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REAL HYPERSURFACES WITH SEMI-PARALLEL NORMAL
JACOBI OPERATOR IN THE REAL GRASSMANNIANS OF
RANK TWO

HyuNJIN LEE AND YOUNG JIN SUH

ABSTRACT. In this paper, we introduce the notion of a semi-parallel
normal Jacobi operator for a real hypersurface in the real Grassmannian
of rank two, denoted by Q™ (e), where e = £1. Here, Q™ (e) represents
the complex quadric Q™ (1) = SOp+2/SOmSO3 for e =1 and Q™ (—1) =
SO?n 2/S0m SO for e = —1, respectively. In general, the notion of semi-
paraliel is weaker than the notion of parallel normal Jacobi operator. In this
paper we prove that the unit normal vector field of a Hopf real hypersurface
in Q™ (g), m > 3, with semi-parallel normal Jacobi operator is singular.
Moreover, the singularity of the normal vector field gives a nonexistence
result for Hopf real hypersurfaces in Q™ (g), m > 3, admitting a semi-
parallel normal Jacobi operator.

1. INTRODUCTION

As one of typical examples of real Grassmannians of rank two, we can con-
sider the complex quadric Q™, which is a complex hypersurface in the complex
projective space CP™*!. The other is the complex hyperbolic quadric Q™*,
which can be regarded as the real Grassmann manifold of all oriented spacelike
2-dimensional subspaces in indefinite Euclidean space R§m+2 (see Kobayashi-
Nomizu [6], Romero [24] and [25], Smyth [26]). The sectional curvature 4e of
the complex quadric Q™ and the complex hyperbolic quadric Q™* differ from
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each other as e = +1. Therefore, let us denote them by Q™(e), that is,

o) = [ Q" =50m12/50nS0; fore =1,
=1 Q=509 ,/50,505 for e = 1.

It is well known that the real Grassmannian of rank two Q™(¢) ad-
mit two kinds of geometric structures. One is a rank two vector subbun-
dle 2 = {A);|\ € S'} which is the set of real structures. The other is
a complex structure J on T,(Q™(¢)), p € Q™ (), which anti-commutes with
real structure A, AJ = —JA. Then for m > 2, the triple (Q™(¢), J, g) is a Her-
mitian symmetric space of rank 2 with the Riemannian metric g and whose
sectional curvatures are equal to +4 (see Klein [4], Kobayashi-Nomizu [6],
Reckziegel [23], Suh [29] and [30]). In particular, Q' is isomorphic to the
sphere S?, and @Q? is isomorphic to the Riemannian product of two 2-spheres
S? x S? with constant holomorphic sectional curvature. Additionally, the
1-dimensional complex hyperbolic quadric Q" is isomorphic to the real hy-
perbolic space RH? = SOY ,/SO,, and the 2-dimensional complex hyperbolic
quadric Q2 is isomorphic to the Hermitian product of complex hyperbolic
spaces CH! x CH'. For these reasons, we suppose m > 3 throughout this
paper (see Klein-Suh [5], Smyth [26] and [27], Suh [28]).

For any A € A, and p € Q™ (¢), the real structure A induces a splitting
T,Q™(e) = V(A)®JV(A) into two orthogonal, maximal totally real subspaces
of the tangent space T,Q™ (¢). Here V(A) and JV(A) are the (+1)-eigenspace
and the (—1)-eigenspace of A, respectively. This implies that for every unit
vector W € T,Q™ (e), there exist ¢ € [0, 7], A € 2, and orthonormal vectors
Z1, Zy € V(A) such that

W = cos(t)Z1 + sin(t)J Za

(see Proposition 3 in Reckziegel [23]). Here, t is uniquely determined by the
vector W. In particular, the vector W is singular, i.e., contained in more than
one Cartan subalgebra of m = T,Q™(¢), if and only if either ¢t =0 or t = 7
holds. The vectors with t = 0 are called A-principal, whereas the vectors with
t = 7 are called ™A-isotropic. If W is regular, i.e., 0 <t < 7 holds, then also A
and Z1, Z, are uniquely determined by the unit vector W.

As aremarkable classification of real hypersurfaces in Q™ (), we introduce
the notion of isometric Reeb flow of a real hypersurface M in Q™(e), which
means that the Reeb flow on M in (Q™(e), J, g) satisfies the property L¢g = 0,
where L¢ is the Lie derivative with respect to & = —JN (N is a (local)
unit normal vector field of M in Q™ (g)). Then the complete classification of
real hypersurfaces with isometric Reeb flow are introduced in [8] and [29] as
follows:

THEOREM A. Let M be a real hypersurface with isometric Reeb flow in
the real Grassmannian of rank two Q™(e), m > 3. Then m is even, say
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m = 2k, and M 1is locally congruent to an open part of one of the following
hypersurfaces:

o Fore=1
(Ta) a tube around the totally geodesic CP* in the complex quadric
Q*(1) =Q*, k>2.

o fore=—1
(T%) a tube around the totally geodesic CH* in the complex hyperbolic
quadric Q¥ (-1) = Q%" k>2, or
(H%) a horosphere in Q™(—1) = Q™" whose center at infinity is the
equivalence class of 2A-isotropic singular geodesic in Q™.

As mentioned above, we say that the unit normal vector field N of a real
hypersurface M in Q™ (¢) is singular, if the unit normal vector field N is either
A-isotropic or A-principal (see [10] and [29]). In fact, (T4), (74) and (H%)
in Theorem A can be regarded as model spaces with 2-isotropic unit normal
vector field N (see Proposition 4.1 in Suh [29]). Apart from this, the following
model spaces have an 2-principal unit normal vector field N in Q™ (e):

e Fore=1
(Te): atube of radius 0 < 1 < ﬁ around the m-dimensional sphere S™

in Q™.

e For ¢ = —1 (see Propositions 3.1, 3.2 and 4.1 in Klein-Suh [5])

(Tg,): a tube of radius r around the Hermitian symmetric space Qm"
which is embedded in Q™" as a totally geodesic complex hyper-
surface,

(Tg,): atube of radius r around the m-dimensional real hyperbolic space
RH™ which is embedded in Q™" as a real space form of Q™,
and

(H%): a horosphere in Q™" whose center at infinity is the equivalence
class of an A-principal geodesic in QM.

Oun the other hand, a real hypersurface M of Q™(¢) is said to be Hopf if
the Reeb vector field £ of M is principal for the shape operator S, meaning
SE = g(SE,£)€ = a€. Specifically, if the Reeb function a = ¢(S¢, ) vanishes
identically on M, we say that M has vanishing geodesic Reeb flow. Otherwise,
it has non-vanishing geodesic Reeb flow.

Recently, a common tool in studying submanifold theory is given by Ja-
cobi operators (see, for example, [1], [3], [7, 8], [12], [14], [16], [18], [22]).
Jacobi operators of a Riemannian manifold (M, g, R) are defined as follows:
If R is the curvature tensor of M, then the Jacobi operator with respect to a
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unit vector W at p € M is defined by
(RwZ)(p) == R(Z,W)W)(p)

for any Z € T,M, p € M. Consequently, Ry € End(T,M) is a self-adjoint
endomorphism of the tangent space T'M of M. Clearly, each tangent vector
field W to M provides a Jacobi operator with respect to W.

Regarding such Jacobi operators, several classification results have been
provided for real hypersurfaces of Hermitian symmetric spaces. For real hyper-
surfaces in the complex two-plane Grassmannians Go(C™2), in [2, 13], Jeong,
Machado, Pérez and Suh gave nonexistence theorems concerning the concept
of parallelism for Jacobi operators. Additionally, in [31], Wang proved the
nonexistence of Hopf hypersurfaces in Go(C™*2) admitting a parallel normal
Jacobi operator with respect to the generalized Tanaka-Webster connection.
On the other hand, Wang [32, 33] classified real hypersurfaces in the com-
plex projective space CP? with either constant Reeb sectional curvature or
a GTW-parallel structure Jacobi operator, respectively. Furthermore, Pérez
and others gave some classification results for real hypersurfaces in complex
space forms in terms of the structure Jacobi operator (see Pérez [15], Pérez-
Santos [19], Pérez-Santos-Suh [20], Pérez-Suh [21]).

For a real hypersurface M in Q™ (e), the normal Jacobi operator Ry can
be defined as follows:

Ry :=R(-,N)N € End(T,M), pe M,

where N represents a unit normal vector field of M in Q™ (e). Here, R denotes
the (Riemannian) curvature tensor of Q" (¢). We recall that the normal Jacobi
operator Ry of M is called parallelif V x Ry = 0 and is said to be semi-parallel
when

R(X,Y)Ry = (VxVy = VyVx — Vix,y]) Ry =0

for every tangent vector fields X, Y on M, where the curvature tensor R of
M acts as a derivation on Ry. The notion of semi-parallelism of the normal
Jacobi operator is a generalization of parallelism.

Based on such notions, if the normal Jacobi operator Ry of M in the real
Grassmannian of rank two Q™ (¢) is semi-parallel, we can assert that the unit
normal vector field IV is singular as follows:

THEOREM 1. Let M be a Hopf real hypersurface in the real Grassmannian
of rank two Q™ (g) for m > 3. If the normal Jacobi operator Ry of M in
Q™(e) is semi-parallel, then the unit normal vector field N is singular. That
s, N is either -isotropic or A-principal.
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By Theorem 1, we can give a classification for Hopf real hypersurfaces in
the real Grassmannian of rank two Q™(¢) satisfying semi-parallelism of the
normal Jacobi operator Ry as follows:

THEOREM 2. There does not ezist any Hopf real hypersurface in the real
Grassmannian of rank two Q™ (¢), m > 3, with semi-parallel normal Jacobi
operator.

This paper is organized as follows. In Section 2, we provide preliminaries
on Q™(e) and real hypersurfaces in it. In this section, we introduce some
general equations and results for Hopf real hypersurfaces in Q™ (g). In Sec-
tions 3, 4, and 5, we can prove these results, respectively. In Section 3, we
derive some general equations related to the normal Jacobi operator Ry of
a Hopf real hypersurface M in Q™ (¢). Using these formulas, we show that
the unit normal vector field N of M admitting semi-parallel normal Jacobi
operator in Q™ (¢) is singular. Based on the singularity of N, in Sections 4
and 5, we will consider the classification problem for Hopf real hypersurfaces
in Q™ () admitting semi-parallel normal Jacobi operator.

2. PRELIMINARIES

We use some references [5], [7, 8, 11] and [17] to recall the Riemannian
geometry of the real Grassmannian of rank two Q™(g), e = £1, and some
fundamental formulas including the Codazzi and Gauss equations for a real
hypersurface in Q™ (), m > 3. Through this paper all manifolds, vector
fields, etc., are considered of class C°.

Let M be a connected real hypersurface in the real Grassmannian of rank
two Q™(e), m > 3, and denote by (¢,&,7,g) the induced almost contact
metric structure. As mentioned before, the ambient space Q™ (¢) is equipped
with a K&hler structure (J,g) and a real structure A. With respect to the
Kéhler structure we write JX = ¢X + n(X)N and JN = —¢, where N is a
(local) unit normal vector field of M and 7 the corresponding 1-form defined
by n(X) = g(&, X) for any tangent vector field X on M. The tangent bundle
TM of M splits orthogonally into TM = C & C*, where C = ker(n) is the
maximal complex subbundle of TM. The structure tensor field ¢ restricted
to C coincides with the complex structure J restricted to C, and ¢& = 0.
Moreover, since Q™ (¢) has also a real structure A, we decompose AX into its
tangential and normal components for a fixed A € 2 and X € TM:

(2.1) AX = BX + g(AX,N)N

where BX denotes the tangential component of AX. Since A is symmetric,
that is, g(AX,Y) = g(X, AY), we see that the operator B is also symmetric.
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By virtue of Proposition 3 in [23], at each point p € M we can choose a
real structure A € 2, such that

(2.2) N = cos(t)Z1 + sin(t)J Zs

for some orthonormal vectors Zy, Z € V(A) := {Z € T,Q"(¢) | AZ = Z}
and 0 <t < 7. This implies

JN = cos(t)JZy —sin(t)Zs (i.e. £ =sin(t)Zs — cos(t)J Zy),
(2.3) AN = cos(t)Zy — sin(t)J Zs,
A& = cos(t)J Zy + sin(t) Z,

and therefore g(A¢, N) = g(AN, &) = 0 and g(4¢,€) = —g(AN, N) = — cos(2t)
on M. From this, we assert that the unit vector A of Q™ (g) is tangent to
M. Since the real structure A anti-commutes with the K&hler structure .J,
that is, JA = —AJ, we obtain

(2.4) AN = AJE = —JAE = — A€ — g(AL, )N,
and
(2.5) ¢BX + g(X,pA )¢ = JAX = —AJX = —BopX + n(X)pAE,
for any X € TM. In addition, from the property of A2 = I, we get
(2.6) B2X = X — g(6AE, X)6AE, BOAE = g(AL, €)PAE.
In [5] and [28], the Riemannian curvature tensor R of Q™ (g) was introduced
as follows:
(2.7)
R(U V)W =e{g(V,W)U — g(U W)V + g(JV,W)JU
—g(JUW)JIV =29(JU,V)JW + g(AV,W)AU
— g(AU,W)AV + g(JAV,W)JAU — g(JAU,W)JAV }
for any complex conjugation A € 2 and any vector fields U, V, and W €
TQ™(e). By virtue of the Gauss and Weingarten formulas, given respectively

as VxY = VxY +g(SX,Y)N and Vx N = —SX, the left-hand side of (2.7)
becomes

R(X,Y)Z =VyVyW = VyVyW = VW
=R(X,Y)Z — g(SY,2)SX + ¢g(SX, Z)SY
+9((VxS)Y, Z)N = g((Vy S)X, Z)N,
where S is the shape operator of M and R is the Riemannian curvature tensor

of M defined as R(X,Y)Z = VxVyZ —VyVxZ — Vix,y]Z for any vector
fields X, Y and Z € TM. From this formula and the expression of the
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curvature tensor R of Q™ (¢) in (2.7), the Gauss and Codazzi equations for a
real hypersurface M in Q™ (e) can be derived as follows:
R(X,Y)Z — ¢g(SY,Z2)SX +¢(SX,Z)SY
=e{9(Y,2)X — g(X, 2)Y + g(¢Y, Z2)dX — g(¢X, Z)¢Y
—29(¢X,Y)pZ + g(BY, Z)BX — g(BX, Z)BY

28 + g(8BY, 2)6BX + g(BY, Z)g(X, pAE)€
+9(Y, A )N(Z)pBX — g(¢BX, Z)pBY
— 9(¢BX, Z)g(Y, pAL)E — g(X, pAE)n(Z)pBY }
and

((VXS) —(Vy9)X,2)
=e{n(X)g(8Y, Z) —n(Y)g(¢X, Z) — 2n(Z)g(¢X,Y)
(2.9) *Q(BY’Z 9(pAE, X) + g(BX, Z)g(9AL,Y)
+ 9(A&, X)g(¢BY, Z) +n(Z)g(AE, X)g(pAE,Y)
— 9(A&,Y)g(¢BX, Z) — n(Z)g(AE, Y )g(pAE, X) }

+
+

for any X,Y,Z € TM.

When the Reeb vector field £ on M is a principal vector field with Reeb
curvature function o = ¢(S¢,€), M is said to be a Hopf real hypersurface
in Q™(e). Then, differentiating the equation S¢ = af and using the equation
of Codazzi, we obtain the following:

LEMMA 2.1 ([8] and [29]). Let M be a Hopf real hypersurface in Q™ (g),
m > 3. Then we obtain

(2.10) Yo = (§a)n(Y) — 2e9(AE, §)g(9AE,Y)
and
25¢SY — a(S¢ + ¢pS)Y
(2.11) = 2e{0Y — g(AE )g(pAE, Y)E + (Y )g(AE, €)p AL
+g(AE Y )AL — (AL, Y) DAL}
for any tangent vector fields X andY of M.
According to the fact mentioned above, we already knew that A¢ is a

tangent vector field on M, that is, AS € T, M for any point p of M. By using
the Gauss formula and the covariant derivative formula given by (VyA)V =
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q(U)JAV for any U,V € T,Q™(¢), it leads to
Vx(A€) = Vx(A€) — g(SX, A N
= q(X)JAS + A(Vx§) + g(SX,§)AN — g(SX, AN
= q(X){ QAL + g(AL, N} + BeSX + g(ApSX,N)N
— 9(SX, ){PAE + g(AL, )N} — g(SX, AN

for any X € T,M. Then, by comparing the tangential and the normal com-
ponents of the above equation, we get, respectively,

(2.12) Vx(A£) = q(X)pAL + BoSX — g(SX, §)PAL,
a(X)g(AE,§) = —g(ApSX, N) + g(5X,§)g(AE, §) + 9(SX, AS)
(2.13) — g(6SX, GAE) + g(SX, )g(AE,€) + g(SX, A)
= 29(SX, A€).
In particular, if M is Hopf, then the equation (2.13) becomes
(2.14) q(§)g(AE, ) = 2a9(Ag, §).

In [9], the authors prove the following result from (2.10).

LEMMA 2.2 ([9]). Let M be a Hopf real hypersurface in the real Grassman-
nian of rank two Q™ (), m > 3. If the Reeb function o = g(S¢&, &) identically
vanishes on any subset V C M, then the mormal vector field N is singular

on V.

3. SINGULARITY OF THE UNIT NORMAL VECTOR FIELD ON A HOPF REAL
HYPERSURFACE ADMITTING SEMI-PARALLEL NORMAL JACOBI OPERATOR

In this section, from the Gauss equation in the ambient space of the real
Grassmannian of rank two Q™(g) we can define the normal Jacobi opera-
tor Ry of M in Q™(¢), m > 3. As mentioned in the introduction, we say
that the normal Jacobi operator Ry of M is semi-parallel if the (1,1)-type
tensor field Ry satisfies

(3.15) R-Ry =0,

where the curvature tensor R acts on Ry as a derivation. More precisely,
it means that (R(X,Y)Ry)Z = 0 for any tangent vector fields X,Y,Z of
M. Using R(X,Y)(RnZ) = (R(X,Y)RN)Z + Rn(R(X,Y)Z), we see that
equation (3.15) is equivalent to

(3.16) R(X,Y)(RyZ) = Rn(R(X,Y)Z).

On the other hand, the normal Jacobi operator Ry induced from the
curvature tensor R of Q™ (¢) introduced in Section 2 is given, for any vector
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field U in TQ™ (), by

RyU = R(U,N)N
(3.17) = e{U — g(U,N)N + 3g(U, )¢ + g(AN, N)AU
— g(AN,U)AN — g(A¢, U)AE} € TQ™(¢),

where JN = —¢ and g(JAN,N) = —g(AJN,N) = g(A¢,N) = 0. It means
that the tensor field Ry of type (1,1) defined by (3.17) is an endomorphism
of TQ™(g). From this and TQ™(¢) = TM @ span{N}, the vector field RyY
for any tangent vector field Y of M is decomposed as follows:

RNY = (RNY)T + g(RyY,N)N,

where ()T denotes the tangential part of ().

Bearing in mind g(R(Y, N)N, N) = 0, the normal part of RxY vanishes
on M in Q™ (g). Hence, we see that Ry € End(TM). In fact, by applying
(2.1), (2.4), and g(AN,N) = —g(A¢&,§) in (3.17), the normal Jacobi opera-

tor Ry of M is given by:
(3.18) RyY =e{Y +3n(Y)¢ — g(AE, ) BY — g(pAL, Y )pAE — g(AL,Y) AL}
for any Y € TM, which means Ry € End(T'M). Then, we obtain

(3.19) RyE = e{4€ — 29(AE, )AL} = e{4€ — 2BAE],
(3.20) Ry A = 2e9( A€, €)€ = 2ep3¢,
(3.21) RyoAE = e{pAE — g(AL, §) BOAE — g(pAE, pAL)PAL} = 0,

where we have used A¢ = B¢, BAE = A%¢ — g(A%¢, N)N = ¢, g(Ag, A€) =
g(€,6) =1, BoA¢ = BHAE, and g(dAE, pAE) = 1 — 32, Here, (3 denotes the
smooth function 8 = g(A&, &) on M.

To give a proof of Theorem 1, let us assume that M is a Hopf real hyper-
surface in Q™ (g), m > 3, with semi-parallel normal Jacobi operator. That is,
the normal Jacobi operator Ry of M satisfies (3.16). Taking Y = Z = £ in
(3.16) gives

(3.22) R(X,&)(Rn¢E) = Ry (R(X, €)€).

Now, let us define another Jacobi operator R € End(T'M) distinguished
from the normal Jacobi operator Ry € End(T'M). We call such an operator
the structure Jacobi operator and define it as the Jacobi operator with respect
to £ = —JN, that is, ReX = R(X,§)¢ for any X € TM. Here, R stands for
the Riemannian curvature tensor field of M. In fact, by virtue of (2.8), the
structure Jacobi operator R¢ of a Hopf real hypersurface M in Q™ (¢) is given
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by:
ReX = R(X, )¢
(3.23) =e{X —n(X)¢ + BBX — g(Ag, X)AE — g(X, pA)PAS}
+aSX — a®n(X)E.
Bearing in mind the notation of structure Jacobi operator Re, (3.22) is
rearranged using (3.19) as follows:
(3.24) e{4R¢X — 28R(X,£)A¢} = RyRe X.

Taking the inner product of (3.24) with ¢ and using the symmetry of Ry, we
obtain

(3.25) e{49(Re X, €) — 28g(R(X, €)AE, €)} = g(Re X, Rn€).
By the skew-symmetries of R, we have
9(Re X, €) = g(R(X,§)E,§) = —g(R(X, )&, §) = —g(Re X, §).
Thus, it implies g(R¢ X, §) = 0. Similarly, we get
Furthermore, by (3.19), the right-hand side of (3.25) becomes
g(ReX, Rn€) = d4eg(ReX, €) — 2eBg(Re X, AS).
Using the above three equations, (3.25) leads to
(3.26) efg(Re X, AE) = 0.
Applying properties of R, we obtain
9(Re X, AL) = g(R(X, )¢, AS) = g(R(§, AG) X, §)

for any X € TM. From this, together with the fact that e = £1, (3.26) yields
two cases: either 5 =0 or R¢A{ = 0.

If B = 0, it naturally implies that the unit normal vector field N is 2A-
isotropic. In fact, from (2.3), we have
B =g(AE, &) = g(cos(t)J Z1 + sin(t) Za, sin(t) Zo — cos(t)J Z1)

= —cos*(1)9(J 21, I Z1) + sin* (t)g(Z2, Zs)

= —cos?(t) + sin*(t) = — cos(2t),
where 0 <t < 7. Here, Z;, Z5 are unit orthonormal vector fields of TQ™ (¢)
such that AZ, = Z, for v = 1,2. Thus, the condition of 5 = 0 implies
t = 7, which means that there exists a real structure A € 2 such that
N = %{Zl + JZ5} by (2.2), ensuring that N is 2-isotropic.
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Now, let us consider the case where 8 # 0. From (3.26), we have
R:AE = 0.
Since BA¢ = ¢ and g(¢X, X) =0, (3.23) yields
(3.27) aSAE = a?pE.

As a direct consequence of Lemma 2.2, if the smooth function @ = g(S¢, €)
vanishes identically on any open subset of M, then the unit normal vector
field N is singular. Therefore, in the remaining part of this section, we focus
on the case where o # 0. With (3.27), we obtain the following lemma:

LEMMA 3.1. Let M be a Hopf real hypersurface in Q™ (g), m > 3, with
semi-parallel normal Jacobi operator. If the smooth functions o = g(S§,€)
and B = g(A&, &) are non-vanishing on an open subset U C M, then it holds
that

SAL = aff and SPAL = KOAS,
where Kk = 7¥’

ProOOF. On U, the two smooth functions a = ¢(S¢,¢) and 8 = g(AE, €)
are non-vanishing. Therefore, from (3.27), we have SA¢ = of¢. This implies
¢S AE = 0. By substituting A¢ for Y in (2.11) and utilizing these expressions,
we obtain

—aSPAE = 2eB2PAE.
Consequently, we have

2e3?
(6%

SPAL = ———QAS,

which completes a proof of Lemma 3.1. 0

Using Lemma 3.1, we can state the following lemma:

LEMMA 3.2. Let M be a Hopf real hypersurface in Q™(e), m > 3, with
semi-parallel normal Jacobi operator. If the smooth functions o = g(S§,¢€)
and B = g(A&, &) are non-vanishing on an open subset U C M, then the unit
normal vector field N is singular on U.

PROOF. Let U be an open subset of a Hopf real hypersurface M in Q™ (¢)
such that U = {p € M |a(p) # 0, B(p) # 0}. Assume that M has semi-
parallel normal Jacobi operator. Then, by virtue of (3.16) and (3.21), the
normal Jacobi operatorRy satisfies

(3.28) Ry (R($Ag, €)pAE) = 0



12 H. LEE AND Y.J. SUH

for X = Z = ¢A€ and Y = £. On the other hand, (2.8) provides us
R(PAE, §)PAL + ag(SPAE, pALE
= e{ — 9(PAE, 9AL)E — Bg(PAE, pAE) AE
+ Bg(AE, 9A)P? AE + g(PAE, pAE)g(DAE, 9AL)E}
= —2¢6(1 - p*) A¢,
where we have used B¢ = A€, BPAE = BPAE, $2AE = —AE + BE and
g(pAE, pAE) = 1 — B2. Making use of Lemma 3.1, it leads to
R(QAE, €)PAE = —2e5(1 — %) AE — arg(PAE, pAE)E
= —2:0(1 - %) A& + 2e4°(1 - 7)€
Moreover, by (3.19) and (3.20), together with €2 = 1, we get
Ry (R(PAE, §)9AE) = —2eB(1 — B*) Ry AL + 2¢5°(1 — B*)Rn§
=4p%(1 - p){¢ - A}
From this, (3.28) is rearranged as
(3.20) (1- ) {¢ - BAEY =0

onU = {pe M[alp) #0, B(p) # 0}.

Taking the inner product of (3.29) with ¢ yields (1 — %)% = 0. This
implies 1 — 32 = 0 on U. By virtue of (2.3), the smooth function 3 = g(A¢, €)
satisfies 3 = —cos2t, where 0 < ¢ < 7. From this, B? = 1 implies t = 0.
Then, according to (2.2), the unit normal vector field N is expressed as N =
Z1 € V(A), meaning that N is A-principal on U. 0

From the discussion above and Lemma 2.2, we have provided a complete
proof of Theorem 1, and we will prove our Theorem 2 in sections 4 and 5,
respectively. This will depend on whether the normal vector field N of M is
either 2-principal or 2A-isotropic.

4. 2A-PRINCIPAL UNIT NORMAL VECTOR. FIELD

In this section, we assume that a Hopf real hypersurface M admitting a
semi-parallel normal Jacobi operator has an 2-principal unit normal vector
field N in Q™(g). The assumption of N being 2-principal yields ¢ = 0 in
(2.2). Applying this fact to (2.3), we get A, = —¢ and AN = N. Moreover,
these properties lead to the following

LEMMA 4.1. Let M be a real hypersurface in the real Grassmannian of
rank two QM (), m > 3, with A-principal normal vector field N. Then we
obtain:

(i) AX = BX
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(i) ApX = —pAX

(i) ABSX = —pSX and ¢(X) = 29(SX, )

(iv) ASX =SX —2g(5X,&)¢
for any X € T,M, p € M, where BX = (AX)T denotes the tangential part
of the vector field AX on M in Q™ (¢).

PrOOF. As M has an -principal unit normal vector field N in Q™ (¢),
we have g(AX,N) = 0 for any vector field X € TM. It means that AX is
always orthogonal to N. Consequently, we can assert AX € TM, that is,
AX = BX forany X € TM.

As already mentioned in Section 1, we know that the complex structure J
anti-commutes with the real structure A € 2 of Q™ (e), that is, JA = —AJ.
Making use of (i), JX = ¢X + n(X)N yields

GAX — n(X)N = pAX + n(AX)N = JAX
=—AJX = —A(¢X +n(X)N) = —A¢pX — n(X)N.
It implies ApX = —pAX, which gives a complete proof of (ii).

Now, differentiating the equations A{ = —¢§ and AN = N with respect
to the Levi-Civita connection V of Q™ (g) respectively yields:

—q(X)N + ApSX + g(SX,§)N

(4.30) — q(X)JAE + AGSX + g(SX,E)AN

= (VxA)E+ A(VxE) = —Vx€& = —6SX — g(SX,§N
and
—q(X)¢ — ASX =q(X)JAN — ASX

= (VxA)N + A(VxN) = VxN = —5X.

Here, we have used VxY = VxY + g(SX,Y)N, VxN = —SX (known
as the Gauss and Weingarten formulas), and Vx& = ¢SX. By comparing

the tangential and normal parts of (4.30), we obtain both formulas in (iii).
Moreover, (iv) follows from ¢(X) = 2¢(SX, £) obtained in (iii) and (4.31). O

(4.31)

By using these formulas for real hypersurfaces in Q™ (¢) with 2-principal
normal vector field, we assert the following lemma:

LEMMA 4.2. There does not exist any Hopf real hypersurface admitting
a semi-parallel normal Jacobi operator in Q™ (g) for m > 3, with A-principal
normal vector field N .

PROOF. Let us suppose that M is a Hopf real hypersurface with semi-
parallel normal Jacobi operator and 2-principal normal vector field N in
Q™(e). From the assumption that N is 2-principal, we obtain A§ = —¢,
implying 8 = g(A¢, &) = —1. Thus, (3.19) yields Ry& = 2¢€. Using this fact
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and inserting Y = Z = ¢ into (3.16), we obtain 2eR(X, £)¢ = Ry (R(X, €)§),
which can be expressed as follows:
(4.32) 2eR¢ X = RyReX.
On the other hand, when the unit normal vector field N is %-principal,
the structure Jacobi operator R¢ given in (3.23) becomes
(4.33) ReX =e{X —2n(X)¢ — AX } 4+ aSX — o*n(X)E.
Due to (4.33) and €% = 1, (4.32) can be rearranged as
(434) 2{X - 2(X)€ — AX} + 250745)( - zga%z(X)g )
=e{RNX — 2n(X)RN{ — RNAX } + aRNSX — o®n(X)RNE.

Now, according to (3.18), the normal Jacobi operator Ry of M with
2A-principal normal vector field satisfies

RyX =e{X +2n(X)¢ + AX }
for any tangent vector field X on M. We obtain
RnE = 2¢€,
RyAX = e[ AX — 29(X)¢ + X},
RNSX =e{SX +2an(X){ + ASX }.
Substituting the above four formulas into (4.34) yields
(4.35) 2{X —2n(X)¢ — AX} = ea{ASX — SX + 2an(X)¢}.
By (iv) in Lemma 4.1, (4.35) becomes
X —2p(X)¢—AX =0,
which implies
(4.36) AX =X —2n(X)¢
for any X € TM.
Take a local orthonormal frame field B of Q™(e) as follows
B = {61,62 = ¢ey,e3,e4 = Pes, e5,€5 = Pes, . ..
€23, €2m_2 = PCam_3, €am—1 = &, €am = N }.
Tt follows from (4.36) that the trace of the real structure A, defined as TrA =
Zizl g(Aeyg, er), is given by

2m—2

TrA = > g(Aex, ex) + g(AE, €) + g(AN, N)
k=1
=2m — 2,
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where we have used A§ = —§ and AN = N. It is well known that the trace of
the real structure A vanishes on Q™(¢), i.e., TrA = 0. Therefore, we obtain
m = 1, which leads to a contradiction for m > 3. This completes the proof of
Lemma 4.2. 0

5. 2A-ISOTROPIC UNIT NORMAL VECTOR FIELD

Expanding upon Theorem 1 and Lemma 4.2 previously discussed, we
assert that if M is a Hopf real hypersurface in Q™ (e) with m > 3, with semi-
parallel normal Jacobi operator, then the unit normal vector field N of M is
2l-isotropic. This section will delve into this case.

By the definition of -isotropic tangent vector field on Q™ (¢), (2.2) im-

plies N = %(Zl + JZ3), where t = Z. From (2.3), we also obtain g =

g(AE, &) = —g(AN, N) = 0. This implies that the vector field AN = —¢pAE is
tangent to M. By differentiating the tangent vector field AN and using the
Gauss and Weingarten formulas, we obtain the following;:

Vx(AN) =Vx(AN) —o(X, AN)
(5.37) = (VxA)N + A(VxN) — g(SX,AN)N
=q(X)JAN — ASX — g(SX,AN)N.

Here, we have used (Vg A)W = q(U)JAW for U, W € TQ™ () (see [26]).
Moreover, taking the inner product of (5.37) with N, we get SAN = 0.

Similarly, by differentiating the tangent vector field A&, we get the fol-
lowing:

Vix (A€) = Vx (A€) — o(X, A¢)
(5.38) = (VxA)¢+ A(VxE) — g(SX, AN
= q(X)JAE+ A(VxE) + g(SX,§)AN — g(SX, AS)N.

Then, by taking the inner product of (5.38) with the unit normal vector
field N, we get SAE = 0.

Summing up these discussions, in general it holds:

LEMMA 5.1. Let M be a real hypersurface in the real Grassmannian of
rank two Q™ (g), m > 3, with A-isotropic normal vector field N. Then the
tangent vector fields A¢ and AN are principal, satisfying SAE = SAN =
S$AE =0 for the shape operator S of M in Q™(e).

And, in the case where a Hopf real hypersurface M in Q™ (g) possesses an
2-isotropic normal vector field N, it can be deduced from (3.18) and (3.23)
that the normal and structure Jacobi operators of M are given by the following



16 H. LEE AND Y.J. SUH

expressions:
(5.39) RyX = e{X +30(X)§ — g(AE, X) AL — g(pAE, X)p AL},
ReX = e{X —n(X)€ — g(A&, X)AE — g(X, pAE)pAE}
+aSX — o?n(X)E.
Hereafter, M denotes a Hopf real hypersurface in Q™ (¢) with m > 3, admit-
ting a semi-parallel normal Jacobi operator. We take B as the orthonormal
frame field on M given by
B = {61,62 = ¢eq,e3,64 = Qeg, ...
e €2me5, €am—g = P€2m_5, €am—3 = AL, €apm_o = QAL €21 =},
Then, it follows from (5.39) that the normal Jacobi operator of M is expressed
as follows:
4ef it X =&,
0 if X = A¢E,
0 if X = ¢A¢,
eX if X L& Ag QAL

(5.40) RyX =

Take Y = ¢A{ and Z = A¢ in (3.16). Then, according to (5.40), the
assumption of Ry being semi-parallel implies

(5.41) Ry (R(X, pAE)AE) = 0.

On the other hand, using the equation of Gauss in (2.8) and Lemma 5.1, we
obtain

(5.42) R(X, A& AL = e{ — 3g(X, AE)p AL — o X + g(9X, AE) ALY,
along with (2.6) and ¢?A¢ = —A¢€. Substituting (5.42) into (5.41) and using
(5.40) again yields

0= e — 3g(X, ARy GAE — Ry X + g(6X, AS) Ry AL}

(5.43) _
= —ERN¢X

for any tangent vector field X on M. Due to (5.39) and 2 = 1, we obtain
—eRNoX = —{0X — g(AL, ¢X) AL — g(PAL, 6 X )AL},
which implies that (5.43) can be rewritten as:
(5.44) X — g(AL, 9 X) AL — g(¢AL, 9 X)PAL = 0.
Applying the structure tensor field ¢ from (5.44) yields, for any X € TM:
X =n(X) + g(pAL, X)pAL + g(AL, X) AL,
where we have used ¢2X = —X +n(X)¢ and B = g(AE,€) = 0. According to

the construction of B for M, it implies that the dimension of M is exactly 3,
i.e., dimM = 2m — 1 = 3. Consequently, we obtain m = 2. This leads to a
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contradiction for m > 3, providing a comprehensive proof of our Theorem 2
in the introduction.
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