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PRESCRIBED WEINGARTEN CURVATURE
EQUATIONS IN WARPED PRODUCT MANIFOLDS

YA GAO, CHENYANG L1U AND JING MAO*

ABSTRACT. In this paper, under suitable settings, we can obtain the
existence of solutions to a class of prescribed Weingarten curvature equa-
tions in warped product manifolds of special type by the standard degree
theory based on the a priori estimates for the solutions. This is to say that
the existence of closed hypersurface (which is graphic with respect to the
base manifold and whose k-Weingarten curvature satisfies some constraint)
in a given warped product manifold of special type can be assured.

1. INTRODUCTION

Throughout this paper, let (M™, g) be a compact Riemannian n-manifold
with the metric g, and let I be an (unbounded or bounded) interval in R.
Clearly, M =1 x5 M™ is actually the (n + 1)-dimensional warped product
manifold (sometimes, for simplicity, just say warped product) endowed with

the following metric

(1.1) g =dt* + f*(t)g,

where f : I — RT is a positive differential function defined on I. Given a
differentiable function u : M™ — I, its graph actually corresponds to the
following graphic hypersurface

(1.2) G ={X(z) = (u(z),z)[z € M"}
in M. Equivalently, we can say that G is graphic w.r.t. the base manifold M™.

Denote by V, D the Riemannian connections on M and M™", respectively.
Let {e;}i=1,2,.. » be an orthonormal frame field in M™. Then one can find
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an orthonormal frame field {€4}a=01,... » in M such that & = (1/f)e;, 1 <
a =14 < n and & = J/0t. The existence of the frame fields can always be
assured in the tangent space of a prescribed point. Denote by' u; := D;u,
Uui; := D;jD;u, and w;jk := Dy D;jDju the covariant derivatives of u w.r.t. the
metric g. Clearly, the tangent vectors of G are given by

Xiz(Du,l):ei+ui8/8t:féi+uiéo, 1=1,2,...,n.

Let (-,-) be the inner product w.r.t. the metric g. Then the induced metric g
on G has the form

9ij = (X, X;) = f20i; + uguy,
its inverse is given by

. 1 g wtu?
g = —_ (§W -
S < 2+ |Du|2> ’

n
where v’ = gYu; = §Yu; = u; and |Dul* = u'u; = Y u?. Of course, in this
i=1

paper we use the Einstein summation convention — reg)eated superscripts and
subscripts should be made summation?. The outward unit normal vector field
of G is given by

v = _ (f8 _uiei> I S (fé _uié,>
VEEIDaE "ot ) e

and the component h;; of the second fundamental form A of G is computed

as follows

_ 1
(13) hi]‘ - —<vXin,V> =

One can also see [3, Subsection 2.2] for the computations of the above geomet-
ric quantities. Denote by A1, Aa,..., A, the principal curvatures of G, which
are actually the eigenvalues of the matrix (h;j)nxn W.r.t. the metric g. The
so-called k-th Weingarten curvature at X (z) = (u(z),z) € G is defined as

(1.4) (A1, Az, Ap) = Z Aiy Aiy - Ay -

1<i1 <2< <1 <n

V=Ff (t)% is the position vector field® of the hypersurface G in M, and

clearly, for any z € M™, V|, is a one-to-one correspondence with X (z). Let
v(V') be the outward unit normal vector field along the hypersurface G and

(= fuij + 2f wuj + f2f'6i5) .

! Clearly, for accuracy, here D;u should be D, u. In the sequel, without confusion and
if needed, we wish to simplify covariant derivatives like this. In this setting, u;; := D;D;u,
Uijk = DiDjDiju mean u;; = De;De;u and ujp, = Dey De; De, u, respectively. We will
also simplify covariant derivatives on G and M similarly if necessary.

2 In this setting, repeated Latin letters should be made summation from 1 to n.

3 In R™*1 or the hyperbolic (n 4 1)-space H"T1, there is no need to define the vector
field V since these two spaces are two-points homogeneous and global coordinate system
can be set up, and then X (z) can be seen as the position vector directly.
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A(V) = (M1, A2, -+, Ay) be the principal curvatures of G at V. Define the
annulus domain M C M as follows

MZ* = {(t,x) € M|ri <t <13}

with 1 < ro. In this paper, we consider the following Weingarten curvature
equation

k—1
(1.5) o(A(V) = ai(u(@),)oi(A(V)), VW egG, 2<k<n,

=0

where {a(u(z),2)}F~)} are given smooth functions defined on G. The k-th
Weingarten curvature oy (A(V)) is also called k-th mean curvature. Besides,
when k =1, 2 and n, o5 (A(V)) corresponds to the mean curvature, the scalar
curvature and the Gaussian curvature of G at V.

We also need the following conception:

DEFINITION 1.1. For 1 <k <mn, let I'y, be a cone in R™ determined by
={AeRoy(N\) >0, 1=1,2,...,k}.

A smooth graphic hypersurface G C M is called k-admissible if at every posi-
tion vector V€ G, (A1, Aa,..., \n) € k.

For the Eq. (1.5), we can prove the following;:

THEOREM 1.2. Let M™ be a compact Riemannian n-manifold (n > 3) and
M = IxyM", with the metric (1.1), be the warped product manifold defined as
before. Assume that the warping function f is positive C? differential, f' > 0
and aj(u(x),x) € C®(I x M™) are positive functions for all 0 <1 < k — 1.
Suppose that

/ - N\ L
(1.6)  ox(e (f ) (u,z)o(e (J;) for u > ro,

OIM

!

(17) o (f) <Z_: (f)l
. k( < (u, z)oy(e 7 for 0 <u<ry,

and
9 ki
(1.8) %[f (Wou(u, )] <0 forrm <u<ry, 0<I<k-1,

where [r1,72] C I, e = (1,1,---,1). Then there ezists a smooth k-admissible,
closed graphic hypersurface G contained in the interior of the annulus MY
and satisfying the Eq. (1.5).
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REMARK 1.3. (1) The proof of Theorem 1.2 can be discussed in two cases:
f” <0or f” >0, where f is the warping function defined as before. After
careful calculations in Section 4, we find that an important ingredient in C*!
estimate is to keep (¢f’)’ non-positive. In the case f” < 0, this ingredient
can be assured because of the assumptions made on the auxiliary function ¢
(see Section 3 for details). However, in the case f” > 0, one cannot guarantee
that (¢f’)" is positive or negative if the same assumptions were made on ¢.
In this situation, we need to do some change, that is, we define a new ¢ as
© = k(f")~', where k is a positive constant and satisfies f’(r1) < k < f'(r2),
and then this function ¢ satisfies p(u) > 0, ¢(u) > 1 for u < ry, p(u) < 1 for
u > ra, ¢'(u) < 0. Thus (pf’) <0 can also be obtained by this change, and
then in the case f” > 0 the rest of the argument for Theorem 1.2 would go
back to that of the case f” < 0 — please see Section 4 for details.
(2) The k-admissible and the graphic properties of the hypersurface G make
sure that the Eq. (1.5) is a single scalar second-order elliptic PDE of the
graphic function u, which is the cornerstone of the a prior estimates given
below. If furthermore M™ is convex, then M™ is diffeomorphic to S (i.e. the
Euclidean unit n-sphere), G is also a graphic hypersurface over S™ and should
be starshaped. In this setting, Theorem 1.2 degenerates into the following;:

e FACT 1. Under the assumptions of Theorem 1.2, if furthermore M™
is convex, then there exists a smooth k-admissible, starshaped closed
hypersurface G contained in the interior of the annulus M and satis-
fying the Eq. (1.5).

(3) We refer readers to, e.g., [21, Appendix A], [23, pp. 204-211 and Chap-
ter 7] for an introduction to the notion and properties of warped product
manifolds. Submanifolds in warped product manifolds have nice geometric
properties and interesting results can be expected — see, e.g., several nice
eigenvalue estimates for the drifting Laplacian and the nonlinear p-Laplacian
on minimal submanifolds in warped product manifolds of prescribed type have
been shown in [18, Sections 3-5].

(4) The Eq. (1.5) is actually a combination of elementary symmetric functions
of eigenvalues of a given (0, 2)-type tensor. Equations of this type are impor-
tant not only in the study of PDEs but also in the study of many important
geometric problems. For instance, if A(V') in the Eq. (1.5) were replaced by
eigenvalues of the Hessian D?u of a graphic function u defined over a bounded
(k — 1)-convex domain © C R™, Krylov [15] studied the corresponding PDE

k—1
(1.9) or(D?u(x)) = Y ay(z)or(D*u(e)), Ve,
=0
with a prescribed Dirichlet boundary condition (DBC for short) and coeffi-

cients aq(z) > 0 for all 0 <! < k—1, and observed that the natural admissible
cone to make equation elliptic is T'y; Guan-Zhang [12] showed that comparing
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with Krylov’s this observation, for the admissible solution of Eq. (1.5) with
prescribed DBC in the sense that A\(D?u) € T'_1, there is no sign requirement
for the coefficient function of ap_1(x). Moreover, they also investigated the
solvability of the following fully nonlinear elliptic equation
k—1
op(D*u +ul) = Z a(z)oy(D*u +ul), VreS",
1=0
for some unknown function u : S” — R defined over S”, where ay(x), 0 <
I < k — 2, are positive functions; Fu-Yau [7, 8] proposed an equation of
this type in the study of the Hull-Strominger system in theoretical physics;
Phong-Picard-Zhang investigated the Fu-Yau equation and its generalization
in series works [25, 26, 27]. Inspired by Krylov’s and Guan-Zhang’s works
[12, 15], Chen-Shang-Tu [2] considered the following equation
k-1
(1.10)  ox(k(X)) =D a(X)ou(k(X)), VX e MCR™!, 2<k<n
1=0
on an embedded, closed starshaped n-hypersurface M, n > 3, where k(X)
are principal curvatures of M at X, and ay(z), 0 <1 < k — 1, are positive
functions defined over M. Under the k-convexity for M and several other
growth assumptions (see [2, Theorem 1.1]), they can show the existence of
solutions to the Eq. (1.10). This result has been generalized by Shang-Tu [28]
to the situation that the ambient space R™*! was replaced by the hyperbolic
space H" 1. Recently, Chen-Tu-Xiang [4] studied the equation

(1.11) or(k(V)) = (V,v(V)),  VVeg,

where as before G C M := I x ; M™, with f a positive C? differential function
defined on I C R, is a graphic hypersurface (defined as (1.2)) in the warped
product manifold M, oy (-) denotes the elementary symmetric function, V and
v(V') are the position vector field, the outward unit normal vector field along
the hypersurface G respectively. Besides, x(V) = (k1, k2, -, k,) stand for
the principal curvatures of hypersurface G at V. If the function ¢ (-, -) and the
warping function f satisfy some growth assumptions, by applying the degree
theory, they can prove the existence of C*®-solution to the Eq. (1.11) in the
case k > n — 2, provided G is k-convex and starshaped.

If M™=8",1=(0,¢) with 0 < £ < oo, putting a one-point compactifica-
tion topology by identifying all pairs {0} x S™ with a single point p* to M (see,
e.g., [6, page 705] for this notion) and requiring that f(0) = 0, f/(0) = 1, then
the warped product manifold M becomes the spherically symmetric manifold
M :=[0,¢) x yS™. The single point p* is called the base point of M. Applying
FACT 1 in Remark 1.3 directly, one has:

COROLLARY 1.4. Under the assumptions of Theorem 1.2 with additionally
M™ =8" I = (0,0) with 0 < £ < o0, one-point compactification topology
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imposed, f(0) = 0 and f'(0) = 1, then there exists a smooth k-admissible,
starshaped (w.r.t. the base point p*), closed hypersurface G contained in the

interior of the annulus M C M and satisfying the Eq. (1.5).

REMARK 1.5. (1) If furthermore the warping function f satisfies f”(t) +
K f(t) = 0 for some constant K, i.e. the Jacobi equation, then

sin(VKt)/VK, K>0,(=7/2VK,
f(t) =1 t, K =0, {= o0,
sinh(v—Kt)/vV—K, K <0, {=o00,

and moreover, in this setting, M corresponds to S"*1(1/vK) (i.e., the Eu-
clidean (n + 1)-sphere with radius 1/4/K) with the antipodal point of p*
missed, since we need to make sure that f > 0, so we can only get the case
of ¢ = 7/2V/K, R*"! and H**!(K) (i.e., the hyperbolic (n + 1)-space with
constant curvature K < 0), respectively. From this, one can see that spher-
ically symmetric manifolds cover space forms as a special case and actually
they were called generalized space forms by Katz and Kondo [13].

(2) Clearly, our Corollary 1.4 covers Chen-Shang-Tu’s and Shang-Tu’s main
results in [2, 28] (mentioned in (4) of Remark 1.3) as special cases.

(3) Spherically symmetric manifolds have nice symmetry in non-radial direc-
tion, which leads to the fact that one can use this kind of manifolds as model
space in the study of comparison theorems. In fact, Prof. J. Mao and his
collaborators have used spherically symmetric manifolds as model space to
successfully obtain Cheng-type eigenvalue comparison theorems for the first
Dirichlet eigenvalue of the Laplacian on complete manifolds with radial (Ricci
and sectional) curvatures bounded, Escobar-type eigenvalue comparison the-
orem for the first nonzero Steklov eigenvalue of the Laplacian on complete
manifolds with radial sectional curvature bounded from above, heat kernel
and volume comparison theorems for complete manifolds with suitable curva-
ture constraints, and so on — see [6, 19, 20, 22, 30] for details.

This paper is organized as follows. In Section 2, we will list some useful
formulas including several basic properties of oy, structure equations for hy-
persurfaces in warped product manifolds. A priori estimates (including C?,
C' and C? estimates) for solutions to the Eq. (1.5) will be shown continu-
ously in Sections 3-5. We wish to mention that the calculation about prior
estimates is performed at a fixed point on M™, and so the sign of the pre-
scribed function restricted to this point is fixed. In Section 6, by applying the
degree theory, together with the a priori estimates obtained, we can prove the
existence of solutions to prescribed Weingarten curvature equations of type
(1.5).
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2. SOME USEFUL FORMULAE

Except the setting of notations in Section 1, denote by V, V the Rie-
mannian connections on M and G, respectively. The curvature tensors in M
and G will be denoted by R and R, respectively. Let {Eq = v, Ey,---,E,}
be an orthonormal frame field in G and {wp,w1, - ,w,} be its associated
dual frame field. The connection forms {w;;} and curvature forms {Q;;} in G
satisfy the structure equations

dw,» — Zwij A w; = 0, Wij +wji = O,
%

1
dwij - Zwik Nwg; = Qij = *5 ZRijklwk A wy.
k k,l

The coefficients h;j, 1 < 4,5 < n, of the second fundamental form are given
by Weingarten equation

(21) Wi = Zhijwj.
J

The covariant derivatives of the second fundamental form h;; in G are given

by
Z hijrwr, = dhi; + Z hiywy; + Z hijwis,
k 1 ]

Z hijriwr = dhgji, + Z hijrwis + Z harwy; + Z hijiwik.
l 1 1 1
The Codazzi equation is
(2.2) hiji — hirj = —Roij,
and the Ricci identity can be obtained as follows:
LEMMA 2.1. (see also [3, Lemma 2.2]) Let X(x) be a point of G and
{Ey =v,E1, -, E,} be an adapted frame field such that each E; is a principal

direction and wf = 0 at X (x). Let (hij) be the second quadratic form of G.
Then, at the point X (x), we have

huiii =hiin — him (hmihit — Pihii) = Boni(Rmiha — hanihai)
(2.3) + Roiitt — 2hmiRmiit + hitRoior + huRoiio
+ Rotitsi — 2hmi Rmiir + hii Rowor + hui Rovio-
As mentioned in Section 1, one can suitably choose local coordinates such
that {e;};=12,..n is an orthonormal frame field ir} M™, and then one can
find an orthonormal frame field {€s}a=0.1,...,n in M such that & = (1/f)e;,

1< a=1i¢<nandeég = 39/0t. Correspondingly, the associated dual frame
field of {€n}a=0.1,.- ,n should be {0a}a=01,..,n with 6; = f6;, 1 < i <n, and
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0y = dt. Clearly, {0:}i=1,... n is the dual frame field of the orthonormal frame
field {e;}i=1,2.... .n. We have the following fact:

~ LEMMA 2.2. (see [3]) On the leaf My of the warped product manifold
M =1 x;y M", the curvature satisfies

(2.4) Rijko =0
and the principal curvature is given by
f'(®)
2.5 Kk(t) = ,
(25) 0 =5

where the outward unit normal vector ey = g is chosen for each leaf M.

t

REMARK 2.3. In fact, the leaf M; can also be seen as a closed graphic
hypersurface in M, which corresponds to the graph of some constant function,
i.e. u = const.. Besides, we refer readers to [3, Section 2] or [24] for the
geometry of hypersurfaces in warped product manifolds if necessary.

Consider two functions 7 : G — R and A : G — R given by
u
(2.6) 7= f(v,e0) = (V,v), A :/ f(s)ds,
0
where V = feg = f % is the position vector field and v is the outward unit
normal vector field. Then we have:
LEMMA 2.4. (see [1]) The gradient vector fields of the functions T and A
are

(2.7) Ve A=f(e,E;),

(2.8) VT =Y Vg Ahj,
j

and the second order derivatives of T and A are given by

(2.9) Vi g, =—Thi; + ['gi;,
(2.10) Vi, T =—T Y hikhij + f'hij + > (hiji + Roijr) Vi, A.
k k
The following Newton-Maclaurin inequality will be used frequently (see,

e.g., [17, 29)).

LEMMA 2.5. Let \€ R™. For0<I<k<n,r>s>0, k>r, [>s, we
have

k(n -1+ 1)0'171()\)0';@()\) < l(n —k+ 1)0’1()\)ka1
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and

1

[W}ﬁg {M]T—a for X eTy.

At end, we also need the following truth to ensure the ellipticity of the
Eq. (3.1).

LEMMA 2.6. Let G = {(u(z),z) [z € M"} be a smooth (k — 1)-admissible
closed hypersurface in M and aj(u,z) > 0 for anyx € M™ and 0 <1 < k—2.
Then the operator

_ alv) 2 a(AV))
GhaV)a) = CEnmy ~ 205 0wy

is elliptic and concave with respect to h;;j(V).

PROOF. The proof is almost the same with the one of [12, Proposition
2.2], and we prefer to omit here. a

3. CY ESTIMATE

We consider the family of equations for 0 <t <1,

(3.1) o1 (AV)) ;t (@) =y~ k() =0,
where

and ¢ is a positive function defined on I and satisfying the following condi-
tions:

(a) p(u) > 0;
(b) p(u) > 1 for u < ry;
(c) p(u) < 1 for u > ro;
(d) ¢'(u) <0

LEMMA 3.1 (C° estimate). Assume that 0 < ay(u,x) € C®(I x M™).
Under the assumptions (1.6) and (1.7) mentioned in Theorem 1.2, if G =

{(u(x),x)|zr € M™} C M is a smooth (k — 1)-admissible, closed graphic hy-
persurface satisfying the curvature equation (3.1) for a given t € [0,1], then

r1 < wu(z) < ro, Vo e M".
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PROOF. Assume that u(x) attains its maximum at xg € M™ and u(zg) >
ro. Then from (1.3), one has

_ 1 f/éi_lu“_,’_f,ujui +Xn:ujkukui
= v ] f 1] ’[)2 P f'U2 I
where v = \/f2 + |Vu|?, which implies
i 1 rei Wi f’
Note that UZ: and Z2=1 with 0 < < k — 2 are concave in I';,_;. Thus,

Tk 1 o (f z> Ok ( 1 ) Ok <f' ,-)
h%) > =0t ) + ——u | > —— (=05 ).
Uk—1< i)z Ok—1 (f / Ok—1 f2uj op—1 \ f 7

Therefore, it follows that

Similarly, one can get
a(\V)) _ _oile) ( f )“
o1 (A(V)) = op_ile) \ S/ '

Combining with the above two inequalities, we have

ox(e) fi’_k*2 aile) ([ £\
Uk—l(e) 7 ;tal(%l')o_k_l(e) <f,> Sak71(u,$7t).

Clearly, if t = 0, the above inequality is contradict with (3.1). When 0 < ¢ <1,
we can obtain

« U, T) = _1 f/ Uk(e) 10[ T, u
o) = (1) 5 2 + oot

(DA B ()

=0
f or(e @ O’l(e) (f)k -1
7 T ol Z f

ak 1(e)

which is contradict with

To Z“’ T (f) = ()

in view of (1.6) and the condition ¢(u) < 1 for w > ry. This shows supu < ra.
Similarly, we can obtain inf 4 > 71 in view of (1.7) and the condition ¢(u) > 1
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for u < ry. Our proof is finished. 0

Now, we can prove the following uniqueness result.

LEMMA 3.2. Fort = 0, there exists a unique admissible solution of the
Eq. (3.1), namely Gy = {(u(z),z) € M|u(z) = up}, where ug is the unique
solution of p(ug) = 1.

PROOF. Let Gy be a solution of (3.1), and then for ¢ = 0,
ar(A(V)) orle) £,
or—1(A(V)) or-1(e) f

Assume that u(x) attains its maximum .y at g € M™. Then one has

or(A(V)) S ox(e) Ji/
or—1(A(V)) ~ or-1(e) f’

—p(u)

which implies
@(Umax) > 1.
Similarly, the minimum wp,;, of u(z) satisfies
©(Umin) < 1.
Since ¢ is a decreasing function, we obtain
P(tmax) = @(tmin) = 1,

which implies that u(x) = ug for any (u(x),x) € Gy, with ug the unique solu-
tion of p(up) = 1. O

4. C! ESTIMATE

We can rewrite the Eq. (3.1) as follows:

k—2
- 1=0 B

For convenience, we will simplify notations as follows:

and
GV 1= it G (V) 1= i
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LEMMA 4.1 (C! estimate). Assume that k > 2 and
ay(u,z) > ¢ >0, Ve e M™

for0 <1 < k—1. Under the assumption (1.8), if the smooth (k—1)-admissible,
closed graphic hypersurface G satisfies the Eq.(1.5) and u has positive upper
and lower bounds, then there exists a constant C' depending onn, k, ¢, |ai|c1,
the C° bound of f and the curvature tensor R, the minimum and maximum
values of u such that

[Vu(z)|] < C, Yo e M™.
PROOF. First, we know from (1.3) and (2.6) that
RO
V2 (u) + [Dul?
It is sufficient to obtain a positive lower bound of 7. Define
Y= —logT +y(A),

where «(¢) is a function chosen later. Assume that xg is the maximum value
point of . If V is parallel to the normal direction v of G at zg, our result
holds since (V,v) = |V|. So, we assume that V is not parallel to the normal
direction v at xg, we may choose the local orthonormal frame {Ey,---, E,}
on G satisfying

(V,E1)#0 and (V,E;)=0, Vi>2.

Then, we arrive at zg that

(4.1) Ti = 7Y As
and
. )2
Y =— 24 @ +"A7 4+ A
T T
1 _
== <Z(hiik + Roiir) M + fhis =7 Y hikhki>
k k
+ () ") AT+ (f = Thii)
in view of
Tis = Z(huk + Roiir) (V. Ex) + f'hiyi — Tzhikhki~
k k
By (2.7), (2.8) and (4.1), we have at x
(42) hll = T’}/, hli = O7 Vi Z 2.

Therefore, we can rotate the coordinate system such that {E;}" ; are the
principal curvature directions of the second fundamental form h;;, i.e. k; =
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hii = hi = h;;6". Since Ay = (V, Ey), A; = (V, E;) for any i > 2. So, we can
get
ii f i L i 7 iig 2
G"yy = — 7G hii — ;G (hisn + Roiin) A1 + G™hi;
+ ((7/>2 + 7//) GHA% + 'YIG”(JC/ _ 7hii)~
Noting that

k—2 k—2
Ghiy =G =Ytk = DG = ar_1(u,z,t) = >tk — oGy
=0 =0

and
Gl]hl]l = Vlak 1 u,x, t ZtvlalGl,

we conclude

k—2
y A
G" )y S < Viag—1(u,z, t + E tVlalGl>
T =0

, k-2
+ L (—ak 1(u, z,t) +Zt =1) alGl> +Giih§i
1=0

1 .. - ..
_ ;G“ROiilAl 4 ((71)2 4 ’Y”) GllA% +’Y/G“(f, _ Thii)

(4.3)
1
= (=AM Viag_1(u,z,t) — ffag_1(u,x,t))
k 2 -
+ = ZtGl (MVia + f/(k—Day) + GPh2,
l 0

- %GiiROiilAl +(()2+7") GUAT + 4G (f = This).
Since (V, E;) =0 for i =2,--- ,n, we obtain
V=(V.E1) B\ +(V.v)v = A Ey + T,
which results in
MVia(u,2) + (k= 1) fau(u, ) = Vvag(u,x) + (k= 1) fou(u, 2) — 7V, (u, x).
We know from the assumption (1.8) that

(k=) f'ai(u,z) + Vvoy(u,z)] = [(k—1)f ai(u,z) + f% <0.

Thus,
(4.4) —7Voag(u,z) > MViag(u, ) + (k — 1) f oy (u, v)
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and

gt " Uk(e)
(4.5) (L=t (S +of )Uk_l(e)

> MViag_1(u,2,t) + f'ag—1(u,2,t).
Taking (4.4) and (4.5) into (4.3), we have at z that

— 7V, ap_1(u,z,t)

(4.6)
0> Gy

> G+ (7)) GUAT + 9/ G (f = mhii) = —G" Rownda

f(l—t)( "f+ef”) 7 (¢) ftkiQG? ar(u, ) + Vyag1(u,2,1)
- © © akil(e) 2 IASZ AN vQE—1{, L,

y 1,\° y 1
= G (h“ _ 27’7’) 4 ((,}/)2 _‘_,Y//) GllA% + QY (’)/fl _ 4(7/)272)

_ lGiiROiilAl o (1 - t) (SD/fI + SDf”) L(e)
T T ox—1(e)

k—2
—t Z GV, (u,z) + Va1 (u,x,t).
1=0

According to Remark 1.3, there always exists

o' f' +of" <0.

Choosing
e
)= ——
() =~
for sufficiently large positive constant «, we have
o 2«
Y0 =5 )=

Therefore, (4.6) becomes
1 A2 1
i [ 1t N2, 2 ii B
(4.7) 0>G (’Yf —1(7) T ) - <§|Gl|+1> —;G Roiin A
in view of
(Y)?+7" >0,
where ¢ is a positive constant depending on |a;|c1. Since V = (V, Eq) Fy +
(V,v) v, we can find that V' L Span(Fs, -+, E,), i.e. V is orthogonal with the
subspace spanned by FEs,---,E,. On the other hand, F;,v are orthogonal
with Span(Fs,-- -, E,). It is possible to choose a suitable coordinate system
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such that £y 1 Span(FEs,--- , E,), which implies that the pairs {V, E;} and
{v, E1} lie in the same plane and

Span(Ey, ..., E,) = Span(Ea, - -+ , E,),

where of course {Ey = €9, By, - 7E_n} is a local orthonormal frame field in
M. Therefore, we can choose Fy = Fs, ..., FE, = FE,, and then vectors v and
F{ can be decomposed into

V= <I/,éo> € + <Va E1> El = %éo + <V, E1> El,
Ey = (Ey, &) é + (E1, Ey) Ey.
By (2.4) and the fact V = A1 Ey + 7, we can obtain
Roiin = R(v,E;, E;, Ey)

= ? <E1,éo> R(éo,Ei,Ei,éo) + <l/, E1> <E1,E1> R(El,Ei,Ei,El)

= \2
_ _ - E - - -
W8 = 2 (B eo) Rieo, Bu o)~ B Ry BB B
1
= \2
1 o BN
=T (f <E1aéo> R(607Ei7Ei7éO) - <V/X1>R(E17Ei7Ei7E1)> )
1

where the third equality comes from (V, E1) = 0. Substituting (4.8) into (4.7)
yields

k—2
(4.9) 0>G" <'y'f’ — 4(7')27'2> —c ( g |Gy| + 1) — ¢y E G“,
1=0 i

where ¢y > 0 depends on the C° bound of f and the curvature tensor R. To
continue our proof, we need to estimate G; for 0 <[ < k—2. Let P € R be a
fixed positive number.

(I) If ‘Zf < P, then we get from a; > ¢; that

P

g

1
Gy = 2 <( i +al<u,x,t>)sC3<P+1>,

Ok—1 Q] \Ok—1

where the constant ¢z > 0 depends on ¢;, |ay|co.
(II) If -2~ > P, then by Lemma 2.5, one has

Ok—1

k—1—1

o o o Ok— Ok—

Gy| = l < ! 041 Ok—2 <C4( k 1) SP—(k—l—l)7
Ok—1 Oi+1 0142 Ok—1 Ok

where the positive constant ¢4 depends on k.
Hence, |G}| can be bounded for any 0 <! < k — 2. By the definition of
operator G and a direct computation, we have 3;G% > ”‘T’“H, and so we can
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choose sufficiently large « such that
0>G"[f — ().
Thus,
V< ()P,
which means
TZCs

for some positive constant ¢; depending on n, k, ¢, ||, the CY bound of
f and the curvature tensor R. The conclusion of Lemma 4.1 follows directly.
d

REMARK 4.2. After several careful revisions to the manuscript of this
paper, we prefer to number (by subscripts) nearly all the constants in the C*
and C? estimates, and we believe that this way can reveal the relations among
constants clearly to readers.

5. C? ESTIMATES

This section devotes to the C? estimates. However, before that, we need
to make some preparations. First, we need the following fact:

LEMMA 5.1. Let G = {(u(x),z) |z € M™} be a (k—1)-admissible solution
of the Eq. (3.1) and assume that a;(u,xz) > 0 for 0 <1 < k —1. Then, we
have the following inequality

- k—2 1 HV yon)? k—2
Gljhijpp > vapak_l(u, z, t) + T G;— Z tV, VoG
ol s S 1=0
ProOF. Differentiating the Eq. (3.1) once, we have
k—2
Vpak,l(u, x, t) = Gijhijp + Z thalGl.
1=0
Differentiating the Eq. (3.1) twice, we obtain
k—2 - k—2
vapak,l(w x, t) = Gij’rshijphrsp + Gijhijpp + 2 Z tvpalG;J hijp + Z thVpalGl.
=0 =0

1
. B F—1—1
Moreover, since the operator (U’; !

have (see also (3.10) in [12])

is concave for 0 < [ < k — 2, we

iJ,7S 1 — iJ TS
G hijphrsp < (1 * ]<;—1—l) G 1Gl]Gl hijphrsp.
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Thus, in view that G} is concave in I'y_1, we have

VpVpag_i(u,z,t)

k—2 k—2 k—2
<Y G hijphesy + G hij + 2 tV,GP hijp + Y 1V, VGl
=0 =0 =0
k—2 1 - y k—2 N k—2
< tOélGl_l (1 + k‘—l—l) (G;‘]hijp)Q + G”hijpp + 2 Ztvpalejhijp + ZtvpvpalGl
=0 =0 =0

k—2 2 g2
k—1 i 1 Vyu 1 #(Vyar)?
_k—l_zzto‘lGll<Gljh””+1+ . Gl) *Z1+ ] —
=0 1=

1
i Y
k—2
+ G hijpp + Z tVpVyuGi
=0
s k—2
1 t(Vya i
<- IZ 1 * Gi+ G hijpy + YV, Vyu G,

e 1=0

which completes the proof of Lemma 5.1. O

We also need the following truth:

LEMMA 5.2. Let G = {(u(w),z) |x € M"} be a (k—1)-admissible solution
of the Eq. (3.1) with the position vector V in M. We have the following
equality

GijTij + Z TGijhikhkj
k

k—2
= <Vpak1(u,x t) ZtV oGy + ZG]ROUP> (V,E,) + [ <ak 1(u, 2, t)
1=0

ProoF. By Lemma 2.4, we have
Tij = —T Z hikhij + [ hij + Z(hijk + Roiji) (V, Ex),
k k
which results in
Gij’Tij = —’TGij Z hikhk]‘ + f/Gijhij + Z Gij (hijk + ROijk) <Vv, Ek> .
k k

Note that

k—2

k—2
Ghiy =G =Ytk = DG = ar_1(u,z,t) = >tk — oGy
=0 =0

ay

k—2

Z —1 talGl

=0

) |
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and
Gijhm) = Vyag_1(u,z,t) ZtV a;G.

Thus,

k—2
Gij’fij = Z (Vpak_l(u, Z, t) — Z tvaélGl + GinOijp) <V, Ep>

p =0

k—2
+f/ (Otk 1(u, x, t Z —l talGl> — ZTGijhikhkj.

1=0 k
Therefore, we complete the proof. 0

Now we begin to estimate the second fundamental form.

LEMMA 5.3 (C? estimates). Assume that k > 2 and
ag(u,x) > ¢ >0, Ve e M"

for 0 < I < k—1. If the k-admissible, closed graphic hypersurface G =
{(u(z),z) |z € M™} satisfies the Eq. (3.1) with the position vector V in M,
then there exists a constant C depending on n, k, ¢, ||, lauloz, |Vulco,
the C°, C' bounds of f and the curvature tensor R such that for 1 <i < n,
the principal curvatures of G at V' satisfy

A (V)| < C, Ve e M™.
PROOF. Since k > 2, G is 2-admissible, for sufficiently large cg, one has
|Ai| < ecH,

where the positive constant c¢g depends on n, k. So, we only need to estimate
the mean curvature H of G. Taking the auxiliary function

W(z) =log H — log .

Assume that xg is the maximum point of W. Then at zo, one has

H; Ti
5.1 0=W,=— - =
(5.1) H T
and
Hix Tiq
(5.2) 0 Z Wij(l‘o) = ?J — TJ

Choosing a suitable coordinate system {z!, 22, ...,2™} in the neighborhood of
Xo = (u(zg), o) € G such that the matrix (h;;)nxn is diagonal at X, i.e.,
hij = h“(slj This 1mphes at o,

. G
(53) 0 > G” Wz] SCO Z ppiz' - .

T
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By (2.3), we can obtain

hmm?i :hiipp + h;iphii - hzzihpp + ROiip;p + ROpip;i - QhPPRpiip
+ hi; Roioi + hppROiiO + hiiROpOp + hyi Roiio — 2hiiRipip~

Note that

o~
|
N
o
|
N

Gijhij =G — (k — l)alGl = ak_l(u,x,t) — (k — DGy
l

Il
<
Il
<}

So, we have

Z Giihppii = Z G” iipp + ROiip;p + ROpip;i) - Z hppGii (h?l + 2Rpiip - ROiiO)
p

Z G"hy; h2 — 2Ripip + Roioi + Ropop + Roiio)

ZZG”hnpp—i— (\A|2 —08) <ak 1(u, z,t) Z =1 alGl> —C7ZG“

P =0

~HGT (B + <o),

where the positive constant c; depends on the C'! bound of the curvature ten-
sor R, the positive constants cg, cg depend on the C° bound of the curvature
tensor R. Together with Lemma 5.1, we know that (5.3) becomes

k—2
A G" 1y
ZG” sipp + |H <o¢k_1(u x,t Z —1 ozlGl> — i
=0
c .
H7 Gzz G“(hi + Cg)
k—2 k—2 .
1 t(V G
Z(VVak 1U$t)+z ( pOél) G — ZtVVqul>T
- L+ k+1 7w =0 T

=0
|14|2 - CS k2 C7 .. ..
+ —g ap—1(u,z,t) = Y (k= DtyGy | — T Z G — G"(h3, 4 co).

=0
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By Lemma 5.2, the above inequality becomes

G — E tV,V, 04ng>
1 pYp
1+ k+1— Q 1=0

1 n
0 Zﬁ pz:; (vapozk_l(u,x,t) +

A2 —
HTCS (akl(u,x7t) —
1

k—2
- - _ E
= (Vpozk 1(u, z,t) ZtvpalGl + ZG R0“p> (V,E,)

=0

7 k—2 )
- ap—1(u,z,t) — Z — Dty G, +G”hfi.

=0

LI
|
(V]
_
.
2
S|
15
S~—"

+ (k —1) talGl) - —ZG” GP(h2 + co)

=0

Hence, we have

9 k—2
(V,Ep)
0> ‘}I| (akl(u, Z,t) — ;(lﬂ — l)tOllGl> — ( =+ Cg) Z GH _ Z G“R()”p
Z V,Vya uact—&—z t(vpal)2G—]§tVVozG
TH o R e Y l prn
1=0
(VB L F —
~ (V ag—1(u,z,t) ZtV alGl> — ( T) (akl(u,:at) — ;(k—lﬁnﬁh) )
A direction calculation implies
(5.4) IVoar—1(u,z,t)| <cio, |VpVpar_i(u,z,t)| <ci1(1+ H),

where the positive constant ci9 depends on |ay|c1, and the positive constant
c11 depends on |aq|c2. So,

(5.5)

k—2 k—2
,%012 (Z |G| + 1) (H+1)—c3 (Z |G| + 1>

=0 =0

n k—2 1 t(V o )2 k—2

l
pg (V Vpak 1(U x t)+ E 1T I ; G — E tvpvpalGl>
_(V.Ep)

1=0 k+1-1 ! 1=0

k-2
= (V ap—1(u,x,t) — ZtvpalGl>

(e S N
7t ap—1(u,z,t) (k — Dty G,
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holds, where the positive constant ¢jo depends on cg, ¢19, n, k, ¢, |a;|cr and
the C' bound of f, and the positive constant c;3 depends on cg, ¢i1, the C*
bound of f. Then, together with the fact |[A]*> > L H?, we have

1 c ;
ﬁHak,l(u,%t)— (ﬁ? + 014) ZGM <

K3

‘A|2 k—2
(56) 7 A1 ’lL Z, t Z —1 tOllGl

=0

‘/7E 0%
_(%+CQ)ZG11_< TP>EP:G ROzzp»

7

where tkle positive constant ¢;4 depends on ¢g, the CY bound of the curvature
tensor R. From [12, page 11-12], we have

ZG“—n—k:—i—l) (n—k+2)akak2 (n—k+2)aool2€_2

Uk 1 Ok—1
k—2
n—k-+2)oo —(n—=104+1)or_10
S Jorgs ~ ok 1011
1=1 Uk 1

Since graphic hypersurface G is k-admissible and oy > 0 for all0 <[ <k —1,
thus

n

G <(n—k+1)+ (n— & + 2) o~

—k+2
2y 3 1 2

i=1 k-1 1=1 Tk-1
k—2
:(n—k—l—l)—i—Zal(nikJrQ)glgk 2
1=0 Uk 1

Together with Lemma 4.1, we have

DG < (n—k+ 1)+ (n—k+2) (k-1 |GGy 2l

<(m—k+1)+(n—k+2)(k—1)sup|a|sup |Gi|?.

Combining inequalities (5.5) and (5.6) with the fact that ;G has positive
upper bound estimate, we have

k—2 k—2
1 c 1
0> EHakfl(nyat) - (ﬁ +014) — o2 ( E |G| + 1) (H+1)—ci3 ( § |G| + 1) .
=0 1=0

Let us divide the rest of the proof into two cases:
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Case I. If % < H%, then we get from a; > ¢; that

1
Gl = -2 S( -

Ok—1 ap \Okg—1

+ al(u,x,t)) < 615(H% +1),

where the positive constant ¢15 depends on ¢, |ag|co. Thus, we have a con-
tradiction when H is large enough, which implies H < C.

Case II. If -7 > Hk then by Lemma 2.5, one has
o o O o o 1l k—1-1
G| = Lo o G k_2§016( k—l) < gt
Ok—1 Oi+1 O1+2 Ok—1 Ok

where the constant ¢ > 0 depends on k. In this case, we can also derive
H < C easily.

In sum, the conclusion of Lemma 5.3 follows directly by using the fact
|>\z| S C6H. |

6. EXISTENCE

In this section, we use the degree theory for nonlinear elliptic equation
developed in [16] to prove Theorem 1.2.

After establishing a priori estimates (see Lemmas 3.1, 4.1 and 5.3), we
know that the Eq. (3.1) is uniformly elliptic. By [5], [14] and Schauder
estimates, we have

(6.1) [ulgaamy < C
for any k-convex solution G to the equation (3.1). Define
Cy*(M™) = {u e C**(M™) : G = {(u(x),z) |z € M"} is k—convex}.
Let us consider the function
1) s CR* (M) > G2 (™),
which is defined by
K
F(u,z,t) = P I(;(/ Ztoq (u, x) p— 1(56‘(/‘)/))) — ag-1(u,x,t).

Set

Or = {u € Cy*(M") : [u|gearmy < R},
which clearly is an open set in C’é “*(M™). Moreover, if R is sufficiently large,
F(u,z,t) = 0 does not have solution on dOg by the priori estimate established

in (6.1). Therefore, the degree deg (F(+;t), Og, 0) is well-defined for 0 < ¢ < 1.
Using the homotopic invariance of the degree, we have

deg(F'(1), Or,0) = deg(F(-;0), Or,0).
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Lemma 3.2 shows that u = ug is the unique solution to the above equation
for t = 0. By direct calculation, one has
or(e) f'(suo)
F(sug,z;0) = [1 — o(sug)| ——~—F—+.
(suo, 2;0) = [1 — ¢ 0)]0k—1(@) (5110)

Using the fact ¢(ug) = 1, we have

Ouo F(ug, z;0) = % F(sug,z;0)
/S: oi(e) f'(uo) ar(e) f"(uo)f(uo) = (f'(uo))?
= —¢/ (o) —* uo + [1 = @ (uo)] uo
ok-1(e) f(uo) ox-1(e) f(uo)
— _(pl(uo) Uk(e) f/(UO)’U,Q > 0’

or—1(e) f(uo)
where §F'(ug, z;0) is the linearized operator of F' at ug. Clearly, dF(ug, z;0)
has the form

or(e) f'(uo)
or-1(e) f(uo)

ou(e) ' (uo)
e (@) Fluo) > O

6wF(u03‘T;O) = i

7 F(ug + sw, z;0) = *aijwij + blw; — Sﬁl(uo)
s

s=0

where (a'?),,x,, is a positive definite matrix. Since —¢'(ug)

then § F'(ug, x;0) is an invertible operator. Therefore,
deg(F(7 1)7 ORa 0) = deg(F(7 0)7 ORvO) = :l:]-a

which implies that we can obtain a solution at t = 1. This finishes the proof
of Theorem 1.2.
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