for infinitely many n ∈ N. Then there is

a subindex δ of the identity idN such that x ∈ h−1
δ(n)(Jδ(n)) = h−1

δ(n)(Jδ(n)) for

all n ∈ N. Then hδ(n)(x) ∈ Jδ(n) for all n ∈ N and since {Jδ(n)}∞n=1 is a quasi-
rainbow at x′, the sequence {hδ(n)(x)}∞n=1 converges to x′. Then there are two
possible cases. First, if there is a subindex ϵ of δ such that {hϵ(n)(x)}∞n=1 is a
constant sequence, then {gγ◦ϵ(n)}∞n=1 is in the first case. Second, if we can take
a subindex ϵ of δ so that the sequence {hϵ(n)(x)}∞n=1 converges monotonically
to x′, then by Lemma 4.6, there are a subindex ζ of ϵ and a quasi-rainbow
{In}∞n=1 at x′ in Li for some i ∈ Z2 such that hζ(n)(x) ∈ In for all n ∈ N.
Then the sequence {(gγ◦ζ(n), In)}∞n=1 is a pre-approximation sequence at x′

and this is the second case.
Next, assume that x ∈ h−1

n (Jn) for only finitely many n ∈ N. Then we

can take a subindex δ of idN such that x /∈ h−1
δ(n)(Jδ(n)) for all n ∈ N. Now,

we consider the case where there is n0 in N such that yδ(n0) ∈ h−1
δ(n)(Jδ(n)) for

infinitely many n in N. Then we can take a subindex ζ of δ so that ζ(1) = δ(n0)
and yζ(1) ∈ h−1

ζ(n)(Jζ(n)) for all n ∈ N. Observe that if yζ(m) ∈ h−1
ζ(n)(Jζ(n)) for

infinitely many m ∈ N, then x ∈ h−1
ζ(n)(Jζ(n)), so, by assumption, for each n ∈

N, yζ(m) ∈ h−1
ζ(n)(Jζ(n)) for only finitely many m ∈ N. Then there is a number

M in N such that yζ(m) /∈ h−1
ζ(1)(Jζ(1)) for all m ∈ N with M < m. Choose a

number m with M < m. Now there are four cases: h−1
ζ(m)(Jζ(m)) ⊆ h−1

ζ(1)(Jζ(1))

; h−1
ζ(m)(Jζ(m))

∗ ⊆ h−1
ζ(1)(Jζ(1)); h−1

ζ(1)(Jζ(1)) ⊆ h−1
ζ(m)(Jζ(m))

∗; h−1
ζ(1)(Jζ(1)) ⊆

h−1
ζ(m)(Jζ(m)). Since yζ(m) ∈ h−1

ζ(m)(Jζ(m)) − h−1
ζ(1)(Jζ(1)), the first case that

h−1
ζ(m)(Jζ(m)) ⊆ h−1

ζ(1)(Jζ(1)) is not possible. Also, since x ∈ h−1
ζ(m)(Jζ(m))

∗ −
h−1
ζ(1)(Jζ(1)), the second case is not possible. If h−1

ζ(1)(Jζ(1)) ⊆ h−1
ζ(m)(Jζ(m))

∗,

then h−1
ζ(1)(Jζ(1)) ∩ h−1

ζ(m)(Jζ(m)) = ∅ but this is in contradiction with that

yζ(1) ∈ h−1
ζ(1)(Jζ(1))∩h−1

ζ(m)(Jζ(m)). Therefore, h
−1
ζ(1)(Jζ(1)) ⊆ h−1

ζ(m)(Jζ(m)), and

yζ(1) ∈ h−1
ζ(m)(Jζ(m)) for allm ∈ N withM < m. So we have that hζ(m)(yζ(1)) ∈

Jζ(m) for all m ∈ N with M < m and we define a subindex η of ζ as η(n) =
ζ(n + M) for all n ∈ N. Then, {(gγ◦η(n), Jη(n))}∞n=1 is a pre-approximation
sequence at x′ since gγ◦η(n)(yζ(1)) = hζ(n+M)(yζ(1)) ∈ Jη(n) for all n ∈ N.
Thus, this is the second case.
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Now we also assume that there is no such a n0. Then for each n ∈ N,
we define Ln = {h−1

δ(m)(Jδ(m)) : m ∈ N and yδ(n) ∈ h−1
δ(m)(Jδ(m))}. Obviously,

any Ln is not empty since yδ(n) ∈ h−1
δ(n)(Jδ(n)) and h−1

δ(n)(Jδ(n)) ∈ Ln, and

is finite by the assumption. Fix a number n ∈ N. First we show that Ln is
totally ordered by the set inclusion ⊆ . Let M and N be elements of Ln. Then
since each element belong to the same lamination system, M ⊆ N , M∗ ⊆ N ,
M ⊆ N∗ or M∗ ⊆ N∗ by unlinkedness. If M∗ ⊆ N , then x ∈ M∗ ⊆ N
as x /∈ M = (M∗)c. It is in contradiction to that x /∈ N . The case where
M ⊆ N∗ is also impossible since yδ(n) ∈ M but yδ(n) /∈ N∗. Therefore M ⊆ N
or M∗ ⊆ N∗, or equivalently M ⊆ N or N ⊆ M . Thus the claim is proved.

Then we want to show that for anym and n in N,
⋃

Lm and
⋃

Ln are same
or disjoint. Note that

⋃
Ln and

⋃
Lm are the maximal elements of Lm and

Ln respectively. By unlinkedness,
⋃
Lm ⊆ ⋃

Ln,
[⋃

Lm

]∗ ⊆ ⋃
Ln,

⋃
Lm ⊆[⋃

Ln

]∗
or

[⋃
Lm

]∗ ⊆
[⋃

Ln

]∗
. If

⋃
Lm ⊆ ⋃

Ln or
[⋃

Lm

]∗ ⊆
[⋃

Ln

]∗
,

then
⋃
Lm and

⋃
Ln are same by the maximality. If

[⋃
Lm

]∗ ⊆ ⋃
Ln, then

x ∈
[⋃

Lm

]∗ ⊆ ⋃
Ln but x /∈ ⋃

Ln. So this is not a possible case. If⋃
Lm ⊆

[⋃
Ln

]∗
, then

⋃
Lm and

⋃
Ln are disjoint. Therefore the claim can

be attained.
Next we claim that for any n and m in N with n ≤ m, if

⋃
Ln =

⋃
Lm,

then
⋃

Ln =
⋃
Lk for all k with n ≤ k ≤ m. Assume that for some n and

m with n < m, there is a number k in N with n < k < m such that
⋃

Ln

and
⋃

Lk are disjoint. There is a nondegenerate open interval I such that
∂I = {yδ(n), yδ(m)} and x ∈ I∗. Then [

⋃
Ln]

∗ ⊆ I∗ or equivalently I ⊆ ⋃
Ln

since x ∈ [
⋃

Ln]
∗, [

⋃
Ln]

∗ ⊆ S1 − {yδ(n), yδ(m)} and [
⋃

Ln]
∗ is connected.

Hence I and
⋃

Lk are disjoint as
⋃
Ln and

⋃
Lk are disjoint. This implies that

yδ(k) ∈ Ic = I∗ ∪ ∂I. Because yδ(k) ̸= yδ(n) and yδ(k) ̸= yδ(m), we can get that
yδ(k) ∈ I∗ and so φ(yδ(n), yδ(k), yδ(m)) = φ(yδ(n), x, yδ(m)). On the other hand
φ(x, yδ(1), yδ(2)) = φ(x, yδ(n), yδ(m)) = φ(x, yδ(n), yδ(k)) = φ(x, yδ(k), yδ(m))
since the sequence {yδ(n)}∞n=1 converges monotonically to x. By the cocycle
condition for the 4-tuple (x, yδ(n), yδ(k), yδ(m)),

0 = φ(yδ(n), yδ(k), yδ(m))− φ(x, yδ(k), yδ(m)) + φ(x, yδ(n), yδ(m))− φ(x, yδ(n), yδ(k))

= φ(yδ(n), yδ(k), yδ(m))− φ(x, yδ(1), yδ(2)) + φ(x, yδ(1), yδ(2))− φ(x, yδ(1), yδ(2))

= φ(yδ(n), yδ(k), yδ(m))− φ(x, yδ(1), yδ(2)).

Therefore,

φ(yδ(n), yδ(k), yδ(m)) = φ(x, yδ(1), yδ(2)) = φ(x, yδ(n), yδ(m)) = −φ(yδ(n), x, yδ(m)).

However this is in contradiction to that φ(yδ(n), yδ(k), yδ(m)) = φ(yδ(n), x, yδ(m))
since φ(yδ(n), x, yδ(m)) ̸= 0. Thus we can get the result which we wanted.

Then we define C = {⋃Ln : n ∈ N} and can define a partial order ≤
on C as follows. For any pair of two elements U and V in C, U ≤ V if and
only if there are numbers n and m in N such that n ≤ m, yδ(n) ∈ U , and
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yδ(m) ∈ V. This order is well-defined by the previous claims and is a total

order. Recall that as mentioned before, for each n ∈ N, yδ(m) ∈ h−1
δ(n)(Jδ(n))

for only finitely many m ∈ N. Then there is the order preserving bijection µ
from (C,≤) to N with the standard total order. Also we can define a function
ν from {yδ(n) : n ∈ N} to C so that ν(yδ(n)) =

⋃
Ln. Then the composition

map µ◦ν ◦ξ is a monotonically increasing surjection on N, where the function
ξ from N to {yδ(n) : n ∈ N} is defined by n 7→ yδ(n). Hence the map µ ◦ ν ◦ ξ
has a right inverse π. It follows at once that the map π on N is an order
preserving injection, that is the map π is a strictly increasing function on N.
Let ϵ be a subindex of δ defined by δ ◦ π.

Now we consider the sequence {h−1
ϵ(n)(Jϵ(n))}∞n=1. Since the sequence {yϵ(n)}∞n=1

converges monotonically to x, as discussed previously, there is the sequence
{Kn}∞n=1 of nondegenerate open intervals such that for each n ∈ N, ∂Kn =
{x, yϵ(n)} and Kn+1 ⊊ Kn. We claim that for each n ∈ N, h−1

ϵ(m)(Jϵ(m)) ⊆ Kn

for all m ∈ N with n < m. Choose a pair of two numbers n and m in N
with n < m. Note that ν ◦ ξ ◦ π is a bijection since ν ◦ ξ ◦ π = µ−1 ◦ idN . It
follows that Un and Um are disjoint where we write Un = ν ◦ ξ ◦ π(n) and
Um = ν ◦ ξ ◦ π(m). Because Um ⊂ S1 −{x, yϵ(n)}, yϵ(m) ∈ Kn and Um is con-

nected, we can conclude that Um ⊂ Kn. Therefore h−1
ϵ(m)(Jϵ(m)) ⊆ Um ⊂ Kn.

Thus the claim is proved.
Finally we consider the sequence {h−1

ϵ(n)(x
′)}∞n=1. Since the sequence {Jϵ(n)}∞n=1

is a quasi-rainbow at x′, by the previous claim, for each n ∈ N, h−1
ϵ(m)(x

′) ∈
h−1
ϵ(m)(Jϵ(m)) = h−1

ϵ(m)(Jϵ(m)) ⊂ Kn for all m ∈ N with n < m. Hence the

sequence {h−1
ϵ(n)(x

′)}∞n=1 converges to x as
∞⋂

n=1

Kn = {x}. Note that for each

n ∈ N, h−1
ϵ(n)(x

′) ̸= x since x /∈ h−1
ϵ(n)(Jϵ(n)). Then we can take a subindex ζ

of γ ◦ ϵ so that the sequence {g−1
ζ(n)(x

′)}∞n=1 converges monotonically to x. By

Lemma 4.6, there is a subindex η of ζ and a quasi-rainbow {In}∞n=1 at x in
Li for some i ∈ Z2 such that g−1

η(n)(x
′) ∈ In for all n ∈ N. Then the sequence

{(g−1
η(n), In)}∞n=1 is a pre-approximation sequence at x. Thus this is the third

case.

Now we will apply this lemma in turn to {x1
n}∞n=1, {x2

n}∞n=1 and {x3
n}∞n=1

with {gβ(n)}∞n=1. Then each subsequencing step has three possible cases as
Lemma 4.9. Then it turns out that after passing to a subsequence of {gβ(n)}∞n=1,
the subsequence has the following property.

Definition 4.10. Let G be a Möbius-like subgroup of Homeo+(S1) and
{gn}∞n=1 be a sequence of distinct elements of G. Let p and q be two distinct
points in S1. Then the sequence {gn}∞n=1 is called an approximation sequence
to {p, q} if for any pair of two numbers m and k of N with m < k, gk ◦ g−1

m
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is hyperbolic and the sequence {Fixgα(n+1)◦g−1
α(n)

}∞n=1 in M converges to {p, q}
for any subindex α of idN .

Remark 4.11. Every subsequence of an approximation sequence to {p, q}
is an approximation sequence to {p, q}.

First we consider the following lemmas.

Lemma 4.12. Let G be a Möbius-like subgroup of Homeo+(S1) and {gn}∞n=1

be a sequence of distinct elements of G. Let x′ and y′ be two distinct points
in S1 . Assume that there are two distinct points x and y in S1 such that for
any n ∈ N, gn(x) = x′ and gn(y) = y′. Then {gn}∞n=1 is an approximation
sequence to {x′, y′}.

Proof. Choose two distinct numbers n and m in N with n < m. Then
gm ◦ g−1

n (x′) = x′ and gm ◦ g−1
n (y′) = y′ and since {gn}∞n=1 is a sequence of

distinct elements so gn ̸= gm, the element gm ◦ g−1
n is a nontrivial element

having a fixed point. Hence gm ◦ g−1
n must be a hyperbolic element since G

is Möbius-like, {x′, y′} ⊆ Fixgm◦g−1
n

and x′ ̸= y′. Moreover for any subindex

α of idN, gα(n+1) ◦ g−1
α(n) are hyperbolic and Fixgα(n+1)◦g−1

α(n)
= {x′, y′}. Thus

{gn}∞n=1 is an approximation sequence to {x′, y′}.
Lemma 4.13. Let G be a Mobius-like laminar group and L be a G-

invariant lamination system. Let {gn}∞n=1 be a sequence of distinct elements
of G, and x′ and y′ be two distinct points in S1. Suppose that there is a point
x in S1 such that gn(x) = x′ for all n ∈ N. Assume that we can take a
quasi-rainbow {In}∞n=1 at y′ in L so that the sequence {(gn, In)}∞n=1 is a pre-
approximation sequence at y′. Further assume that x′ /∈ I1. Then {gn}∞n=1 is
an approximation sequence to {x′, y′}.

Proof. Since {(gn, In)}∞n=1 is a pre-approximation sequence at y′, there
is a point y in S1 such that gn(y) ∈ In for all n ∈ N. Choose two distinct
numbers n and m in N with n < m. Then gm ◦ g−1

n (x′) = x′ and x′ ∈
Fixgm◦g−1

n
. Since {gn}∞n=1 is a sequence of distinct elements so gn ̸= gm, the

element gm ◦ g−1
n is a nontrivial element having a fixed point.

Now we consider In. The element gm(y) belongs to (gm ◦ g−1
n (In))∩ In as

y ∈ g−1
n (In) and gm(y) ∈ Im ⊂ In. Hence gm ◦ g−1

n (In) and In are not disjoint
so by the unlinkedness of them, there are three cases: gm ◦ g−1

n (In) ⊂ In;
(gm ◦ g−1

n (In))
∗ ⊂ In; (gm ◦ g−1

n (In))
∗ ⊂ I∗n. If (gm ◦ g−1

n (In))
∗ ⊂ In or

equivalently gm ◦ g−1
n (I∗n) ⊂ In , then x′ = gm ◦ g−1

n (x′) ∈ gm ◦ g−1
n (I∗n) ⊂ In

as x′ ∈ I∗n. This is a contradiction since I and I∗ are disjoint.
Therefore gm ◦ g−1

n (In) ⊆ In or (gm ◦ g−1
n (In))

∗ ⊂ I∗n, namely gm ◦
g−1
n (In) ⊆ In or In ⊂ gm ◦ g−1

n (In). Then the Brouwer’s fixed point theo-
rem can apply and implies that there must be a fixed point of gm ◦ g−1

n in
In. Since x′ /∈ I1, In ⊂ I1, and G is Möbius-like, the element gm ◦ g−1

n is a
hyperbolic element and there is a unique fixed point in In.
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Finally let α be a subindex of idN . Note that for all n ∈ N, the ele-
ment gα(n+1) ◦ g−1

α(n) is hyperbolic and x′ ∈ Fixgα(n+1)◦g−1
α(n)

. We can write

Fixgα(n+1)◦g−1
α(n)

= {x′, pn} for all n ∈ N. As we saw, pn ∈ Iα(n). Moreover

the sequence {pn}∞n=1 converges to y′ as {Iα(n)}∞n=1 is a quasi-rainbow at y′.
Therefore the sequence {x′, pn}∞n=1 in M converges to {x′, y′}. Thus we are
done.

Lemma 4.14. Let G be a Mobius-like laminar group. Let {gn}∞n=1 be a
sequence of distinct elements of G, and let x′

1 and x′
2 be two distinct points

in S1. Suppose that, for each i ∈ Z2, there exists a G-invariant lamination
system Li, not necessarily the same for i = 1, 2, containing a quasi-rainbow
{Iin}∞n=1 at x′

i such that {(gn, Iin)}∞n=1 is a pre-approximation sequence at x′
i.

Assume that I11 and I21 are disjoint. Then {gn}∞n=1 is an approximation se-
quence to {x′

1, x
′
2}.

Proof. Choose two distinct numbers n and m in N with n < m. For
each i ∈ Z2, there is a point xi in S1 such that gn(xi) ∈ Iin for all n ∈ N since
{(gn, Iin)}∞n=1 is a pre-approximation sequence at x′

i. Hence for each i ∈ Z2,
gm(xi) ∈ gm ◦ g−1

n (Iin) so gm ◦ g−1
n (Iin) ∩ Iin ̸= ∅ since gm(xi) ∈ Iim ⊂ Iin.

Fix i ∈ Z2. By the unlinkedness of Iin and gm ◦ g−1
n (Iin), there are three

cases: gm ◦ g−1
n (Iin) ⊂ Iin; gm ◦ g−1

n (Iin)
∗ ⊂ Iin; gm ◦ g−1

n (Iin)
∗ ⊂ (Iin)

∗. If
gm ◦ g−1

n (Iin)
∗ ⊂ Iin, then gm ◦ g−1

n (Ii+1
n ) ⊂ gm ◦ g−1

n ((Iin)
∗) ⊂ Iin since I11 and

I21 are disjoint and Ii+1
n ⊂ (Iin)

∗. Hence gm(xi+1) ∈ gm ◦ g−1
n (Ii+1

n ) ⊂ Iin as
xi+1 ∈ g−1

n (Ii+1
n ), and so gm(xi+1) ∈ (Ii+1

m ∩ Iin) ⊂ (Ii+1
n ∩ Iin). However this

is a contradiction since I11 and I21 are disjoint. Therefore gm ◦g−1
n (Iin) ⊂ Iin or

gm ◦ g−1
n (Iin)

∗ ⊂ (Iin)
∗, namely gm ◦ g−1

n (Iin) ⊂ Iin or Iin ⊂ gm ◦ g−1
n (Iin). Then

the Brouwer’s fixed point theorem can apply and implies that for each i ∈ Z2,
Iin has a fixed point of the element gm ◦ g−1

n . Therefore the element gm ◦ g−1
n

has at least two fixed points since I11 and I21 are disjoint. Note that gm ◦g−1
n is

nontrivial since {gn}∞n=1 is a sequence of distinct elements so gn ̸= gm. Since
G is Möbius-like, gm ◦ g−1

n must be hyperbolic and so for each i ∈ Z2, I
i
n has

exactly one fixed point of the element gm ◦ g−1
n .

Finally let α be a subindex of idN . Note that for each n ∈ N, the element

gα(n+1) ◦ g−1
α(n) is hyperbolic and for each i ∈ Zi, Iiα(n) has exactly one fixed

point pin of gα(n+1) ◦ g−1
α(n) . Hence we can write Fixgα(n+1)◦g−1

α(n)
= {p1n, p2n}

for all n ∈ N. Therefore the sequence {p1n, p2n}∞n=1 in M converges to {x′
1, x

′
2}

as {I1α(n)}∞n=1 and {I2α(n)}∞n=1 are quasi-rainbows at x′
1 and x′

2 respectively.

Thus we are done.

We now prove the first main theorem. We shall use Lemma 7.3; since its
proof requires some additional notions which are not used elsewhere in this
section, we defer it to Appendix 7.
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Theorem A Every pants-like COL3 group is a convergence group.

Proof. Let G be a pants-like COL3 group and C = {Li}i∈Z3
be a pants-

like collection for G. We want to show that every sequence of distinct elements
of G has the convergence property. Now we assume that there is a sequence
{gn}∞n=1 of distinct elements of G that does not have the convergence property.
Then by Proposition 4.2, the sequence is not properly discontinuous on triples,
that is there are two compact subsets K and L of Θ(S1) such that {m ∈
N : gm(K) ∩ L ̸= ∅} is infinite. Hence there is a sequence {xn}∞n=1 in K
converging to a point x∞ in K and a subindex α of idN such that the sequence
{gα(n)(xn)}∞n=1 converges to a point y∞ in L by Lemma 4.3. Then we write

xn = (x1
n, x

2
n, x

3
n) for all n ∈ N∪{∞} and y∞ = (y1∞, y2∞, y3∞) so that for each

i ∈ Z3, the sequence {xi
n}∞n=1 in S1 converges to the point xi

∞ of S1 and the
sequence {gα(n)(xi

n)}∞n=1 converges to the point yi∞ of S1. Choose a number

ϵ in R so that 0 < ϵ < dC(xi
∞, xi+1

∞ )/3 and 0 < ϵ < dC(yi∞, yi+1
∞ )/3 for all

i ∈ Z3. For each p ∈ x∞ ∪ y∞, we write Nϵ(p) = {z ∈ S1 : dC(p, z) < ϵ}.
First if there is a subindex β of α such that for some i0 ∈ Z3, gβ(n)(x

i0∞) =

yi0∞ and gβ(n)(x
i0+1
∞ ) = yi0+1

∞ for all n ∈ N. Then by Lemma 4.12, the sequence

{gβ(n)}∞n=1 is an approximation sequence to {yi0∞, yi0+1
∞ } and also {g−1

β(n)}∞n=1 is

an approximation sequence to {xi0∞, xi0+1
∞ }. Applying Lemma 4.9 to the index

i0+2, we can take a subindex γ of β so that {gγ(n)}∞n=1 is one of the three cases

in Lemma 4.9. In the case where gγ(n)(x
i0+2
∞ ) = yi0+2

∞ for all n ∈ N, we get that
y∞ ⊂ Fixgγ(n+1)◦g−1

γ(n)
for all n ∈ N. This implies that gγ(n+1) ◦ g−1

γ(n) = idS1

for all n ∈ N since every pants-like COL3 group is Möbius-like. This is in
contradiction to that the sequence {gn}∞n=1 is a sequence of distinct elements
of G. The first case is not possible. Hence there is a quasi-rainbow {In}∞n=1

in some lamination system in C such that either {(gγ(n), In)}∞n=1 is a pre-

approximation sequence at yi0+2
∞ or {(g−1

γ(n), In)}∞n=1 is a pre-approximation

sequence at xi0+2
∞ . When {(gγ(n), In)}∞n=1 is a pre-approximation sequence at

yi0+2
∞ , there is a number N in N such that IN ⊂ Nϵ(y

i0+2
∞ ) since {In}∞n=1

is a quasi-rainbow at yi0+2
∞ . Then we can take a subindex δ of idN so that

Iδ(1) ⊂ Nϵ(y
i0+2
∞ ). Note that the sequence {(gγ◦δ(n), Iδ(n))}∞n=1 is still a pre-

approximation sequence at yi0+2
∞ . Since yi0∞ /∈ Nϵ(y

i0+2
∞ ) and yi0∞ /∈ Iδ(1),

the sequence {gγ◦δ(n)}∞n=1 is an approximation sequence to {yi0∞, yi0+2
∞ } by

Lemma 4.13. Then there is a number n0 in N such that the hyperbolic ele-
ment gγ◦δ(n0+1) ◦ g−1

γ◦δ(n0)
has exactly one fixed point in each of Nϵ(y

i0∞) and

Nϵ(y
i0+2
∞ ). Since yi0+1

∞ ∈ Fixgγ◦δ(n0+1)◦g−1
γ◦δ(n0)

, the element gγ◦δ(n0+1)◦g−1
γ◦δ(n0)

has at least three fixed points by the choice of ϵ. Hence gγ◦δ(n0+1) ◦ g−1
γ◦δ(n0)

must be idS1 since G is Möbius-like. This is a contradiction since {gn}∞n=1 is
a sequence of distinct elements of G. Likewise the case where {(g−1

γ(n), In)}∞n=1
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is a pre-approximation sequence at xi0+2
∞ is also impossible. Therefore there

is no such a subindex β.
Then we consider the case where there is a subindex β of α such that for

some i0 ∈ Z3, gβ(n)(x
i0∞) = yi0∞ for all n ∈ N. Applying Lemma 4.9 to the index

i0+1, we can take a subindex γ of idN so that {gβ◦γ(n)}∞n=1 is one of the second
and third cases in Lemma 4.9 since the first case is ruled out by the previous
case. Namely there is a quasi-rainbow {J i0+1

n }∞n=1 in some lamination system
of C such that either {(gβ◦γ(n), J i0+1

n )}∞n=1 is a pre-approximation sequence

at yi0+1
∞ or {(g−1

β◦γ(n), J
i0+1
n )}∞n=1 is a pre-approximation sequence at xi0+1

∞ .

Applying Lemma 4.9 again to the index i0 + 2, we can take a subindex δ of
idN so that {gβ◦γ◦δ(n)}∞n=1 is one of the second and third cases in Lemma

4.9, that is there is a quasi-rainbow {Ii0+2
n }∞n=1 in some lamination system

of C such that either {(gβ◦γ◦δ(n), Ii0+2
n )}∞n=1 is a pre-approximation sequence

at yi0+2
∞ or {(g−1

β◦γ◦δ(n), I
i0+2
n )}∞n=1 is a pre-approximation sequence at xi0+2

∞ .

Now for brevity we write hn = gβ◦γ◦δ(n) and Ii0+1
n = J i0+1

δ(n) for all n ∈ N.
First we consider the case where {(hn, I

i0+1
n )}∞n=1 and {(hn, I

i0+2
n )}∞n=1

are pre-approximation sequences at yi0+1
∞ and yi0+2

∞ , respectively. Since {Ii0+1
n }∞n=1

and {Ii0+2
n }∞n=1 are quasi-rainbows, there is a number N in N such that

Ii0+1
N ⊂ Nϵ(y

i0+1
∞ ) and Ii0+2

N ⊂ Nϵ(y
i0+2
∞ ). Hence we can take a subindex ζ of

idN so that Ii0+1
ζ(1) ⊂ Nϵ(y

i0+1
∞ ) and Ii0+2

ζ(1) ⊂ Nϵ(y
i0+2
∞ ). Since Ii0+1

ζ(1) ∩Ii0+2
ζ(1) = ∅,

the sequence {hζ(n)}∞n=1 is an approximation sequence to {yi0+1
∞ , yi0+2

∞ } by
Lemma 4.14. Hence we can choose a number M in N such that the element
hζ(M+1)◦h−1

ζ(M) has exactly one fixed point in each of Nϵ(y
i0+1
∞ ) and Nϵ(y

i0+2
∞ ).

On the other hand, the element yi0∞ ∈ Fixhζ(M+1)◦h−1
ζ(M)

. Then the element

hζ(M+1) ◦ h−1
ζ(M) has at least three fixed points by the choice of ϵ and this is

a contradiction since hζ(M+1) ◦ h−1
ζ(M) is hyperbolic. Likewise the case where

{(h−1
n , Ii0+1

n )}∞n=1 and {(h−1
n , Ii0+2

n )}∞n=1 are pre-approximation sequences at
xi0+1
∞ and xi0+2

∞ respectively is not possible.
Next we consider the case where {(h−1

n , Ii0+1
n )}∞n=1 and {(hn, I

i0+2
n )}∞n=1

are pre-approximation sequences at xi0+1
∞ and yi0+2

∞ , respectively. As {Ii0+1
n }∞n=1

and {Ii0+2
n }∞n=1 are quasi-rainbows at xi0+1

∞ and yi0+2
∞ , respectively, there is a

subindex ζ of idN such that Ii0+1
ζ(1) ⊂ Nϵ(x

i0+1
∞ ) and Ii0+2

ζ(1) ⊂ Nϵ(y
i0+2
∞ ). Then

since xi0∞ /∈ Ii0+1
ζ(1) and yi0∞ /∈ Ii0+2

ζ(1) , by Lemma 4.13, the sequence {h−1
ζ(n)}∞n=1

is an approximation sequence to {xi0∞, xi0+1
∞ } and the sequence {hζ(n)}∞n=1 is

an approximation sequence to {yi0∞, yi0+2
∞ }. Now we write Fixh−1

ζ(n+1)
◦hζ(n)

=

{xi0∞, an} and Fixhζ(n+1)◦h−1
ζ(n)

= {yi0∞, bn}. Then the two sequences {an}∞n=1
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and {bn}∞n=1 converge to xi0+1
∞ and yi0+2

∞ . Note that for each n ∈ N,

hζ(n)(Fixh−1
ζ(n+1)

◦hζ(n)
) = hζ(n)(Fixh−1

ζ(n)
◦hζ(n+1)

)

= Fixhζ(n)◦(h−1
ζ(n)

◦hζ(n+1))◦h−1
ζ(n)

= Fixhζ(n+1)◦h−1
ζ(n)

.

Hence hζ(n)(an) = bn for all n ∈ N. Now we have that {xi0+1
β′◦γ◦δ◦ζ(n)}∞n=1

and {xi0+2
β′◦γ◦δ◦ζ(n)}∞n=1 converge to xi0+1

∞ and xi0+2
∞ , respectively and that

{hζ(n)(x
i0+1
β′◦γ◦δ◦ζ(n))}∞n=1 and {hζ(n)(x

i0+2
β′◦γ◦δ◦ζ(n))}∞n=1 converge to yi0+1

∞ and

yi0+2
∞ , respectively, where β′ is the subindex of idN satisfying that β = α ◦ β′

. Moreover for each n ∈ N, an is a fixed point of the hyperbolic element
h−1
ζ(n+1) ◦hζ(n), and {an}∞n=1 and {hζ(n)(an)}∞n=1 converge to xi0+1

∞ and yi0+2
∞ ,

respectively. Also the sequence {hζ(n)}∞n=1 is an approximation sequence.
Therefore by Lemma 7.3, the sequence {hζ(n)}∞n=1 has the convergence prop-
erty and so {gn}∞n=1 has the convergence property. However this is in con-
tradiction to the assumption that {gn}∞n=1 does not have the convergence
property. Likewise we can see that the case where {(hn, I

i0+1
n )}∞n=1 and

{(h−1
n , Ii0+2

n )}∞n=1 are pre-approximation sequences at yi0+1
∞ and xi0+2

∞ , re-
spectively, is not possible. Therefore, there is no such subindex β.

Then we consider the case where there is a subindex β of α such that for
each i ∈ Z3, we can take a quasi-rainbow {Iin}∞n=1 in some lamination system
of C at yi∞ so that {(gβ(n), Iin)}∞n=1 is a pre-approximation sequence at yi∞.

Then there is a subindex γ of β such that for each i ∈ Z3, Iiγ(1) ⊂ Nϵ(y
i
∞).

By the choice of ϵ, for each i ∈ Z3, Iiγ(1) ∩ Ii+1
γ(1) = ∅. Hence by Lemma

4.14, for each i ∈ Z3, the sequence {gγ(n)}∞n=1 is an approximation sequence

to {yi∞, yi+1
∞ }. Then there is a number n0 ∈ N such that for each i ∈ Z3,

gγ(n0+1) ◦ g−1
γ(n0)

has a fixed point in Nϵ(y
i
∞). This implies that the element

gγ(n0+1) ◦ g−1
γ(n0)

has at least three fixed points. This is a contradiction since

gγ(n0+1) ◦ g−1
γ(n0)

is hyperbolic. Therefore, there is no such β. Likewise, there

is no subindex β of α such that for each i ∈ Z3, we can take a quasi-rainbow
{Iin}∞n=1 in some lamination system of C at xi

∞ so that {(g−1
β(n), I

i
n)}∞n=1 is a

pre-approximation sequence at xi
∞.

Now we apply Lemma 4.9 to the index 1. Then by the previous discussion,
the first case of Lemma 4.9 can not occur so there is a subindex β of idN and
a quasi-rainbow {I1n}∞n=1 in some lamination system of C such that

• {(gα◦β(n), I1n)}∞n=1 is a pre-approximation sequence at y1∞ or

• {(g−1
α◦β(n), I

1
n)}∞n=1 is a pre-approximation sequence at x1

∞.
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Then we apply Lemma 4.9 to the index 2. Like the previous case, there is
a subindex γ of idN and a quasi-rainbow {I2n}∞n=1 in some lamination sys-
tem of C such that either {(gα◦β◦γ(n), I2n)}∞n=1 is a pre-approximation se-

quence at y2∞ or {(g−1
α◦β◦γ(n), I

2
n)}∞n=1 is a pre-approximation sequence at

x2
∞. Again we apply Lemma 4.9 to the index 3. Then there is a subindex δ

of idN and a quasi-rainbow {I3n}∞n=1 such that either {(gα◦β◦γ◦δ(n), I3n)}∞n=1

is a pre-approximation sequence at y3∞ or {(g−1
α◦β◦γ◦δ(n), I

3
n)}∞n=1 is a pre-

approximation sequence at x3
∞. For brevity, we write hn = gα◦β◦γ◦δ(n), J1

n =

I1γ◦δ(n), J
2
n = I2δ(n), and J3

n = I3n for all n ∈ N. Also we write ui
n = xi

β◦γ◦δ(n)
and vin = yiβ◦γ◦δ(n) for all n ∈ N and for all i ∈ Z3.

Then by the previous discussion, there are only two cases which we need
to deal with. The first case is that there is an index i0 ∈ Z3 such that the
two sequences {(hn, J

i0
n )}∞n=1 and {(hn, J

i0+1
n )}∞n=1 are pre-approximation se-

quences at yi0∞ and yi0+1
∞ , respectively, and the sequence {(h−1

n , J i0+2
n )}∞n=1 is a

pre-approximation sequence at xi0+2
∞ . The second case is that there is an index

i0 ∈ Z3 such that the two sequences {(h−1
n , J i0

n )}∞n=1 and {(h−1
n , J i0+1

n )}∞n=1

are pre-approximation sequences at xi0∞ and xi0+1
∞ , respectively, and the se-

quence {(hn, J
i0+2
n )}∞n=1 is a pre-approximation sequence at yi0+2

∞ .
First we consider the first case. There is a subindex ζ of idN such that

J i0
ζ(1) ⊂ Nϵ(y

i0∞) and J i0+1
ζ(1) ⊂ Nϵ(y

i0+1
∞ ). By Lemma 4.14, {hζ(n)}∞n=1 is an

approximation sequence to {yi0∞, yi0+1
∞ }. Note that for each n ∈ N, hζ(n+1) ◦

h−1
ζ(n) is hyperbolic so h−1

ζ(n+1) ◦ hζ(n) is also hyperbolic since

h−1
ζ(n+1)◦hζ(n) = h−1

ζ(n)◦(hζ(n)◦h−1
ζ(n+1))◦hζ(n) = h−1

ζ(n)◦(hζ(n+1)◦h−1
ζ(n))

−1◦hζ(n).

Moreover, since {(h−1
ζ(n), J

i0+2
ζ(n) )}∞n=1 is a pre-approximation sequence at xi0+2

∞ ,

there is a point x̃ in S1 such that h−1
ζ(n)(x̃) ∈ J i0+2

ζ(n) for all n ∈ N and so

h−1
ζ(n+1)(x̃) = (h−1

ζ(n+1) ◦ hζ(n))(h
−1
ζ(n)(x̃))

∈ (h−1
ζ(n+1) ◦ hζ(n))(J

i0+2
ζ(n) ) ∩ J i0+2

ζ(n+1)

⊂ (h−1
ζ(n+1) ◦ hζ(n))(J

i0+2
ζ(n) ) ∩ J i0+2

ζ(n) .

Hence we can claim that for each n ∈ N, J i0+2
ζ(n) has a fixed point of the hyper-

bolic element h−1
ζ(n+1) ◦ hζ(n). For each n ∈ N, since (h−1

ζ(n+1) ◦ hζ(n))(J
i0+2
ζ(n) ) ∩

J i0+2
ζ(n) ̸= ∅, there are three possible cases: (h−1

ζ(n+1) ◦ hζ(n))(J
i0+2
ζ(n) ) ⊂ J i0+2

ζ(n) ;

(h−1
ζ(n+1) ◦hζ(n))(J

i0+2
ζ(n) )

∗ ⊂ J i0+2
ζ(n) ; J

i0+2
ζ(n) ⊂ (h−1

ζ(n+1) ◦hζ(n))(J
i0+2
ζ(n) ). In the first

and third cases, the claim follows at once so we only need to consider the
second case. Fix n0 ∈ N. Assume that (h−1

ζ(n0+1) ◦ hζ(n0))(J
i0+2
ζ(n0)

)∗ ⊂ J i0+2
ζ(n0)

. If
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there is a point a in Fixh−1
ζ(n0+1)

◦hζ(n0)
−J i0+2

ζ(n0)
, then

a ∈ (J i0+2
ζ(n0)

)∗ ⊂ (h−1
ζ(n0+1) ◦ hζ(n0))(J

i0+2
ζ(n0)

).

This implies that a = (h−1
ζ(n0+1) ◦ hζ(n0))

−1(a) ∈ J i0+2
ζ(n0)

as Fixh−1
ζ(n0+1)

◦hζ(n0)
=

Fix(h−1
ζ(n0+1)

◦hζ(n0))−1 , so this is a contradiction. Therefore Fixh−1
ζ(n0+1)

◦hζ(n0)
⊂

J i0+2
ζ(n0)

and the claim is proved. Therefore we can take a sequence {an}∞n=1 so

that for each n ∈ N, an ∈ J i0+2
ζ(n) ∩ Fixh−1

ζ(n+1)
◦hζ(n)

. Then as {J i0+2
ζ(n) }∞n=1 is a

quasi-rainbow at xi0+2
∞ , the sequence {an}∞n=1 converges to xi0+2

∞ . Note again
that for each n ∈ N,

hζ(n)(Fixh−1
ζ(n+1)

◦hζ(n)
) = hζ(n)(Fixh−1

ζ(n)
◦hζ(n+1)

)

= Fixhζ(n)◦(h−1
ζ(n)

◦hζ(n+1))◦h−1
ζ(n)

= Fixhζ(n+1)◦h−1
ζ(n)

.

Hence the sequence {hζ(n)(an)}∞n=1 has at most two subsequential limits be-

longing to {yi0∞, yi0+1
∞ } as the sequence {Fixhζ(n+1)◦h−1

ζ(n)
}∞n=1 converges to

{yi0∞, yi0+1
∞ }. Therefore, there is a subindex η of idN such that the sequence

{hζ◦η(n)(aη(n))}∞n=1 converges to yj0∞ for some j0 ∈ {i0, i0 + 1}. Now we have

that the two sequences {ui0+2
ζ◦η(n)}∞n=1 and {uj0

ζ◦η(n)}∞n=1 converge to xi0+2
∞ and

xj0∞, respectively, and two sequences {hζ◦η(n)(u
i0+2
ζ◦η(n))}∞n=1 and {hζ◦η(n)(u

j0
ζ◦η(n))}∞n=1

converge to yi0+2
∞ and yj0∞, respectively. Moreover, for each n ∈ N, aη(n) is

a fixed point of the hyperbolic element h−1
ζ(η(n)+1) ◦ hζ(η(n)), and the two se-

quences {aη(n)}∞n=1 and {hζ◦η(n)(aη(n))}∞n=1 converge to xi0+2
∞ and yj0∞, re-

spectively. Also the sequence {hζ◦η(n)}∞n=1 is an approximation sequence as
the sequence {hζ(n)}∞n=1 is an approximation sequence. Therefore by Lemma
7.3, the sequence {hζ◦η(n)}∞n=1 has the convergence property so the sequence
{gn}∞n=1 has the convergence property. This is in contradiction to the as-
sumption that the sequence {gn}∞n=1 does not have the convergence property.
Hence, the first case is not possible. Likewise, in the second case, we can
show that the sequence {g−1

n }∞n=1 has the convergence property and this im-
plies that the sequence {gn}∞n=1 has the convergence property. This is also a
contradiction. Therefore, we can conclude that there is no sequence {gn}∞n=1

of distinct elements of G that does not have the convergence property. Thus,
G is a convergence group.

5. The elementary geometry and topology of 2-dimensional
hyperbolic orbifolds

5.1. Simple closed curves and simple closed geodesics in 2-dimensional hyper-
bolic orbifolds. Let S be a complete hyperbolic 2-orbifold, and let α : I =
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[0, 1] → S be a closed curve. Fix a presentation S = H/G(S). A continuous
map α : R → H is called a full lift of α if πS ◦α is the 1-periodic extension of
α; equivalently, πS ◦ α is 1-periodic and the following diagram commutes:

R H

[0, 1] S.

α

πS

α

i

A curve α is regular if it does not pass through a cone point, that is, if
α(I) ∩ Σ(S) = ∅. Equivalently, a regular curve is a curve in S − Σ(S).

Assume that α is regular and simple. Since πS is a branched covering,
the restriction πS : H−π−1

S (Σ(S)) → So is a covering map. Hence, once a lift
of α(0) is chosen, there is a unique lift α̃ : [0, 1] → H of α. Since α is closed,
there is a unique element g ∈ G(S) such that α̃(1) = gα̃(0). Fix a lift of α(0),
and define β : R → H by β(t) = α̃(t) for t ∈ [0, 1] and β(t+ 1) = gβ(t) for all
t ∈ R. Then β is a full lift of α.

We record the following elementary properties of full lifts.

Proposition 5.1. Let S be a complete hyperbolic 2-orbifold, and let α be
a regular simple closed curve in S. Fix a presentation S = H/G(S). Then
the following hold.

1. If p̃ is a lift of α(0), then there is a unique full lift α : R → H of α
such that α(0) = p̃.

2. If α is a full lift of α, then there is a unique element g ∈ G(S) such
that α(t+1) = gα(t) for all t ∈ R. We call this element the holonomy
of α and denote it by hol(α).

3. If β1 and β2 are full lifts of α, then there is a unique element g ∈ G(S)
such that β2 = gβ1. In this case, hol(β2) = g hol(β1)g

−1.

We now classify regular simple closed curves according to their holonomies.
Let S be a complete hyperbolic 2-orbifold, and let α be a regular simple closed
curve in S. Fix a presentation S = H/G(S). We call α trivial, elliptic, par-
abolic, or hyperbolic according as the holonomy of any full lift of α is trivial,
nontrivial elliptic, parabolic, or hyperbolic. This is well-defined, since the
holonomies of full lifts of α lie in the same conjugacy class in G(S).

Lemma 5.2. Let S be a complete 2-dimensional hyperbolic orbifold and α
be a regular simple closed curve from I = [0, 1] to S.Then the following holds.

1. If α is trivial, then α is freely homotopic to a point in So.
2. If α is elliptic, then α bounds a cone point.
3. If α is parabolic, then α bounds a puncture.

Proof. Fix a presentation S = H/G(S). First, we assume that α is
trivial. Choose a full lift α and denote hol(α) by g. As α is trivial, g is trivial.
Then by definition, α|[0, 1] is a simple closed curve in H. Hence there is a
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closed disk B whose boundary is α([0, 1]). Now we want to show that there is
no ramification point in B. Obviously, the boundary ∂B has no ramification
point as α is regular. Assume that there is a ramification point x in the
interior intB and h is a generator of the stabilizer Gx. Since α is a regular
simple closed curve, the pre-image π−1

S (α(I)) is a 1-dimensional manifold.

Hence π−1
S (α(I)) = ∪{f(∂B) : f ∈ G(S)} and π−1

S (α(I)) is a disjoint union of
simple closed curves. Therefore, if h(∂B) ̸= ∂B, then there are two possible
cases: h(B) ⊊ B or B ⊊ h(B). Assume that h(B) ̸= B and choose a shortest
geodesic segment ℓ joining x and ∂B. Now we say that the other end point of
ℓ is y. As h is an isometry, h(ℓ) is also a shortest geodesic segment joining x
and h(∂B). If h(y) is in the interior intB of B, then h(B) ⊂ intB but this
implies that the length of shortest geodesic segments joining x and h(∂B)
is less than the length of ℓ. It is a contradiction. Similarly, h(y) cannot be
in the exterior extB. Therefore, h(B) = B and so h(∂B) = ∂B. However,
this is also a contradiction since α is simple and α|[0, 1] is a simple closed
curve in H. Thus, there is no ramification point in B so πS(B) is a disk with
∂πS(B) = α(I).

Next, we assume that α is elliptic. Choose a full lift α and denote hol(α)
by g. As α is elliptic, g is an elliptic element of order n for some n ∈ N with
2 ≤ n. Then the full lift is periodic with period n and so α|[0, n] is a simple
closed curve in H. Moreover, α|[0, n] bounds a disk with a ramification point
x which is the fixed point of g. Let B be the closed disk with ∂B = α([0, n]).
As α is regular, ∂B has no ramification point. Now we claim that there is
no ramification point except x in intB. Assume that there is a ramification
point y in intB − {x} and h is a generator of the stabilizer Gy. Since α is

a regular simple closed curve, the pre-image π−1
S (α(I)) is a 1-dimensional

manifold. Hence π−1
S (α(I)) = ∪{f(∂B) : f ∈ G(S)} and π−1

S (α(I)) is a
disjoint union of simple closed curves. Assume that h(∂B) ̸= ∂B and choose
a shortest geodesic segment ℓ joining y and ∂B. Then h(ℓ) is also a shortest
geodesic segment joining y and h(∂B) as h is an isometry. Now let z be the
other end point of ℓ. If h(z) ∈ intB, then h(B) ⊂ intB and this implies that
the length of shortest geodesic segments joining y and h(∂B) is less than the
length of ℓ. This is a contradiction. Similarly, the case where h(z) ∈ extB is
not possible, so h(∂B) = ∂B. Note that A = {giα(0) : i ∈ {0, 1, · · · , n − 1}}
equals π−1

S (α(0)) ∩ ∂B. Hence h preserves A so hα(0) = gmα(0) for some
m ∈ {1, · · · , n − 1}. Then g−mh fixes α(0). If g−mh is not trivial and is
elliptic, this is in contradiction with that α is regular. Therefore, g−mh is
trivial but this is also a contradiction since x ̸= y. Thus, there is no such a
y so we can conclude that πS(B) is a closed disk with one cone point and
∂πS(B) = α(I).

Finally, we consider the case where α is parabolic. Choose a full lift α
and denote holα by g. As α is parabolic, g is parabolic. Then by definition,
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Figure 2. This is a schematic picture on the Poincaré disk
when B contains a ramification point. The black marked
points correspond to x∞ and h(x∞), and the shaded regions
areB and h(B). The red point at the origin is the ramification
point and h is the rational rotation fixing the red point.

α is an embedding and there is a point x∞ in ∂∞H which is the fixed point
of g such that lim

t→∞
α(t) = lim

t→−∞
α(t) = x∞. Hence in Ĉ, there is a closed disk

B such that intB ⊂ H and ∂B = α(R) ∪ {x∞}. Now we want to show that
B has no ramification point. Obviously, there is no ramification point in ∂B
as α is regular. Assume that there is a ramification point y in intB which is
the fixed point of a non-trivial elliptic element h ∈ G(S). Then h(B)∩B ̸= ∅
and since h(x∞) ̸= x∞, h(∂B) ̸= ∂B and h(∂B) ∩ ∂B ̸= ∅ (See Figure 2).
This is a contradiction since α is simple. Therefore, there is no ramification
point in B. Thus, πS(B) is a disk with one puncture and ∂πS(B) = α(I).

Remark 5.3. The converse of each assertion in Lemma 5.2 also holds.

A regular simple closed curve is said to be essential if it does not bound
a disk, a disk with one cone point, or a disk with one puncture.

Proposition 5.4. Let S be a complete 2-dimensional hyperbolic orbifold
and α be an essential regular simple closed curve in S. Fix a presentation
S = H/G(S). Then α is hyperbolic and every full lift of α is a quasi-geodesic
in H.

When α is a hyperbolic simple closed curve, each full lift is a quasi-
geodesic so it has a unique geodesic connecting two end points of the full
lift. So π−1

S (α) is a disjoint union of quasi-geodesics and is G(S)-invariant.
Now let Q be the set of images of full lifts of α and Q′ be the set of geodesic
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representatives of elements of Q, namely Q′ is the set of hyperbolic axises of
holonomies of all full lifts of α. Then Q′ is also a disjoint union of bi-infinite
geodesics and is G(S)-invariant. By construction, for any geodesic ℓ in Q′,

Q′ =
⋃

G(S) · ℓ. Now we say that πS(Q
′) is the geodesic realization of α.

Note that geodesic realizations are simple geodesics.
The following lemma was proved in [29] in a slightly different form.

Lemma 5.5 ([29]). Let S be a complete 2-dimensional hyperbolic orbifold
and α be an essential regular simple closed curve in S. The following holds.

1. If α does not bound a disk with two cone points of order two, then the
geodesic realization of α is in the free homotopy class of α in So.

2. If α bounds a disk with two cone points of order two, then a geodesic
segment connecting the cone points is the geodesic realization of α.

Proof. Fix a presentation S = H/G(S). First assume that α is a hyper-
bolic simple closed curve. Choose a full lift α of α and denote hol(α) by g.
Since α is a quasi-geodesic and J = α(R) is preserved by g, the hyperbolic
axis ℓ of g is the geodesic representative of α. Now we say that x and y in
∂∞H are two end points of ℓ and write ℓ and J for ℓ ∪ {x, y} and J ∪ {x, y},
respectively. Now we think of ℓ and J as images of two proper embedding
δℓ and δJ , respectively, from [0, 1] to H such that δℓ(0) = δJ(0) = x and
δℓ(1) = δJ(1) = y.

Choose a ramification point r in H − (ℓ ∪ J) and a generator h of the
stabilizer Gr. Note that since α is regular, there is no ramification point in J .
Now we write πGr

for the quotient map from H to H/Gr. If h preserves ℓ, then
the order of h must be two and so r must be in ℓ. This is a contradiction.
Hence, h does not preserve ℓ. Therefore, πGr (δℓ) and πGr (δJ) are paths in
H/Gr which do not pass through the cone point in H/Gr. Moreover, as α is
simple, πGr

(δℓ) and πGr
(δJ) are simple. Now we consider the case where ℓ

has no ramification point. Then the stabilizer StabG(S)(ℓ) of ℓ is generated
by the hyperbolic element g so πS(ℓ) is a regular simple closed geodesic. On
the other hand, the choice of r is arbitrary and so for any ramification point
r, we get that πGr

(δℓ) and πGr
(δJ) are simple. This implies that the regular

simple closed geodesic πS(ℓ) and α(I) are in same free homotopy class in So

(see Figure 3 in [29]). Therefore, we can take a free homotopy between πS(ℓ)
and α(I) in So. Thus, the first statement is proven.

Then we consider the case where there is a ramification point r′ in ℓ. Then
the ramification index of r′ must be two and the stabilizer Gr′ preserves ℓ.
Now we focus on the stabilizer group StabG(S)(ℓ) of ℓ. Since we may think
of StabG(S)(ℓ) as a discrete subgroup of the isometry group of the real line,
StabG(S)(ℓ) is isomorphic to Z2, Z, or the infinite dihedral group Dih∞ . Ob-
viously, Gr′ ⊂ StabG(S)(ℓ) and g ∈ StabG(S)(ℓ). Let s be a geodesic segment

joining r′ and g−1(r′) and f be the non-trivial element of Gr′ . Then the end



LAMINAR GROUPS 37

x0

y

ω = e2πi/5

ω0

ω1

ω2

ω3

ω4

Figure 3. Thick arcs are hyperbolic geodesics in
the Poincaré disk D joining consecutively the points
{1, ω, ω2, ω3, ω4} in the infinite circle ∂D. Hence, the
geodesics bound an ideal 5-gon. Moreover, it is preserved by
an elliptic isometry defined as z 7→ ωz. Therefore, the ideal
5-gon is regular and 0 is the center.

points of g(s) are r′ and g(r′). Therefore, (f ◦ g)(g−1(r′)) = f(r′) = r′,
(f ◦ g)(r′) = g−1(r′), and (f ◦ g)(s) = s since f is an isometry in Gr′ .
Hence, fg fixes the midpoint r′′ between r′ and g−1(r′) and preserves ℓ.
Then we can see that f and fg are elliptic elements of order two and gen-
erate StabG(S)(ℓ). Therefore, StabG(S)(ℓ) is isomorphic to Dih∞, namely

StabG(S)(ℓ) = ⟨f, fg|f2 = (fg)2 = id⟩.
Now we write πStabG(S)(ℓ) for the projection from H to H/ StabG(S)(ℓ).

Then

Σ(H/ StabG(S)(ℓ)) = {πStabG(S)(ℓ)(r
′), πStabG(S)(ℓ)(r

′′)}
and πStabG(S)(ℓ)(ℓ) is the geodesic segment joining two cone points. Also,

πStabG(S)(ℓ)(α)|[0, 1] is a simple closed curve bounding a disk with the cone
points. This implies the second statement.

The proof of the following proposition is similar to the corresponding
argument for complete hyperbolic surfaces.

Proposition 5.6. Let S be a complete 2-dimensional hyperbolic orbifold,
and α and β essential regular simple closed curves in S. If α and β are disjoint
and are not freely homotopic in So, then the geodesic realizations are disjoint.

5.2. Elementary 2-dimensional hyperbolic orbifolds.
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(a) An ideal mono-
gon

(b) A monogon with
one puncture

(c) A monogon with
one hole

Figure 4. In Figure 4a, the blue point is the cone point. In
Figure 4b and Figure 4c, the gray lines are the images of s1
and s2 under the identification by f12. Hence, the gray lines
are geodesics in each 2-dimensional hyperbolic orbifold with
geodesic boundary. In particular, the blue circle in Figure 4c
is the simple closed geodesic added to be complete. And the
red arcs are the geodesics ℓS .

5.2.1. Ideal monogons. Let n be a natural number which is greater than
2. Recall that an ideal n-gon is a hyperbolic surface S with geodesic boundary
if the interior of S is homeomorphic to the disk, the boundary of S is a disjoint
union of n bi-infinite geodesics, and the area of S is finite (see Figure 3). Each
boundary component of S is call a side and each end point of a side is called a
vertex. We think of an ideal n-gon S as a closed convex subset of H. The ideal
n-gon S is called regular if there is an elliptic element rS in PSL2(R) which
is a rotation through angle 2π/n about some point cS in S and preserves S.
We call cS the center of S. Then the quotient space S/⟨rS⟩ of S by the group
generated by rS is called an ideal monogon with a cone point of order n (see
Figure 4a). The quotient space S/⟨rS⟩ is a 2-dimensional hyerpbolic orbifold
with one geodesic boundary and the cone point is the image of the center cS .
Hence, the order of the cone point is n and there is a unique shortest geodesic
segment ℓS joining the cone point with the geodesic boundary. Note that the
segment ℓS intersects perpendicularly with the geodesic boundary.

5.2.2. Geometric annuli. Let P3 be an ideal triangle in H. Note that
every ideal triangle is regular. We say that s1, s2, and s3 are the sides of P3.
For each i ∈ {1, 2, 3}, there is the unique perpendicular from the center cP3

to the geodesic si and so we say that pi is the foot of the perpendicular. Now
we glue s1 and s2 by an element f12 in PSL2(R) such that f12(s1) = s2. Then
f12 fixes the end point q in ∂∞H at which s1 and s2 intersect.

If f12 is a parabolic element and f12(p1) = p2, the resulting surface S is
Cauchy complete under the metric induced by the hyperbolic metric of P3, and
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has one bi-infinite geodesic boundary. Hence, we call this resulting orbifold a
monogon with one puncture (see Figure 4b). In this case, there is a unique
geodesic ℓS joining the puncture with s3 which intersect perpendicularly with
s3. Moreover, ℓS ∩ s3 = {p3}.

If f12 is hyperbolic and so f12(p1) ̸= p2, then the resulting space is in-
complete. By adding a simple closed geodesic, we can make the resulting
space be complete, and in this case, the resulting space S is a hyperbolic
surface which has one bi-infinite geodesic boundary and one closed geodesic
boundary. Hence, we call this space a monogon with one hole (see Figure 4c).
The length of the closed geodesic boundary is determined by the translation
length of f12. Hence, for any given positive number l, there is a monogon with
one hole whose closed geodesic boundary is of length l. Note that there is a
unique shortest geodesic segment ℓS joining two geodesic boundaries which
intersect perpendicularly with both geodesic boundaries. Moreover, it turns
out that ℓS ∩ s3 = {p3}.

From the construction of a monogon S with one hole or with one puncture,
there is a bi-infinite geodesic decomposing S into an ideal triangle which is the
gray geodesics in Figure 4. Now we call a 2-dimensional hyperbolic orbifold
S with geodesic boundary a geometric annulus if S is isometric to an ideal
monogon with one cone point, a monogon with one puncture, or a monogon
with one hole (see Figure 4). Note that a geometric interior of a geometric
annulus is homeomorphic to the annulus. Also, we call the intersection point
of ℓS and the bi-infinite geodesic boundary the shearing point of S.

5.2.3. Geometric pair of pants.

Definition 5.7. A geometric pair of pants is a 2-dimensional hyperbolic
orbifold with geodesic boundary satisfying the following:

1. The geometric interior is homeomorphic to the thrice-punctured sphere;
2. The geometric boundary is compact and has exactly three connected

components;
3. The hyperbolic area is finite.

All geometric pairs of pants fall into four types according to the number
of closed geodesic boundary components (See 5). For brevity, until the end
of this section, we think of a puncture as a cone point of order ∞. Then in
Figure 5, each marked point is a cone point of order n for some n ∈ N∪ {∞}
with n ̸= 1. More precisely, in Figure 5c, two marked points can not be cone
points of order two simultaneously. In Figure 5d, if three marked points are
of order n1, n2 and n3, respectively, then n1, n2 and n3 satisfy

2−
{
(1− 1

n1
) + (1− 1

n2
) + (1− 1

n3
)

}
< 0

,or
1

n1
+

1

n2
+

1

n3
< 1
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(a) Three geodesic
boundaries

(b) Two geodesic
boundaries

(c) One geodesic
boundary

(d) No geodesic
boundary

Figure 5. There are four types of geometric pairs of pants
according to the number of closed geodesic boundary com-
ponents. Each marked point is a cone point or a puncture.
However, in Figure 5c, two marked points can not be cone
points of order two simultaneously.

(a) Two monogons
with one hole

(b) One monogon
with one hole

(c) No monogon
with one hole

Figure 6. Each pointy point represents a puncture or a cone
of order n > 2. Then there are three cases according to the
number of used monogons with one hole in the glueing pro-
cess. The red lines are the bi-infinite geodesics b1 and b2
along which we glue two monogons.
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(a) Three geodesic
boundaries

(b) Two geodesic
boundaries

(c) One geodesic
boundaries

Figure 7. Each pointy point represents a puncture or a cone
of order n > 2. These pairs of pants are corresponding to the
first three types in Figure 5. In Figure 6, after gluing along
red lines, the resulting metric spaces are not usually complete.
Therefore, we need to add a simple closed geodesic to be
complete. The blue curves represent the additional simple
closed geodesics. Then, after gluing and completion, we get
the geometric pairs of pants. Precisely, Figure 7a, Figure 7b
or Figure 7c are obtained from Figure 6a, Figure 6b or Figure
6c, respectively.

where 1/∞ = 0. In other words, the Euler characteristic must be negative.
Let A1 and A2 be geometric annuli and say that the bi-infinite geodesic

boundaries of A1 and A2 are b1 and b2, respectively. Each boundary bi has
the shearing point shi. Now we glue A1 and A2 along b1 and b2 by an isometry
f12 of real line such that f12(b1) = b2 (See Figure 6). Then we get a space
S which may be incomplete. If S is complete, then S is a geometric pair of
pants. If S is not complete, by adding a simple closed geodesic as a boundary,
we can make S be complete. Then S is also a geometric pair of pants (see
Figure 7 ). The length of the additional closed geodesic is determined by
the distance between f12(sh1) and sh2. Note that for any given positive real
number l, we can find a map f12 which makes the additional closed geodesic
be of length l. Using this construction, we may get any given geometric pair
of pants without cone point of order two that is one of the first three types in
Figure 5. Also, observe that in the geometric pairs of pants, the red geodesics
in Figure 7 and the gray geodesics in Figure 4a with the boundary geodesics
decompose the geodesic pairs of pants into ideal monogons and ideal triangles.

Similarly, we consider the case where a geometric pair of pants has a cone
point of order 2. Let f11 be an isometry of b1 such that f11 is a reflection on
b1 and so there is a fixed point c1 (see Figure 8). Now a quotient space S is
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(a) Not a monogon
with one hole case

(b) A monogon with
one hole case

Figure 8. The pointy point in Figure 8a represents a punc-
ture or a cone point of order n > 2. The red lines are the
bi-infinite geodesics b1. The blue marked points are the fixed
points c1 of the isometries f11. The green marked points are
the shearing points sh1 of the geometric annuli.

(a) One geodesic
boundary

(b) Two geodesic
boundaries

Figure 9. The blue marked points are the images of b1 and
the green ones are the images of sh1. Moreover, the blue
points are cone points of order two. The blue curves are the
additional simple closed geodesics.

obtained from A1 by identifying x ∈ b1 with f11(x). Then if c1 = sh1, then
S is complete and is a geometric pair of pants with one cone point of order
two. If c1 ̸= sh1, then S is not complete and so by adding a closed geodesic
as a boundary, we make S be complete (see 7). Hence, S is a geometric
pair of pants with one cone point of order two. The length of the additional
closed geodesic boundary component is determined by the distance between
c1 and sh1. Like a previous case, using this construction, we can get any given
geometric pair of pants with a cone point of order two that is second or third
type in Figure 5. Also, observe that in the geometric pairs of pants, the red
geodesics in Figure 7 and the gray geodesics in Figure 4a with the boundary
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geodesics decompose the geodesic pair of pants into ideal monogons and ideal
triangles.

From observations, we may conclude that any geometric pair of pants,
which does not have three cone points, can be decomposed into two or one
geometric annuli. Moreover, the geometric pairs of pant are decomposed into
ideal monogons and ideal triangles. Now we summarize the above in the
following lemma.

Lemma 5.8. Let S be a geometric pair of pants. Suppose that S does
not have three cone points of finite order.(i.e. S is not the type of Figure
5d) There is a geodesic lamination such that the metric completion of each
connected component of the complement of the lamination is isometric to an
ideal triangle or an ideal monogon with one cone point.

6. Geodesic laminations in complete 2-dimensional hyperbolic
orbifolds

In this section, we prove the structure theorem for complete 2-dimensional
hyperbolic orbifolds following [6]. Based on this, we show that any Fuchsian
group G such that H/G is not a geometric pair of pants is pants-like COL3;
see Theorem B.

6.1. A structure theorem for complete 2-dimensional hyperbolic orbifolds.
6.1.1. Half-planes and funnels in a complete 2-dimensional hyperbolic orb-

ifold. Let S be a hyperbolic surface with geodesic boundary. We define
H = {z ∈ H : 0 ≤ Re(z)}. Then if S is isometric to H with the metric
induced from ρ, then S is called a half-plane. If S is isometric to H/G where
G is generated by z 7→ ehz for some h ∈ R>0, then S is called a funnel with
boundary length h.

Let G be a Fuchsian group and S the complete 2-dimensional hyperbolic
orbifold H/G. For a closed subset A of ∂H, there is a unique smallest convex

subset CH(A) in H such that CH(A)∩∂H = A. Then CH(A) = CH(A)∩H
is also a convex subset. Hence, we call CH(A) the convex hull of A. When G
is not elementary, the convex core CC(S) of S is the quotient of the convex
hull of L(G) by G, CH(L(G))/G. In general, the convex core of a complete
2-dimensional hyperbolic orbifold is a 2-dimensional hyperbolic orbifold with
geodesic boundary. In particular, when G is a Fuchsian group of the first
kind, S itself is the convex core of S.

Assume that G is non-elementary and of the second kind. Then its limit
set L(G) is a Cantor set in ∂H, and Ω(G) ∩ ∂H is a countable disjoint union
of nondegenerate open intervals. For each component I of Ω(G) ∩ ∂H, the
stabilizer StabG(I) is either trivial or infinite cyclic.

Let I be the closure of I in ∂H, and consider CH(I). Then CH(I) is a hy-
perbolic half-plane, and StabG(CH(I)) = StabG(I). Thus CH(I)/StabG(CH(I))
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isometrically embeds in S. Moreover, this quotient is a half-plane if StabG(CH(I))
is trivial, and is a funnel if StabG(CH(I)) is infinite cyclic.

In the latter case, StabG(CH(I)) is generated by a hyperbolic element g ∈
PSL2(R), whose axis is the geodesic boundary of CH(I). Hence the boundary
length of the funnel CH(I)/ StabG(CH(I)) is equal to the translation length
of g. Finally, note that π1(CC(S)) = π1(S), where S = H/G.

6.1.2. Pants decompositions. Let S be a 2-dimensional hyperbolic orb-
ifold with geodesic boundary. Then a collection C of non-trivial simple closed
curves in So which are homotopically distinct and disjoint is called a pants
decomposition of S if each connected component of So−⋃ C is homeomorphic
to the sphere without three points and C is locally finite. Let C1 and C2 be
two pants decompositions of S. We say that C1 and C2 are distinct if for each
(c1, c2) ∈ C1 × C2, c1 and c2 are not freely homotopic in So.

A geodesic lamination Λ of S is called a geometric pants decomposition if
the Cauchy completion of each connected component of S −Λ is a geometric
pair of pants. Two geodesic laminations Λ1 and Λ2 in S are called transverse
if they share no leaf.

Let G be a Fuchsian group that is not a finite group and S the complete 2-
dimensional hyperbolic orbifold H/G. If G is torsion free, then S is a complete
hyperbolic surface. If not, there is a ramification point p in H and any point
in the orbit G · p is also a ramification point. Then, since G is not finite
and the set of ramification points is discrete in H, there are countably many
ramification points. Hence, the complement H − π−1

G (Σ(S)) of ramification
points in H is a Riemann surface whose fundamental group is a free group of
infinite rank. Note that (πG)∗(π1(H − π−1

G (Σ(S))) is a normal subgroup of

π1(S
o). Then the universal covering of H−π−1

G (Σ(S)) is H with a holomorphic
covering map π̃G such that the deck transformation group of π̃G is isomorphic
to (πG)∗(π1(H−π−1

G (Σ(S))). We write KG for the deck transformation group
of π̃G. Then we define

HG = {h ∈ Aut(H) : π̃G ◦ h = g ◦ π̃G for some g ∈ G}.
Then HG is isomorphic to π1(S

o) and is a Fuchsian group. Hence, πG ◦ π̃G

is a universal covering map from H to So whose deck transformation group is
HG.

Now we define a homomorphism π̃∗
G from HG to G so that for each h ∈

HG, π̃G ◦ h = π̃∗
G(h) ◦ π̃G. Then we have an exact sequence

{1} KG HG G {1}i π̃∗
G

where i is the inclusion map. Hence, HG/KG is isomorphic to G. For more
detail, consult the Kra’s book [24].

Now we prove the following lemma which is analogous to Proposition 3.1
in [6].
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Theorem 6.1 (The structure theorem for complete hyperbolic 2-dimen-
sional orbifolds). Let G be a non-elementary Fuchsian group and S be the
complete 2-dimensional hyperbolic orbifold H/G. Suppose that there is a pants
decomposition C of S. Let Λ be the union of all geodesic realizations in S of
elements of C. Then Λ∪ (∂CH(L(G))/G) is a geometric pants decomposition
of CC(S).

Proof. Note that any pants decomposition induces an exhaustion by
finite type subsurfaces. Here being finite type means that the fundamental
group is finitely generated. Hence there is a sequence {Sn}∞n=1 of subsurfaces
of So such that for each n ∈ N, Sn ⊂ Sn+1 and the manifold boundary ∂Sn

consists of curves of C and
∞⋃

n=1

int(Sn) = So. We may assume that for each

n ∈ N, every boundary curve of Sn does not bound a disk with two cone points
of order two in S. Therefore, there is a sequence {Hn}∞n=1 of subgroups of HG

such that for all n ∈ N, Hn < Hn+1 and Hn is a corresponding subgroup of

HG to π1(Sn). Note that HG =
∞⋃

n=1

Hn as So =
∞⋃

n=1

Sn. Moreover, for each

n ∈ N, there is a unique connected component S̃n of (πG ◦ π̃G)
−1(Sn) such

that the stabilizer StabG(S̃n) is Hn and so S̃n ⊆ S̃n+1. Note that for each

n ∈ N, the manifold boundary ∂S̃n consists of full lifts of the boundary curves
of Sn.

Now we consider the sequence {Gn}∞n=1 of subgroups of G where Gn =

π̃∗
G(Hn). Obviously, G =

∞⋃

n=1

Gn. Also, for each n ∈ N, the stabilizer of

π̃G(S̃n) is Gn and the manifold boundary of π̃G(S̃n) consists of full lifts of the
boundary curves of Sn. Fix n ∈ N. By assumption, each boundary component
of π̃G(S̃n) is a quasi-geodesic under the Poincaré metric in H and π̃G(S̃n) is a
connected component of π−1

G (Sn). Let Bn be the set of all hyperbolic axises of

holonomies of boundary components of π̃G(S̃n). Then there is a closed convex
subset Cn of H such that ∂Cn = Bn. Then by the choice of Cn, Gn preserves
Cn and the stabilizer of Cn is Gn under the G-action. Therefore, πG(Cn)
is isometric to the 2-dimensional hyperbolic orbifold Cn/Gn with geodesic
boundary. Moreover, πG(Cn) is the 2-dimensional hyperbolic orbifold which
is bounded by the geodesic realizations of the boundary curves of Sn.

Since Cn is a closed convex subset of H preserved by Gn, CH(L(Gn)) ⊆
Cn. Since each boundary component of Cn is a hyperbolic axis for some hy-
perbolic element of Gn, the end points of each boundary component of Cn are
contained in L(Gn). Hence, ∂Cn ⊂ ∂CH(L(Gn)). Since Gn is finitely gener-
ated, for each boundary component ℓ in ∂CH(L(Gn)) − ∂Cn, πG(ℓ) bounds
a funnel in πG(Cn). (See Section 10.4. in [7])
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Now we claim that CH(L(G)) =

∞⋃

n=1

CH(L(Gn)). As L(Gn) ⊆ L(Gn+1),

we have that CH(L(Gn)) ⊆ CH(L(Gn+1)) and so

∞⋃

n=1

CH(L(Gn)) is con-

vex. Then G preserves the closed convex subset
∞⋃

n=1

CH(L(Gn)) of H. Hence,

CH(L(G)) ⊆
∞⋃

n=1

CH(L(Gn)). On the other hand, for any n ∈ N, L(Gn) ⊆

L(G) and CH(L(Gn)) ⊆ CH(L(G)). Therefore,

∞⋃

n=1

CH(L(Gn)) ⊆ CH(L(G)) ⊆
∞⋃

n=1

CH(L(Gn)).

The claim is proved since CH(L(G)) is closed in H.
Let ℓ be a bi-infinite geodesic in ∂CH(L(G)). If ℓ is a manifold boundary

component of
∞⋃

n=1

CH(L(Gn)), there is a natural number n0 such that ℓ ⊂

∂CH(L(Gn0)). Then πG(ℓ) bounds a funnel in S. If ℓ is in CH(L(G)) −
∞⋃

n=1

CH(L(Gn)), then there is a sequence {ℓn}∞n=1 of geodesics such that for

each n ∈ N, ℓn ⊂ ∂CH(L(Gn)) and {ℓn}∞n=1 converges to ℓ. Then {πG(ℓn)}∞n=1

converges to πG(ℓ). If πG(ℓ) is a regular simple closed geodesic, then πG(ℓ) ⊂

int(Sn1) for some n1 ∈ N since

∞⋃

n=1

int(Sn) = So. Hence, πG(ℓ) ⊂ πG(Cn1)

and πG(ℓ) ⊂ πG(CH(L(Gn1
))), so ℓ ⊂ CH(L(Gn1

)). This is a contradiction.
Therefore, πG(ℓ) is a bi-infinite geodesic and bounds a half-plane in S.

Now we have that {πG(CH(L(Gn)))}∞n=1 is an increasing sequence of 2-
dimensional hyperbolic orbifolds with geodesic boundary whose orbifold fun-

damental group are finitely generated and such that

∞⋃

n=1

πG(CH(L(Gn))) is

CC(S) without bi-infinite geodesic boundaries. Finally, by the definition of
a pants decomposition, each element in C has a geodesic realization and the
geodesic realization is contained in πG(CH(L(Gn2))) for some n2 ∈ N. There-
fore, for n ∈ N, Λ ∩ πG(CH(L(Gn))) is a geometric pants decomposition of
πG(CH(L(Gn))). Thus, we are done.

Remark 6.2. If G is of the first kind, then Λ itself is a geometric pants
decomposition of S.

6.2. Fuchsian groups of the first kind are pants-like COL3.
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Lemma 6.3. Let G be a Fuchsian group of the first kind and S be the com-
plete 2-dimensional hyperbolic orbifold H/G. Suppose that S is not a geometric
pants. Then there are three pairwise transverse geometric pants decomposi-
tions.

Proof. If So is a Riemann surface of finite type, then there is a nonempty
pants decomposition since S is not a geometric pants. Otherwise, by Richards
classification result [28], So has a topological exhaustion by finite type sur-
faces. Hence there is a pants decomposition C1. Note that Lemma 4.2 and
Proposition 4.3 in [3] does not depend on the metric of surfaces. Hence by
applying the argument of Lemma 4.2 and Proposition 4.3 in [3] to So and
C1, we can get pants decompositions C2 and C3 such that C1, C2, and C3 are
pairwise distinct. By Theorem 6.1, there are geometric pants decompositions
Λ1, Λ2 and Λ3 which are pairwise transverse.

Theorem 6.4. Let G be a Fuchsian group of the first kind. Suppose that
H/G is not a geometric pair of pants. Then G is a pants-like COL3 group.

Proof. By Lemma 6.3, there are three geometric pants decompositions
Λ1, Λ2, and Λ3 of S which are pairwise transverse. By Lemma 5.8, we can
add geodesics in each geometric pair of pants and so we can get three geodesic
laminations Λ′

1, Λ
′
2, and Λ′

3 such that the completion of any connected com-
ponent of the complement of each geodesic lamination is an ideal triangle or a
monogon with one cone point. Therefore, π−1

G (Λ′
1),π

−1
G (Λ′

2), and π−1
G (Λ′

3) are
geodesic laminations whose complements are ideal polygons. Therefore, they
induce three laminations of S1 and so they also induce three very full lami-
nations systems. Moreover, we can see that the very full lamination systems
comprise a pant-like collection for G. Thus, G is a pants-like COL3 group.

6.3. Proof: Fuchsian groups of the second kind are pants-like COL3. We now
consider the case of the second kind to complete the proof of Theorem B.
Let G be a non-elementary Fuchsian group of the second kind. We begin by
outlining the strategy.

We first take the double ofH/G. This double is a hyperbolic surface whose
fundamental group is a Fuchsian group of the first kind. Thus Theorem 6.1
gives three pairwise transverse geometric pants decompositions on the double.
We then restrict these laminations to the original surface. The resulting three
geodesic laminations on H/G need not be very full, so we add further geodesics
to make them very full.

First, we construct geodesic laminations for elementary pieces.

Lemma 6.5. Let H be the half plane and H be the closure of H in H =
H ∪ R̂. Suppose that Q is a countable dense subset of the set H −H of non-
negative real numbers, containing {0,∞}. There is a geodesic lamination Λ
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(a) The unit disk
with the geodesic
connecting two
points, 0 and ∞.

(b) The first step (c) A half Farey tri-
angulation

Figure 10. These pictures show the steps to draw a half
Farey triangulation.

in H such that the Cauchy completion of each connected component of H −Λ
is the ideal 3-gon and such that in the corresponding lamination system L,
every leaf is isolated and E(L) = Q.

Proof. First, we say that Q is a sequence {qn}∞n=1 such that q1 = 0 and
q2 = ∞. Then there is a geodesic joining q1 and q2. See Figure 10a. The red
line represents the geodesic and the geodesic is the boundary of the half plane
H. Note that H = CH([0,∞]).

Now, we consider q3. We can draw two geodesics. One is the geodesic
joining two points q1 and q3 and the other is the geodesic joining q2 and q3.
The blue lines in Figure 10b represent the geodesics. Then, q4 is contained in
(q1, q3) or (q3, q2) and both CH([q1, q3]) and CH([q3, q2]) are half planes. So
we can do similarly in CH([q1, q3]) or CH([q3, q2]). Obviously, we can repeat
this process. Finally, we can get Figure 10c. These geodesics give a geodesic
lamination in H that we want.

Lemma 6.6. Let I and J be two nondegenerate open intervals in ∂H.
Suppose that I and J are disjoint. We say that S is the hyperbolic surface
CH(I ∪J). (See Figure 11a) Assume that there is a countable set Q such that
Q is dense in S and ∂I ∪ ∂J ⊂ Q. Then there is a geodesic lamination Λ
in S such that the Cauchy completion of each connected component of S − Λ
is the ideal 3-gon and the geodesic boundaries of S are contained in Λ and
such that in the corresponding lamination system L, every leaf is isolated and
E(L) = Q.

Proof. S is a complete hyperbolic surface with two geodesic boundaries
which are the blue lines in Figure 11a. Now, we say that S′ is the convex hull
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(a) The red region is
the convex hull of or-
ange arcs which rep-
resent I and J

(b) The shaded re-
gion is the convex
hull of ∂I and ∂J .
This is a kind of con-
vex core of S.

(c) The green line
is one of the diago-
nal geodesics of the
shaded region.

Figure 11. These pictures show the steps to draw a trian-
gulation.

of ∂I ∪ ∂J which is an ideal 4-gon.(See Figure 11b) Then S is the union of
S′, CH(I) and CH(J).

Now, we say that QI = Q ∩ I and QJ = Q ∩ J. Then QI and QJ are
countable dense subsets of I and J , respectively. Since CH(I) and CH(J)
are half planes, by Lemma 6.5, there are two lamination systems LI and LJ

in CH(I) and CH(J), respectively, such that E(LI) = QI and E(LJ) = QJ .
Finally, we consider S′. In S′, we just add one diagonal geodesic like in

Figure 11c. The boundary geodesics of S′ with the diagonal geodesic give a
lamination system LS′ in S′ such that every gap of LS′ is an ideal triangle,
every leaf is isolated, and E(LS′) = ∂I ∪ ∂J. Therefore, LS′ ∪LI ∪LJ is a
lamination system which we want.

Let G be an Fuchsian group of the second kind. Then ∂H−L(G) is non-
empty. Now, we consider the surface (H − L(G))/G with boundary. Then
(H − L(G))/G − H/G is exactly (∂H − L(G))/G since G acts properly dis-
continuously on ∂H − L(G). Therefore, we call each connected component
of (∂H − L(G))/G an ideal boundary of H/G and each point of ideal bound-
aries an ideal point of H/G. We denote the quotient map from H − L(G) to
(H− L(G))/G by πG. Note that πG|H = πG.

Definition 6.7. Let G be a Fuchsian group. Suppose that there is a
cone point c1 in H/G. A subset ℓ of H/G is called a regular simple geodesic
ray emanating from c1 if there is a geodesic ray αℓ from [0,∞) to H such
that πG ◦ αℓ is injective, (πG ◦ αℓ)([0,∞)) = ℓ, πG ◦ αℓ(0) = c1, and for each
s ∈ (0,∞), πG◦αℓ(s) is a regular point in H/G. In particular, when lim

s→∞
αℓ(s)

is a point p∞ in ∂H− L(G), the point πG(p∞) in an ideal boundary is called
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the ideal end point of the geodesic ray ℓ. Also, when lim
s→∞

αℓ(s) is a cusp point

of G, we say that ℓ is emanating to a puncture which corresponds to the cusp
point.

Let G be a Fuchsian group of the second kind. Suppose that there is a
regular simple geodesic ray ℓ emanating from a cone point c having p as the
ideal end point. Then there is an injective continuous map βℓ from [0, 1] to
(H− L(G))/G such that βℓ(0) = c, βℓ(1) = p, and βℓ([0, 1)) = ℓ.

Proposition 6.8. Let G be a Fuchsian group of the second kind and p be
an ideal point of H/G. Suppose that there is a cone point q in H/G. If there is
a continuous map α from [0, 1] to (H−L(G))/G such that α(0) = q, α(1) = p
and α([0, 1)) ∩ Σ(H/G) = {q}, and α|(0, 1) is an embedding in the geometric
interior (H/G)o, then there is an isotopy H on (H − L(G))/G satisfying the
following.

1. H(s, 0) = α(s),
2. H(0, t) = q, H(1, t) = p,
3. H((0, 1)× [0, 1]) ∩ Σ(H/G) = ∅ and
4. H([0, 1), 1) is a regular simple geodesic ray emanating from q with the

ideal end point p.

Proof. First observe that there is a regular simple geodesic ray γ in
H/G starting at q and with ideal endpoint p.

Suppose that q has order n, and let q̃ be a lift of q. Then there is an
elliptic element g ∈ G rotating about q̃ through angle 2π/n. Moreover, the
component A of π−1

G (α([0, 1])) containing q̃ is a star graph with n leaves and
central vertex q̃. Each leaf of A projects to α. Let α̃0, α̃1, . . . , α̃n−1 denote
the leaves of A, ordered counterclockwise, such that πG ◦ α̃i = α. Moreover,
every component of π−1

G (α([0, 1])) is a non-trivial translate of A under the
G-action.

Note that g preserves A, with g(α̃i) = α̃i+1 and g(q̃) = q̃. Write p̃i = α̃i(1)
for the corresponding lifts of p. For each i, there is a unique geodesic ray
γ̃i : [0,∞) → H starting at q̃ and landing at p̃i. Again, g(γ̃i) = γ̃i+1. Set

A =
⋃n−1

i=0 im γ̃i, which is the geodesic representative of A.
We claim that πG(γ̃i) is the desired ray. To this end, it suffices to show

that q̃ is the only ramification point lying on A.
Assume, to the contrary, that x ̸= q̃ is a ramification point of index m > 1

lying on γ̃i for some i. Then there is an elliptic element h ∈ G rotating about
x through angle 2π/m.

If m > 2, then A and h(A) intersect transversely at x. Since h rotates
γ̃i about the interior point x through an angle different from π, we have
h(p̃i) ̸= p̃i. The possible configurations of the points p̃j and h(p̃j) show that
h(A) is a non-trivial translate of A. Thus A intersects its non-trivial translate
h(A), contradicting the choice of A.
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Likewise, the case n > 2 is ruled out by the same argument, interchanging
the roles of h and g. Hence it remains only to consider the case (n,m) = (2, 2).

In this case, gh is a hyperbolic element whose axis is the geodesic A. Hence
the two endpoints p̃0 and p̃1 are fixed points of gh, and therefore belong to
L(G). This contradicts the assumption that p is an ideal point of H/G. This
completes the claim.

We now isotope α to γ, avoiding the other cone points. First isotope α,
rel endpoints, to a simple arc α1 : [0, 1] → (H − L(G))/G whose initial and
terminal subarcs agree with those of γ.

We describe the construction near the initial cone point q. Choose a small
closed ball B ⊂ H/G, centered at q, such that B ∩ Σ(S) = {q}. Let α(t0) be
the first point at which α, run from q, meets ∂B. There is a unique geodesic
segment a0 from q to α(t0). Since B contains no other cone points, we may
isotope α([0, t0]) to a0 by an isotopy supported in B and fixing q.

The intersection B ∩ γ is the geodesic initial segment of γ, joining q to a
unique point in ∂B. Choose a larger closed ball Bout, also centered at q, with
Bout ∩ Σ(S) = {q}. A twist in the annulus between ∂B and ∂Bout, rotating
B, carries a0 to B ∩ γ. Hence, after an isotopy supported in Bout, the initial
segment of α agrees with the initial segment B ∩ γ of γ.

It remains to treat the terminal end. Since p is an ideal point of H/G,
Theorem 6.1 implies that the topological end of γ is contained in a funnel or
a half-plane E . In either case, choose an embedded half-plane H ⊂ E whose
ideal boundary is a closed interval containing p in its interior. Since α limits
to p, the terminal tail of α is eventually contained in int(H). Thus, if t1 is
the last time at which α meets ∂H, then α(t1) ∈ ∂H and α((t1, 1)) ⊂ int(H).

There is a unique geodesic ray a1 in H, starting at α(t1) with ideal end-
point p. Since H is a half-plane and contains no cone point, we may isotope
α([t1, 1)) to a1, fixing α(t1) and p, by an isotopy supported in H. Now choose
a slightly larger half-plane Hout, with H ⊂ Hout ⊂ E , whose ideal boundary
still contains p in its interior. Then we may take an isotopy supported in
Hout, preserving H, which carries a1 to the terminal geodesic ray H ∩ γ of γ.
Indeed, such an isotopy is obtained by modifying an earthquake isotopy on
the rectangular region bounded by the geodesic boundaries of H and Hout.
Thus, after an isotopy supported in Hout, the terminal subarc of α agrees
with the terminal ray H ∩ γ of γ.

Combining the initial and terminal isotopies, whose supports are disjoint
after choosing Bout and Hout suitably, we obtain a simple arc, still denoted
by α, whose initial and terminal subarcs agree with those of γ, and the whole
isotopy avoids all cone points other than the fixed endpoint q.

It remains to isotope the compact middle subarc. Choose a smaller closed
ball Bin ⊂ B, centered at q, and a smaller half-plane Hin ⊂ H, whose ideal
boundary is a closed interval containing p in its interior, so that α([0, 1]) ∩
Bin = γ∩Bin and α([0, 1])∩Hin = γ∩Hin. Let x ∈ ∂Bin and y ∈ ∂Hin be the
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endpoints of the complementary compact subarcs, and denote these subarcs
by αxy ⊂ α and γxy ⊂ γ. Thus αxy and γxy both join x to y, while γxy is
geodesic. Moreover, αxy is a simple compact arc in the geometric interior of
H/G, meeting ∂Bin ∪ ∂Hin only at its endpoints.

After an arbitrarily small perturbation rel endpoints, we may assume
that αxy is piecewise geodesic and still has these properties. We remark
that a geodesic segment joining two regular points cannot pass through a
cone point. Indeed, otherwise one could shorten the segment by replacing
a sufficiently small subarc passing through the cone point with a geodesic
segment lying in the geometric interior near the cone point (recall the proof
of Lemma 5.5). Also, around each regular point, one can take a sufficiently
small disk contained in the geometric interior and hence disjoint from Σ(S).

With these facts in hand, we may modify the usual polygonal shortening
argument, following the arguments in Buser’s book [10, Appendix A.19 and
A.20]; for the orbifold case, see also [30, Theorem 4.1]. The same conclusion
can also be obtained by adapting the disk-flow straightening argument of
Hass–Scott [22]. We sketch the argument below; see [10, Appendix A.19 and
A.20] for the detailed algorithm.

Since any piecewise geodesic simple arc contained in the geometric interior
of H/G is compact, it can be covered by finitely many sufficiently small disks,
each disjoint from Σ(H/G). Modifying the polygonal shortening argument
with respect to this finite cover, we obtain a sequence of piecewise geodesic
simple arcs {βn}n∈N such that β1 = αxy, each βn meets ∂Bin and ∂Hin

only at its endpoints x and y, and the lengths of the βn are nonincreasing
as n → ∞. Moreover, each βn is isotopic to βn+1 by an isotopy supported
outside Bin ∪Hin and avoiding Σ(H/G). By the Arzelà–Ascoli theorem [10,
Appendix A.19], after passing to a subsequence if necessary, we may assume
that {βn} converges to a simple geodesic arc β∞.

The polygonal shortening process therefore yields an isotopy, relative to
endpoints, from αxy to the geodesic representative in its relative homotopy
class, through simple arcs in the geometric interior. By uniqueness, γxy = β∞.
Hence αxy is isotopic to γxy, relative to endpoints, by an isotopy supported
away from Σ(H/G). Combining this isotopy with the initial and terminal
isotopies constructed above gives an isotopy from α to γ, fixing the endpoints
and avoiding every cone point other than the fixed initial endpoint q. This
completes the proof.

By Proposition 6.8, any simple embedded arc in H/G connecting a cone
point and an ideal point has a geodesic realization. Now, we are ready to
prove the elementary cases.

Lemma 6.9. Let G be an elementary Fuchsian group. Then G is a pants-
like COL3 group.

Proof. There are following four cases.
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1. G is the trivial group.
2. G is a finite cyclic group which is generated by some elliptic element.
3. G is an infinite cyclic group which is generated by some non-elliptic

element.
4. G is an infinite dihedral group which is generated by two elliptic ele-

ments of order two.

First, assume that G is the trivial group. Assume that P is a countable
dense subset of ∂H. Choose two distinct points p1 and p2 in P. Set I =
[p1, p2]S1 and J = [p2, p1]S1 , and set PI = I ∩ P and PJ = J ∩ P. Then
PI and PJ are countable dense subsets of I and J , respectively, and CH(I)
and CH(J), containing p1 and p2, are half planes. Therefore, by Lemma
6.5, there are two lamination systems LI and LJ such that E(LI) = PI and
E(LJ) = PJ . Now, we write LP for LI ∪LJ . Then LP is a very full lamination
system such that E(LI ∪LJ) = P. Observe that we can choose three countable
dense subsets P1, P2 and P3 in ∂H that are pairwise disjoint. Therefore,
{LP1 ,LP2 ,LP3} is a pants-like collection. Therefore, we can conclude that G
is a pants-like COL3 group with {LP1 ,LP2 ,LP3}.

Next, we consider the case where G is a non-trivial finite cyclic group
which is generated by some elliptic element. Let n be the order of G. We may

assume that in D, the elliptic element ϕ defined by z 7→ e
2πi
n z generates G.

Let Q0 be the set {e2πiq : q ∈ Q}. Then, Q0 is a countable dense subset of
∂D. Then G = {(1, ϕ(1))S1 , · · · , (ϕn−1(1), ϕn(1))S1} is an ideal polygon with
v(G ) ⊂ Q0. For each k ∈ {0, · · · , n − 1}, Q0

k = [ϕk(1), ϕk+1(1)]S1 ∩ Q0 is a
countable dense subset of [ϕk(1), ϕk+1(1)]S1 and CH([ϕk(1), ϕk+1(1)]S1) is a
half plane. Therefore, by Lemma 6.5, for each k ∈ {0, · · · , n − 1}, there is a

lamination system L0
k such that E(L0

k) = Q0
k. Then L0 =

n−1⋃

k=0

L0
k is a very full

lamination system such that E(L0) = Q0 and G is a gap of L0 . Moreover, by
construction, G preserves L0 .

Now, we set Q
√
2 = {e2πi(q+

√
2) : q ∈ Q} and Q

√
3 = {e2πi(q+

√
3) : q ∈ Q}.

We can define L
√
2 by the set {(e2πi

√
2a, e2πi

√
2b)S1 : (a, b)S1 ∈ L0} and

L
√
3 by the set {(e2πi

√
3a, e2πi

√
3b)S1 : (a, b)S1 ∈ L0}. Then E(L

√
2) = Q

√
2

and E(L
√
3) = Q

√
3. Therefore, {L0,L

√
2,L

√
3} is a pants-like COL3 collec-

tion. Moreover, these lamination systems are preserved by G by construction.
Therefore, G is a pants-like COL3 group.

Then we consider the case where G is an infinite cyclic group which is
generated by some non-elliptic element. First, we assume that in H, G is
generated by the parabolic element ϕ defined by z 7→ z + 1. We set Q0 =
Q ∪∞. Since Q0 ∩ [0, 1] is a countable dense subset of [0, 1], and CH([0, 1])
is a half plane, by Lemma 6.5, there is a lamination system L0

0 such that
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E(L0
0) = p−1(Q0 ∩ [0, 1]). Now, we define

L0 =

[⋃

k∈Z
(p−1ϕkp)(L0

0)

]
∪
[⋃

k∈Z
{ϕk(p−1((0,∞))), ϕk(p−1((0,∞))∗)})

]
.

Obviously, L0 is a very full G-invariant lamination system such that E(L0) =
p−1(Q0).

Now we set Q
√
2 =

√
2 +Q and Q

√
3 =

√
3 +Q. Then, we define

L
√
2 = {(a, b)S1 : p−1((−

√
2) + p((a, b)S1)) ∈ L0}

and

L
√
3 = {(a, b)S1 : p−1((−

√
3) + p((a, b)S1)) ∈ L0}.

Then E(L
√
2) = p−1(Q

√
2) and E(L

√
3) = p−1(Q

√
3), and both L

√
2 and L

√
3

are very full G-invariant lamination systems. Therefore, {L0,L
√
2,L

√
3} is a

pants-like COL3 collection since for two distinct indices i and j in {0,
√
2,
√
3},

Qi ∩ Qj = {∞} and ∞ is the fixed point of ϕ. Therefore, G is a pants-like
COL3 group.

Then we assume that in H, G is generated by a hyperbolic element ϕ
defined by z 7→ eaz for some positive real number a. We set Q0 = {eaq :
q ∈ Q} ∪ {−eaq : q ∈ Q}. Observe that Q0 is preserved by G and ϕ maps
the geodesic connecting −1 and 1 to the geodesic connecting −ea and ea.
Moreover, p−1(Q0) is a countable dense subset of ∂D. Lemma 6.6 can apply
to two closed interval p−1([−ea,−1]) and p−1([1, ea]) since {−ea,−1, 1, ea} ⊂
Q0 and both [−ea,−1] ∩ Q0 and [1, ea] ∩ Q0 are countable dense subsets of
[−ea,−1] and [1, ea], respectively, Therefore, there is a lamination system L0

0

such that E(L0
0) = p−1(Q0 ∩ ([−ea,−1] ∪ [1, ea])). Then,

L0 =
⋃

k∈Z
(p−1ϕkp)(L0

0)

is a G-invariant very full lamination system such that E(L0) = p−1(Q0).

Now, we set Q
√
2 = {ea(

√
2+q) : q ∈ Q}∪{−ea(

√
2+q) : q ∈ Q}, and Q

√
3 =

{ea(
√
3+q) : q ∈ Q} ∪ {−ea(

√
3+q) : q ∈ Q}. In the similar way, we can find

two very full G-invariant lamination systems L
√
2 and L

√
3 such that L

√
2 =

p−1(Q
√
2) and L

√
3 = p−1(Q

√
3). Then, by construction, {L0,L

√
2,L

√
3} is a

pants-like COL3 collection. Therefore, G is a pants-like COL3 group.
Finally, we consider the case where G is an infinite dihedral group gener-

ated by two elliptic elements of order two. In H, for each non-negative real
number a, there is a unique order two elliptic isometry ϕa/2 that fixes iea/2.
We may assume that G is generated by ϕ0 and ϕa/2 for some positive real
number a. Note that ϕa/2 ◦ ϕ0 is the hyperbolic element defined by z 7→ eaz.

Then we can see that there are exactly two cone points c1 = πG(i) and
c2 = πG(ie

a/2) of order two and that there is the only one ideal boundary B in
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H/G which is homeomorphic to the circle. We can find three countable dense
subsets P1, P2 and P3 of B that are pairwise disjoint. First, we consider P1.
Choose two distinct points p11 and p21 in P1. Then, by Proposition 6.8, there
are two disjoint regular simple geodesic rays ℓ11 and ℓ21 such that for each
i ∈ {1, 2}, ℓi1 is a regular simple geodesic ray emanating from ci with the ideal
end point pi1. Note that by definition, ℓ11 and ℓ21 are simple geodesics in H/G

since c1 and c2 are of order two. Hence, there are two bi-infinite geodesics ℓ̃11
and ℓ̃21 such that for each k ∈ {1, 2}, ℓ̃k1 is the connected component of π−1

G (ℓk1)

passing through ie(k−1)a/2. Also, for each k ∈ {1, 2}, there are two points pk−
and pk+ in R− {0} such that pk− < 0, pk+ > 0, and CH({pk−, pk+}) = ℓ̃k1 .

Now, we write I1 = [p2−, p
1
−] and J1 = [p1+, p

2
+]. Observe that L(G) =

{0,∞} and that π−1
G (P1) is a countable dense subset of R − {0}. Then ∂I1

and ∂J1 are contained in π−1
G (P1), π

−1
G (P1)∩I1 is dense in I1, and π−1

G (P1)∩J1
is dense in J1. So, we can apply Lemma 6.6 to CH(I1 ∪ J1). Therefore, there
is a geodesic lamination Λ0

1 on CH(I1 ∪ J1). Then

Λ1 =
⋃

g∈G

g(Λ0
1)

is also a geodesic lamination preserved under the G-action. Therefore, there
is a G-invariant very full lamination system L1, induced by Λ1, such that
p(E(L1)) = π−1

G (P1). Similarly, there are two G-invariant very full lamination

systems L2 and L3 such that p(E(L2)) = π−1
G (P2) and p(E(L3)) = π−1

G (P3).
By construction, {L1,L2,L3} is a pants-like COL3 collection. Thus, G is a
pants-like COL3 group.

From now on, we consider the case where G is a non-elementary Fuchsian
group of the second kind. Let R(G) be the set of all ramification points of G

in Ω(G). Note that R(G) ∪L(G) is a closed subset of the Riemann sphere Ĉ.
Hence, the open subset Ω(G)−R(G) = Ĉ− (R(G)∪L(G)) of Ĉ is a Riemann
surface. Set UG = Ω(G) − R(G). Then π1(UG) is a free group of infinite
rank. Moreover, by the uniformization theorem, the universal cover of UG is
H, and hence UG carries a complete hyperbolic metric. Observe that there is
no isometrically embedded half plane and funnel in UG. Therefore, G(UG) is
a Fuchsian group of the first kind. Now, we define

FG = {h ∈ Aut(H) : πUG
◦ h = g ◦ πUG

for some g ∈ G}.
Note that G(UG) is the deck transformation group of πUG

and that FG is
isomorphic to π1(UG/G) since πd

G◦πUG
is the universal covering map of UG/G.

Now, we define a homomorphism π∗
UG

from FG to G so that for each
h ∈ FG, πUG

◦ h = π∗
UG

(h) ◦ πUG
. Then we have an exact sequence

{1} G(UG) FG G {1}i
π∗
UG
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where i is the inclusion map. Hence, FG/G(UG) is isomorphic to G and since

R̂ = L(G(UG)) ⊂ L(FG), FG is a Fuchsian group of the first kind. Therefore,
there is no isometrically embedded half plane and funnel in UG/G = H/FG

and there is no cone point in UG/G by construction. Hence, UG/G is a
complete hyperbolic surface of which the fundamental group is a Fuchsian
group of the first kind.

By Lemma 6.3, there are three pairwise transverse geometric pants de-
compositions Λ1, Λ2, and Λ3 in UG/G. Observe that UG/G is the doubling of
(H/G)o about the ideal boundaries as the following diagram commutes.

H−R(G) UG Ω(G)

(H/G)o UG/G Ω(G)/G

πG πd
G πd

G

where the horizontal arrows are the inclusion maps. Note that the inclusion
maps are not isometries and that the map J induced from the complex conju-
gation is an isometry on UG/G fixing every point of (R̂−L(G))/G. Therefore,
each ideal boundary component of (H/G)o is realized as a simple geodesic in

UG/G. Hence B = (R̂− L(G))/G is a geodesic lamination in UG/G.
Let P be the completion of a connected component of the complement of

Λk for some k ∈ {1, 2, 3}. Since there are no cone points in UG/G, there are
three types of geometric pairs of pants which have only simple closed geodesics
and punctures as geometric boundaries. See Figure 12.

Let b be a connected component of B. If b is a simple closed curve which
corresponds to the ideal boundary of a funnel in H/G, then for each i ∈
{1, 2, 3}, b ∩ Λi is b itself or a finite subset of b. If b is a simple bi-infinite
geodesic, corresponding to the ideal boundary of a half-plane, then for each
i ∈ {1, 2, 3}, b ∩ Λi is a countable discrete closed subset of b since any bi-

infinite geodesic b̃ such that (πd
G ◦ πUG

)(b̃) = b has no cusp point as an end
point. In particular, when b intersects with P, each connected component of
b ∩ P is a properly embedded arc in P or a geodesic boundary of P. On the
other hands, if c is a simple closed curve in Λi for some i ∈ {1, 2, 3}, then
c ∩ ((H/G)o ∪B) is c itself or a disjoint union of properly embedded arcs.

Now, we assume that P ∩ B ̸= ∅. Let P ′ be a connected component of
P ∩ ((H/G)o ∪ B). Then, we can see that each manifold boundary of P ′ is
a geodesic boundary of P or consists of an alternative sequence of arcs in B
and arcs in ∂P. Hence, each boundary of P ′ is a piecewise geodesic circle.

From now on, we discuss the shape of P ′. First, we consider the case
where there is an embedded arc in P ∩ B having the end points in one geo-
desic boundary of P. See Figure 13. In each case, the red line represents the
embedded arc and P can have a finite number of parallel arcs in P ∩B to the
red line which are also geodesic. These parallel arcs divide P into three types
of pieces. See Figure 14. The red lines are arcs in P ∩ B and the black lines
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(a) Three geodesic
boundaries

(b) Two geodesic
boundaries

(c) One geodesic
boundary

Figure 12. In each Λi, there are three types of geometric
pairs of pants according to the number of closed geodesic
boundary components since UG/G has no cone point.

(a) Three geodesic
boundaries

(b) Two geodesic
boundaries

(c) One geodesic
boundary

Figure 13. The red lines are curves in P ∩B.

are arcs in ∂P. The small circle in Figure 14b is a puncture and the round
circle in Figure 14c is a geodesic boundary of P. We can see that a piece of
the first two types can not intersect with B in the complement of the red
lines. But, a piece of the third type has three possibilities. The first is that
there is no intersection with B except the red lines. The second case is that
the piece has an embedded arc in P ∩ B connecting two distinct black lines.
See Figure 15a. The additional red line represents the arc. Note that since
the arc is not separating, there are even number of parallel arcs. Then, the
parallel arcs divide the piece into pieces which are of the type of Figure 14a
or of the type of Figure 18a. Finally, in Figure 14c, the geodesic boundary is
in B. See Figure 15b. Thus, Figure 14a, Figure 14b, Figure 14c, Figure 15b
and Figure 18a are all possible cases of P ′ when P has an arc in P ∩B having
the end points in one geodesic boundary.
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(a) A square (b) A bi-gon with
one puncture

(c) A bi-gon with
one closed geodesic
boundary

Figure 14. There are three types of pieces from Figure 13.
The red lines are embedded arcs in P ∩B and the black lines
are arcs in ∂P . The small circle in Figure 14b represents a
puncture.

(a) A bi-gon with
one closed geodesic
boundary and addi-
tional arcs

(b) A bi-gon with
one closed geodesic
boundary which is in
B

Figure 15. The red lines are curves in P ∩B.

Now, we assume that there is no properly embedded arc in P ∩B having
two end points in one geodesic boundary. Also, suppose that there is a prop-
erly embedded arc in P ∩ B connecting two distinct geodesic boundaries of
P. Then, there are four possible cases according to the number of homotopic
types of arcs. See Figure 16. The red lines represent the homotopy classes of
the embedded arcs in P ∩B.

In Figure 16a, the red line is not separating so there are even number
of parallel arcs which are homotopic to the red line. Hence, these parallel
arcs divide P into pieces which are of the types of Figure 14a or Figure 17a.
Similarly, in Figure 16b, the red line is not separating so there are even number
of parallel arcs which are homotopic to the red line. These parallel arcs divide
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(a) Only one homo-
topy class of arcs

(b) One homotopy
class of arcs

(c) Two homotopy
classes of arcs

(d) Three homotopy
classes of arcs

Figure 16. The red lines are curves in P ∩B.

P into pieces which are of the types of Figure 14a or Figure 17b. In particular,
in a piece of the type of Figure 17b, the geodesic boundary may be in P ∩B.
Therefore, Figure 17c is also a possible case. Finally, from Figure 16c and
Figure 16d, we can get pieces which are of the types of Figure 14a, Figure
18a, or Figure 18b. Therefore, Figure 14a, Figure 18a, Figure 18b, Figure
17a, Figure 17b, and Figure 17c are all possible cases of P ′ when P ∩ B has
an arc connecting two distinct boundaries.

Then, we consider the case where P∩B has no arc. Then, P∩B consists of
closed geodesics. Therefore, we can list up the possible types of P ′ according
to the number of boundaries contained in P ∩B. See Figure 19. Thus, we can
summarize all possible cases of P ′ in Figure 20.

Now, for a simple closed geodesic γ in UG/G, we set the collar width
c(γ) to be ln(coth(l(γ)/4)) where l(γ) is the length of γ with respect to the
hyperbolic metric of UG/G. Then, we write U(γ) for the c(γ)- neighborhood of
γ in UG/G which is homeomorphic to the annulus. Note that for two disjoint
simple closed geodesics α and β in UG/G, U(α) ∩ U(β) = ∅ and if b is a
connected component of B and b ∩ α = ∅, then b ∩ U(α) = ∅.
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(a) A square with
one puncture

(b) A square with
one boundary

(c) A square with
one boundary con-
tained in P ∩B

Figure 17. The red lines are embedded arcs in P ∩B, and
the black lines are arcs in ∂P . The small circle represents a
puncture.

(a) A hexagon (b) A octagon

Figure 18. The red lines are embedded arcs in P ∩ B and
the black lines are arcs in ∂P .

Then, we consider the restrictions Ci = Λi ∩ ((H/G)o ∪B) of the geodesic
laminations. Ci are a disjoint union of simple closed curves and properly em-
bedded arcs in (H/G)o ∪ B. First, we remove closed curves in Ci ∩ B from
Ci. Then, choose a connected component α of C1. We define a regular neigh-
borhood V (α) in (H/G)o ∪ B as follows. If α is a simple closed curve, then
V (α) = U(α) and if α is a properly embedded arc, then there is the sim-
ple closed curve γ in Λ1 containing α and V (α) is the connected component
of U(γ) ∩ ((H/G)o ∪ B) containing α. Hence, each pair of two distinct con-
nected components of C1 have disjoint regular neighborhoods. Similarly, we
can define regular neighborhoods for connected components of C2 and C3.

Choose three pairwise disjoint countable dense subsets Q1, Q2, and Q3

of B. We will replace the arcs in each Ci properly so that every arc in Ci
has endpoints in Qi. We first consider C1. Let γ : [0, 1] → C1 be a proper
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(a) Two punctures
and one boundary
which is in B

(b) One puncture
and two boundaries
of which one is in B

(c) One puncture
and two boundaries
which are in B

(d) Only one bound-
ary is in B

(e) Two boundaries
are in B

(f) All boundaries
are in B

Figure 19. The red circles are closed geodesics in P ∩ B
and the black circles are closed geodesic in ∂P − B. The
small circles represent punctures.

embedding, parametrizing an arc of C1. Then there is an isotopy H through
proper embeddings in (H/G)o ∪B satisfying the following:

1. H(s, 0) = γ(s),
2. H([0, 1]× [0, 1]) ⊂ V (γ([0, 1])),
3. for all t ∈ [0, 1], {H(0, t), H(1, t)} ⊂ B, and
4. {H(0, 1), H(1, 1)} ⊂ Q1.

Set γ′(s) = H(s, 1). Then γ′([0, 1]) is a properly embedded arc in (H/G)o∪B
whose endpoints lie in Q1, and it is contained in V (γ([0, 1])). We replace
γ([0, 1]) in C1 by γ′([0, 1]). Since the regular neighborhoods are disjoint, this
replacement can be performed independently for all arcs in C1. Thus, after
properly replacing arcs, we may assume that every arc in C1 has endpoints in
Q1. Applying the same argument to C2 and C3, we may assume that for each
i ∈ {1, 2, 3}, every arc in Ci has endpoints in Qi.

For each arc α in Ci, there is a unique simple bi-infinite geodesic ℓα in
H/G which has the same homotopy type as α and connects the two endpoints
of α. To see this, we first observe that, since α is a simple arc containing no
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(a) A bi-gon with
one puncture

(b) A bi-gon with
one closed geodesic
boundary

(c) A bi-gon with
one closed geodesic
boundary which is in
B

(d) A square (e) A hexagon (f) An octagon

(g) A square with
one puncture

(h) A square with
one boundary

(i) A square with one
boundary which is in
P ∩B

(j) Two punctures
and one boundary
which is in B

(k) One puncture
and two boundaries
of which one is in B

(l) One puncture
and two boundaries
which are in B

(m) Only one bound-
ary is in B

(n) Two boundaries
are in B

(o) All boundaries
are in B

Figure 20. The red circles are closed geodesics in P ∩ B
and the black lines are in ∂P . The small circles represent
punctures.
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cone points in (H\L(G))/G, π−1
G (α) is a disjoint G-invariant collection of lifts

of α, each of which is a proper arc in H \ L(G). Choose a lift α̃ of α joining

two distinct points e1, e2 in ∂H \L(G). Then there is a unique geodesic ℓ̃α in
H joining e1 and e2.

To see that πG(ℓ̃α) is the desired ℓα, we first show that ℓ̃α does not contain
a ramification point. Assume, for contradiction, that x is a ramification point
of index m. Let g be the elliptic element of G rotating about x through angle

2π/m. If m > 2, then g(ℓ̃α) intersects ℓ̃α transversely at x, and so {e1, e2} and
g({e1, e2}) are linked on ∂H. It follows that α̃ intersects its nontrivial translate
g(α̃), contradicting the fact that α is simple. If m = 2, then g(e1) = e2, which
implies that α is a loop based at πG(e1), contradicting the fact that α is an

arc. Hence ℓ̃α does not contain a ramification point.

Therefore, πG(ℓ̃α) is a bi-infinite geodesic in the geometric interior ofH/G,

joining the two endpoints of α. Set ℓα = πG(ℓ̃α). Then, by the same strategy
as in the proof of Proposition 6.8, we can construct the desired homotopy
from α to ℓα, avoiding cone points.

We say that ℓα is the geodesic realization of α. We define Λ0
i to be the

disjoint union of the geodesic realizations of the components of Ci.
Fix i ∈ {1, 2, 3}. Let P ′ be the Cauchy completion of a connected com-

ponent of H/G−Λ0
i . By construction, we can see that P ′ is a geometric pair

of pants or each possible shape of P ′ corresponds to one of Figure 20. Now,
the red arcs are a part of ideal boundaries of H/G, the black arcs are simple
bi-infinite geodesics in H/G connecting ideal points in Qi and the small cir-
cles are punctures or cone points. But, the black circles have two possibilities.
One is that the geodesic is a regular simple closed curve in H/G. The other is
that the geodesic comes from a geodesic segment connecting two cone points
of order two.

Finally, we construct a geodesic lamination in each case of P ′ so that
for any complement A of the lamination in P ′, the closure of each connected
component of π−1

G (A) is an ideal polygon. The case where P ′ is a geometric
pair of pants is done by Lemma 5.8 so we consider the cases in Figure 20. The
case of Figure 20d is already done by Lemma 6.6. Here, the countable dense
subset Q in Lemma 6.6 comes from Qi. Now, we consider the cases of Figure
20e and Figure 20f. See Figure 21. By adding the blue bi-infinite geodesics,
the blue geodesics bound half-planes and the blue and black geodesics bound
an ideal hexagon and an ideal octagon in each cases. In each half-plane, we
can construct a geodesic lamination by Lemma 6.5. The countable dense
subset Q in Lemma 6.5 also comes from Qi. Then we are done.

Then, we consider the case where P ′ is of the type of Figure 20a and
the small circle corresponds to a cone point of order two. Choose a point p
of Qi in the interior of the red line. Then there is a unique regular simple
geodesic ray emanating from the cone point with the ideal end point p. See
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Figure 22a. The blue line is the geodesic ray. Then, since the completion of
the complement of the geodesic ray is of the type of 20d, we can similarly
construct a geodesic lamination.

Now, we consider the case where P ′ is of the type of Figure 20a and the
small circle is a cone point of which the order is greater than 2 or a puncture.
Choose a point p of Qi in the interior of the red line. Contrary to the case
of order two, there is a bi-infinite geodesic of which the end points are p. See
Figure 22. The blue line is the geodesic. This blue line divides the bi-gon into
a piece of the type of Figure 20d and a piece which is an ideal monogon or a
monogon with one puncture. Then, in the piece of the type of Figure 20d, we
can construct a geodesic lamination as the previous cases. If the other piece is
an ideal monogon, we are done. If the piece is a monogon with one puncture,
we need to add one more bi-infinite geodesic emanating to the puncture as in
Figure 4b.

Then, we consider the case of Figure 20b. Choose a point p of Qi in the
interior of the red line. Then, there is a blue bi-infinite geodesic of which the
end points are p. See Figure 22c. The blue line is the geodesic. This blue line
divides the bi-gon into a piece of the type of Figure 20d and a piece which
is a monogon with one hole. In the piece of the type of Figure 20d, we can
construct a geodesic lamination as the previous cases. In the monogon with
one hole, we need to add one more geodesic as in Figure 4c. Then we are
done.

In the case of Figure 20c, there is a unique simple closed geodesic that
bounds the funnel. See Figure 23a. The blue circle is the geodesic. This line
divides the bi-gon into a piece of the type of Figure 20b and the funnel. In
the piece of the type of Figure 20b, we can construct a geodesic lamination
by the previous case. We only need to consider the funnel. Choose a point p
of Qi in the closed ideal boundary. Then there is a unique bi-infinite geodesic
of which end points are p. See Figure 23b. The orange line is the bi-infinite
geodesic. Then, the orange line divides the funnel into a mongon with one
hole and a half-plane. Therefore, we can construct a geodesic lamination as
previous cases.

For remaining cases, observe that by adding proper bi-infinite geodesic
connecting two ideal points in Qi and dividing P ′ along the geodesic, we
can reduce the construction problem into the previous cases. See Figure 24.
The blue line is the bi-infinite geodesic which we want. Observe that each
geodesic divides P ′ into pieces in which we can construct geodesic laminations.
Therefore, in each case, we can construct a geodesic lamination in P ′.

Now, by adding a geodesic lamination in each complementary region of
Λ0
i , we obtain a geodesic lamination in H/G whose corresponding lamination

system Li is very full. Observe that, by construction, for each pair of dis-
tinct indices i, j ∈ {1, 2, 3}, the set E(Li) ∩ E(Lj) consists of cusp points of
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(a) A hexagon (b) An octagon

Figure 21

(a) A bigon with a
cone point of order
two

(b) A bigon with a
puncture or a cone
point not of order
two

(c) A bigon with one
geodesic boundary

Figure 22

(a) A bigon with one
closed ideal bound-
ary

(b) A funnel

Figure 23

G. Therefore, the collection {L1,L2,L3} of G-invariant very full lamination
systems is a pants-like COL3 collection. Thus, G is a pants-like COL3 group.
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(a) A square with
one marked point

(b) A square with
one geodesic bound-
ary

(c) A square with
one closed ideal
boundary

(d) Two marked
points and one
closed ideal bound-
ary

(e) One marked
point and one closed
ideal boundaries

(f) One marked
points and two
closed ideal bound-
aries

(g) Only one ideal
boundary

(h) Two ideal
boundaries

(i) All boundaries
are ideal boundaries

Figure 24. The blue lines are bi-infinite geodesics connect-
ing two points in Qi. The marked points which are drawn as
the small circles are puncture or cone points.

Theorem 6.10. Let G be a non-elementary Fuchsian group of the second
kind. Then G is a pants-like COL3 group.

Theorem B Let G be a Fuchsian group. Suppose that H/G is not a geo-
metric pair of pants. Then G is a pants-like COL3 group.
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Proof. By Theorem 6.4, Theorem 6.9 and Theorem 6.10, we are done.

We conclude this section by explaining how the proof of Theorem B can
be modified to obtain quite full laminations. See [4] for the definition of quite
fullness and related terminology. The only additional issue arises from geo-
metric pairs of pants containing punctures: in such a pair of pants, leaves from
distinct laminations may exit through the same puncture, and this has to be
taken into account when modifying the laminations constructed in Lemma 5.8.

For the cases shown in Figure 7c, where the pair of pants has either two
punctures or one puncture and one cone point, the modification is simple. It
is enough to remove the gray geodesics from the pieces of the type shown in
Figure 4b; then the complementary region lifts to a crown in the universal
cover whose pivot is a cusp point corresponding to the puncture.

It remains to consider the punctured case shown in Figure 7b. In this case,
to construct the desired geometric pair of pants together with the required
lamination, we use a surface D bounded by two bi-infinite geodesics and con-
taining one puncture; topologically, D is a once-punctured closed disk with
two points removed from its boundary. Such a surface can be obtained by glu-
ing two adjacent boundary geodesics of an ideal quadrilateral. We then glue
the two boundary geodesics of D. As in Section 5.2.3, choose shearing points
on these two boundary geodesics. Depending on the relative positions of the
shearing points, the completion P of the resulting surface is either a thrice-
punctured sphere or a punctured pair of pants of the type shown in Figure 7b.
In the latter case, the lengths of the boundary geodesics are determined by
the relative positions of the shearing points, together with the distances be-
tween the sides of the initial ideal quadrilateral. Thus, the bi-infinite geodesic
arising as the gluing locus (which is the image of the boundary of D) provides
the desired replacement lamination in P, whose complementary regions in the
geometric interior of P lift to crowns in the universal cover.

Applying this replacement to each such pair of pants, and, in the case
shown in Figure 22b, further removing the gray geodesics from the pieces of
the type shown in Figure 4b, we obtain quite full laminations. As a con-
sequence, Theorem B can be strengthened to yield the second statement of
Corollary 1.3 as follows:

Corollary 6.11. Given a Fuchsian group G, we can construct three quite
full circle laminations satisfying the disjoint endpoint condition and preserved
by G, provided that H2/G is not a geometric pair of pants.

7. Appendix

In this appendix, we prove Lemma 7.3. This lemma refines [3, Lemma 7.7],
which treats only the case where G is discrete and torsion-free. Before proving
the lemma, we need the following lemma and definition.
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Lemma 7.1. Let G be a laminar group and L a G-invariant very full
lamination system. Assume that a point p in S1 is a cusp point of G. Then
there is a sequence {Un}∞n=1 of nondegenerate open intervals such that for each
n ∈ N, Un+1 ⊂ Un and Un = In ∪ {p} ∪ Jn for some two disjoint elements

In and Jn of L, and
∞⋂

n=1

Un = {p}. In particular, {In}∞n=1 and {Jn}∞n=1 are

quasi-rainbows at p.

Proof. We can take a parabolic element g of G fixing p as p is a cusp
point of G. Also there is a leaf ℓ of L having p as an end point and we denote
the other end point by q. Then since g is a parabolic element, g(q) ̸= q and
g(q) ̸= p so there is an element I in ℓ containing the point g(q). Because
g is orientation preserving, g(I) ⊊ I and since g is parabolic, the sequence
{gn(I)}∞n=1 is a quasi-rainbow at p. Likewise g−1(q) ∈ I∗ as q ∈ g(I)∗. Since
g−1 is orientation preserving, g−1(I∗) ⊊ I∗ so since g is parabolic, the se-
quence {g−n(I∗)}∞n=1 is a quasi-rainbow at p. Now for each n ∈ N, we define
Un as the union of the sets gn(I), {p} and g−n(I∗). Since I and I∗ are disjoint
and gn(I) ⊊ I and g−n(I∗) ⊊ I∗ for all n ∈ N, then {gn(I), g−n(I∗)} is a
distinct pair for all n ∈ N. Hence for each n ∈ N, Un is a nondegenerate open
interval because ∂gn(I)∩∂g−n(I∗) = {p}, and Un+1 ⊂ Un as gn+1(q) ∈ gn(I)

and g−n−1(q) ∈ g−n(I∗). Finally
∞⋂

n=1

Un = {p} since the sequences {gn(I)}∞n=1

and {g−n(I∗)}∞n=1 are quasi-rainbows at p. Thus we are done.

For brevity we make a definition for the sequence {Un}∞n=1 of the lemma.

Definition 7.2. Let L be a lamination system. Let p be a point in S1

and {Un}∞n=1 be a sequence of nondegenerate open intervals containing p. We
call the sequence {Un}∞n=1 angel wings at p if for each n ∈ N, Un+1 ⊂ Un

and Un = I ∪ {p} ∪ J for some two disjoint elements I and J of L, and
∞⋂

n=1

Un = {p}.

So Lemma 7.1 says that every cusp point of a group has angel wings if
the group has a very full invariant lamination system. Now we prove Lemma
7.3.

Lemma 7.3. Let G be a pants-like COL3 group and C = {L1,L2,L3} be
a pants-like collection for G. Suppose that there are two sequences {xn}∞n=1

and {yn}∞n=1 in S1 such that {xn}∞n=1 converges to a point x in S1, {yn}∞n=1

converges to a point y in S1 and x ̸= y, and that {gn}∞n=1 is an approxi-
mation sequence of G such that {gn(xn)}∞n=1 converges to a point x′ in S1,
{gn(yn)}∞n=1 converges to a point y′ in S1 and x′ ̸= y′. Further assume that
we can take a sequence {an}∞n=1 in S1 so that for each n ∈ N, an ∈ Fixhn

for
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some hyperbolic element hn of G, {an}∞n=1 converges to x and {gn(an)}∞n=1

converges to y′. Then the sequence {gn}∞n=1 has the convergence property.

Proof. We will show that we can take a subsequence satisfying the con-
dition of the convergence property with respect to x and y′. First we choose
a number ϵ in R so that 0 < ϵ < 1

3 min{dC(x, y), dC(x′, y′)}. Then for each

p ∈ {x, y, x′, y′}, we denote the ϵ-neighborhood of p by Nϵ(p) = {z ∈ S1 :
dC(p, z) < ϵ}. Note that Nϵ(x)∩Nϵ(y) = ∅ and Nϵ(x

′)∩Nϵ(y
′) = ∅. We can

take a subindex α of idN so that for each n ∈ N, {xα(n), aα(n)} ⊂ Nϵ(x),
yα(n) ∈ Nϵ(y), gα(n)(xα(n)) ∈ Nϵ(x

′), and {gα(n)(yα(n)), gα(n)(aα(n))} ⊂
Nϵ(y

′). Now we divide into four cases depending on whether x and y′ are
cusp points.

First we consider the case where both x and y′ are not cusp points. Then
at least two of C have a rainbow at x and also at least two of C have a rainbow
at y′. So at least one of C has rainbows at x and y′ simultaneously. Hence
we can take two rainbows {In}∞n=1 at x and {Jn}∞n=1 at y′ in some L of C
so that for each In+1 ⊂ In and Jn+1 ⊂ Jn for all n ∈ N, and In ⊂ Nϵ(x)
and Jn ⊂ Nϵ(y) for all n ∈ N. Then for each n ∈ N, there is a number
m(n) in N such that for all m ∈ N with m(n) ≤ m, {xα(m), aα(m)} ⊂ In
and {gα(m)(yα(m)), gα(m)(aα(m))} ⊂ Jn. A subindex β of α can be given

by β(n) = α
( n∑

k=1

m(k)
)
so that for each n ∈ N, {xβ(n), aβ(n)} ⊂ In and

{gβ(n)(yβ(n)), gβ(n)(aβ(n))} ⊂ Jn.
Now we show that the sequence {gβ(n)}∞n=1 has the convergence property

with respect to x and y′. Let K be a compact subset of S1−{x} and U be an
open neighborhood of y′ on S1. Then since {In}∞n=1 and {Jn}∞n=1 are rainbows,
there is a number N in N such that K ⊂ I∗N and JN ⊆ U. Note that for all
n ∈ N with N ≤ n, {xβ(n), aβ(n)} ⊂ IN and {gβ(n)(yβ(n)), gβ(n)(aβ(n))} ⊂ JN
as In ⊆ IN and Jn ⊆ JN . Choose a number n0 ∈ N with N ≤ n0. Be-
cause Nϵ(x) does not intersect with Nϵ(y) and yβ(n0) ∈ I∗N , gβ(n0)(yβ(n0)) ∈
gβ(n0)(IN )∗ ∩ JN so by the unlinkedness of gβ(n0)(IN )∗ and JN , there are
three possible cases: gβ(n0)(IN )∗ ⊂ JN ; gβ(n0)(IN ) ⊂ JN ; gβ(n0)(IN ) ⊂ J∗

N . If
gβ(n0)(IN ) ⊂ JN , then gβ(n0)(xβ(n0)) ∈ JN and so gβ(n0)(xβ(n0)) ∈ Nϵ(y

′).
However this is a contradiction since Nϵ(x

′) and Nϵ(y
′) are disjoint. If

gβ(n0)(IN ) ⊂ J∗
N , then gβ(n0)(IN )∩ JN = ∅ but gβ(n0)(aβ(n0)) ∈ gβ(n0)(IN )∩

JN . So it is a contradiction. Therefore gβ(n0)(IN )∗ ⊂ JN and this implies that
gβ(n0)(K) ⊂ gβ(n0)(IN )∗ ⊂ JN ⊂ U. Thus we can conclude that {gβ(n)}∞n=1

has the convergence property and so {gα(n)}∞n=1 has the convergence property.
Next we consider the case where x is not a cusp point and y′ is a cusp

point. Since x is not a cusp point, at most one of C has x as an end point so
there are at lest two of C have rainbows at x. On the other hand, y′ has angel
wings in each of C. So there is a lamination system L in C which has a rainbow
at x and angel wings at y′. Hence, in some L in C, we can take a rainbow
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{In}∞n=1 at x and angel wings {Un}∞n=1 at y
′ so that for each n ∈ N, In+1 ⊂ In,

In ⊂ Nϵ(x) and Un ⊂ Nϵ(y
′). Then for each n ∈ N, there is a number

m(n) in N such that for all m ∈ N with m(n) ≤ m, {xα(m), aα(m)} ⊂ In
and {gα(m)(yα(m)), gα(m)(aα(m))} ⊂ Un. A subindex β of α can be given

by β(n) = α
( n∑

k=1

m(k)
)
so that for each n ∈ N, {xβ(n), aβ(n)} ⊂ In and

{gβ(n)(yβ(n)), gβ(n)(aβ(n))} ⊂ Un.
Similarly we show that the sequence {gβ(n)}∞n=1 has the convergence prop-

erty with respect to x and y′. Let K be a compact subset of S1 − {x} and
U be an open neighborhood of y′ on S1. Then since {In}∞n=1 is a rainbow
and {Un}∞n=1 is angel wings, there is a number N in N such that K ⊂ I∗N
and UN ⊆ U. Note that for all n ∈ N with N ≤ n, {xβ(n), aβ(n)} ⊂ IN
and {gβ(n)(yβ(n)), gβ(n)(aβ(n))} ⊂ UN as In ⊆ IN and Un ⊆ UN . Now we
write In = (rn, sn)S1 and Un = (un, vn)S1 for all n ∈ N. Note that (un, y

′)S1

and (y′, vn)S1 are in L for all n ∈ N. Now, we choose a number n0 ∈ N
with N < n0. Then rn0

∈ (yβ(n0), aβ(n0))S1 and sn0
∈ (aβ(n0), yβ(n0))S1 as

aβ(n0) ∈ (rn0 , sn0)S1 and yβ(n0) ∈ (sn0 , rn0)S1 by the choice of ϵ. So one
of gβ(n0)([yβ(n0), aβ(n0)]S1) and gβ(n0)([aβ(n0), yβ(n0)]S1) must be contained in
Un0 because {gβ(n0)(yβ(n0)), gβ(n0)(aβ(n0))} ⊂ Un0 .

First we consider the case where

[gβ(n0)(yβ(n0)), gβ(n0)(aβ(n0))]S1 = gβ(n0)([yβ(n0), aβ(n0)]S1) ⊂ Un0
.

If gβ(n0)(rn0) ∈ (un0 , y
′)S1 , then by the unlinkedness of gβ(n0)(In0

) and (un0
, y′)S1 ,

there are two possible cases: gβ(n0)(In0
) ⊂ (un0

, y′)S1 ; gβ(n0)(In0
)∗ ⊂ (un0

, y′)S1 .
However if gβ(n0)(In0

) ⊂ (un0
, y′)S1 , then gβ(n0)(xβ(n0)) ∈ (un0

, y′)S1 ⊂ Un0
⊂

Nϵ(y
′) so this is a contradiction. Therefore gβ(n0)(In0)

∗ ⊂ (un0 , y
′)S1 and so

gβ(n0)(K) ⊂ gβ(n0)(IN )∗ ⊂ gβ(n0)(In0)
∗ ⊂ (un0 , y

′)S1 ⊂ Un0 ⊂ UN ⊂ U.

Then if gβ(n0)(rn0) ∈ (y′, vn0)S1 , then by the unlinkedness of gβ(n0)(In0) and
(y′, vn0

)S1 , there are two possible cases: gβ(n0)(In0
) ⊂ (y′, vn0

)S1 ; gβ(n0)(In0
)∗ ⊂

(y′, vn0
)S1 .However if gβ(n0)(In0

) ⊂ (y′, vn0
)S1 , then gβ(n0)(xβ(n0)) ∈ (y′, vn0

)S1 ⊂
Un0 ⊂ Nϵ(y

′) so this is a contradiction. Therefore gβ(n0)(In0)
∗ ⊂ (y′, vn0)S1

and so

gβ(n0)(K) ⊂ gβ(n0)(IN )∗ ⊂ gβ(n0)(In0
)∗ ⊂ (y′, vn0

)S1 ⊂ Un0
⊂ UN ⊂ U.

Finally we assume that gβ(n0)(rn0
) = y′. Note that

gβ(n0)(rN ) ∈ (gβ(n0)(yβ(n0)), gβ(n0)(aβ(n0)))S1

since aβ(n0) ∈ IN and yβ(n0) ∈ I∗N by the choice of ϵ, and so gβ(n0)(rN ) ∈
(gβ(n0)(yβ(n0)), y

′)S1 ⊂ (un0
, y′)S1 since

[y′, gβ(n0)(aβ(n0)))S1 = gβ(n0)([rn0 , aβ(n0)))S1 ⊂ gβ(n0)(In0
) ⊂ gβ(n0)(IN ).
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Hence by the unlinkedness of gβ(n0)(IN ) and (un0 , y
′)S1 , there are two pos-

sible cases: gβ(n0)(IN ) ⊂ (un0
, y′)S1 ; gβ(n0)(IN )∗ ⊂ (un0

, y′)S1 . However if
gβ(n0)(IN ) ⊂ (un0

, y′)S1 , then gβ(n0)(xβ(n0)) ∈ (un0
, y′)S1 ⊂ Un0

⊂ Nϵ(y
′) so

this is a contradiction. Therefore gβ(n0)(IN )∗ ⊂ (un0 , y
′)S1 and so

gβ(n0)(K) ⊂ gβ(n0)(IN )∗ ⊂ (un0 , y
′)S1 ⊂ Un0 ⊂ UN ⊂ U.

Thus these implies that {gβ(n)}∞n=1 has the convergence property and so
{gα(n)}∞n=1 has the convergence property. In the similar way we can prove that
{gβ(n)}∞n=1 has the convergence property in the case where gβ(n0)([aβ(n0), yβ(n0)]S1) ⊂
Un0

. Hence {gα(n)}∞n=1 also has the convergence property.
Now we consider the case where x is a cusp point and y′ is not a cusp

point. It follows at once from the previous case that {g−1
α(n)}∞n=1 has the

convergence property. Indeed it implies that {gα(n)}∞n=1 has the convergence
property by Remark 4.1. Thus this case is also proved.

Finally we consider the most complicated case when both x and y′ are
cusp points. Note that by Lemma 3.9, an ̸= x and gn(an) ̸= y′ for all n ∈ N.
Also we claim that there is at most one number n in N such that gn(x) = y′.
If there are two numbers n and m in N with n ̸= m such that gn(x) = y′ and
gm(x) = y′, then gm ◦ g−1

n (y′) = gm(x) = y′ and y′ ∈ Fixgm◦g−1
n

. However

gm ◦ g−1
n is hyperbolic as {gn}∞n=1 is an approximation sequence and so it is a

contradiction by Lemma 3.9. Therefore there is a subindex β of α such that
gβ(n)(x) ̸= y′ for all n ∈ N.

Choose a lamination system L in C. Then we can take two angel wings
{In}∞n=1 at x and {Jn}∞n=1 at y′ in L so that for each n ∈ N, In ⊂ Nϵ(x) and
Jn ⊂ Nϵ(y

′). Then for each n ∈ N, there is a numberm(n) in N such that for all
m ∈ N withm(n) ≤ m, {xβ(m), aβ(m)} ⊂ In and {gβ(m)(yβ(m)), gβ(m)(aβ(m))} ⊂

Jn. A subindex γ of β can be given by γ(n) = β
( n∑

k=1

m(k)
)
so that for each

n ∈ N, {xγ(n), aγ(n)} ⊂ In and {gγ(n)(yγ(n)), gγ(n)(aγ(n))} ⊂ Jn.
Now we write In = (rn, sn)S1 and Jn = (un, vn)S1 for all n ∈ N. Note that

for each n ∈ N, the nondegenerate open intervals (rn, x)S1 , (x, sn)S1 , (un, y
′)S1 ,

and (y′, vn)S1 are in L . Then we show that the sequence {gγ(n)}∞n=1 has the
convergence property with respect to x and y′. Let K be a compact subset
of S1 −{x} and U be an open neighborhood of y′ on S1. Then since {In}∞n=1

and {Jn}∞n=1 are two angel wings, there is a number N in N such that K ⊂ I∗N
and JN ⊂ U. Note that for all n ∈ N with N ≤ n, {xγ(n), aγ(n)} ⊂ IN and
{gγ(n)(yγ(n)), gγ(n)(aγ(n))} ⊂ JN as In ⊂ IN and Jn ⊂ JN .

We fix a number n0 ∈ N with N < n0. We claim that gγ(n0)(K) ⊂ U.
Note that one of gγ(n0)([aγ(n0), yγ(n0)]S1) and gγ(n0)([yγ(n0), aγ(n0)]S1) must be
contained in Jn0 as {gγ(n0)(aγ(n0)), gγ(n0)(yγ(n0))} ⊂ Jn0

. There are two cases
depending on the location of aγ(n0) : aγ(n0) ∈ (rn0

, x)S1 ; aγ(n0) ∈ (x, sn0
)S1 .
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First we consider the case where aγ(n0) ∈ (rn0 , x)S1 . Then yγ(n0) ∈
(x, rn0

)S1 by the choice of ϵ. Hence one of gγ(n0)(rn0
) and gγ(n0)(x) belongs

to Jn0 since x ∈ (aγ(n0), yγ(n0))S1 and rn0 ∈ (yγ(n0), aγ(n0))S1 .
In the case where gγ(n0)(rn0

) ∈ Jn0
, there are three possible cases:

gγ(n0)(rn0
) ∈ (un0

, y′)S1 , gγ(n0)(rn0
) = y′ or gγ(n0)(rn0

) ∈ (y′, vn0
)S1 .

If gγ(n0)(rn0
) ∈ (un0

, y′)S1 , then

gγ(n0)((rn0
, x)S1) ⊂ (un0

, y′)S1 or gγ(n0)((rn0
, x)S1)∗ ⊂ (un0

, y′)S1

by the unlinkedness of gγ(n0)((rn0 , x)S1) and (un0 , y
′)S1 .When gγ(n0)((rn0 , x)S1) ⊂

(un0
, y′)S1 , we get that gγ(n0)(x) ∈ (un0

, y′)S1 since gγ(n0)(x) ̸= y′, and
that gγ(n0)(ℓ((x, sn0

)S1)) lies on (un0
, y′)S1 . However if gγ(n0)((x, sn0

)S1) ⊂
(un0 , y

′)S1 , then gγ(n0)(In0) = gγ(n0)((rn0 , sn0)S1) ⊂ (un0 , y
′)S1 ⊂ Jn0 so this

is a contradiction since gγ(n0)(xγ(n0)) /∈ Jn0
. Therefore gγ(n0)((sn0

, x)S1) ⊂
(un0

, y′)S1 . Then

gγ(n0)(K) ⊂ gγ(n0)(I
∗
N ) ⊂ gγ(n0)(I

∗
n0
)

⊂ gγ(n0)((sn0 , x)S1) ⊂ (un0 , y
′)S1 ⊂ Jn0 ⊂ JN ⊂ U.

So this case is proved. Then when gγ(n0)((rn0 , x)S1)∗ ⊂ (un0 , y
′)S1 , we can

see that

gγ(n0)(K) ⊂ gγ(n0)(I
∗
N ) ⊂ gγ(n0)(I

∗
n0
)

⊂ gγ(n0)((rn0 , x)
∗
S1) ⊂ (un0

, y′)S1 ⊂ Jn0
⊂ JN ⊂ U.

Therefore the case where gγ(n0)(rn0) ∈ (un0 , y
′)S1 is done.

Now if gγ(n0)(rn0
) = y′, then there are three cases by the unlinkeness of

gγ(n0)((rn0
, x)S1), (un0

, y′)S1 and (y′, vn0
)S1 : gγ(n0)((rn0

, x)S1) ⊊ (y′, vn0
)S1 ;

(y′, vn0)S1 ⊂ gγ(n0)((rn0 , x)S1) ⊊ (un0 , y
′)∗S1 ; (un0 , y

′)∗S1 ⊂ gγ(n0)((rn0 , x)S1).
We claim that the first case is not possible. If gγ(n0)((rn0

, x)S1) ⊊ (y′, vn0
)S1 ,

then x ∈ (y′, vn0
)S1 since gγ(n0)(rn0

) = y′. Then gγ(n0)(ℓ((x, sn0
)S1)) must lie

on (y′, vn0)S1 . However if gγ(n0)((x, sn0)S1) ⊂ (y′, vn0)S1 , then

gγ(n0)(xγ(n0)) ∈ gγ(n0)(In0
)

= gγ(n0)((rn0
, sn0

)S1)

⊂ (y′, vn0)S1 ⊂ Jn0 ⊂ Nϵ(y
′).

This is a contradiction by the choice of ϵ.Also if gγ(n0)((x, sn0)S1)∗ ⊂ (y′, vn0)S1 ,
then

(y′, gγ(n0)(x))S1 = gγ(n0)((rn0
, x)S1)

⊂ gγ(n0)((x, sn0
)∗S1) = (gγ(n0)(sn0

), gγ(n0)(x))S1 ⊂ (y′, vn0
)S1 ,

and this implies that gγ(n0)(sn0
) = y′. However gγ(n0)(sn0

) = y′ = gγ(n0)(rn0
)

so this is a contradiction. Therefore the claim is proved.
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Now we consider the case where

(y′, vn0)S1 ⊂ gγ(n0)((rn0
, x)S1) ⊊ (un0

, y′)∗S1 = (y′, un0
)S1 .

This case is also impossible. Observe that gγ(n0)(x) ∈ [vn0 , un0)S1 and gγ(n0)(yγ(n0))
must belong to (un0

, y′)S1 in this case. Since y′ = gγ(n0)(rn0
) ⊂ gγ(n0)((rN , x)S1),

the leaf ℓ((un0
, y′)S1) lies on gγ(n0)((rN , x)S1). If (un0

, y′)∗S1 ⊂ gγ(n0)((rN , x)S1),
then (gγ(n0)(x), gγ(n0)(rN ))S1 = gγ(n0)((rN , x)S1)∗ ⊂ (un0 , y

′)S1 and gγ(n0)(x) ∈
[un0

, y′)S1 . This is a contradiction since [vn0
, un0

)S1 and [un0
, y′)S1 are dis-

joint. If (un0
, y′)S1 ⊂ gγ(n0)((rN , x)S1), then gγ(n0)(yγ(n0)) ∈ (un0

, y′)S1 ⊂
gγ(n0)((rN , x)S1) and this is also a contradiction since yγ(n0) /∈ (rN , x)S1 .

Therefore (un0
, y′)∗S1 ⊂ gγ(n0)((rn0

, x)S1). Then

gγ(n0)(K) ⊂ gγ(n0)(I
∗
n0
) ⊂ gγ(n0)((rn0 , x)

∗
S1) ⊂ (un0 , y

′)S1 ⊂ Jn0 ⊂ JN ⊂ U.

Thus the case where gγ(n0)(rn0
) = y′ is also proved.

Then we consider the case where gγ(n0)(rn0
) ∈ (y′, vn0

)S1 . Then there are
two cases by the unlinkedness of gγ(n0)((rn0 , x)S1) and (y′, vn0)S1 :

• gγ(n0)((rn0
, x)S1) ⊂ (y′, vn0

)S1 ;
• gγ(n0)((rn0

, x)S1)∗ ⊂ (y′, vn0
)S1 .

If gγ(n0)((rn0 , x)S1) ⊂ (y′, vn0)S1 , then gγ(n0)(x) ∈ (y′, vn0 ]S1 ⊂ (y′, vN )S1 and
so the leaf gγ(n0)(ℓ((x, sn0

)S1)) must lie on (y′, vN )S1 .However if gγ(n0)((x, sn0
)S1) ⊂

(y′, vN )S1 , then gγ(n0)((rn0
, sn0

)S1) ⊂ (y′, vN )S1 and this is a contradiction
since gγ(n0)(xγ(n0)) /∈ JN . Therefore gγ(n0)((x, sn0)S1)∗ ⊂ (y′, vN )S1 and so

gγ(n0)(K) ⊂ gγ(n0)(I
∗
N ) ⊆ gγ(n0)((x, sn0

)∗S1) ⊂ (y′, vN )S1 ⊂ JN ⊂ U.

Hence the case where gγ(n0)(rn0
) ∈ (y′, vn0

)S1 is also proved. Thus the case
where gγ(n0)(rn0

) ∈ Jn0
is proved.

Now we consider the case where gγ(n0)(x) ∈ Jn0
. Then gγ(n0)(x) ∈ (un0

, y′)S1

or gγ(n0)(x) ∈ (y′, vn0
)S1 as gγ(n0)(x) ̸= y′. For brevity, we write

L = gγ(n0)((rn0
, x)S1) and R = gγ(n0)((x, sn0

)S1).

If gγ(n0)(x) ∈ (un0
, y′)S1 , then the leaves ℓ(L) and ℓ(R) must lie on (un0

, y′)S1 .
However if L ⊂ (un0 , y

′)S1 and R ⊂ (un0 , y
′)S1 , then gγ(n0)(In0) ⊂ (un0 , y

′)S1

and this is a contradiction since gγ(n0)(xγ(n0)) /∈ Jn0
. Hence L∗ ⊂ (un0

, y′)S1

or R∗ ⊂ (un0
, y′)S1 . In both cases, gγ(n0)(I

∗
n0
) ⊂ (un0

, y′)S1 . Therefore

gγ(n0)(K) ⊂ gγ(n0)(I
∗
N ) ⊂ gγ(n0)(I

∗
n0
) ⊂ (un0

, y′)S1 ⊂ Jn0
⊂ JN ⊂ U.

Similarly if gγ(n0)(x) ∈ (y′, vn0
)S1 , then the leaves ℓ(L) and ℓ(R) must lie on

(y′, vn0
)S1 . However if L ⊂ (y′, vn0

)S1 and R ⊂ (y′, vn0
)S1 , then gγ(n0)(In0

) ⊂
(y′, vn0)S1 and this is a contradiction since gγ(n0)(xγ(n0)) /∈ Jn0 . Hence L∗ ⊂
(y′, vn0

)S1 or R∗ ⊂ (y′, vn0
)S1 . In both cases gγ(n0)(I

∗
n0
) ⊂ (y′, vn0

)S1 . There-
fore

gγ(n0)(K) ⊂ gγ(n0)(I
∗
N ) ⊂ gγ(n0)(I

∗
n0
) ⊂ (y′, vn0

)S1 ⊂ Jn0
⊂ JN ⊂ U.
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Thus the case where gγ(n0)(x) ∈ Jn0 also follows and so the case where
an0

∈ (rn0
, x)S1 is done. Similarly gγ(n0)(K) ⊂ U when an0

∈ (x, sn0
)S1 .

This implies that for any n ∈ N with N < n, gγ(n)(K) ⊂ U. Therefore the
sequence {gγ(n)}∞n=1 has the convergence property and so {gα(n)}∞n=1 has the
convergence property. Thus the original sequence {gn}∞n=1 has the conver-
gence property.
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