Flasnik 2es
Matematicki

SERIJA III

www.math.hr/glasnik

David N. Pham and Fei Ye

Left-invariant Hermaitian connections on Lie groups with
almost Hermitian structures

Manuscript accepted
February 29, 2024.

This is a preliminary PDF of the author-produced manuscript that has
been peer-reviewed and accepted for publication. It has not been
copyedited, proofread, or finalized by Glasnik Production staff.



LEFT-INVARIANT HERMITIAN CONNECTIONS ON LIE
GROUPS WITH ALMOST HERMITIAN STRUCTURES

Davip N. PuAM AND FEI YE
Queensborough C. College, City University of New York, USA

ABSTRACT.  Left-invariant Hermitian and Gauduchon connections
are studied on an arbitrary Lie group G equipped with an arbitrary left-
invariant almost Hermitian structure ((-,-), J). The space of left-invariant
Hermitian connections is shown to be in one-to-one correspondence with
the space ALY g* @ g of left-invariant 2-forms of type (1,1) (with respect
to J) with values in g := Lie(G). Explicit formulas are obtained for the
torsion components of every Hermitian and Gauduchon connection with
respect to a convenient choice of left-invariant frame on G. The curvature
of Gauduchon connections is studied for the special case G = H x A, where
H is an arbitrary n-dimensional Lie group, A is an arbitrary n-dimensional
abelian Lie group, and the almost complex structure is totally real with
respect to h := Lie(H). When H is compact, it is shown that H x A
admits a left-invariant (strictly) almost Hermitian structure ((-,-), J) such
that the Gauduchon connection corresponding to the Strominger (or Bis-
mut) connection in the integrable case is precisely the trivial left-invariant
connection and, in addition, has totally skew-symmetric torsion. The al-
most Hermitian structure ({-,-), J) on H x A is shown to satisfy the strong
Kdhler with torsion condition. Furthermore, the affine line of Gauduchon
connections on H x A with the aforementioned almost Hermitian structure
is also shown to contain a (nontrivial) flat connection.

1. INTRODUCTION

Let (M,g,J) be an almost Hermitian manifold. A Hermitian connec-
tion on (M,g,J) is a connection V on M satisfying Vg = 0 and VJ = 0.
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The space of Hermitian connections on (M, g, J) is large; it is in one-to-one
correspondence with the space Q1 (M;TM) (the space of real 2-forms of
type (1,1) with respect to J with values in TM). This served as motivation
for Gauduchon to introduce a distinguished class of Hermitian connections in
[12]. This distinguished class of Hermitian connections (now called Gauduchon
connections) is parameterized by ¢ € R and forms an affine line of Hermitian
connections. When J is integrable, this affine line of Hermitian connections
contains both the Chern connection [5] and the Strominger (or Bismut) con-
nection [15, 4]. As metric compatible connections, both the Chern and Stro-
minger/Bismut connections are uniquely defined by their torsion tensors. The
Chern connection can be defined as the Hermitian connection whose torsion
T € Q?(M;TM) has vanishing (1,1)-part: T = 0; the Strominger /Bismut
connection is characterized by the condition that its torsion T is totally skew-
symmetric, that is, g(T'(X,Y), Z) is skew-symmetric in X, Y, and Z. Tt is
interesting to note that the torsion condition T(1') = 0 can always be sat-
isfied (regardless of whether J is integrable or not) whereas the existence of
a Hermitian connection with totally skew-symmetric torsion does not hold in
general for the non-integrable case (see Appendix A for details). Historically,
the Strominger/Bismut connection was introduced first by Strominger in [15]
in the context of string theory and later, independently, by Bismut in [4] for
purely geometric reasons.

It appears that Hermitian connections and, in particular, the smaller
class of Gauduchon connections, have been studied primarily for Hermitian
manifolds, that is, in the integrable case (see e.g. [18, 16, 14, 3] and the ref-
erences therein). Motivated by this fact, the current paper studies Hermitian
and Gauduchon connections on (strictly) almost Hermitian manifolds. As Lie
groups are considerably simpler than general smooth manifolds (since they are
inherently algebraic objects by nature), Lie groups serve as an ideal setting
for exploring and testing new ideas in differential geometry. For this reason,
we focus our study of Hermitian and Gauduchon connections on Lie groups
equipped with left-invariant almost Hermitian structures.

For a Lie group G equipped with a left-invariant almost Hermitian struc-
ture ((-,-),J), the space of left-invariant Hermitian connections is shown to
be in one-to-one correspondence with the space A1V g* @ g of left-invariant
2-forms of type (1,1) (with respect to J) with values in g := Lie(G) (see Corol-
lary 3.14). We obtain explicit formulas for the torsion components of every
Hermitian and Gauduchon connection with respect to a convenient choice of
left-invariant frame on G (which we call a standard frame). The curvature of
a Gauduchon connection is studied for the special case G = H x A, where
H is an arbitrary n-dimensional Lie group, A is an arbitrary n-dimensional
abelian Lie group, and the almost complex structure J satisfies Jh = a (where
b := Lie(H) and a := Lie(A)). Following the terminology of [6, 7], J is said to
be (almost) totally real with respect to . When H is compact, it is shown that
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H x A can be equipped with a left-invariant (strictly) almost Hermitian struc-
ture such that the Gauduchon connection corresponding to the Strominger (or
Bismut) connection in the integrable case is precisely the trivial left-invariant
connection and, in addition, has totally skew-symmetric torsion. The almost
Hermitian structure ({-,-),J) on H X A is shown to satisfy the strong Kdhler
with torsion condition (cf [9]). Furthermore, we show that the affine line of
Gauduchon connections on H x A with the aforementioned almost Hermitian
structure also contains a (nontrivial) flat connection.

The rest of the paper is organized as follows. In Section 2, we give a
self-contained review of Hermitian connections where the general formula for
the torsion of a Hermitian connection is derived. In addition, notation and
conventions are established which will be used in the remainder of the pa-
per. The free parameter in the torsion formula is shown to be an element
a € Q(l’l)(M;TM) which, in turn, establishes a one-to-one correspondence
between the space of Hermitian connections and the space Q1 (M; TM).
We note that the formula obtained in Section 2 differs in appearance from
that obtained originally by Gauduchon in [12], but is shown to be equiva-
lent. From the general torsion formula, we obtain the torsion formula for
the Gauduchon connections by an appropriate choice of ot € QWD (M; T M)
which is parameterized by t € R. In Section 3, we turn our attention to
left-invariant Hermitian and Gauduchon connections on arbitrary Lie groups
equipped with left-invariant almost Hermitian structures. Explicit formulas
are obtained for the components of the torsion tensors relative to a so-called
“standard frame”. (As some of the formulas are on the lengthy side, we also
verified the formulas numerically using the program Octave to ensure that the
formulas worked as expected.) Lastly, in Section 4, we study the curvature of
Lie groups of the form H x A equipped with left-invariant almost Hermitian
structures where the almost complex structure is totally real with respect to

b.

2. PRELIMINARIES

In this section, we review the relevant background and establish notation and
conventions that we will use for the rest of the paper. Let (M, g, J,w) be an
almost Hermitian manifold where

e g is the Hermitian metric,
e J is the almost complex structure, and
e w is the fundamental 2-form defined by w(-,-) := g(J-,-).

For a vector field X (real or complex) on M, we let X = X + X~ denote its
decomposition into its (1,0) and (0,1) components. Explicitly,

1 1
(2.1) Xt = 5(X —iJX), X = 5(X +iJX),
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and one easily verifies that JXT = iXT and JX~ = —iX~. We adopt the
following convention for the Nijenhuis tensor:
(2.2) N(X,)Y) =J[JX, Y]+ JX,JY]+[X,Y] - [JX,JY].

2.1. TM-valued forms of type (1,1). Let QY (M;TM) denote the space of
real (1,1)-forms with values in TM. For a 3-form v € Q3(M), we follow [12]
and decompose 1 as

Y=yt +y7,
where ¢+ denotes its (2,1)+ (1, 2)-part and ¥~ denotes its (3,0)+ (0, 3)-part.
When J is integrable, we have the following result:
PROPOSITION 2.1. If J is integrable, then (dw)™ = dw and
(2.3)  dw(JX,JY,JZ)=dw(JX,Y,Z) 4+ dw(X,JY,Z) + dw(X,Y,JZ).

PROOF. Since J is integrable, the Lie bracket of two (1,0)-vector fields is
again a (1,0)-vector field and since w is (1,1), we have

wXT YT =w(Xt, YT, Z1) =0.

The invariant formula for the exterior derivative then implies dw(X+, YT, ZT) =
0. The same argument also implies that dw(X~,Y~,Z7) = 0. Of course, the
latter can also be seen by conjugating dw(X™,Y ", Z%) = 0 (and using the
fact that w is real). This proves that (dw)™ = dw when J is integrable. Since
dw has no (3,0) or (0,3) part and (2.3) is totally skew-symmetric on both sides
of the equation, to verify (2.3) it suffices to check that equality holds when
X=X"Y=Y" and Z=27":

do(JXT, YT, Z7)+dw(XT,JY T, Z7) +dw(XT, YT, JZ7)

=idw(XT, YT, Z7) +ido( X, YT, Z7) —idw(XT, YT, Z7)

=idw(XT, Y1, Z7)

= (1) (i) (—i)dw(X T, YT, Z7)

=dw(JXT,JY 1 JZ7).
Hence, equality holds whenever the arguments consists of two (1,0)-vectors

and one (0,1)-vector. Conjugation now implies that (2.3) also holds whenever
the arguments consists of two (0,1)-vectors and one (1,0)-vector. 0

More generally, we have the following:
PROPOSITION 2.2. For n € Q3(M),
(2.4)
nt(X,Y,Z) = i Bn(X,Y,Z2) +n(JX,JY, Z) +n(JX,Y,JZ) +n(X,JY,JZ)].
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PRrROOF. This is a straightforward but somewhat tedious calculation. Ex-
panding

nH (XY, Z) = (Xt Y, 2 4 (XY, 2 4 (X, YT, Z7)
+n(X Y, Z) + (X, YT, Z7) + (XY, Z27)
and using the fact that X* = $(X FiJX) gives (2.4). 0
Let Q3% (M) be the space of real valued 3-forms of type (2,1) + (1,2). The

next result shows that every element of Q3 (M) is induced by an element of

QUL (M; TM).
PROPOSITION 2.3. Let F : QUWU(M; TM) — Q3 (M), a +— F(a) be the
linear map defined by
F(a)(X,Y, Z) := g(a(X,Y), Z) + g(a(Y, Z), X) + g(a(Z, X),Y).
Then F is surjective.

PROOF. Since « is skew-symmetric and (1,1), it follows immediately that
the F(«) is totally skew-symmetric and of type (2,1) 4+ (1,2). To see that the
map is surjective, let n € Q3 (M). Define o, € QLY (M; T M) via

1
9(ay(X,Y), Z2) = 2 [n(X, Y, Z) + n(J X, JY, Z)].
From the definition of a,, we have o, (JX, JY) = a(X,Y) which shows that
ay, is (1,1). Using Proposition 2.2, one has F'(ay)) =7t = 1. ]

We define Q" (M;TM) :=ker F. Extend the metric ¢ to the vector bundle
of real (1,1)-forms with values in TM and define Q((ll’l)(M; TM) to be the
orthogonal complement of le’l)(M; T M) with respect to g:

QY (M TM) = QWD (M; TM) @ QY (M; TM).
COROLLARY 2.4. The linear map F : QUD(M; TM) — Q3F(M) re-
stricted to le’l)(M; TM) is an isomorphism.
For convenience, we record the following fact:

PROPOSITION 2.5. Let a € QUD(M;TM). Then o € Q8D (M; TM) if
and only if
(2.5) w(a(X,Y),Z)+w(a,Z2),X)+w(a(Z,X),Y)=0.
Proor. Using —g(-,J:) = w(-,-) and the fact that a(J-,J-) = a(-,-), we
have
wa(X,Y),Z2) 4w, 2),X) +wa(Z,X),Y)
= 79(04(JX, JY),JZ) 7g(a(JY7 JZ)vJX) *g(Oé(JZ, JX)7JY)

which implies the proposition. 0
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2.2. Metric compatibility and torsion. Recall that for a linear connection V
on M, the torsion of V is defined by

(2.6) TV(X,Y):=VxY - VyX — [X,Y].
We recall the following well known fact:

PROPOSITION 2.6. For any Riemannian manifold (M, g) and any TM -
valued 2-form T € Q?(M;TM), there exists a unique connection ¥V satisfying
Vg=0 and TV =T. Explicitly, V is defined by

29(VxY, 2)=Xg(Y,Z) - Zg(X,Y)+ Yg(Z, X)
(2.7) +9([X,Y], Z) — g([Y, Z], X) — g([X, Z],Y')
+9(T(X,Y),2) —g(T(Y, 2), X) — g(T(X, 2),Y).
2.3. Hermitian connections. In this section, we give a self-contained review

of Hermitian connections. For a more detailed account, we refer the reader to
[12].

DEFINITION 2.7. A connection V on an almost Hermitian manifold (M, g, J,w)
is Hermitian if Vg =0 and VJ = 0.

For convenience, we make the following definition:

DEFINITION 2.8. For a T M -valued 2-form 6§ € Q*(M;TM), 6; € Q*(M;TM)
s defined as

0,(X,Y):=JO(JX,Y) + JO(X,JY) +0(X,Y) — 0(JX, JY).

For convenience, we record some identities related to 6 ;. The identities follow
by straightforward calculation.

LEMMA 2.9. Let § € Q*(M;TM). Then
1. (05), =40,
2. 0;( Xt Y")=0,
3. %0J(X+,Y+) =0(XT,YT)+iJO(XT,YT),
4. JO;(X+,YH) = —if (X, Y ).
LEMMA 2.10. If V is a Hermitian connection on (M, g, J,w), then its
torsion T satisfies
(1) Ty(X,Y) + N(X,Y) =0,
(2) dw(X7 Y, Z) = W(T(Xv Y)v Z) + w(T(Ya Z)? X) + W(T(Z7 X)7 Y)
PRrROOF. It follows immediately from Definition 2.7 that a connection V

is Hermitian if and only if VJ = 0 and Vw = 0. For any vector fields X, Y,
and Z, we have

28)  (Vxw)(¥,2) = X(w(Y, 2)) - w(VxY, Z) - w(Y, Vx 2).
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Equation (2.8) together with the definition of T implies

dw(X,Y, Z) =Xw(Y, Z) — Yo (X, Z) + Zw(X,Y)
—w(X,Y],Z2)+w(X,Z],Y) —w([Y,Z],X)
=Xw(Y,Z)-Yw(X,Z)+ Zw(X,Y)
WY, Z) +w(Vy X, Z) + w(T(X,Y), Z)
+w(VxZ,Y)—w(VzX,Y) —w(T(X,Z),Y)
—W(VyZ, X) +w(V2Y, X) + w(T(Y, Z), X)
=(Vxw)(Y; 2) + (Vyw)(Z,X) + (Vzw)(X,Y)
(2.9) +w(T(X,Y),2)+w(T(Y,2),X)+w(T(Z,X),Y).

For any vector fields X, Y, and Z, we have Vx(JY) = (VxJ)Y + JVxY.
Since

T(X,Y) +[X,Y] =VxY — Vy X,
T(JX,JY) + [JX,JY] =V,x(JY) = Vv (JX),
JT(JX,Y) + J[JX,Y] =JV,xY — JVy(JX),
JT(X,JY) + J[X,JY] =JVx(JY) = JV vy X,

we have

T;(X,Y)+ NX,Y)=JV;xY —JVy(JX)+ JIVx(JY) - IV, v X
+VxY - VyX —V;x(JY)+ Vv (JX)
=—Vyx(JY)+ JIV;xY +Vy(JX) = IV v X
+ JVx(JY)+VxY — JVy(JX) - Vy X
(2.10) =—(Vyx )Y +(Vyy NX +J(VxJ)Y — J(VyJ)X.

It follows immediately from (2.9) and (2.10) that if V is Hermitian then its
torsion satisfies conditions (1) and (2) of Lemma 2.10. 0

PROPOSITION 2.11. A connection V on (M, g, J,w) satisfying Vg = 0 is
Hermitian if and only if its torsion T satisfies both conditions of Lemma 2.10.

PROOF. From Lemma 2.10, it remains to show that conditions (1) and (2)
are sufficient. So suppose that V is a g-compatible connection which satisfies
conditions (1) and (2) of Proposition 2.11.
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Using Proposition 2.6, the fact that w is J-invariant, and g(-,-) = w(-, J+),
we have
29((VxJ)Y, 2) =29(Vx(JY),Z) — 29(JVxY, Z)
=29(Vx(JY),Z)+29(VxY,JZ)
=Xw(JY,JZ)+ Zw(X,Y) + (JY)w(Z,JX)
+w([X,JY),JZ) —w([JY,Z],JX) +w([X, Z],Y)
+w(T(X,JY),JZ)—w(T(JY,Z),JX)+w(T(X,Z2),Y)
- Xwl,2)— (JZ2)w(X,JY)+Yw(JZ,JX)
—w([X,Y],Z) —w(Y.JZ],JX) —w([X,JZ],JY)
—w(T(X,Y),2)—wTY,JZ2),JX) —w(T(X,JZ),JY)
=dw(X,Y,Z)+w([Y, Z],X) —dw(X,JY,JZ) — w([JY,JZ], X)
—w([JY, Z],JX)+w(T(X,JY),JZ) —w(T(JY,Z),JX) +w(T(X, Z),Y)
—w([Y,JZ],JX) —w(T(X,Y),Z) —w(T(Y,JZ),JX) —w(T(X,JZ),JY).
The last line can be rewritten as
29((Vx )Y, Z) = dw(X,Y, Z) + w([Y, Z], X) — dw(X,JY,JZ) — w([JY, JZ], X)
+w(J[JY,Z),X) —w(JT(X,JY),Z)+ w(JT(JY, Z),X) + w(T(X, Z),Y)
+w(J[Y,JZ),X) —w(T(X,Y),Z)+w(JT(Y,JZ),X) + w(JT(X,JZ),Y)
=dw(X,Y,Z) —dw(X,JY,JZ)+w(N(Y,2),X) +w(Ts;(Y,Z),X)
—w(TY,2),X)+w(TJY,JZ2),X)+w(T(X,JY),JZ)+w(T(X,Z2),Y)
- w(T(X,Y),Z2) —w(T(X,JZ2),JY).
Applying condition (1) of Proposition 2.11 yields
wNY,2),X)+w(Ty(Y,Z),X)=0.
Applying condition (2) of Proposition 2.11 gives
dw(X,Y,Z) —w(T(X,Y),Z2)+w(T(X,2),Y) —w(T(Y,Z),X)=0
and
—dw(X,JY, JZ)+w(T(JY,JZ), X)+w(T(X,JY),JZ)—w(T(X,JZ),JY) = 0.

From this, it follows that 2¢g((VxJ)Y,Z) = 0 which shows that VJ = 0.
Hence, V is Hermitian. 0

REMARK 2.12. From Proposition 2.11, we recover the well known fact
that the Levi-Civita connection is Hermitian if and only if J is integrable
and w is closed. In other words, the Levi-Civita connection associated to g is
Hermitian precisely when (M, g, J,w) is Kéhler.
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LEMMA 2.13. A connection on (M, g, J,w) satisfying Vg = 0 is Hermitian
if and only if its torsion is of the form T = —iN + 0 where 0 € Q2(M;TM)
satisfies the following conditions:

(1) (X, Y ™) is (1,0) for all (1,0) vector fields X, Y and

(2) dw(XtT, YT, Z7)
=w@XT, YT, Z ) +wO@+,Z7), X)) +w@Z-,X1), Y1) for all
(1,0) vector fields X T, YT and all (0,1) vector fields Z~.

PROOF. By Proposition 2.11, a g-compatible connection is Hermitian if
and only if its torsion satisfies both conditions of Lemma 2.10. Let T €
Q*(M;TM) be any TM-valued 2-form and let 6 := 1N + T. Then

1 1 1
0j=(-N+T| =-N;j+T;=-4N)+T;=N+T.
4 ; 4 4

Hence, T satisfies condition (1) of Lemma 2.10 if and only if #; = 0. So any
T € Q*(M;TM) which satisfies condition (1) of Lemma 2.10 is of the form
T = —$N +0 where § € Q*(M;TM) satisfies 6; = 0. It follows from Lemma
2.9 that 6; = 0 is equivalent to the statement that 6(X*,Y ™) is (1,0) for all
(1, 0)-vector fields X, Y.

Now suppose T € Q2(M;TM) satisfies both conditions of Lemma 2.10.
By the above argument, 7" must take the form 7" = —%N + 6 for some 0 €
O?(M; T M) which satisfies condition (1) of Lemma 2.13. Expanding condition
(2) of Lemma 2.10 gives

dw(X,Y,Z) = w(T(X,Y), Z) + w(T(Y, Z),X) + w(T(Z,X),Y)

(2.11) = (W(N(X,Y),Z)+cp)+ (w(O(X,Y),Z) + c.p)

1

4
where “c.p” denotes cyclic permutation. Note that N(XT,Y ™) =0, N(X+,YT)
is (0,1), and (by conjugation) N(X~,Y ) is (1,0). Since w is a (1,1)-form,
equation (2.11) reduces to the following when the arguments are X T, Y+, Z+:

(2.12) do(XT) YT, 2%) = % (WN(XT,YT),ZT) +cp).

Now, by expanding both sides of (2.12), one finds that (2.12) is actually
an identity. Hence, when the arguments are X1, YT, ZT (or X~ Y, Z7),
equation (2.11) is always satisfied (provided 6 satisfies condition (1) of Lemma
2.13).

When one takes skew-symmetry and conjugation into account (and as-
suming 6 satisfies condition (1) of Lemma 2.13), it follows that (2.11) holds in
general if and only if it holds for X, Y™, Z~. Substituting these arguments
into (2.11) and simplifying gives
(2.13)
do(XT, Y1, Z7) =w(@X T, Y1), Z7)4w@(Y ', Z27), X T)+w(@(Z7,XT),YT).
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From this, we see that condition (2) of Lemma 2.10 holds if and only if ¢
satisfies (2.13) (as well as condition (1) of Lemma 2.13). This completes the
proof. 0

COROLLARY 2.14. A g-compatible connection on (M, g, J,w) is Hermitian
if and only if its torsion is of the form T = fiNJraJrﬁ where a is an arbitrary
real T M -valued 2-form of type (1,1) and B is a real TM valued 2-form of type
(2,0) 4 (0,2) which is uniquely defined by the following conditions:

(1) B(XT,YT) is (1,0) for all (1,0)-vector fields X, Y and
(2) w(B(X+,Y),Z7)
=dw(XT, YT, Z7) —w(a(YT,Z7), XT) —w(a(Z,X1),YT).

PrROOF. From Lemma 2.13, a g-compatible connection is Hermitian if
and only if its torsion is of the form T = —XN + 6 where § € Q?(M;TM)
satisfies conditions (1) and (2) of Lemma 2.13. Decompose 6 as a sum of its
(2,0), (1,1), and (0,2) parts:

§ =920 4 p1,1) 4 (0.2)
Since 6 is real, we have (%2) = §(2.0) and §(1.1) = §(1.1) | Let
a=000  g=¢20 4902

Then conditions (1) and (2) of Lemma 2.13 are precisely those of Corollary
2.14. 0

The next result expresses the torsion formula given by Corollary 2.14 in terms
of real vector fields.

PROPOSITION 2.15. A g-compatible connection on (M, g, J,w) is Hermit-
ian if and only if its torsion T is of the form

9(T(X.,Y),Z) = —%g(N(X,Y), Z) - %(dw)*(JX, JY,JZ) + %(dw)ﬂx, Y,JZ)
+ %oﬁ()g Y,Z)— éa*(JX, JY,Z) + g(a(X,Y), Z)
where o € QWY (M;TM) is a real arbitrary TM -valued (1,1)-form and
at(X,Y,Z) = g(a(X,Y), Z) + cyclic.
PROOF. Let T = —iN—l—a—i—B as in Corollary 2.14. Expanding w(8(X,Y), Z)
gives
WB(X,Y), Z) = w(B(X+,Y4), 27) + w(B(X~,Y7), Z%)
=dw(XT, YT Z7)—wYT,Z7),XT) —w(a(Z7,XT),YT)
+dw(X 7, Y, ZT) —w(a(Y 7, Z1), X7) —w(a(ZT,X7),Y7).
Let
0 (X,Y, Z) = n(X,Y, Z) == w(a(X,Y),Z) + w(a(Y, Z), X) + w(a(Z,X),Y).
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Since w(a(XT, Y1), Z) = w(a(X~,Y7),Z) = 0, the above can be rewritten
as

wB(X,Y),Z) = do(XT, Y+, Z7) + dw(X~,Y ™, Z%)
-t (Xt YT, Z7)—nt( X, Y, ZT).
Using the fact that X* = 2(X FiJX) gives
w(p(X,Y),2)
- i [dw(X,Y, Z) — dw(JX,JY, Z) + dw(JX,Y, JZ) + dw(X, JY, JZ)]

1
— 1 XY 2) =T (IX I, Z) + T (JXY, T Z) (XL IY, T Z)]
Rewriting the left side as g(8(X,Y), Z) gives

95X, ), 2)
_ % dw(X,Y, JZ) — dw(JX, JY, JZ) — dw(JX,Y, Z) — dw(X, JY, Z)]
XY, I2) g (X TV Z) - (IXY, )~ (XY, 2)]

Using Proposition 2.2 and the fact that 7 = n*, the above can be rewritten
as

JB(X,Y), Z) = _%(dwﬁ(JX, JY,J7) + %(dwﬁ(x, Y, J2)

1 1
+ 577+(JX, JY,JZ) - 577+(X, Y, JZ).
Defining
a™(X,Y,Z) = g(a(X,Y), Z) + cyclic
gives
1 1

1 1
+ 507 (XY, 2) = 5ot (JX, Y, Z).

Substituting the above expression into
1
gives the desired form. 0

REMARK 2.16. The general torsion formula for Hermitian connections
given in [12] consists of two free quantities: a real TM-valued (1,1)-form
B, € le’l)(M;TM) and a real valued 3-form %™ of type (2,1)+(1,2) where
we recall that By satisfies the cyclic condition

9(Bs(X,Y), Z) + cyclic = 0.
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From Corollary 2.4 the space of real valued 3-forms of type (2,1)4(1,2) is iso-
morphic to the space Q" (M;TM). Since QWD (M; TM) = le’l)(M; TM)®
Q((ll’l)(M ;TM), we see that the two free quantities in the formula of [12] is
equivalent to a T'M-valued (1,1)-form as given by Proposition 2.15. Given
B, € le’l)(M ;TM) and 9™, we can recover Gauduchon’s exact formula by
defining o € QD (M; TM) in Proposition 2.15 by

g(a(X,Y), Z) = é [(de) " (X, TY, JZ) + (dw)* (X, Y, J Z)]
+ % [WH(X,Y,Z2) + ¢ T (JX,JY,Z)] + g(Bs(X,Y), Z).

COROLLARY 2.17. There is a one-to-one correspondence between the space
of Hermitian connections on (M, g, J,w) and QWD (M;TM).

PrROOF. For a € QWD(M;TM), let T € Q2(M;TM) be given by the
formula in Proposition 2.15. We show that T = T implies @ = o’. From
the formula in Proposition 2.15, we have

g(T(X*,Y™),2)
. —ig(N(XJF, V), 2) - %(dw)+(X+, Y, JI2) + %(dw)’L(XJF,Y_, 77)

+ 0t (XF¥7,2) = Lot (XY™, 2) 4 gla(X*,Y7), 2)
= g(Ot(X+, Y7)7 Z)7

where we have made use of the fact that N(X*,Y ™) = 0. Hence, T = T
implies g(a(XT,Y ™), Z) = g(/(X*,Y ™), Z) which in turn implies o = o/
since o, o are (1,1) and ¢ is nondegenerate. The corollary now follows from
the fact that the space of Hermitian connections on (M, g, J,w) is in one-to-
one correspondence with the space {7 | a € QD (M;TM)} which is in
one-to-one correspondence with the elements of Q(lvl)(M ; TM) by the above
calculation. 0

2.4. Gauduchon connections. The Gauduchon connections is an affine line
of Hermitian connections which includes both the Chern [5] and Bismut (or
Strominger) connections [4, 15] when J is integrable.

We obtain the torsion formula for the Gauduchon connections from the
formula of Proposition 2.15 as follows. Let

nt(X,Y,Z) = (dw)" (JX,JY, JZ).
For \ € R, define o* € QD (M; TM) by
g(@MX,Y), Z) = M (X,Y, Z) + T (JX, JY, Z)
= XNdw) " (JX,JY,JZ) + MNdw) " (X,Y, ] Z).
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Let F : QWU(M; TM) — Q3F(M) be the linear map of Proposition 2.3.
From the proof of Proposition 2.3, we have

F(aM(X,Y, Z) = g(a™(X,Y), Z) + cyclic
= 4T (X,Y, Z) = 4\(dw) T (J X, JY, JZ).
Substituting a* into Proposition 2.15 gives a* := F(a?) and
9(TMNX,Y),2)
_ —ig(N(X, Y), Z) - %(dwﬁux, JY,JZ) + %(dw)*(X, Y, J2)
+ 2XM(dw) T (I X, JY, JZ) — 2X(dw) T (X, Y, J Z)
+ Mdw) T (JX,JY, JZ) + Ndw) T (X,Y, ] Z)

— .2 - (25

) (dw)H(X,Y,JZ)

2

where the last equality is the family of Gauduchon connections parameterized
by A € R. For convenience, we can express the Gauduchon connections in a
more standard form by taking A\ — ¢/4 and defining 6¢,0° € Q2(M;TM) by

+ (6A - 1) (dw) T (JX,JY,JZ)

(2.14)  g(6°(X,Y),Z) = % [(dw)™(X,Y,JZ) — (dw) " (JX,JY,JZ)],
(2.15)  g(6°(X,Y),Z) = (dw)"(JX,JY, JZ).
Then
(2.16) ¢(T"(X,Y),2)
= fig(N(X, Y),Z) + (1 - ;) g(0°(X,Y), Z) + %g(ﬁb(X, Y), Z).

REMARK 2.18. When J is integrable, (2.16) reduces to
(2.17)

o(T'(X.Y),2) = (

When t = 0, we have

2—-1

) dw(X,Y,JZ) + (3'542> dw(JX,JY,JZ).

1
g(T°(X,Y), Z) = 3 [dw(X,Y,JZ) —dw(JX,JY,JZ)]
which is the torsion formula for the Chern connection [5]. When ¢ = 2, we
obtain the torsion formula for the Bismut or Strominger connection [4, 15]:
g(T*(X,Y),Z) = dw(JX,JY,]Z).

The Chern connection is the unique Hermitian connection on a Hermitian
manifold with the condition that the torsion has no (1,1)-part. For the general
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case of almost Hermitian manifolds, the condition 7Y = 0 corresponds
uniquely to the condition o = 0 in Proposition 2.15. The Bismut connection
is the unique Hermitian connection on a Hermitian manifold whose torsion
tensor g(T(X,Y),Z) is totally skew-symmetric. When J is not integrable,
a Hermitian connection with totally skew-symmetric torsion is not always
possible. See Appendix A for details.

3. LEFT INVARIANT HERMITIAN CONNECTIONS

In this section, we apply the results of Section 2 to almost Hermitian manifolds
of the form (G, g, J,w), where G is a Lie group (with identity element denoted
as 1) and g, J, (and hence) w are left-invariant. Hence, if X,Y are left-
invariant vector fields, g(X,Y) is a constant and JX is left-invariant. We let
g := Lie(G) denote the Lie algebra of left-invariant vector fields on G.

We recall that a connection V on G is left-invariant if VxY € g for all
X,Y € g. An immediate consequence of this definition is the following:

COROLLARY 3.1. Let V be a left-invariant connection on G with torsion
T. Then T € A%g* ® g where g* denotes the dual of g. (Hence, g* is the space
of left-invariant 1-forms on G.)

PROOF. From the definition of T', we have
T(X,)Y)=VxY -VyX—[X,Y]eg, VXYeg
0

REMARK 3.2. Note that the converse to Corollary 3.1 is not true. Indeed,
let h be any Riemannian metric on G which is not left-invariant and let Z € g
be nonzero. Let F' := h® Z and let V be any left-invariant connection
on G with torsion T. By Corollary 3.1, we have T € A%g* ® g. From the
definition of F', we have F(X,Y) = F(Y, X) for all vector fields X,Y on G.
Let V' := V + F and let 77 denote the torsion of V’. Then V' is not left-
invariant since for some X,Y € g, one has F(X,Y) = h(X,Y)Z ¢ g. At the
same time, the symmetry of F implies 7' = T € A%g* @ g.

PROPOSITION 3.3. Let V be a g-compatible connection on (G, g, J,w) with
torsion T. Then V is left-invariant if and only if T € A’g* ® g.

ProoOF. This follows from Corollary 3.1 and Proposition 2.6. 0
For convenience, we make the following definition:

DEFINITION 3.4. A standard frame on (G, g, J,w) is an orthonormal frame
of left invariant vector fields

(6(1) | 6(2)) = (61,...,en | en+1,...,62n)

such that Je; = ep4q fori=1,... ,n.
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REMARK 3.5. The existence of a standard frame follows from an induction
argument on dim G.

We recall that the Lie group of n x n complex matrices GL(n,C) can be
regarded as a subgroup of GL(2n,R) via the identification

. A -B
A+ZB~<B A)'

PROPOSITION 3.6. Let (e(1) | e(2)) be any standard frame on (G, g, J,w)
and let 2n = dim G. Then the set of all standard frames is given by

{leqy | e@@))K | K € U(n) := GL(n,C)NO(2n,R)}.

ProoOF. Express K € GL(2n,R) as
A C
k=(55)
Then (efy) | €(y)) == (e(1) | €(2)) K expands as

;= Z(aijei +bijfi)y  €nyj = Z(Cijei +dijfi), j=1,...,n.
i

7

(¢(1) | €{2)) is then an orthonormal basis with respect to g if and only if
(3.18) ATA+B'B=CcT"Cc+D'D=1,, A'C+B'™D=0

where 1,, denotes the n x n identity matrix. Moreover, the condition Je} =
e,,4; is simply the statement that the matrix representation of J with respect
to (e(1) | e(2)) and (e{y) | €[y)) are both

0o -1,
1, 0 '

Since K is the transition matrix between (621) | e/@)) and (e(1) | e(2)), it follows
that

-1
A C 0 1. \/(A C\ [0 -1,
o (5 5) (0 o) (5 5)-(0 )
which implies A = D and C' = —B. Hence, K € GL(n,C). This along with
(3.18) implies that KT K = 15,,. This completes the proof. 0

REMARK 3.7. A choice of standard frame uniquely determines the left-
invariant almost Hermitian structure on G. Moreover, any two standard
frames which are related by a unitary matrix define the same left-invariant
almost Hermitian structure on G.
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From this point forth, we fix a standard frame (eq) | e(2)) on (G, g, J,w). We
denote the structure constants of g as

(3.20) lei,e;] = Z C’fjek.
k

For notational convenience, we set (X,Y) := g(X,Y). Since a standard frame
is orthonormal, we have

(3.21) Cikj = ([es, €], ex).

For T € A%g* ® g, we adopt the following notation for its components:

(3.22) T} = (T(e;, €5), ex)-

LEMMA 3.8. Let V be a left-invariant g-compatible connection on (G, g, J,w)
with torsion T'. Then

(3.23) Veej =Y The
k
where
1 . , . ,
(3.24) rh =5 (Ch = Cly = Ch+ T — T~ T4, ).

- N

ProOOF. Using (2.7) and the left-invariance of (-, -), we have

20} = 2(Ve,ej, ex)
= ([ei,ej], ex) — ([ej, exl, €i) — ([ei ex], e5)
+ (T'(ei, e5), ex) — (T(ej, ex), ei) — (T(ei, ex), ej)
:Czkj - ;k_cgk+ﬂ]§ _T;k_TiJk'
O

LEMMA 3.9. The components NS := (N(eq,€s), €c) of the Nijenhuis ten-
sor are given as follows: for 1 <i,j,k <n,

(3.25)

k _ n+k n+k k k n+k __ k k n+k n+k
Ny =-Cpl i —Cln it —Criingjs Nij " = Cn 40+ 05 =C i i
(3.26)

ntk _ _nk ark _ antk ok __atk otk etk
Nint; = =N Ningj =N Nygings = —Nigs Nyliny; = —Nig

In particular, N = 0 if and only if Nikj = NZ-HC =0forl1<ijk<n.
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PRrROOF. Since J(ex) = eyt and J(e,1x) = —eg, we have for 1 < 4,5 <n
Nes,e5) = J[Jes, e5] + Jles, Jej] + [es, 5] — [Jes, Jej]

n
= Jlentie5] + Jleienys] + Y (Cher + Cl P entx) = [enyi ent]

k=1
n
Z nti,j €k T On-H Je"+k +J Z( in+jh T Ci. ”1+Je"+k)
k=1 k=1
n
k 7L+k: k n+k
Z(C ex + Ol entk) — Z(Cn+i,n+jek + O iy jenth)
k=1 k=1
n
_ k n+k n+k
- Z(CnJri,jen-‘rk Cn+7, J + Z( imn+jiCntk — Ci,n+jek)
k=1
mn
k n+k k n+k
Z(C ex + Ol entk) — Z(Cn+i,n+jek + O iy jenth)
k=1 k=1

3

_ Z( Cn+k Cn+k + Ck CSJri,nJrj)ek

n+1i,J i,n+7J
k=1

3

k k n+k n+k
(Cn+z J + Cz n+] C Cn+z n+g)en+k
k=1

which proves (3.25). (3.26) follows from the identities

N(ei7en+j) = N(€i7J€j) = —JN(ei,ej),
N(en+i,€n+j) = N(J€i7J€j) = —N(€i7€j).

From the definition of w(-,-) := (J-,-), we have
(3.27) w(ei, ej) = w(entis en+j) =0, w(ei, en+j) = di-
LEMMA 3.10. For 1 <i,j,k <n:

1) dw(ei,ej, ek) _ Cn—Hc + C;k+7 + C]:;Ll+j’
2) dw(es, e, entr) = —Ck + CnnJrk +Cnll

(

( n+k,i’ )

(3) dw(ei7 Cn+js en+/€) Cz ;n+j Cﬁi; n+k C7J1+lc,if_

(4) dw(entisentjsensk) = —Chiiny; = Crvjnir — Chikoni-

PROOF. Since w is left-invariant, it follows that

dw(X,Y,Z) = —w([X,Y],2) - w([Y, Z],X) —w([Z,X],Y), VX,Y,Z€cg.
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Applying this to (1) gives
dwl(e;, ej, er) = —w([es, e5], ex) — w((ej, ex), €;) — w(lew, es], ;)
=— Z ijw(el, er) — Z C]l»kw(el, €;) — Z Cliw(ey, €;)
1 1 l
=cpth oty opt.
(2)-(4) are computed the same way. 0
LEMMA 3.11. Let T € A’g* ® g. Then
Ty(X,JY) = —JT;(X,Y), Ts(JX,JY)=-T;X,Y).
PrOOF. We verify the first identity:

Ty (X, JY) = JT(JX,JY) + JT(X,JJY) + T(X,JY) = T(JX, JJY)
= JT(JX,JY) = JT(X,Y)+T(X,JY)+ T(JX,Y)
= —J(-T(JX,JY) +T(X,Y) + JT(X,JY) + JT(JX,Y))
= —JT;(X,Y).

The second identity follows by applying the first identity. 0

PROPOSITION 3.12. Let V be a left-invariant g-compatible connection on
(G, g,J,w) with torsion T. Then V is Hermitian if and only if the tor-
sion components TS, = (T(eq, €p), ec) satisfy the following equations for 1 <
i, 4,k <n:

(3.28) = Ty = Tibs + Tl = Tiasns + NG =0,

(3.29) Ty pig+ Thngy + T =Tl + NI =0,

and

(3.30) Ot + OfH + Op =~k — Tt — 1,
(3.31) foj + Cjnﬂrk + Cﬁiiz = Tzlj - Tfyﬁk - Tﬁfﬁw
(332)  —Cfups+ s nin = O = Ty = Tt ik + T
(3.33)

k i J _ mk i J
—Crtimti — Cntimtk — Cngiknti = Datints + Tngnse T Dotk

Proor. This is an application of Proposition 2.11. Since every vector
field on G can be expressed as a C°°(G)-linear combination of left-invariant
vector fields, it suffices to take X, Y, and Z in conditions (1) and (2) of Lemma
2.10 to be left-invariant vector fields. From this, it follows that condition (1)
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of Lemma 2.10 is satisfied if and only if
(3.34)

(Ty(eirej) + Neirej), ex) = (Ts(eir e5) + Neis €5), entr) =0,
(3.35)

(Ty(eisentj) + Nlei entj) en) = (Tileis entj) + N(ei entj), ensr) =0,
(3.36)

(Ty(entisen+tj) + Nlenti, ntj) €x)

= (Ts(entis entj) + N(entis en+j), entr) =0,
for all 1 < 14,4,k < n. However, Lemma 3.11 implies

Ty(eirentj) + Nleisenyy) = —J [Ts(ei, e5) + Nei, €5)]
Ty(entirenti) + N(entisenys) = —[Ti(eise;) + N(ei,e;)]
Hence, equations (3.34)-(3.36) hold if and only if (3.34) holds. We expand the
second half of (3.34) which will turn out to be (3.29):
(Ty(es,e5) + Neis€j), ent)

(JT(Jei,€;), entn) + (JT (€5, Jej), entn) + (T(€i €5), €nt)
(T(Jei, Jej), enyr) + NI
(JT(entis€j)s enti) + (JT(€isentj), enir) + TiH"
(T(entisents)sensn) + N

2n 2n

_ l ! n—+k n+k n+k
= Z T j(Jer, entr) + ZTi7n+j(Jel, entk) + T =Ty i+ NG
1=1 1=1

k n+k n+k n+k
+ 1 0 =T NG

N

_ mk
- Tn+i,j

The first part of (3.34) is handled similarly and corresponds to (3.28). Con-

dition (2) of Lemma 2.10 holds if and only if

(3.37)  dw(e;,ej,er) =w(T(ei, e5),ex) +w(T(ej,er), e) +w(T(er, ei), e5),

(3.38)

dw(e;, e, entr) = w(T(es,e5), entr) +w(T (e, entr), €i)

+ w(T(entn €i), €5),

(3.39)

dw(ei, entjy enti) = W(T (€ ensj), entr) + w(T(€nty, €nti), €:)

+w(T(entr,€i), €n+j),

(3.40)

dw(€ntis €ntjy entk) = W(T(€ntis €ntj), entk) + W(T(€ntj, €ntk), €nti)

+ W(T(en+k7 en+i)» en—b—j)v
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for all 1 < 4,4,k < n. Expanding equations (3.37)-(3.40) with the help of
Lemma 3.10 gives (3.30)-(3.33) respectively. O

Let AMDg* © A2g* denote the space of real left-invariant 2-forms of type
(1,1) with respect to the almost complex structure on (G, g, J, w).

PROPOSITION 3.13. A Hermitian connection on (G, g, J,w) is left-invariant
if and only if « € QWV(G;TG) in Proposition 2.15 belongs to the space
/\(1’1)9* ® g.

PrOOF. Let o € Q1D (G;TG). By Proposition 2.15, a determines the
torsion T for a Hermitian connection (which in turn uniquely determines the
Hermitian connection). By Proposition 3.3, the Hermitian connection with
torsion T is left-invariant if and only if T € A%2g* ® g.

If a € AWDg* @ g c QUD(G;TG), it follows immediately from the
formula in Proposition 2.15 that T € A%g* ® g.

Now suppose that T € A?g* ® g and let X, Y, and Z be left-invariant
vector fields. Substituting X, Y, and Z into the formula for Proposition
2.15 and simplifying gives

(T(XT,Y7),Z) = (a(XT,Y7),Z).
Expanding the above equation in terms of X and Y and simplifying gives
(T(X, )+ T(JX,JY),Z) =2{a(X,Y), Z)

where we have made use of the fact that « is (1,1). Since the left side of the
equation is a constant for all X,Y,Z € g, it follows that a(X,Y’) € g for all
X,Y € g. Hence, a € AWVg* @ g. O

COROLLARY 3.14. There is a one-to-one correspondence between the space
of left-invariant Hermitian connections on (G, (-,-), J,w) and the space N1V g*®

g.
ProOOF. This follows from Corollary 2.17 and Proposition 3.13. 0

LEMMA 3.15. Let o € A%g* @ g. Then a € ABVg* @ g if and only if
the components oS, = (a(eq,€s), ec) satisfy the following conditions for all
1<i,5<nandl <c<2n:

Cc __ (&
(a) Q5 = Opyintjo
C — C
(b) Ot = Ui
where all other components are determined by skew-symmetry in the lower
indices.

PROOF. The 2-form « is of type (1, 1) if and only if a(e,, e5) = a(Je,, Jes)
for all 1 < r;s < 2n. This is equivalent to the requirement that for all
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1<i4,5<nand1<c<2n one has

(3.41) (ale €)), ec) = (alentis en+j), €c),

(3'42) <a(ei7 en+j)v €C> = _<a(en+i’ ej)? 6C>.

Expanding (3.41) and (3.42) gives (a) and (b) respectively in Lemma 3.15.
o

For a € AW g* @ g, we define
(X, Z) = (a(X, Y), Z) + (Y, 2), X) + (a(Z, X),Y)

for all vector fields X,Y,Z on G. Note that a™ is a (real) 3-form of type
(2,1)+(1,2). Following the notation of Section 2, we write n* to denote the
(2,1)+(1,2) part of any 3-form n € Q3(G).

LEMMA 3.16. For o € AMVg* @ g and 1 < a,b,c < 2n

ol = at(eq, e e0) =y + af, + ab,
where af, = (a(eq, €p), €c)-

PROOF. Immediate. O

LEMMA 3.17. (dw)™ is given as follows: for 1 <i,j,k <n
(3.43)  (dw)T(ei,ej,ex)

1 o :
= 1[3@}% +3CH" + 305 + Ol — Ot + G

1 , . : ,
+ Z[Cf,nﬂ‘ - C’Ziij,n—&-k + Ok — Clk,nJrj + CZI;‘,nJrk = Chinils
(3.44) (dw)'*'(ei,ej,en_,_k)

1 k +i +j k ; j
= 1[_301‘1' + 307 T30 0 — Crvimts = Crgjinsk = Chskonti
1

i n-+j n+k J n-+1i n+k
+ Z[ = Ot — Coiiy — O + Oy + Ol

(3.45)

(dw)+ (eiv Sk 6n+k>

_ k i j k ntj i
[=3Cint; +3C0 ik — 304 — Cinsi + Coid i — Crgn gl

1
4
1. . ) ) .
+ Z[Cljc,n+i - Ogﬁ,nﬂ +Crpj + CZ'M + C;‘Lkﬂ +Cpl,
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(346) <dw>+(€n+i7 €n+j, 6n+k)

1 k i j k j +J
= Z[fganri,n#»j - 3On+j,n+k - 3OZL+k,n+i - Cij + C;tjzr—li-k + C:LL—&-IJC,J
1 . ) ) )
+[Ch = Gl = Ol — G+ Ol + Ot

PrROOF. We compute only (3.43). The other cases are computed in the
same way. Using Proposition 2.2 and Lemma 3.10, we have

(dw)* (ei, €5, ex)
= i[i&dw(ei, ej,ex) + dw(enti, entj, €x) + dw(enti, €5, €ntk) + dw(€;, €ntj, €nti)]
= i[3dw(ei, ej,exr) — dw(ek, entj, enti) — dw(e;, enti, ntk) + dw(€i, €ntj, €ntr)]
= 3[3017;% +3C 430 4 Oy = Ot f i + Gl
+ i[cjkrkkz - Cs—tij,n+k + Criz+k,j - Czk,nﬂ' + C:LLI;,TL-‘,-]C - ijL+k,i]'

0

LEMMA 3.18. Let o € ABVg*®g and let V* the left-invariant Hermitian
connections whose torsion is associated to o by Proposition 2.15. Let T
denote the torsion of V. Then

+(a(X,Y),JZ) + (a(X, JY), Z)
for all vector fields X, Y, Z on G.

PrOOF. By Proposition 2.15, we have
(T(X,Y), 2) =~ (N(X,¥), 2) — S (d)F(JX, IV, JZ) + 5 (d) (X, Y, T 2)
+ %oﬁ(x, Y,Z) - %oﬁ(JX, JY,Z)+ {(a(X,Y), Z).
It follows from Proposition 2.2 that if n* is a 3-form of type (2,1)+(1,2) then
(XY, 2) =0t (JX,JY,Z) + 0" (JX,Y,JZ) + nH (X, Y, JZ).
Hence,
(XY, Z2) =0T (JX,JY,Z) =0T (JX,Y,JZ) + 0t (X,JY,]Z)

and

WX JY,JZ) =0t (XY, JZ) =t (X, JY, Z) + 7 (JX,Y, Z).
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Using these identities, we have
(TYX,JY),Z)
1

= NIV, 2+ %(dw)Jr(JX, Y, JZ) + %(dw)wx, JY,J2)

+ %w(x, JY, 7) + %oﬂ'(JX, Y. Z) + (a(X, JY), Z)

1 1 1
= —1<—JN(X7 Y), Z) + §(dw)+(X,Y,Z) -3
1 1
+ §a+(JX, JY,JZ) — 5a*(x, Y, JZ)+ (a(X,JY), Z)
1

= HN(X,Y),72) + 5(d) (X, Y, 2) ~ L (dw)* (JX, Y, Z)

1 1
+ 50 (JX,JY.JZ) = 5ot (XY, Z) + (a(X,JY), Z)

(dw)* (JX, Y, Z)

=—(TYX,Y),JZ) — %(N(X,Y), JZ) +{a(X,Y),JZ) + (a(X, JY), Z).
0

At this point, we have all the ingredients needed to compute the torsion
components of a left-invariant Hermitian connection (the components of a
left-invariant Hermitian connection is then computed using Lemma 3.8). In
particular, we also compute the torsion components of a left-invariant Gaudu-
chon connection.

PROPOSITION 3.19. Let a € AWV g*®g and let oy := (aleq, ep), ec). Let
Ve the left-invariant Hermitian connections whose torsion is associated to o
by Proposition 2.15. Let T denote the torsion of V. Then for1 <i,j,k<mn

(3.48)

(Ta(eiv ej)v ek>
1

1Ly 1,1 1, 1, 1 e
— k k +
=—5C5 = 700+ 300 + 5Cntint; + 1C0ninin + 7Cnirmnsi + 7C0min

Lomtg  Lomei  Lonsg T R S B e L P
+ 1 Cn4hi T 70k = 3Ok T @55 + 5%k + 500 = 50050 — 5% i

(3.49)
<Ta(6i7 6]')7 en+k>
[ B 1 1, 1 1o
= 7§Cz'nj+ + icgj-_i,n+j - ch]c,n+i - icirl»j,k - ZOZ'],n+k + chiz,n+j
1. 1 s 1o 1 1, 1
+ Z jn+k ZCZ—tljc,n-s—i - ZCIZ{H - chnl:rl + a%+k + iaj,nJrk + iai-ﬁ—k,i
1 n+i 1 n+j

- Ean+j,n+k - 5%+k,n+i>
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(3.50)
(T*(eis en+ty) ex)
= 3O s = 50wy = e+ 3Chns + TC e — 1000
- icli,n+j - iciﬁ,k - icgjj - icz?;” + O‘i‘c,nﬂ + %O‘iﬂrj,k + %O‘Z;rj
+ %O‘%H + %ai,n+i7
(3.51)
<Ta(ei, enﬂ')v €n+k>
= —%Cﬁﬂfj - %Cznﬁg + % ;k - EOZLZL + icjﬁﬂ'ﬂurk + icvj;+k,n+i
Ol = Ot = SO = SO+ ol + S0k + 3ol
T3 ;L#Hc + %O‘{LM,nﬂv
(3.52)
(T (enti, en—O—j)v ex)
= _%CSH,TH-]' + %Czkg - i ZL+j,n+k - iczw-k,nﬂ‘ - icﬁik - icgj-l]m
- icl?jlzﬂ + icfk + iciij + icgjziz + i T %a{L«H,nJrk: + 5‘3‘212,3'
+ %O‘?:ﬂrk + %ail+k,n+j’
(3.53)
(T (entirntj)s €ntk)
= —% st %Cinfrlc + icjz—kj,k + ici,n-‘ri + icfi:ri + icgjj
+ icﬂémw - icrjwrk,i - iC}mM + icﬁimﬂ + O‘Zﬂ‘inﬂ‘ + %O‘Zié‘,wk
+ %O‘Zii,nﬂ - %O‘;,nﬂc - %O‘ZLJrk,i'
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PROOF. (3.48) is computed using Proposition 2.15 and Lemmas 3.9, 3.15,
3.16, and 3.17:

(T*(es,€5), ex)

= IV = () (i nsa) + 5 () e, eni)

+ %cﬁ(ei,ej, er) — %a+(€n+i,€n+ja er) + afj

= *i[*cﬁfj — Ol + O = O]

- %[*3C]§+¢,n+j =304y — 30 s — O+ Ol + o)

- SO — Ot — ot - G Ot + Ot

+ %[_305 + 30;:;11@ + 3021112 - C’ri+i,n+g‘ Gl — 07];+k,n+i

+ 510k — Ot — Oty — Ol + Ok, + ot

¥ olok +abe + o] — S0k e ol +al il + ok

= —%ij - ngk + iC’;k + %Cs+i’n+j + iC:‘H»j,TH»k + ici+k,n+i + ic‘,jn’j;j—k

Uss Lo Loy 1 ISP U B
+ ZCZ+IJc,i + ch,nij - gcz?,nii +oaij + 50+ 50‘?%- - 503+§,k - §O‘Z,nj+i'

(3.49) is computed the same way. (3.50) can be obtained from Lemma 3.18
via

[e] [e3 1
(T%(eirens)s en) = =T (eir ;) enii) = NG + ol +al,

(3.51) is given by

1
(T(eis entj)s entr) = (T (e, €5), ex) + QNI'}; — o + aﬁij'

To compute (3.52) and (3.53), we apply Lemma 3.18 using (3.51) and (3.50)
respectively:
1
(T*(entisen+i)sex) = (T(€j, €nti)s entk) + §N}fﬁi F ol i
Ta _ Ta 1Nk k n+k
(T(en+tis en+j)s entk) = —(T%(ej, enyi)s ex) — 9 Vit Qg T Qi gy

0
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From Section 2.4, the Gauduchon connections are parameterized by t € R
and the elements o € AV g* @ g which give rise to the Gauduchon connec-
tions are given by

354)  (a'(X,Y),Z) = i(dw)Jr(JX, JY,JZ) + i(dw)ﬂx, Y, J2).

Let V! denote the Gauduchon connection associated to ¢t € R; the associated
torsion T is given by

(3.55)

(T'(X,Y), Z)

1

— -1, - () wareevaz + (22

) (d) T (JX,JY,JZ).

Applying Lemma 3.17 and Lemma 3.9 to (3.55) yields the components of the
torsion T:

(3.56)
(T'(eive)), ex)
7cn+k Cn+k 7ck 4 —t + 1ck . Cn 7 + CTL+]
4 n+z,j 7,n+7 9 n-+i, n-‘r] jn+k 4 n+k,i
—2t+1 2t+1 —t+1 t t—1
4 C:L+j,n+]€ + Cit«Hc n+i Cl Cl?ziz + 4 Czjk
—1
o,
(3.57)
(T'(ei€5), enti)
_ 21 2 — S t+1 t=1 s
4 Cfl-‘rl k Cz n+j,k + T :zl+i,n+j + Cn+z n+k + C:LL-&-; n+k
t —t+1 . t
k k n—+k + n—+i
Cz n+] CanJrk 4 jz',n-Hc 4Cn+z,] - §Cij+ + ZCZILC 7 - ZCij’_ ’
(3.58)
(T" (€, €ntj), €x)
ft 1 2t — t t— 1 o —t+1 .
+ ———Criik 407?—tfn+] + Csizjn+k - 7071%’@ + Ci’ + 4+ Ch
2 — 1 t—1 _, t— o .
4 JZ‘,n+k CTL—H ,J Cﬁa-&-z k 402—&-; n+k Cz n+j + Cz n+k>
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(3.59)
(T"(es,en+j)s entr)
4C§+z ntj T + Cj+z ntk T tT—HC;H ntk T *ij _2t4+ : ik
v on o O+ Lot + T Ont - g, - 10
- *Cﬁ; ko
(3.60)
(T*(entirentj)sex)
:—t:1 nti t+1Ck t+1qjk t;l i o C?Iij+_2t4+1cﬁik
+ 2 C;Zik - ZCZLIC,J C;Liljk QCﬁﬂ n+j 4Cn+z n+k inL+j7n+k7
(3.61)
(T"(entisntj)s entr)
= ticnﬂ ntk = 1Cn+; ntk T H— 1Cn+k 2t Cnﬂ + chnﬂ'
7t4+ : ij,n+k 2t + 1Cm+l 701 ;n+k + CS-HJ + C:H-J k" *Cg-tzknﬂ
e,

We conclude this section with the following examples.

ExampPLE 3.20. Consider the Lie group G with left-invariant frame eq, es, e3, €4
whose non-zero bracket relations are

le1,ea] = ea, [e1,e3] =ea+es, [e1,eq] =e3+eqy.

The above 4-dimensional Lie algebra (and others) is studied in [2]. Equip
G with a left-invariant Hermitian structure (J, (-,-)) so that ej, eq, e3,€4 is a
standard frame with respect to (J, (-,-)). Let a € A(bVg* @ g be the left-
invariant 2-form of type (1,1) with values in g whose nonzero components
al, = (aleq, ep), ec) are given by

1 1 _ 4
g = a3y =1, 0‘23* =9, Qg =5,

where af, = —aj,. Note that the components of « satisfy the conditions of
Lemma 3.15. From Proposition 3.19, the nonzero components of T are

3 1 1
(T(e1,€2),e1) = 7 (T(e1,€4),€1) = o (T (ea, e3), 1) = -3
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5 3 3
<Ta(e37€4)761> = 17 <Ta(61762)762> = Ea <Ta(63764)7€2> = 757
1 3 3
<Ta(€17€2)a63> = _57 <Ta(617€4)763> = _Za <Ta(62763),€3> = 17
1 7 13
<Ta(e3ae4)7e3> = 57 <Ta(€17€4),64> = _57 <Ta(62,€3)764> = _?

The components I'S, of the associated left-invariant Hermitian connection V¢
(which are defined by V¢ e, = > I'¢ e.) are computed via Lemma 3.8:

P%Q = Z» Fh = %7 F%2 = g» Féz = %7 1%3 =1, F;A = %v le13 = *%»
le14 = _g’ F%l = —Za F%3 = %a F%l = _g’ F?ﬂ = —%v ng = Z’ F§4 = —4,
Iy = —g, Iy, = —%, 3, = % 3, = g T3 = -1, T3, = _Z, I3, = %
FZL = %7 Fiz = 27 Fzﬁ = _%7 F%?; = —%7 F%za = _ga

3 1 5
I3 = R I3 =4, I3 = 5 Iy = 3
V¢J = 0 if and only if (Vg J)ep = 0 for all 1 < a,b < 4 and the latter is
easily found to be equivalent to the following for 1 <a <2nand 1 < j,k<n
(where n = 2 here):

(3.62) r*

n+k n+k k
hnrs TLa =0, Ttk —Th =0.

a,n+j

The condition Vg = 0 is easily found to be equivalent to the following condi-
tion for all 1 < a,b,c < 2n:

(3.63) re, +Ib. =o.

One can verify by inspection that the values calculated above for I';, satisfy
the above conditions.

ExXaMPLE 3.21. Let G and ey, eq,e3,e4 be as in Example 3.20 and let
(J,{-,-)) be the almost Hermitian structure on G so that e, ez, e3,e4 is a
standard frame. The nonzero torsion components T* for ¢t = 2 are computed

from (3.56)-(3.61):
1 1
<T2(€1,€2)7€l> = 17 <T2(e2763)7€l> = 17 <T2(€37€4),61> = —Z’

<T2(617€3)362> = _15 <T2(€3,64),€2> = _2a

1 1

<T2(61762)363> = 17 <T2(617€4)7e3> = _Za <T2(€2,€3),€3> = 17
<T2(62,64),63> = 2, <T2<€27€3),64> = 72.
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Let V2 denote the Gauduchon connection with torsion 72. The components
e, of V2 (where V2 e, = > T e.) are given by
1

1 1
F%Z = 17 F%Q =1, F%S =1, Ffl'aS =1, P%A = 17 F}LB = 5: F4114 =1,

1 1
F%l = 71’ Fgl =-1, 1%3 = Zﬂ F§4 =-1, FZB =1,

1 1 1
F§4 = Z’ Fg1 =-1, ngx = 17F§1 =-1, F§2 = _Z’ Fil = —57 Fiz =-1

)

1 1
Il = -7 Iy =—1,T3 = -7 =1, I} =1

The conditions VJ = 0 and Vg = 0 expressed in terms of the I'(,’s are
given by equations (3.62) and (3.63) respectively. One easily verifies that the
computed I'¢,’s satisfy equations (3.62) and (3.63).

4. CURVATURE ON TOTALLY REAL ALMOST HERMITIAN STRUCTURES

In this section, we take G = H x A where H is an arbitrary n-dimensional
Lie group, A is any n-dimensional abelian Lie group and G is equipped with
the product Lie group structure. Hence, we have the natural identification
g ~ h & a, where g := Lie(G), h := Lie(H), and a := Lie(A). Hence, a is
an abelian ideal of g. We equip G with the left-invariant almost Hermitian
structure (J, (-,-)) so that G has a standard frame of the form

€1y.--9€ny, Ently...,€2n

where ey, ..., e, is a basis of h and e, 41, . . ., €2, is a basis of a. (For notational
convenience, we write (e;,0) € g as e; and (0, e,,44) € g as e,44.) In particular,
Jbh = a. Motivated by the terminology of [6, 7, 8], we say that J is a totally
real almost complex structure with respect to h. Since g = h @ a and a is
abelian, we have

(4.64) Ot =0y = Criing =0

for 1 <i,j,k <nand1<c¢<2n Lemma 3.9, Lemma 3.10, and (4.64) imply
the following:

COROLLARY 4.1. The Nijenhuis tensor associated with J has components

k _ ik k _ n+k __ k k _ nntk _ n+k _
Nij - Cij’ Nn+i,n+j - Ni,n+j - 7Cij7 Ni,nJrj - N7L+i,n+j - Nij - 0’

forl <i,j,k <n where NS := (N(eq,e€p), ec). In particular, J is integrable if
and only if H is abelian. In addition, the fundamental 2-form w(-,-) := (J-,)
is closed if and only if H is abelian.
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As a consequence of (4.64), the torsion formulas (3.48)-(3.53) and (3.56)-
(3.61) reduce respectively to the following:

(4.65)

(T (ei, €5), 6k>

1 1

Lk + -
:7502‘]' Cka+4 jk+a +2ajk+2agczi 2az+;k7§a;clnj+z’
(4.66)
. 1 1 1
_ otk +i +
<Ta(eia ej)7 en+k> = azanr + ia;’,n—ﬁ—k + §Ogn,+k,i - 2 Z+; nt+k 2 Z-‘r-;c n+i’
1 1, 1 1
(467) <Ta(€ia €n+j): 6k> a; n+] + 2an+] k + 2& +J 2 ;Llj_l + 2ak n+i?
(4.68)
(Ta(eia en+j)7 €n+k>
1 _. 1 1 1 ; 1 1
_ +k + i
- Zc;k + chjcz + O‘zn.,n+g + zan—‘rj n+k + 20&2+{€’i 2 ;nnz—k + 2an+k n+i’

(4.69)
<Ta (€n+i7 €n+j)a ek>
1, U 1, SR B
= *Cij + Zcijk + chlcj T Oyt T §a31+i,n+k + §O‘Z+Z,j gaﬁnik

+ 9 an+k n+j>

(4.70)

T . . _ _n+tk 1 n+i 1 n+j 1 7 1 J
< (en+la en+])? €n+k> - an+i,n+j + ian+j,n+k: + §a1L+k,7L+i - iaj,n%»k - §a7L+k,i’
and

1 —-t+1 . t—1
(471) <Tt(€i, 6j),€]€> = _iczk] + T Jlk + 74 Cl-jk,
(4.72) (T'(esy€5), entk) =0,
(4.73) (T"(e;yent)sex) =0,

t —2t+1 . 1

(474) <Tt(€l‘,€n+j), €n+]€> = *Ck + 4 ;k - *C,L-jk,

—1 + 1 —1 -l— 1 t—1 .
(4'75) <Tt (€n+i> en+j)7 61€> Ck Czjlc 4 ]Z'k’

(476) <Tt (€n+i7 671+j)’ en+’€> =0.

Let V< and V! be the Hermitian and Gauduchon connection on (G, J, {-,-))
whose torsion is T% and T respectively. For completeness (and later use), we
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record some formulas related to the curvature of a left-invariant connection.
Recall that for an arbitrary connection V on GG the associated curvature tensor
is defined by

R()(7 Y)Z = [VX, VY]Z - V[X7y}Z
where X,Y, Z are any vector fields on G. For convenience, we define
R(X,Y,Z W) = (R(X,Y)Z,W).

As usual, the components of V are defined with respect to the standard frame
€1,...,€a, Via

ab = (Ve,€n,€c).
In the case of a left-invariant connection one has the following;:

PROPOSITION 4.2. Let V be a left-invariant connection on (G, J,{-,-)).
Then

(4.77) R(ea,ep,€c,ea) = » (T8, T0 —TE TP —CETY ).

p

PROOF.

R(ea,ep)ec = Ve, Veyee — Ve, Ve, e — Vi, ey)€c
= Z (F;cheaep - Fgcvebep - Cgbvep ec)

P
= 3> (T4, Ih. ~Tg, T — Ch T ) e,
a p
which implies (4.77). 0

COROLLARY 4.3. Let V be a metric compatible left-invariant connection
on (G, J, {-,-)) with torsion T. Then

R(eq,ep, e, €4) = Z (égpégc — égpégc — cgbégc) + Z <fgpﬁi — T&,ﬁfc)
p
bec"ap

p
(4.78) +> (Ca Ty, + Cp. T, — CiTr, — Ty O — CI T )
p

where agb = 3(Cg — Ch. = Ch), ifb = 5(Tg, — Ty, — T3.), and Tp, =
(T(easep),€e)-
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PROOF. From Lemma 3.8, T'¢, = C¢, + T5,. Substituting this into (4.77)
gives

R(eq, ep, ec,eq)

= Z (ngfgc - ngrgc - Cgbrg0>
p

=N (C, + TI)(Ch +TE) = > (C, + T ) (CE. + TP = YO8 (Cl, + TEL)
P P P

= (CL,Ch+ Co Ty + T, + T, 1)

c bc—ap P
P
= 2 (Gt + Gy Th + ORIy, + T T0) = > (O Gy + Co i)
P P
which is (4.78) after rearranging the terms. 0

REMARK 4.4. Note that the formulas in Proposition 4.2 and Corollary
4.3 apply to all Lie groups equipped with a left-invariant almost Hermitian
structure (as opposed to only Lie groups of the form H x A).

For the remainder of the paper, we let
Rapea := R(ea; ep, €c, €a)-

Let a € AV g*@g and let V* be the Hermitian connection on (G, (-, -), J)
whose torsion is 7. For notational convenience, we let T := T and T} :=
(T(eq, ep), ec). The components T, satisfy the following identities:

COROLLARY 4.5. T € A?g* ® g is the torsion of a Hermitian connection
on (G, J,(-,+)) if and only if for 1 < i,j,k < n, the components of T satisfy
the following identities:

(4.79) _T::—i]fj - Tf:fj + T = Ty + Cl =0,
(4.80) T7]f+i,j + Ti’?n+j + Ti?Jrk - Tv?iilfnﬂ =0,
and

(4.81) —TR - T =,
(4.82) T =Tt — Tl = —CF,
(4.83) Ty = Tyt + T = 0,
(4.84) Tyvinti + Taijnsn + Ti+k,n+i =0.

ProoF. This follows immediately from Proposition 3.12, Corollary 4.1,
and (4.64). 0
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The quantities facb feature prominently in the formula of Corollary 4.3. Note
that 7%, (unlike 13 ») 1s not skew-symmetric in the lower indices. Instead, one
easily finds that T, satisfies the followmg identities:

(4.85) TS ~Tg, =T, T8 —T4=-Tb, T5=-T¢.

Of course, the same identities apply to C’gb:

(4.86) Cir—Cha=Cap  Ciy—Cy=—Clo, Cop=-Ci

Using (4.65)-(4.70), the third identity in (4.85), and the symmetries of «, one
obtains the following for 1 <4 j7 k<n:

. 1 1 1, 1
(4.87) Tf = —Zcfj + O + Clk +sal — Sal, — o't + —antk

2492 2 9 Yimti>
(4.88) Ttk = ;aerk ;af i + % AR %afnﬂ,
(4.89) ﬁ-]fnﬂ- = %afnﬂ- — % nti oy ; Z‘nJrk — ;afj+k,
(4.90) T\1]f+i,j = ; fnﬂ + %Oéz,n+k - % AR + D) nM»
(491)  Toth = 1Ot (O + salth, — Jalil, — Jad+ sob,
(1L92) Ttk = —1Ch — 1O - salih, — Sad — salil, - Jab,
(4.93) Trlf+i,n+j = }Ck' + Czjk + 10‘ + ;O‘m + ;a?:ik + %a?}:ﬁj’
(4.94) Ttk L= ; af oy + %a{yn e % mi gl S0

In the next result, we calculate the element o € AV g* ®g which corresponds
to the trivial Hermitian connection, that is, VxY = 0 for all X,Y € g (which
is clearly flat by Proposition 4.2). We will write V = 0 to denote the trivial
Hermitian connection.

PROPOSITION 4.6. Let G = H x A where H is any n-dimensional Lie
group and A is any n-dimensional abelian Lie group. Let (J,{-,-)) be any
left-invariant almost Hermitian structure on G such that (J,(7 )) admits
a standard frame of the form ey, --en, epy1,...,€2, where ey,... e, and
€ntly---,Can correspond to frames on H and A respectively. Then V* = 0
is (uniquely) given by the element a € ANMDg* @ g whose components for
1<4,4,k,<n and1§c<2n are

k _ _k _ k n+k c _ .C _
Q5 = Qpyints = nga ij it = g =0,

where (again) C¢, = ([eq, €], €c)-
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PRrROOF. Following the previous notation, let oS, := (a(eq,€p),€c). Let
T :=T* be the torsion associated to V. We need to show that I'C, = 0 for
all 1 < a,b,c < 2n. From Lemma 3.8 and the definition of égb and facb, we
have I'(, = égb + T\;b. So we need to show that T\gb = —égb for the above

choice of . (Uniqueness of « follows from Corollary 2.17.) From (4.87), we
have

~ 1 1 . 1 _. 1 1 1 ; 1
K K k n+ ntk
1 1, 1., 1 1,
= =5 C5+ 700 + 500 — 105+ 1Ch
1 1, 1,
=505 + 50k + 505k
1 . .
= —5(C = Ciu = C)
=-Cf.

Since C¢, = 0 whenever one of its indices is greater than n, it only remains

to show that ffb =0 for a > n, b > n, or ¢ > n. Equations (4.91), (4.92),
and (4.93) respectively give

~ 1 . 1 1 1 ; 1 1
Tk = _Zcfk + ZCZ + afth ol — ~al, + zak;

i,n+j 2 in+j 5 in+k 2 ik o “ij
1 1 1 1
— J k J k
= —Ch+ 704 + 1Ch — 1C%
= O7
~ 1 1 1 1 1 ; 1
n+k k n+k + k
1 N = _ZCZJ]C — ZC — —Q + J nvyo— *aij

nti,j ij T 5%ty T iaik - §ai,n+k 9

1 1., 1. 1.,
= *chk- -Gt chk + 4G

= ()7
~ 1 1 1 1 1 ; 1
T71L€+i,n+j = Zczkj + Zcijk + iafj + iagk + gaZiik + ia?;—lf—j
T R S
=0.
Lastly, from (4.88), (4.89), (4.90), and (4.94), we immediately have
Tn+k Tk Tk Tn+k
T =T = Thsiy = Ty =0
This completes the proof. O

REMARK 4.7. The connection V¢ constructed in the proof of Proposition
4.6 is, in general, not a Gauduchon connection. To see this, recall from (3.54)
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that the t-Gauduchon connection is determined by of € ALY g* @ g which is
defined by

(0(X,Y), 2) = {(dw) (X, TV, TZ) 4 1 (de) (X, Y, I 7).
Using (3.43)-(3.46), we have for 1 <i,j,k <n
<at(ei7ej)a ek>
k

t t t
= Z(dw)+(en+i, €ntj>Entk) T Z(dw)+(ei, ¢j enti) = =7 Cijs

(a'(ei, entj)s ent)
t,oy t,o t it
= Z(dw) (€ntis€j,€r) — Z(dw) (€is envjs €x) = *Zcﬂc - chk-

In order for o to agree with the o appearing in the proof of Proposition 4.6,
we require
tow 1, t ot
_Zcij = _5Cija _Zcik - Zcﬁ: =0.

For an arbitrary Lie group H, there is, in general, no ¢t € R which satisfies
both equations simultaneously which shows that the connection appearing in
the proof of Proposition 4.6 is a Hermitian connection which is, in general,
not a t-Gauduchon connection.

Let V* be the ¢-Gauduchon connection whose torsion is 7%. We now
determine a sufficient condition on H so that V* (for some ) is trivial. For
notational convenience, we set 7' := T" and (once again) T, := (T'(eq, €p), €c).
We now calculate T¢, := LTS, — T2 +TP,). Recall that Ce, = L(Ce —Cp +
C%,). Then

(4.95) Tk = %ij + % e~ i% = *%@kj + % i
(4.96) Totti = iCZ — G+ i% = %5’3 + %c;ﬁk,

(4.97) Tl = %ij + %Cf;i = %@i + % i
(4.98) Tk e = %ij + %Cf;i = %5& + % o
(4.99) ﬁTrk = ﬁlfmrj = fr]eri,j = ﬁffiﬁnﬂ =0.

In preparation for Theorem 4.11, we recall some basic facts from the theory
of Lie groups (cf [13, 17, 1]):

LEMMA 4.8. Let H be a compact Lie group. Then by := Lie(H) admits a
positive definite Ad-invariant metric n, that is, n(Ady(X), Ady(Y)) = n(X,Y)
VheH,X,Y €b where Ad: H — GL(b) is the adjoint representation.
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PRrROOF. Fix an orientation on H and let © be a left-invariant volume
form such that

(4.100) / Q, =1.
H

Let n be any left-invariant (Riemannian) metric on H. Define j: h x h - R
be defined by

AX.Y) = /H DAy (X), Ady-1 (V)

for X,Y € h. Clearly 7 is positive definite and, since 7(X,Y) € R for X,Y €
b, 7 also induces a left-invariant Riemannian metric on H. To see that 7 is
Ad-invariant, fix X,Y € b and define f: H — R by

f(h) = n(Adh—l(X)7Adh—1(Y)) S R, h e H.

Let x € H be arbitrary and let L, : H — H be left translation by x. Then
forhe H

(L3 f)(h) = f(zh)
= n(Ad(zn)-1(X), Adgny)-1(Y))
= n(Adp-1,-1(X), Adp-1,-1(Y))
— p(Ady 1 0 Ady 1 (X), Ady 1 0 Ad, 1 (V).

From this, we have

ﬁ(Admle, Adm—l(Y)) = /Hn(Ad}rl o Adx—l(X),Adh—l OAdmfl(Y))Qh
- / (L2 F) ()
H
- / (L) () (L),
H

= [ zten

- /H F (R

_ /H (A1 (X), Ady -1 (V)
=n(X,Y)

where we have used the fact that € is left-invariant in the third equality and,
in the fifth equality, we have used the fact that L, : H — H is an orientation
preserving diffeomorphism (since L:Q) = Q and Q is positively oriented by
(4.100)). 0
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COROLLARY 4.9. Let H be a compact Lie group and let 1] be a positive-
definite Ad-invariant metric on b. If e1,..., ey is an orthonormal frame with
respect to 7 and CF; := 1([e;, ], ex), then Cf; = —=C3,..

PROOF. Let X € h and let h(t) = exp(tX). Then for Y,Z € b, Ad-
invariance of 7] gives

N(Adpw)Y, Adpy2) =Y, Z).
Differentiating both sides at ¢t = 0 gives

NadxY, Z) + n(Y,adxZ) = 0.
Hence,

n(X,Y], z2) = =i(Y, [X, Z]).
Taking X =¢;, Y =¢;, and Z = ¢, gives

cl=-ci.
O

REMARK 4.10. The proof of Lemma 4.8 provides a means of construct-
ing a positive definite Ad-invariant metric on the Lie algebra h of a compact
Lie group H. However, as the construction requires an integration, it would
be nice to have an alternate way of obtaining a positive definite Ad-invariant
metric on the Lie algebra. For the case when H is both compact and semisim-
ple, one can obtain such a metric by turning to the Killing form. Specifically,
if H is both compact and semisimple, then the Killing form /C which we recall
is defined by

K(X,Y) =Tr(adx o ady)
is a negative definite Ad-invariant metric on ) where Tr denotes the trace (see

Theorem 2.28 of [1]). Hence, if A < 0 is any negative number, then 7 := AK
is a positive definite Ad-invariant metric on b.

We now come to the main result of this section.

THEOREM 4.11. Let H be an n-dimensional compact Lie group and let
A be any n-dimensional abelian Lie group. Then G = H x A admits a left-
invariant almost Hermitian structure (J,(-,-)) such that

(1) J is totally real with respect to by := Lie(H), and

(2) Vi =0 fort =2 and has totally skew-symmetric torsion

(3) V¢ is flat (and nontrivial) for t = —2
Moreover, if T® denotes the torsion of the Gauduchon connection V? and
B € N3g* is the left-invariant 3-form defined by B(X,Y,Z) .= (TB(X,Y), Z),
then (B is closed.
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PROOF. Since H is compact, there exists a positive definite Ad-invariant
metric 77 on h by Lemma 4.8. Let ey,...,e, be any left-invariant frame on
H which is orthonormal with respect to 77 and let CZ"] = 1(les, €], ex). By
Corollary 4.9, the structure constants satisfy the symmetry condition C’ikj =

—C’fk. Let €n41,...,€2, be any left-invariant frame on A. Define (J, (-,-))
to be the left-invariant almost Hermitian structure on G = H X A so that
€1,..., €2, is a standard frame for (J, (-,-)). (Note that from the definition of
standard frame, we see that (-, -) restricted to ey, ..., e, is precisely 7.) From
the symmetry condition on ij for 1 <1i,7,k, < n, we immediately have

~ 1 _ ) 1
8% = 3(Ch - Ch~ Ch) = 304,

From (4.95)-(4.99), all of the f;b components associated to V* vanish except
possibly T}; and THF - which reduce to

i,n+j
Th—-1ch,  Int, =2tk
Settirlg t=2, we obtairl f[fb = 0 whenever one of its indices is greater than n
and T}, = —5CF; = —C};. From this, it follows that TS, := (VZ ey, e.) = 0.
This implies that the torsion T? of V2 is given by
(4.101) (T?(eq, ), ec) = —([ea, €], ec) = —CS,.
Since ij = —Cgk for 1 <4,j,k <n and CF, = 0 whenever a, b, or c exceeds

n, it follows that (T?(X,Y), Z) is totally skew-symmetric. This completes the
proof of (1) and (2).

For (3), consider V* for arbitrary ¢. Given the values of 5;;,, and T\(fb
above, it follows from Corollary 4.3 that all the components of R! are zero

except possibly Rfjkl and R§j1n+k,n+l (where 1 < 4,4, k,l < n) which reduce
to
R 2 &
Riju =72 (Cfpcfk — C5Chk — ZCf}Cf)k) + 152 (Cfpcfk - le'pcfk)
p=1 p=1
bt (o I 1 ! I
—3 (Cipcfk + O Cip = C3pCik = C3pCi — 205}0;#«) :

p=1

2t (21t 2t
t }: 1 1 l
Rij,n+k,n+l == 74 <4 Cipka — 74 CJpka — CZCPk> .
p=1

The Jacobi identity expressed in terms of the structure constants is

n

> (ChChi+ ChChy + CLCLy ) =0
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Applying the Jacobi identity to Rf;, and R}, ., ., gives

t —
Rzgkl Rij,nJrk,nJrl - ( ) ZCU pk*

From this, we see that R}, = Rf;, . .., =0 for t = 2 (which we recognize
as the trivial left-invariant connection) and ¢ = —2. This completes the proof
of (3).

For the last statement, let T2 := T? (where we use “B” to emphasize that
the ¢t = 2-Gauduchon connection corresponds to the Bismut (or Strominger)
connection in the integrable case). From (4.101), we have

/D)(X,KZ) = <TB(X7Y)7Z>:_<[X7Y]’Z> VXY Zeg,

where the above calculation shows that S is a (left-invariant) 3-form. For
W, X,Y,Z € g, we have

AW, X,Y, Z) = =p([W, X].Y, 2) + (W, Y], X, Z) — B([W, Z], X, Y)
- B(X, YL, W, 2) + B(IX, 2], W, Y) = B([Y, Z], W, X)
= (W, X],Y], Z) - (W, Y], X], 2) + ([W, 2], X], )
+ (XYL, W], 2) = (X, 2], W], Y) + (Y, 2], W], X)
= (W, X}, Y]+ [[X, Y], W] + [[Y, W], X], Z)
+ (W, 2], X] + [[2, X], W], Y) + (Y, 2], W], X)

(4.102) = (W, X1, 2],Y) +([lY, 2], W], X)

where we have applied the Jacobi identity in the last equality. It follows from
(4.102) that dB(eq,ep,ec,eq) = 0 whenever any of the indices a, b, ¢, or d
exceeds n. For 1 <4, 75k, <n, we have

dB(ei, ej, ex, e1) = ([[eir ej], er], ex) + ([[ex, e, €i, €5)

Z (creh+cne)

p=1
_ Y- (ench v cney)
p=1
=Y (chck +Chen)
p=1
(4.103) =
where we have used the symmetry condition C’fj =Y . in the fourth equality.
Hence, dg = 0. 0

REMARK 4.12. It is interesting to note that the ¢ = 2-Gauduchon connec-
tion V2 of Theorem 4.11 is precisely the trivial left-invariant connection, that
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is, every left invariant vector field on H x A is parallel with respect to V2.
From this, it follows that every left-invariant tensor on H x A is parallel with
respect to V2. Since the almost complex structure J is left-invariant here, the
associated Nijenhuis tensor is also left-invariant and one has, in particular,
the nice upshot that V2N = 0 as welll.

In addition, the 2-Gauduchon connection of Theorem 4.11 also has totally
skew-symmetric torsion (which is not guaranteed for the non-integrable case-
see Appendix A). Recall from Section 2.4 that the 2-Gauduchon connection
corresponds to the Strominger or Bismut connection in the integrable case.
With T2 denoting the torsion of the 2-Gauduchon connection, Theorem 4.11
shows that the associated (left-invariant) 3-form 3(X,Y, Z) := (T?(X,Y), Z)
is also closed. This is precisely the strong Kdhler with torsion (or SKT)
condition which was first introduced in the context of physics (cf [15, 11])
and then became a topic of interest in complex geometry (see [9] and the
references therein). In general, the 3-form 3 induced by T# in Theorem 4.11
is not exact (see Example 4.13 below).

The SKT condition has mainly been studied for the case where the al-
most complex structure is integrable. In fact, the standard definition of an
SKT manifold assumes a Hermitian manifold rather than an almost Hermit-
ian one. The reason, of course, is due to the fact that the existence of a
Hermitian connection with totally skew-symmetric torsion is always guaran-
teed for a Hermitian manifold (and this connection is precisely the well-known
Bismut/Strominger connection). So interestingly, Theorem 4.11 yields a left-
invariant almost Hermitian manifold (G = H x A, (-,),J) which satisfies
the SKT condition despite the fact that J is non-integrable (when H is non-
abelian). Following the terminology of the literature, (-,-) is an SKT-metric
for (G=H x A, J).

We conclude the paper with the following example:

EXAMPLE 4.13. Let G = SO(3) x R? where SO(3) is the Lie group of
3 x 3 orthogonal (real) matrices of determinant 1 and R? is given its natural
abelian Lie group structure. Let (J, (-,-)) be the left-invariant almost Her-
mitian structure on G with standard frame ey, ..., ez where ey, e5, eg is any
left-invariant frame on R® and ey, eg, e3 is the left invariant frame on SO(3)
whose bracket relations are

[61762} = —e€g, [61763] = €2, [62763] = —€1.

Note that the frame on SO(3) has been chosen so that the symmetry condition
C’fj = —CY, issatisfied for 1 <, j, k < 3. From the proof of Theorem 4.11, the
2-Gauduchon connection V2 associated to (SO(3) x R3, J, (-,-)) is the trivial

IThe authors wish to thank one of the anonymous referees for suggesting a question
which motivated the authors to make this nice point explicit.
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left-invariant connection and has totally skew-symmetric torsion. In addition,
the left-invariant 3-form [ defined by

B(X,Y,Z):=(TB(X,Y),Z2) = —(X,Y],Z), VXY, Zcg

is closed, where TP (again) denotes the torsion of V2. Explicitly, we see that
Ble1,e2,e3) =1 and B(eq, ep, e.) = 0 whenever a, b, or ¢ exceeds 3. We now
show that 3 is not exact. Let 7 : SO(3) x R® — SO(3) be the natural projec-
tion map. Since R is contractible, it follows that 7 is a homotopy equivalence.
Hence, 7 induces an isomorphism between the de Rham cohomology groups
of SO(3) x R? and SO(3). In particular, we have

™ H3(SO(3)) = H*(SO(3) x R?).

Since SO(3) is compact, connected, and orientable of dimension 3, we have
H3(S0(3)) ~ R. Any volume form on SO(3) is then a generator of H3(SO(3)).
Let p be the left-invariant volume form on SO(3) defined by p(eq, ez, e3) = 1.
Then 8 = 7*u is a generator for H3(SO(3) x R®) which shows that 3 is not
exact.

The proof of Theorem 4.11 also shows that V2 is nontrivially flat. Cal-
culating the components I', := (Ve_feb, ec) we obtain the following:

M,=-1,T4, =1, T3, =1,T2, =-1, T3, =-1, '}, =1,

[g=—1,T3,=1,T}=1T5=-1, T =-1, I'§, =1.

The cautious reader can verify directly that the connection defined by the
above components is both Hermitian and flat.

APPENDIX A.

The following result was originally proved as part of Theorem 10.1 in [10].
We give a proof? of this interesting fact for the sake of completeness.

ProposITION A.l. Let (M,g,J,w) be an almost Hermitian manifold.
Then (M, g, J,w) admits a Hermitian connection whose torsion tensor is to-
tally skew-symmetric if and only if g(N(X,Y), Z) is totally skew-symmetric.
Moreover, if g(N(X,Y),Z) is totally skew-symmetric, then the Hermitian
connection with totally skew-symmetric torsion is precisely the t = 2-Gauduchon
connection (see (2.16)). In this case, the torsion T? of the t = 2-Gauduchon
connection can be simplified to

9(T*(X,Y), Z) = dw(J X, JY,JZ) = g(N(X,Y), 2).
2The authors were originally unaware of the existence of Theorem 10.1 in [10] at the

time Proposition A.1 was proved. The authors are grateful to Prof. Stefan Ivanov for
sharing the reference to Theorem 10.1 in [10].
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PROOF. Suppose V is a Hermitian connection such that ¢(T'(X,Y), Z) is
skew-symmetric in X, Y, and Z. By expanding T’y in condition (1) of Lemma
2.10, condition (1) can be rewritten as

(A.104)
g(T(JX,JY), Z)
=g(N(X,Y),2)+9(T(X,Y),Z2)—g(T(JX,Y),JZ) — g(T(X,JY),JZ).

Condition (2) of Lemma 2.10 can be rewritten as
(A.105)
dw(JX,JY,JZ) = g(T(JX,JY),Z) + g(T(JY,JZ),X) + g(T(JZ,JX),Y).

Substituting (A.104) into (A.105) and then using the assumption that g(T'(-, -), )
is skew-symmetric in its arguments, we find that

(A.106) 9(T(X,Y),Z) = dw(JX,JY,]Z) — g(N(X,Y), Z).

This shows that if T is totally skew-symmetric, then it must be unique.
Since the left side is totally skew-symmetric and dw(J-, J-, J) is totally skew-
symmetric, it follows that g(N(X,Y), Z) is totally skew-symmetric. We now
show that (A.106) is precisely the torsion T2 of the t = 2 Gauduchon con-
nection (2.16). To do this, we first expand ¢(T;(X,Y), Z) with T' defined by
(A.106). This gives

(A.107)
9(Ty(X,Y),Z)
= dw(X,JY,Z) — dw(JX,Y,Z) + dw(JX, Y, JZ) — dw(X,Y, ] Z)
— 4g(N(X,Y), Z).

At the same time, condition (1) of Lemma 2.10 gives g(T;(X,Y),Z) = —g(N(X,Y), Z).
Substituting this into (A.107) gives

(A.108)

39(N(X,Y),Z) = —dw(X,JY, Z)—dw(JX,Y, Z)+dw(J X, JY, JZ)—dw(X,Y, JZ)
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Applying (A.108) to (A.106), we obtain the following:

9(T(X,Y), Z)
= dw(JX,JY,JZ) — g(N(X,Y), Z)

— dw(JX, TV, TZ) — i (g(N(X,Y), Z) + 3¢(N(X,Y), Z))

= —1g(N(X.Y),2) +de(JX, JY, JZ) ~ 3g(N(X,Y),2)

1
—IWN(X.Y), 2) + dw(JX, JY, ] Z)

(—dw(X,JY, Z) — dw(JX,Y, Z) + dw(JX,JY, ] Z) — dw(X,Y, ] Z))

= 9N (X,Y),2)

1
5 Bdw(JX, Y, JZ) + dw(X,Y, T Z) + dw(X, JY, Z) + du(JX.Y. Z))

_ —ig(N(X,Y), Z) + (dw)* (J X, JY, JZ)

= g(TQ(X’ Y)’Z)

where we applied (A.108) in the fourth equality, the second to last equality
follows from Proposition 2.2, and the last equality is T in (2.16) for ¢ = 2.
On the other hand, if g(N(X,Y), Z) is totally skew-symmetric, then it
follows that g(T?(X,Y), Z) is totally skew-symmetric. The previous calcula-
tion shows that if a Hermitian connection has totally skew-symmetric torsion,
then the Hermitian connection is unique and must be T2. 0

REFERENCES

[1] M. Alexandrino, R. Bettiol, Introduction to Lie groups, isometric and adjoint actions
and some generalizations, arXiv:0901.2374 [math.DG]|

[2] A. Andrada, M.L. Barberis, I.G. Dotti, G. P. Ovando, Product Structures on four
dimensional solvable Lie algebras, Homology, Homotopy, and Applications, vol. 7(1),
2005, 9-37.

[3] A. Andrada, R. Villacampa, Bismut connection on Vaisman manifolds, Mathematische
Zeitschrift, vol. 302, 1091-1126 (2022).

[4] J.M. Bismut, A local index theorem for non-Kdhler manifolds, Math. Ann., 284, 4
(1989), 681-699.

[5] S. S. Chern, Complex manifolds without potential theory, 2nd edition, Universitext,
Springer-Verlag (1979).

[6] R. Cleyton, Y.S. Poon, G.P. Ovando, Weak mirror symmetry of Lie algebras, Jour.
Symplectic Geom., 8(1): 37-55, (March 2010).

[7] R. Cleyton, Y.S. Poon, G.P. Ovando, Weak mirror symmetry of complex symplectic
Lie algebras, Jour. Geom. Physics, vol. 61, no. 8, August 2011, 1553-1563.

[8] R. Campoamor Stursberg, G.P. Ovando, Invariant complez structures on tangent and
cotangent Lie groups of dimensions siz. Osaka J. Math. 49, 489-513 (2012).



44

[9]
(10]
(1]
(12]
(13]
(14]

[15]
[16]

[17]
(18]

D. PHAM AND F. YE

A. Fino, A. Tomassini, A survey on strong KT structures, Bull. Math. Soc. Sci. Math.
Roumanie, vol 52(100), no. 2, (2009), 99-116.

T. Friedrich, S. Ivanov, Parallel spinors and connections with skew-symmetric torsion
in string theory, Asian J. Math. Vol. 6, No. 2, (2002), 303-336.

S.J. Gates Jr, C.M. Hull, M. Rocek, Twisted multiplets and new supersymmetric non-
linear o-models, Nuclear Physics B, vol. 248, no.1 (1984), 157-186.

P. Gauduchon, Hermitian connections and Dirac operators, Boll. Un. Mat. Ital. B (7)
11 (1997), no. 2, suppl., 257-288.

B. Hall, Lie groups, Lie Algebras, and Representations: an elementary introduction,
Springer, 2004.

R. A. Lafuente, J. Stanfield, Hermitian manifolds with flat Gauduchon connections,
arXiv:2204.08170v2 [math.DG]

A. Strominger, Superstrings with Torsion, Nuclear Phys. B 274 (1986), 253-284.

L. Vezzoni, B. Yang, F. Zheng, Lie groups with flat Gauduchon connections, Mathe-
matische Zeitschrift, vol. 293, 597-608 (2019).

F. Warner, Foundations of Differentiable Manifolds and Lie Groups, Springer, 1983.
B. Yang, F. Zheng, On compact Hermitian manifolds with flat Gauduchon connections,
Acta Math. Sin. (Engl. Ser.) 34, no. 8, 1259-1268 (2018).

D. Pham

Department of Mathematics & Computer Science
Queensborough C. College, City University of New York
Bayside, NY 11364

USA

E-mail: dpham90@gmail.com

F. Ye

Department of Mathematics & Computer Science
Queensborough C. College, City University of New York
Bayside, NY 11364

USA

E-mail: feye@qcc.cuny.edu



