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SUMMABILITY OF SOLUTIONS TO SOME DEGENERATE ELLIPTIC
EQUATIONS

ZHANG ArpinG, TTIAN PENGZHEN AND GAO HoNGYA
Hebei University, China

ABSTRACT. This paper deals with boundary value problems for elliptic
equations with degenerate coercivity whose prototype is

—div (a(2)|Vu(z)[P~2Vu(z)) = f(z), z€Q,
u(m) =0, x € 697

with 0 < a(z) < 8. Some summability properties of solutions are given.

81 Introduction and Statement of Results
The purpose of this paper is to study the boundary value problem

{—divA(x,u(x),Vu(z)) = f(z), zeq,
u(x) =0, x € 09,

here € stands for a bounded open subset of R"™, n > 2, 02 is the boundary of Q, A(z, s,§) :
Q xR x R" — R™ is a Carathéodory vector (that is, measurable with respect to = for every
(s,€) € R x R™ and continuous with respect to (s,£) for almost every x € ) satisfying the
following assumptions: there exist 1 < p < n, a function a(x) and a constant 3, 0 < a(z) <
B < 0, a.e. 2, such that

(1.1)

(1.2) A(z,5,€)€ = a(x)[¢]7,
and
(1.3) |A(z, 5, €)| < BlEP.

As far as the datum f in (1.1) is concerned, we assume that it belongs to the Lebesgue space
L™(Q), or the Marcinkiewicz space M™ (), respectively.
A prototype of A(x,s,&) : @ x R x R” — R” satisfying (1.2) and (1.3) is
Az, s,€) = a(@)[¢[P~%€, 0 <a(x) < B.

Let us first recall the definition of Marcinkiewicz space, also called weak Lebesgue space,
which is defined as follows: if m > 1, then the space M™ () consists of all measurable functions
g on ) such that

(1.4) supt [{z € Q: |g(x)| > t}|7 < +oo.
t>0
This condition is equivalently stated as

1
llgllm = sup —— f |lg|dz < 0.
EcQ ‘E - JE

|E|>0
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It is well-known that M™(Q) is a Banach space under || - ||,, and, moreover, if the supremum
in (1.4) is denoted by A,,(g), then

(1.5) An(g) < |H9H|m < m/Am(g).

A useful result is

9|7 € M= (),
An(lg]7) = A7, (9),

m

gl = < Z2=llglli%-

(1.6)

ge M™(Q)
&
1<a<m}

In fact, by (1.4),

A (

o
o 1 1., L
9|7) = suptl{|g|” >t} = (supta{lg > t”}|m>
t>0 t>0

) _ 42.(9),

= <Supt|{|9| >t}
t>0
which together with (1.5) implies
o m ! o m g
lgillz < (2) Az (lgl7) = —"— A% (g) <
o m-—o

Another useful result is, see Proposition 3.13 in [3], if f € M™(Q), m > 1, then there exists
a positive constant B = B(|| f||m,m), such that for every measurable set E < {2,

m

gl

m—o

(17) f \f|de < BIE|" %,
E

The alternate name, the weak Lebesgue space, of M™(Q) is due to the fact that, if  has
finite measure, then

(1.8) L™(Q) c M™(Q) c L™ 5(Q),
for every m > 1 and every 0 < ¢ < m — 1. For a detailed analysis of Marcinkiewicz spaces we

refer to [8].
red In the following, for 1 < p < n, we shall use the symbol p* which is defined as:

p* — an;)? p < TL,
any constant > p, p=n.

DEFINITION 1.1. Let f € L"™(Q), m = (p*). A function u € Wy"*(Q) is called a solution

to (1.1) if

(1.9) J Az, u(z), Vu(z))Ve(z)de = J f(@)p(@)de, Yeo(x)e WyP(Q).
Q Q

We note that in the above definition, we restrict ourselves to the case f € L™(2), m > (p*)’.
Sobolev embedding ensures ¢ € LP* (Q) for o(x) € W,yP(€), thus the right hand side integral of
(1.9) is well-defined. We note that there is a function a(x) in condition (1.2). If a(z) = a > 0,
a.e. 2, then we are in the usual coercivity sense. The results of this equation are very rich,
we refer, among others, to the classical monographs by Ladyzenskaya-Ural’ceva [16], Gilbarg-
Trudinger [14], Heinonen-Kilpeldinen-Martio [9] and Boccardo-Croce [3]. But if a(z) is not
bounded from below by a positive constant, then the coercivity is degenerate, as the following
example shows.

EXAMPLE 1.2. Let us consider the case p = 2. We claim that the differential operator
—divA(z, u(z), Vu(z)) with A satisfying (1.2) and (1.3) is not coercive on W, *(9), even if it is
well defined between WO1 2(Q) and its dual. To see that it is sufficient to consider the sequence

m(1—n)
Uy (x) = |2[2FD — 1 m=1,2,--,
and
a(x) = |zl
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defined in B (0), the unit ball centered at 0 in R™. It satisfies

m(n—1)\? 1
| Dty |2da = () J ————dz =+, forevery m =n — 2,
JBl(O) " 2(m +1) B1(0) mw

m+1
so
(1.10) Humeol,a(Q) = 4o, for every m>=n—2.
At the same time, for allm =1,2,-- -,
(1.11) J a(x)| Dy, |*de = (m(n—l))QJ %dx < +00.
B1(0) 2(m+1) ) Jpy(0) |z| 5
(1.10) together with (1.11) implies
1

7J a(x)|Dup|*dz = 0, as m — +oo.
”UmHWOW(Q) B1(0)

For some recent developments related to elliptic equations with degenerate coefficients, we
refer to Boccardo-Croce [3] and Bella and Schéaffner [5,6]. If there is no restriction on the
function a(x), then one can not expect any regularity results for the boundary value problem
(1.1). We now assume

1 1
(1.12) 0< ——eL7(Q), a>max{n,},
a(x) p'p—1
then we will have some summability results.
We first consider the case when

(1.13) feM™Q), m> npa

npoc —n —no + po
THEOREM 1.3. Assume (1.2), (1.3), (1.12) and (1.13). Let u € W, *(Q) be a solution of

problem (1.1).
i) If m > p"” then there exists a positive constant ¢, depending upon n,p,o, ||, m,

o—n’

H%HLU(Q) and ||| flllm, such that
[ull o) < ¢

(ii) If m = p”" then there exists a positive constant A, depending upon n,p,c,m, H%HLU(Q)

o—n’

and || flm, such that

Ml e LY(Q);
-1
(1.14) we MT(Q), nm(p — 1)o

nm —mpo + no

If 0 < a < a(z), that is, the function a(z) is bounded from below by a positive constant a,
then o = +00 in (1.12). In this case, we have the following corollary of Theorem 1.3.

COROLLARY 1.4. Assume (1.2) with a(z) = a > 0, (1.8) and f € M™(Q),m > (p*) =

- Letue WyP(2) be a solution of problem (1.1).

(i) If m > %, then there exists a positive constant ¢, depending upon n,p,|Q|,m,a and
£ llm, such that

|ull o ) < ¢
(i) If m = %, then there exists a positive constant A, depending upon n,p,o,m,a and
£ llm, such that
Ml e LH(Q);
(iii) If (p*) <m < 2, then
nm(p —1)

1.1 MT™(Q2 = .
(1.15) weMT(@), T= T
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In case of p = 2, the above results (i), (ii) and (iii) coincide with [3, Theorems 6.11, 6.13
and 6.12], respectively.

If we weaken the summability hypotheses on f, then the gradient of v (and even w itself)
may no longer be in L'(Q). However, it is possible to give a meaning of solutions for problem
(1.1), using the concept of entropy solutions which has been introduced in [1] by Bénilan et al.
In order to give the definition of entropy solution, we define, for k£ > 0, the truncation function
s, 5] < k.

Tk (s) = max{—k, min{s, k}} = {k’ sgn(s), |s| > k.

DEFINITION 1.5. Let f € L'(Q). A measurable function u is called an entropy solution of
(1.1) if Ty (u) belongs to Wo'P () for every k > 0 and if

(1.16) L Az, u(z), Vu(2)) Vi (u(z) — p(2))de < L F(@)Ti(u(z) — pla))dz,

for every k> 0 and every o(x) € Wy () () LP(9Q).
We have the following
THEOREM 1.6. Suppose (1.2), (1.3), (1.12), and

feM™Q), 1<m< P

npoe —n — no + po’
then for any entropy solution u of problem (1.1), one has uw e M7 () with T be as in (1.14) and

Vul e MY(Q), v — =1

nm —mo +no’
In case of a(z) = a > 0, we have the following corollary.

COROLLARY 1.7. Suppose (1.2) with a(z) = a > 0, (1.83) and f € M™(Q),1 <m < (p*)/,
then for any entropy solution u of problem (1.1), one has uwe M7 () with T be as in (1.15) and

-1
V| e Mr(Q), v = ML)
n—m
The above corollary coincides with [15, Theorem 1.7, i), ii)].

In Theorems 1.3 and 1.6, we deal with the case when f lies in Marcinkiewicz space. We
now assume that f belongs to Lebesgue space, that is,

(1.17) FeL™Q), m> npa

npo —n —no + po’

We have the following

THEOREM 1.8. Suppose (1.2), (1.8), (1.12) and (1.17). Let u € W,"*(Q) be a solution of
problem (1.1).
(i) If m > 22 then u € L*(Q);

po—n’ N B
(ii) If m = oo T then eMvl e LY(Q) for every X > 0;
(iii) If ——22 — < m < =22 thenu e L7 (Q) with T be as in (1.14).

npo—n—no+po po—n’

In case of a(z) = a > 0, we have the following corollary.

COROLLARY 1.9. Suppose (1.2) with a(x) = a > 0, (1.3) and f € L™(),m > (p*)’. Let
we WyP(Q) be a solution of problem (1.1).

(i) If m > 3, then u e L*(Q);

(ii) If m = T, then eMul e LY(Q) for every A > 0;

(iii) If (p*)" < m < 3, then w € L7() with T be as in (1.15).
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In case of p = 2, the above results (i), (ii) and (iii) coincide with [3, Theorems 6.6, 6.10 and
6.9], respectively.

We end this section by the following remarks: we note that Theorem 1.3 (i) is a particular
case of [7]; we note also that, the present paper deals with elliptic equations with variable
coefficients, the original regularity results related to variable coefficients go back to results due
to Trudinger [18] and Marthy-Stapaccha [17], and in the linear case p = 2, Theorem 1.8 is
essentially contained in [18, Theorem 4.1]; we refer to [4] for some similar results related to
elliptic equations with degenerate coercivity, and to [2] for some Marcinkiewicz estimates for
solutions of some elliptic problems with nonregular data; we point out that the monograph [3]
by Boccardo and Croce provides fruitful ideas.

82 Proof of the Main Theorems

In order to prove Theorems 1.3 and 1.6, we need the following Stampacchia Lemma, which
can be found, for example, in [19, Lemma 4.1].

LEMMA 2.1. Let ¢, , B be positive constants and ko € R. Let ¢ : [ko, +0) — [0, +0) be
nonincreasing and such that

c
2.1 h) < ———[p(k)]”
(21) olh) < G gyaleh)]
for every h,k with h > k = ko. It results that:
(i) if B > 1 then
g&(k}o + d) =0,

where
d* = c[ip(ko)]P 1271

(ii) if B =1 then for any k = ko,

_1
k) < plko)el =¥ (ko)

(iii) if 0 < B < 1 and ko > O then for any k = ko,

o 1 o 1 ﬁ
(k) < 257 {7 + (2h0) T (ko) } (k) .

For some remarks on the classical Stampacchia Lemma we refer to [13]. For some general-
izations we refer to [10-12].

Proof of Theorem 1.3. Suppose (1.2), (1.3), (1.12), (1.13) and let u € W, *(£2) be a solution
to problem (1.1) in the sense of (1.9). Define, for s € R and k > 0,

Gr(s) = s — T(s).

If we take G (u) as test function in (1.9) and use hypothesis (1.2), we then obtain

J a(z)|Vul|Pdzx <J Az, u, Vu) VG (u)dx
(2.2) Ax Q2
- [ reutwds < [ 171Gk,
Q A

where Ay = {z € Q : [u| > k} is the superlevel set of u. Let us denote ¢ = {7~ with o the

number in (1.12). It is obvious that 1 < ¢ < p < n and ;L. =o. (1.12), (2.2) and Hélder
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inequality give

Il
—
2
8
S~—
RS
<
e
=
/N
—_

N

(2.3)

N

/N
/N N N
S
Q
ol
Iy
Pt
é’“

o
Lo ()

(g*) (qﬂg)p q q*p 1 v
< (j 17107 ae) ™7 ([ jntpan) L
Sobolev inequality yields
qi*
(2.4) J \Vu\quzf VG (u)|*de > C (J Gk(u)|q*dx> ,
Ay Q Q

where ¢* is Sobolev exponent for ¢ and C, is a positive constant depending upon n and q.
(2.3) and (2.4) merge into
1% (J ‘f| *)d>(q*)p
allLe(Q)

* Q"gp’ 1
(25) ([ 16 ar) ™ < &
Q C

< m is equivalent to (¢*)" < m. We use (1.6) and (1.7) to get

npo
( |Gk<u>q*dx)
Q

The condition ——2%——
npoc—n—no+po

9
1 1% (q) (a%)'p
2.6 B|Ay|*™
(26) Scila Lv(ﬂ)[ 44 ]
4 17(q*>’) q
—_— = B(*)/ A ( m (a¥)'p
Cl Ha Lo () Ayl ’

where B is a constant depending upon || f||m,n,p,o. Let h > k = 0, then
(h = k)3 | Ay

< N (u— k)q*dx) -
(s

11y%
Ci

N

N

B4\ )@

N

allLe ()

from which we derive

(&) W2 i
* allLe () 1@ p,’
2.8 Apl < A ) @,
The assumption (2.1) of Lemma 2.1 holds with

p(k) = | Ak,

L o
1\TP 1+ _a¥p!
c= | — H— B @*)p
Cy alre(Q)
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a=q*,
q*/ q*p/
6=(1_u) #1710
m /(q*)'p
and
ko = 0.

We now divide the following proof into three cases.

Case 1: m > -22_ In this case f > 1. Lemma 2.1 (i) tells us that there exists a constant

po—nm’
R m | > 0, such that
Lo (Q) Hlfm > suc a

{lul > d}| =0,

1
a

d=d <napv g, ‘Q|7m7

thus |u| < d, a.e. Q.

no

Case 2: m = In this case § = 1. We use lemma 2.1 (ii) to get, for any k > 0,

po—n’
_1 1
(2.9) [l > K} < [{ful > 0}t 4% < [qjec—(e0) ¥,
thus
o0 (ce)iék o0 (ce.)i%k 1 o0 (ce)%k
(210) 3 e (ul > k) < 3 ST Qe Zj0le 3 e F <o
F=0 k=0 k=0

Proposition 6.4 in [3] states that for A > 0,

0
J Mlde < 00— Z M {|u| > kY| < 0.
Q2 k=0

1
We use this fact for A = (C% Note that ) is a constant depending on n, p, o, % Lo’ 11 e
We use the above proposition and (2.10) and we derive that
J Aldr < o0,
Q
Case 3: 7 ——— <m < 22 In this case 0 < 8 < 1. Since the assumption (2.1) of

Lemma 2.1 holds with kg = 0, and Lemma 2.1 (iii) requires ko > 0, then one can use the fact
that the assumption (2.1) of Lemma 2.1 holds with ky = 1 and we have

1\ 77 1\"
|{|u|>k}|<c<k) :C<k> , Vk =1,

nm(p—1)o

where

- mn—mpo + no’
the desired result u € M7 (Q) follows from the fact

> <i0l(7) +e(3) =a+o(3) w0

Proof of Theorem 1.6. For any h > k > 0, we take h — k in place of k in (1.16), and we use
¢ =T (u) as a test function. Note that

Th_w(u—Ti(u) =0 for ze {|ju] <k},

[ Th—k(u—Ti(u)| <h—k
and
0, lu| <k,
VThi(u— Th(u)) = { Vu, k< |u| <h,
0, lu| > h,
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then (1.2) and (1.16) yield
J a(x)|Vu|Pdz

B,

< J Az, u, Vu)VTh—k (u — T (u)) dx
Q

< J Pl (1 = T (u))da
Q

<=0 | e

where
Bkh={xe§2'k<|u\<h}.

_pbo

i1 < p. Holder inequality gives

As in the proof of Theorem 1.3 we take 1 < g =

j |Vulldx

Bi.n
q 1 \»
5 q

jB a(z)?|Vul (a(x)) dx

k,h

(2.11) < (fB axVupdac)Z(fB ((lgw))de)pqa
< (- k)j Ifld =1
< w-wiBI]

where we used again (1.7). Sobolev inequality yields

J |Vul!dz
Br,n

_ j VT (G (w))|dx
Q

qi*
(212 > o1 ([ s ar)
Q
qi*
_— ( | |Thk<Gk(u>>|q*dx)
Ah
S G = KA

where ¢* is the Sobolev exponent for ¢ and Cy is a constant depending upon n,q. Combining
(2.11) and (2.12) we arrive at

a* * qT
B7v O, 1
| An| < - SIVWES
(h—k)7
The assumption (2.1) of Lemma 2.1 holds with
(p(kﬁ) = |Ak|7
a* 1 %
c=B7C.?|= ,
alre()
*
et
p/
q*
f=—,
pm

and
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(2.1) holds true for kg = 1 as well. Since 1 < m < =7 then 0 < p’i:/ < 1. We use
Lemma 2.1 (iii), and note that
q*
a  w  nmp-1)o
1-8 1-2  mn-—mpo+no

pm

we derive that
1\ 77 1\"
> Bl < el +0 (1) =deiva (3) L vi>o

where ¢ is a constant depending upon n, p, o, ||, |||f]||m= and
M7 ().
Let us take h = 2k in (2.11), use (1.4) and the fact u € M7 (), then

J |Vu|?dx
B2k

1
a

o This shows that u €

a _a||l|% _q_
< krBr|-— |Ag| P’
alze()
« _a|ly7 e
< k»Br|— Ar(u)Tk™T) e
a L“(Q)( (u) )
q T q|1 % qr
= k3w pBr|= A (u)om
allLe()

which yields, for any k > 0,

f |Vul!dz
{lul<k}

0
J |Vu|%dx
D02 th<ul<2-7k)

N

(2.13) O N
< S osiff s
L ; q q q 1 1 qT
= 2@ UTEE U B S A (u)e
20 allLe(2)
Since m < m, then %(1 — #) > 0, SO

& q qT
DI <o,

j=0
from (2.13) we obtain
q - a1 2 _ar_
(2.14) J |Vu|lde < ck» w7 Br | = A (u)om .
{lul<k} allLe(2)
Thus, for any k£ > 0 and t > 0,
{1vul > ¢}
= [{IVul >t} {ful > K|+ |{IVul > 8} o {lu] < k)
< ‘{|u\ > k}’ 7 \Vul9de
{ul<k) e
< A ()R 4+t 9k CTEIBY T A (u) e
. w allLe (@)
= Clk_T + Czt_qk';_m,
where
a1 ar
= A‘r Ta =cB7|- T pml
¢ (W), a=c alze @ (u)
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Next we minimize this in k, i.e., choose

1
Tt
k ciTt? P pm 1T
= q __ qr )
ca(f — o)

qT
qT

(Val > 8 < ot

and we arrive at

where c is a constant depending upon n,p,m,a, || f|lm, | @) and A;(u). Now we observe
that
qr nm(p—1)o
V= =
T4+ 2 -9 pm—mo+no’

p pm

then |Vu| e M¥(Q), as desired.

Proof of Theorem 1.8. Suppose (1.2), (1.3), (1.12), (1.17) and let u € W, *(£2) be a solution
to problem (1.1) in the sense of (1.9).

(i) For the case m > 27—, we use the fact (1.8) and we have f € M™((2). Theorem 1.3 (i)
gives the result.

no
po—n’

o= [ep)‘Tel(G’“(")l — 1]sgn(u) € Wol’p(Q)
as a test function in the weak formulation (1.9). Since

Vi = p)\epATele(u)\vu. 1By pres

(ii) For the case m = for every A >0, k> 0, £ > 0 let us take

where
Bk7k+g= {Z‘EQk’< |’LL‘ <k+€},

and 1g is the characteristic function for the set F, that is, 1g(z) = 1 for x € F and 1g(z) =0
otherwise, then (1.9) gives

(2.15) p)\J Az, u, Vu)eP TG Igy gy = f[ep)‘T”'lG’“(“)l — 1]sgn(u)da.

Bi,k+e Ak
We study the two sides separately. The left hand side of (2.15) can be estimated from below
by using (1.2),

p)\J Az, u, Vu)ep)‘Tf‘G’“(“)‘Vudac
Bl k+0

(2.16) > pA a(x)ePATelCR W7y P dg
A\ B, k+e
P
S a(zx) ‘V(e’\T’fla’“(”)l — 1)‘ dz.
AP Bk k+e

We use the following inequality, satisfied by every t > 1, p > 1 and Q > 1:
P-1<Qt—1P+(1—Q 71) P -1,

then the right hand side of (2.15) can be estimated as

f f[ep)‘T“G’“(“)‘ — 1]sgn(u)dz

Ak
< f |f|[61J>\Te\G;c(u)|,1]daC

2.17 A
G g |f|<e*Tf‘Gk<u>'—1)Pdw+c<@,p>f flde
Ak Ak

1 1
< Q(j |fmdx> (j [emGk<“>'—1]”mdx) QP
A A
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where
no

m= c@Qp) =|0-Q 7)) " -1],

po—n’

and we have used Holder inequality.
Substituting (2.16) and (2.17) into (2.15),

J a(z) ‘V(ekTe‘G’“(“)‘ - 1)‘p dx
Bi,k+e .

m <J [e/\Tele(u)\ - l]pm/dx> " + AP_IC(Q’p)HfHLI(Q).
p Ay P

(2.18)

As in the proof of Theorems 1.3 and 1.6, we take 1 < g = ffg < p. Holder inequality together
with (2.18) gives

f v(e)\Tglgk(u)‘ _ 1)’(1 dw
B k+e .
_ f a(2)% |9 (TG ] _ 1)‘q (1) da
Bk,k+l a’(x) B

J a(x) ‘V(e’\TZ‘G’“(“)| — 1)‘p dx J < L > o dx
Bk,k+e . Bk,k+e a(x)
(Q/\p1|f|Lm(Ak)> P (J [e/\Tzle(u)l B 1]pm/dx) pm’
p A

) </\P‘1O(Q,p)|f|L1(ﬂ>>Z] I

a
P
P allo @)’

N

(2.19)

)

N

2

Sobolev inequality gives

V(AelGr()] _ 1)“1(13:

Br kte

v( ATy |G (w)] _ 1)‘ dz

(2.20) <J ’ NG ()] 1\(1 dx) o

q* o
C (J A TelGr(w)l _ 1’ dm) )
Ay

where Cy is a constant depending upon n and ¢. (2.19) and (2.20) merge into

(.,

WV

q

q* q*
el Gr(w)] _ 1‘ da:)

% )\p 1 m % m’ pgrz'
(2.21) < 2 l(Q Iflz (Ak)) <J [ATeIGk@] _ 1] dx)
k
AP 10 Q P flr)\*
alre(@)
Recall ¢ = {£%, m = 02> Which imply q* = pm’ and qi* = pfn,. Since | f|ma,) — 0 as
k — 400, then there exists k) > 0 such that
i AN flzman\” H} T
Ci P allLo) ~ 2’ =
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For such k we deduce from (2.21) that

q* oF
(J ’eAT’fIG’“(“)l - 1‘ da:)
Q
q*
— (J ATl Gr(w)] _ 1’ dx)
Ak

*"“

q

_ 27 @) e\ L
S Cg D allLe (£2)
< +0o0.

Let £ — 40, we use Fatou Lemma and we derive that
q*
f ’e)‘lg’“(“” — 1| dx < 40, Vk=ky.
Q

Now

[eXul — 1]Q* = [eMTr()+Cr(w)l _ 1](1*

_ [6)\|Tk(u)+Gk(u)| o e/\k + e)xk o 1](1*

< 0¥ —1 Akq* [eMG’“(“)l — 1]q>‘< + Qq*_l(e)‘k — 1)‘1*.

Therefore, for every k = ky,

f [ Ml = 1]9" g < 271 Ak f [ 1]7 d 4 20" (M~ 1)7 |0 < o,
Q Q

That is, e**! belongs to L4* () for every A > 0. The result (i) follows with A = Ag*.

(iii) For the case ——"7—— < m < -2 let t > 0 be a number to be fixed and let us
po—n—no+po po—n
take

¢ = [T () P T (u)
as a test function in (1.9). We use hypothesis (1.2) and we have

pt+1
(t+1)p

=(pt+1) fﬂ a(2)| Ty (u)|P |V T (u) [P da

f a(z) |V|Te (u)| " da
Q

<(pt+1) J;Z Az, u, Vu) | T (u) [PV T (v)dz
:f Az, u, Vu)Vodz

Q
_ f £ () [P T ()

Q

< [ AP,
Q
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As in the proof of Theorems 1.3 and 1.6, we take 1 < ¢ = 7= < p, then

f V| T (w)| | da
Q

q

:La(x)% V[T ()] <a(1x))d
(2.22) <<J a(x)\V|Tk(u)|t+1’pdx>Z (L (@)pq’dx)ppq
<<;t++11 J T “)|pt+1dz> <L <C£®>0dw)£

(t + 1) p % (pt+1)m’ ﬁ 1
< (U)Wl ([, I osmas)™ |2

Sobolev inequality gives

]

P

Lo(Q)

i*
(2.23) J|V|T ()" dx = Cf U | T ()] (t“)dm) :

where C, depends upon n, q.
Let us choose t in such a way that

g (t+1) = (pt+1)m’,

this is equivalent to

t+1:(p71)m’: nm(p —1)o _ T
pm/ —q¢*  (nm+mno—mpo)g* gt
The facts npa_::f%”mm <m < ;27 imply ¢ > 0 and qi* > pm,. (2.22) and (2.23) merge into
i*—pg, (t + 1)1? q 112
Cq J T q*(t+1)d a Em H* P )
([ mr e . ”ﬂLm>aU@
Since
t+1)=r,
then the above inequality implies, for any k > 0,
| meo e <.
Q
with ¢ a constant depending upon n,p,o,m, | f| L~ ) and % L) To be finished, we apply

Fatou lemma (as k tends to infinity) to deduce that

J lu|"dz < ¢,
Q

as desired.
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