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ON THE COEFFICIENTS OF A CLASS OF TERNARY
CYCLOTOMIC POLYNOMIALS

BIN ZHANG
Qufu Normal University, P. R. China

ABSTRACT. A cyclotomic polynomial ®,(x) is said to be flat if its
nonzero coefficients involve only £1. In this paper, for odd primes p < ¢ <
r with ¢ = 1 (mod p) and 9r = £1 (mod pq), we prove that ®pqr(z) is
flat if and only if p =5, ¢ > 41, and ¢ = 1 (mod 5).

1. INTRODUCTION

Let
o) = [ (@

(m,n)=1
1<m<n

where ¢, = €*™/™. This polynomial is called the nth cyclotomic polyno-
mial. It is a classical and neoteric problem in number theory to investigate
the arithmetic properties of cyclotomic polynomials. Since deg(Q(¢,)/Q) =
¢(n) = deg @, (), it follows that @, (x) is the irreducible polynomial for (,.
Also, ®,,(z) € Z[z] since the coefficients are rational and also are algebraic
integers.

The first few cyclotomic polynomials are
Dy (x) =2 —1, Dy(x) =x + 1,
Ps(z) =2+ +1, Oyx)=2>+1.
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All these have coefficients +1 and 0; however, this is not true in general. By
choosing n with many prime factors one can obtain arbitrarily large coeffi-
cients.

Let a(n,j) denote the coefficient of 27 in the nth cyclotomic polynomial
®,(x) and A(n) = max{|a(n,j)] : 0 < j < ¢(n)} be the height of ®,(z).
Cyclotomic polynomials of unit height are called flat. Since

D, (7) = Pradicai(n) (@™ M) and Do, (z) = £, (1),

we can restrict the study of A(n) to the case n = pqr---, where 3 <p < ¢ <
r < --- are primes. It is clear that

(9. ) 1 if0<j<p—1;
a’ ) = .
bJ 0 otherwise,

1 ifj=upt+uvgfor0<u<s—1,0<v<t—1;
a(pg,j) =4 -1 ifj=up+vg+lfor0<u<qg—s5s—-1,0<v<p—t—1;
0 otherwise,

where s and ¢ are unique positive integers 1 < s < g, 1 < ¢t < p such that
pq+ 1 = ps+ qt, see e.g. Lam and Leung [8] or Thangadurai [10]. Thus all
the prime cyclotomic polynomials ®,(z) and binary cyclotomic polynomials
®D,,(x) are flat.

The problem of flat ternary cyclotomic polynomials—flat polynomials of
the form @4, (x), where p, ¢, and r are distinct odd primes—seems tantaliz-
ingly accessible but remains open. In 2009, Broadhurst proposed some con-
jectures about flat ternary cyclotomic polynomials, see [7, Conjecture] or [4,
Conjecture 4.4.3]. Let p < ¢ < r be odd primes such that zr = +1 (mod pq),
where z is a positive integer. At present, the flatness of ®,4-(z) in special
cases 1 < z < 8 has been considered, see [1, 2, 3, 5, 6, 9, 11, 12, 13, 14, 15, 16].
In this paper, we study the flatness of ®,4,(z) in the special case when ¢ =1
(mod p) and z = 9, and establish the following result.

THEOREM 1.1. Let p < g < r be odd primes such that ¢ =1 (mod p) and
9r = +1 (mod pq). Then Dpy(x) is flat if and only if p =5, ¢ > 41, and
g=1 (mod 5).

2. PRELIMINARIES

Before starting our proof of the theorem, the following lemmas will be
useful. Let p < g be odd primes such that ¢ = kp+1. Then, for pg+1 = ps+qt,
we have s = ¢ — k, t = 1. Hence it follows immediately from (1.1) that
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LEMMA 2.1. Let p < q be odd prime such that ¢ = kp + 1. Then
1 if j =up for some 0 <u<q—k—1;
alpg,j) =< -1 ifj=up+vg+1forsome0<u<k—-10<v<p-2
0 otherwise.

Our main tool is the following technical lemma due to Kaplan [6, Lemma
1], which reduces the computing of the ternary cyclotomic coefficients to the
binary cyclotomic coeflicients.

LEMMA 2.2. Let p < q < r be odd primes. Let n > 0 be an integer and
£ (@) be the unique value 0 < f(i) < pq— 1 such that

(2.2) rf(i)+i=n (mod pq).
(1) Then
p—1 q+p—1
a(pg, f(i)) = D alpg, [ (i),
=0 i=q
(2) Put
O A
Then
p—1 q+p—1
(2.4) a(pgr,n) =Y a*(pg, f()) = Y a*(pg, (i)
i=0 =g

We also need the periodicity of A(pgr), which implies that the height
A(pqr) is determined by +r (mod pq), see [6].

LEMMA 2.3. Let 3 < p < q < r be primes. Then for any prime s > ¢
such that s = +r (mod pq), A(pgr) = A(pgs).

3. PROOF OF THEOREM 1.1
Note that 9r = +1 (mod pq) implies that p # 3. In view of Lemma 2.3,
it is enough to consider primes p < ¢ < r such that
p>5,¢g=1 (mod p), and 9r =1 (mod pq).
The proof will be split into the following three parts according to the value of p.

3.1 The case when p = 5.

(i) By using the PARI/GP system, we have A(5-11-269) = A(5-31-379) =
2. On noting that 9-269 =1 (mod 5-11) and 9-379 =1 (mod 5 - 31), we
obtain from Lemma 2.3 that

A(5qr) =2 if ¢ =11,31, and 9r = 1 (mod 5¢q).
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(ii) Next we will show that
A(5gr) =1if ¢ > 41, ¢ =1 (mod 5), and 97 = 1 (mod 5¢).
Let ¢ = 5k + 1. Then k is even and k > 8. For 5q+ 1 = 5s + gt, we have

s =4k+1,t = 1. Thus in this case, we may rewrite the conclusion of Lemma
2.1 in the following form

1 if j=0 (mod 5) and 0 < j < 20k;
-1 ifj=1 (modb)and1<j<5k—4;
. -1 ifj=2 (mod5)andbk+2 <75 <10k — 3;
(3.5)  a(5q,5) = o ( ) ) _
—1 ifj=3 (mod5)and 10k + 3 < j <15k —2;
-1 ifj=4 (mod5)and 15k +4 < j < 20k — 1;

0 otherwise.

For any given n € [0, ¢(5¢qr)], it follows from rf(i) +¢ = n (mod 5¢) that
(3.6) fG+1)4+9=f(i) (mod 5q).

Therefore, the quantity f(¢) can be regarded as uniquely determined by f(0),
where 1 <4 <4 and g <i < g+4. Now we give the following tables according
to the value of f(0). For simplicity, we may put

ag(iy = a(bg, f(i))
in the rest of this section. The second row in each table is the inequality about
f(i) for i € [0,4] U [g,q + 4]. The values of ay(;) in the following tables are
obtained by using (3.5) and (3.6). We will let f(0) denote the unique integer

satisfying f(0) = f(0) (mod 5) and 0 < f(0) < 4 in Tables 5, 7, 9, 11, and 16
below.

Table 1. 0 < f(0) <8

fA)>Ff2)>fB)>fA) > fl@>fla+D > flg+2) > flg+3) > fla+4) > f(0)

FO) | aray | ag@ | 95@3) | 9p@) | =% | —9f(q+1) | —9f(qt2) | —9f(q+3) | —f(q+4) | 9f(0)
0 0 0 0 0 0 0 0 0 -1 1
1 0 0 0 0 1 0 0 -1 1 -1
2 0 0 0 0 0 0 -1 1 0 0
3 0 0 0 0 0 -1 1 0 0 0
4 0 0 0 0 -1 1 0 0 0 0
5 0 0 0 0 0 0 0 0 -1 1
6 0 0 0 0 1 0 0 -1 1 -1
7 0 0 0 0 0 0 -1 1 0 0
8 0 0 0 0 0 -1 1 0 0 0

Table 2. 9 < f(0) <17
f2)>fB3) > f4) > fle) > fleg+1) > fl@g+2)> fg+3) > flg+4) > f(0) > f(1)

FO) [ ap@y | apsy | ap@ | —af@ | —9f@+1) | —9f@+2) | —%f(q+3) | —%fqta) | 9p0) | ar1)
9 0 0 0 -1 0 0 0 0 0 1
10 0 0 0 0 1 0 0 -1 1 -1
11 0 0 0 1 0 0 -1 1 -1 0
12 0 0 0 0 0 -1 1 0 0 0
13 0 0 0 0 -1 1 0 0 0 0
14 0 0 0 -1 0 0 0 0 0 1
15 0 0 0 0 1 0 0 -1 1 -1
16 0 0 0 1 0 0 -1 1 -1 0
17 0 0 0 0 0 -1 1 0 0 0
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Table 3. 18 < f(0) < 26

fFA>FfM>f@>fle+D)>fl@+2)> f(g+3) > fl@g+4 > F0)>Ff1) > f(2)
FO) | ap@) | ap@) | =g | =% (g+1) | —9f@+2) | —%f(q+3) | —%fq+a) | 2r0) | ar@) | af(2)
18 0 0 0 -1 0 0 0 0 0 1
19 0 0 -1 0 1 0 0 0 1 -1
20 0 0 0 1 0 0 -1 1 -1 0
21 0 0 1 0 0 -1 1 -1 0 0
22 0 0 0 0 -1 1 0 0 0 0
23 0 0 0 -1 0 0 0 0 0 1
24 0 0 -1 0 1 0 0 0 1 -1
25 0 0 0 1 0 0 -1 1 -1 0
26 0 0 1 0 0 -1 -1 0 0
Table 4. 27 < f(0) < 35
fFA>f@>fla+D)>Ffl@+2)>f@+3) > Ffla+4 > F0)>F1) > F2) > FB)
FO) [ af@ | =25 | =% (at1) | —%f@+2) | —%f@+3) | ~%f(ata) | 2 | r@ | 2r@ | 25
27 0 0 0 -1 0 0 0 0 0 1
28 0 0 -1 0 1 0 0 0 1 -1
29 0 -1 0 1 0 0 0 1 -1 0
30 0 0 1 0 0 -1 1 -1 0 0
31 0 1 0 0 -1 1 -1 0 0 0
32 0 0 0 -1 0 0 0 0 0 1
33 0 0 -1 0 1 0 0 0 1 -1
34 0 -1 0 1 0 0 0 1 -1 0
35 0 0 1 0 0 -1 1 -1 0 0
Table 5. 36 < f(0) < g — 1
— @S> T I D> @12 > T@I3) >J@i D> FO ST > T > 76 > T@
fO) | —ayq) | =af(q+1) | —9f(q+2) | ~Of(q43) | ~Ofata) | GF0) | A1) | af@) | 95(s) | af(4)
0 0 1 0 0 -1 1 -1 0 0 0
1 1 0 0 -1 0 -1 0 0 0 1
2 0 0 -1 0 1 0 0 0 1 -1
3 0 -1 0 1 0 0 0 1 -1 0
4 -1 0 1 0 0 0 1 -1 0 0
Table 6. ¢ < f(0) < q + 32
fl@>fla+1)>fla+2)> fla+3)> fla+4) > fO) > FA) > f(2) > f3) > f4)
fO) | —apq) | =95(q+1) | —9f(gt2) | —9f(q+3) | —f@qta) | ) | 2f@) | 5@ | 9p3) | 9pa)
q 0 0 0 -1 0 0 0 0 0 1
q+1 1 0 -1 0 1 -1 0 0 1 -1
q+2 0 -1 0 1 0 0 0 1 -1 0
q+3 -1 0 1 0 0 0 1 -1 0 0
qg+4 0 1 0 0 -1 1 -1 0 0 0
q+5 0 0 0 -1 0 0 0 0 0 1
q+ 6 1 0 -1 0 1 -1 0 0 1 -1
q+7 0 -1 0 1 0 0 0 1 -1 0
q+ 8 -1 0 1 0 0 0 1 -1 0 0
q+9 0 0 0 0 -1 1 0 0 0 0
q+ 10 0 1 0 -1 0 0 -1 0 0 1
q+ 11 1 0 -1 0 1 -1 0 0 1 -1
q+ 12 0 -1 0 1 0 0 0 1 -1 0
q+ 13 -1 0 1 0 0 0 1 -1 0 0
q+ 14 0 0 0 0 -1 1 0 0 0 0
q+ 15 0 1 0 -1 0 0 -1 0 0 1
q+ 16 1 0 -1 0 1 -1 0 0 1 -1
q+ 17 0 -1 0 1 0 0 0 1 -1 0
q+ 18 -1 0 0 0 0 0 1 0 0 0
q+ 19 0 0 1 0 -1 1 0 -1 0 0
q+ 20 0 1 0 -1 0 0 -1 0 1
q+ 21 1 0 -1 0 1 -1 0 0 1 -1
q+ 22 0 -1 0 1 0 0 0 1 -1 0
q+ 23 -1 0 0 0 0 0 1 0 0 0
q+ 24 0 0 1 0 -1 1 0 -1 0 0
q+ 25 0 1 0 -1 0 0 -1 0 0 1
q+ 26 1 0 -1 0 1 -1 0 0 1 -1
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q+ 27 0 -1 0 0 0 0 0 1 0 0
q+ 28 -1 0 0 1 0 0 1 0 -1 0
q+ 29 0 0 1 0 -1 1 0 -1 0 0
q + 30 0 1 0 -1 0 0 -1 0 0 1
q+ 31 1 0 -1 0 1 -1 0 0 1 -1
q+ 32 0 -1 0 0 0 0 0 1 0 0
Table 7. ¢+ 33 < f(0) <2¢g—1
_ fl@>fla+1)>fla+2)> fla+3)> fla+4) > f0O) > FfA) > f(2) > f(3) > f4)
fO) | —ayq) | =af(q+1) | —9f(q+2) | ~Of(q43) | ~fata) | GF0) | A1) | a2 | 95(3) | af(4)
0 0 0 1 0 -1 1 0 -1 0 0
1 0 1 0 -1 0 0 -1 0 0 1
2 1 0 -1 0 0 -1 0 0 1 0
3 0 -1 0 0 1 0 0 1 0 -1
4 -1 0 0 1 0 0 1 0 -1 0
Table 8. 2¢g < f(0) < 2q + 32
fl@)>fla+1)> Ffl@+2) > Ffl@+3) > flag+4) > f(0) > F(1) > f(2) > F(3) > f(4)
FO) | —apq) | =9fq+1) | =a5(q42) | =5@+3) | —9rq+a) | 3r©0) | 2@ | ar) | ar@ | ar@
2q 0 0 -1 0 0 0 0 0 1 0
29 +1 1 -1 0 0 1 -1 0 1 0 -1
2q + 2 -1 0 0 1 0 0 1 0 -1 0
29+ 3 0 0 1 0 -1 1 0 -1 0 0
2q +4 0 1 0 -1 0 0 -1 0 0 1
29+ 5 0 0 -1 0 0 0 0 0 1 0
29+ 6 1 -1 0 0 1 -1 0 1 0 -1
29+ 7 -1 0 0 1 0 0 1 0 -1 0
2qg + 8 0 0 1 0 -1 1 0 -1 0 0
29+ 9 0 0 0 -1 0 0 0 0 0 1
2q + 10 0 1 -1 0 0 0 -1 0 1 0
2q + 11 1 -1 0 0 1 -1 0 1 0 -1
2q + 12 1 0 0 -1 0 0 -1 0 1 0
2q + 13 0 0 1 0 -1 1 0 -1 0 0
2q + 14 0 0 0 -1 0 0 0 0 0 1
2q + 15 0 1 -1 0 0 0 -1 0 1 0
2q + 16 1 -1 0 0 1 -1 0 1 0 -1
2q + 17 -1 0 0 1 0 0 1 0 -1 0
2q + 18 0 0 0 0 -1 1 0 0 0 0
2q + 19 0 0 1 -1 0 0 0 -1 0 1
2q + 20 0 1 -1 0 0 0 -1 0 1 0
2q + 21 1 -1 0 0 1 -1 0 1 0 -1
2q + 22 -1 0 0 1 0 0 1 0 -1 0
2q + 23 0 0 0 0 -1 1 0 0 0 0
2q + 24 0 0 1 -1 0 0 0 -1 0 1
2q + 25 0 1 -1 0 0 0 -1 0 1 0
2q + 26 1 -1 0 0 1 -1 0 1 0 -1
2q + 27 -1 0 0 0 0 0 1 0 0 0
2q + 28 0 0 0 1 -1 1 0 0 -1 0
2q + 29 0 0 1 -1 0 0 0 -1 0 1
2q + 30 0 1 -1 0 0 0 -1 0 1 0
2q + 31 1 -1 0 0 1 -1 0 1 0 -1
2q + 32 -1 0 0 0 0 0 1 0 0 0
Table 9. 2¢ + 33 < f(0) < 3q — 1
_ f@>Ffla+1)>Ffl@+2)>Ffl@+3) > Ffle+4) > O >FA) > F2) > FB) > @)
O | —apq) | —f(q41) | —%f(aq+2) | ~%(qt3) | ~%f(ata) | GF0) | @) | Q@) | 253y | Gp(a)
0 0 0 0 1 -1 1 0 0 -1 0
1 0 0 1 -1 0 0 0 -1 0 1
2 0 1 -1 0 0 0 -1 0 1 0
3 1 -1 0 0 0 -1 0 1 0 0
4 -1 0 0 0 1 0 1 0 0 -1
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Table 10. 3¢ < f(0) < 3q + 32

f@>flg+D>Ffla+2)>Ffla+3)> flg+4 >

fO>fM>F2)>FB) > FA)

FO) | —apq) | =9pq+1) | —%5q+2) | ~95a+3) | ~9r(a+a) | 95 | @) | 9r@) | 95 | ar@)
3q 0 -1 0 0 0 0 0 1 0 0
3g+1 0 0 0 0 1 -1 1 0 0 -1
3q+ 2 0 0 0 1 -1 1 0 0 -1 0
3q + 3 0 0 1 -1 0 0 0 -1 0 1
3q+ 4 0 1 -1 0 0 0 -1 0 1 0
3¢+ 5 0 -1 0 0 0 0 0 1 0
3qg+6 0 0 0 0 1 -1 1 0 0 -1
3g+ 7 0 0 0 1 -1 1 0 0 -1 0
3qg+ 8 0 0 1 -1 0 0 0 -1 0 1
3¢ +9 0 0 -1 0 0 0 0 0 1 0
3q + 10 0 0 0 0 0 0 -1 1 0 0
3q +11 0 0 0 0 1 -1 1 0 0 -1
3q + 12 0 0 0 1 -1 1 0 0 -1 0
3q + 13 0 0 1 -1 0 0 0 -1 0 1
3q + 14 0 0 -1 0 0 0 0 0 1 0
3q + 15 0 0 0 0 0 0 -1 1 0 0
3q + 16 0 0 0 0 1 -1 1 0 0 -1
3q + 17 0 0 0 1 -1 1 0 0 -1 0
3q + 18 0 0 0 -1 0 0 0 0 0 1
3q + 19 0 0 0 0 0 0 0 -1 1 0
3q + 20 0 0 0 0 0 0 -1 1 0 0
3q + 21 0 0 0 0 1 -1 1 0 0 -1
3q + 22 0 0 0 1 -1 1 0 0 -1 0
3q + 23 0 0 0 -1 0 0 0 0 0 1
3q + 24 0 0 0 0 0 0 0 -1 1 0
3q + 25 0 0 0 0 0 0 0 -1 1 0
3q + 26 0 0 0 0 1 -1 1 0 0 -1
3q + 27 0 0 0 0 -1 1 0 0 0 0
3q + 28 0 0 0 0 0 0 0 0 -1 1
3q + 29 0 0 0 0 0 0 0 -1 1 0
3q + 30 0 0 0 0 0 0 -1 1 0 0
3g + 31 0 0 0 0 1 -1 1 0 0 -1
3q + 32 0 0 0 0 -1 1 0 0 0 0
Table 11. 3¢ + 33 < f(0) < 4q — 1

_ fl@)>fla+1) > fl@+2)> Ffl@+3) > fl@+4) > f(0) > FA) > f(2) > f(3) > f(4)
fO) | —apq) | =9f(q+1) | —9f(q+2) | ~%f(q43) | ~f(a+a) | Gf0) | Q) | 9@ | 9ps) | 9f(a)

0 0 0 0 0 0 1 0 0 0 -1

1 0 0 0 0 0 0 0 0 -1 1

2 0 0 0 0 0 0 0 -1 1 0

3 0 0 0 0 0 0 -1 1 0 0

4 0 0 0 0 0 -1 1 0 0 0

Table 12. 4q < f(0) < 4q + 8
fl@a+1) > f(g+2) > flg+3) > flg+4) > f(0) > f(1) > f(2) > f(3) > f(4) > f(q

FO) | —apgt1) | —af@+2) | —9f(a+3) | —%f(qta) | 20 | ar) | 2r@) | 9@ | %5 | —95q

4q 0 0 0 0 0 1 0 0 0 -1
4q9 +1 0 0 0 0 0 0 0 0 -1 1
4q + 2 0 0 0 0 0 0 0 -1 1 0
4q + 3 0 0 0 0 0 0 -1 1 0 0
4q + 4 0 0 0 0 0 -1 1 0 0 0
49 + 5 0 0 0 0 0 1 0 0 0 -1
4q9 4+ 6 0 0 0 0 0 0 0 0 -1 1
4q + 7 0 0 0 0 0 0 0 -1 1 0
49 + 8 0 0 0 0 0 0 -1 1 0 0
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Table 13. 4q + 9 < f(0) < 4q + 17
fla+2)> fl@+3)> fla+4) > fO) > fA) > f(2) > fB) > f4) > fla) > fla+1)
JO) | —apqt2) | —9@+s) | —9f@ra [ a7 [ arm [ 9r@ [ 9@ | 5@ | —9%@ | —%@+n
4q9 +9 0 0 0 0 0 1 0 0 0 -1
4q + 10 0 0 0 0 0 0 0 0 -1 1
4q + 11 0 0 0 0 0 0 0 -1 1 0
4q + 12 0 0 0 0 0 0 -1 1 0 0
4q + 13 0 0 0 0 0 -1 1 0 0 0
4q + 14 0 0 0 0 0 1 0 0 0 -1
4q + 15 0 0 0 0 0 0 0 0 -1 1
4q + 16 0 0 0 0 0 0 0 -1 1 0
4q + 17 0 0 0 0 0 0 -1 0 0
Table 14. 4q + 18 < f(0) < 4q + 26
fla+3)> fla+4) > F0) > FA) > F(2) > FB) > f(4) > flg) > flg+1) > flg+2)
JO | —apqts) | —9r@ra [ 9r@0 [ar@) [ ar@ [ a5 [ 9@ | —9%@) | —9f@t1) | % (a+2)
4q + 18 0 0 0 0 0 1 0 0 0 1
g + 19 0 0 0 0 0 0 0 0 1 T
4q + 20 0 0 0 0 0 0 0 -1 1 0
4q + 21 0 0 0 0 0 0 1 1 0 0
aq + 22 0 0 0 0 0 1 1 0 0 0
4q + 23 0 0 0 0 0 1 0 0 0 1
4q + 24 0 0 0 0 0 0 0 0 -1 1
4q + 25 0 0 0 0 0 0 0 1 1 0
1q + 26 0 0 0 0 0 0 1 T 0 0
Table 15. 4q + 27 < f(0) < 4q + 35
f@+D>FO>SFO>FR>FB>FE)>Fl@>Ffla+1l) > fla+2) > flg+3)
fO) | —apgra | aro) | ar@ | 9@ | ar@ | 9p@) | —%@) | —%5q+1) | —O5a+2) | —9f(q+3)
4q + 27 0 0 0 0 0 1 0 0 0 -1
4q + 28 0 0 0 0 0 0 0 0 -1 1
4q + 29 0 0 0 0 0 0 0 -1 1 0
4q + 30 0 0 0 0 0 0 -1 1 0 0
4q + 31 0 0 0 0 0 -1 1 0 0 0
4q + 32 0 0 0 0 0 1 0 0 0 -1
4q + 33 0 0 0 0 0 0 0 0 -1 1
4q + 34 0 0 0 0 0 0 0 -1 1 0
4q + 35 0 0 0 0 0 0 -1 1 0 0
Table 16. 4q + 36 < f(0) < 5q — 1
. fFOS>SFM>FR)>FB)>FfA)>f@>fla+1l)>fla+2) > fla+3) > fla+4)
fO) | ar | ar@) | ar@ | 95 | a5@) | =95 | =9fa+1) | —Of(q+2) | “%f(q+3) | ~Of(g+4)
0 0 0 0 0 0 1 0 0 0 -1
1 0 0 0 0 0 0 0 0 -1 1
2 0 0 0 0 0 0 0 -1 1 0
3 0 0 0 0 0 0 1 -1 0 0
4 0 0 0 0 0 -1 1 0 0 0

Recall that n is a fixed integer in the range 0 < n < ¢(5¢r) and we have,

by Lemma 2.2 (2),

where

Let

4
a(5qr,n) = a*(5q, f
1=0

a”(5q, f(i)) =

0

af )

q+4

)+ (- (a0 £0)),

if f(i) <
otherwise.

1={0,1,2,3,4,q,+1,g+2,q+3,q+4}.
If f(i) > % holds for all i € I, then a*(pg, f(i)) = 0. So a(5¢r,n) = 0.
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If f(i) < % holds for all i € I, then a*(pq, f(i)) = as;). So

q+4

a(5qr, n) j{:afu 4—2{: —as()

Then it follows from Lemma 2.2 (1) that a(5¢r,n) = 0.
If otherwise, then there certainly exist two neighboring symbols f(i1) and
f(i2) in the second row of the corresponding Table such that

f(i) > = > fiz).

If 0 <ip <4 (or ¢ <iy < g+ 4), the value of a(5gr,n) is given by computing
the sum of values from ay(;,) (or —as(,)) to the end of the relevant row.

It is a routine matter to see that the sums of values about f-ay;, from
anywhere to the end in all tables, is equal to +1 or 0. That is to say, a(5qr,n) €
{£1,0} for 0 < n < ¢(5qr).

Therefore, A(5gr) = 1if ¢ > 41, ¢ =1 (mod 5), and 97 = 1 (mod 5¢), as
desired.

3.2 The case when p = 7.
For primes 7 < ¢ < r with ¢ =1 (mod 7) and 97 = 1 (mod 7¢), our goal
here is to use Lemma 2.2 to show that

a(7qr,2qr + 22r + g + 2) = 2.
Let n = 2qr + 22r + ¢+ 2. By substituting the value of n into congruence
(2.2), we infer that f (i) = 11¢g+40—9¢ (mod 7q). Onnoting 0 < f(i) < Tg—1,
we obtain that f(i) = 11¢ +40 —9i for 0 < i < 6 and ¢ < i < ¢ + 6.

Then rf(i) < nifi € {¢g+2,q+3,¢g+4,q+5,¢q+6} and rf(i) > n if
1€{0,1,---,6} U{q,q+ 1}. From (2.3), we have

{a(7q,f(i)) ifie{g+2,q+3,q+4,q+5,q+6};
0

a*(7q, (i) = ifie{0,1,---,6}U{qq+1}

It follows from Lemma 2.2 that
q+6

(3.7) a(Tgr,n) = — Z a(7q, f(i)).

1=q+2

On rewriting f(¢+2), f(¢g+6) as f(¢+2) =3+7+2¢+ 1 and f(¢+ )
@74—(]4—1, we deduce, by Lemma 2.1, a(pq, f(¢+2)) = a(pq, f(¢+6)) = —1.
Applying this to (3.7) yields

q+5

a(7gr,n) =2 — Z a(7q, f(i)).

i=q+3
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Let ¢ +3 < i < ¢+ 5. On one hand, it follows from f(i) Z 0 (mod 7)
and Lemma 2.1 that a(7q, f(¢)) # 1; on the other hand, it follows from
f@) # Tu+ovp+14 with 0 < u < q; , 0 < v <5 that a(7q, f(3)) # —1.
Hence a(7q, f(i)) = 0, and thus a(7qr,n) = 2.

3.3 The case when p > 7.
In this part, we will prove the following proposition to complete the proof
of Theorem 1.1.

PROPOSITION 3.1. Let 7 < p < q < r be odd primes such that ¢ = kp+ 1
and 9r =1 (mod pq).
(1) If p=1 (mod 9), then
5 < a(pgr,pr +10gr + ¢ +r + 2:1)  if k=4
- (pqr,3pr+9qr+q+r+pgw) if k> 6.
(2) If p=2 (mod 9), then
:A(pqr) ka:2 andp:ll;
2¢ < a(pqr 10gr + ¢+ + 25 13) if k=2 and p > 11;
< alpgr,qr+q+r+ 25 10) if k> 6.
(8) If p=4 (mod 9), then a(pgr,3qr +r + 2= 10) < -2.
5 (mod 9), then
o < Jalpar, —pr +10gr + q + Z5) if k=2
= | a(pgr,5pr + 9gr +r +q + 2 210y ifk > 6.

(5) If p="T7 (mod 9), then a(pgr,3pr + 9qr + q + r + 2= 10) > 2.

(6) If p=8 (mod 9), then a(pgr,3qr + q + r + 2512) > 2.

PRrROOF. (1) Case 1. k =4.

On noting that p = 1 (mod 9) and ¢ = 4p + 1, we get p > 37. Let
n=pr+10gr+q+r+ 2” 11 In order to use Lemma 2.2, we first obtain, by
substituting the value of [ 1nto congruence rf(i) +i =1 (mod pg),

f(@)=12p+17¢ — 8 —9i (mod pgq).
Since p > 37 and 0 < f(i) < pg — 1, we have
(3.8) F(i) =12p+ 17 — 8 — 9,
where 0 < i <p—1orq<i<qg+p—1. Then it follows that rf(i) > n
wheneveri € {0,1,--- ,p—1}U{q,q+1,-- ,q—l—#} and rf (i) < n whenever
(S {q_|_ 22— 115q+ 22 27"' ;¢ +Dp— 1} Thusa by (23)7

ifi €0,p—1]Ulq q+ 252

@ (pg, 1) {a(pq,f(i)) ifi€lqg+ 25 g p 1]
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(3.9) a(pgr,n) Z a(pq, f(q+ 7).

On noticing that f(q+ 22 11) p+10g+1, f(¢g+p—1) =3p+8¢+1, we
deduce from Lemma 2.1 that a(pq, flg+ 22 11)) =alpq, f(¢g+p—1)) = —1.
Applying this into (3.9) gives

p—2
a(pqr,n) =2— > alpg, f(q+7))-
j= 2p 2

Let % < j < p—2. It is clear that the binary coefficient a(pq, f(q¢+7))
takes on one of three values: —1, 0, or 1. To show a(pgr,n) > 2, it suffices
to prove that a(pq, f(¢ + j)) # 1. If the assertion would not hold, then, by
Lemma 2.1, we obtain

flg+37)=0 (mod p).
Combing with (3.8) yields 95 = 0 (mod p). This leads to a contradiction, and
therefore a(pgr,n) > 2.

Case 2. k > 6.

Let n =3pr+9qr +q+r+ p_glo. Then by using the congruence (2.2)
we have f(i) =4p+18¢—9—9%ifor0<i<p—land¢g<i<g+p—1. So
f(i)>2ifie[0,p—1]U[g, g+ 252, and f(i) < Zifi € [g+ 252, g +p—1].
On invoking Lemma 2.2, we have

ifief0,p—1Ulgq+ 2%

@ (pg, f(2)) {a(pq,f(i)) ifielqg+ & 10,Q+p—1]-

Hence

(3.10) a(pgr,n) Z a(pq, f(q+ 7).

On noting that f(g+252) = 3p+9¢+1, f(g+p—1) = (k—5)p+8q+1,
and k > 6, we deduce from Lemma 2.1 that a(pg, f(g + %)) = a(pq, f(q +
p — 1)) = —1. Combing this with (3.10) gives

p—2

a(pqr,n) =2— Y alpg, f(g+ 7).

. p—1
J="9

Next we claim that a(pq, f(q+7)) # 1 for 222 < j < p—2. If the assertion
would not hold, then, by Lemma 2.1, we obtam

flg+7)=4p+9¢—9-9j=0 (mod p).
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So p|9j, a contradiction to % <j<p-—2.

Hence we infer that a(pg, f(q + j)) € {—1,0} for % <j<p-2, and
then a(pgr,n) > 2.

(2) Case 1. k=2 and p = 11.

By using PARI/GP, we have A(11-23-1237) = 2. Then it follows from
9-1237=1 (mod 11-23) and Lemma 2.3 that A(pgr) = 2 in the case p = 11,
g =23, and 9r =1 (mod pq).

Case 2. k=2 and p > 11.

Let n = 10qr+q+r+ @. By substituting the value of n into congruence
rf(i) + ¢ =n (mod pq) and noting that 0 < f(i) < pg — 1, we have

(3.11) f(i) = 2p+ 19¢ — 12 — 9i,
where 0 <i<p—1lorq<i<g+p-—1. So
ﬁ{>f(i) ifg+ 28 <i<q+p-1;
<f() f0<i<p—lorg<i<q+ 252
It follows from Lemma 2.2 that

a(pgr,n) Z a(pq, f(q+ 7).

On noting that f(q + %) = 10q+ lLand f(g+p—1) = p+6g+1,
we infer from Lemma 2.1 that a(pq, f(q + 2= 13)) =a(pg, f(¢g+p—1))=-1
and thus

)

p—2
alpgr,n) =2— > a(pq, f(q+ ).
j_2p 4
Let % < j <p—2. Our task now is to show that a(pgq, f(q¢+ 7)) # 1.
If otherwise, then we have

fla+7)=0 (mod p)
in view of Lemma 2.1. Applying (3.11) to the above congruence yields 95+2 =
0 (mod p). Hence we deduce that 9542 € {wp : 2 < w < 8}, a contradiction
top =2 (mod 9). According to Lemma 2.1, we have a(pg, f(¢+7)) € {0, -1},
and thus a(pgr,n) > 2.

Case 3. k > 6.

Letn:qr—i—q—i—r—i—@. Then we have f(i) = 5p + 10¢ — 9 — 94
for0 <i <p-1andgqg <i < qg+p—1. Hence % > f(i) whenever
1€ {q—|—5p 1O,q—|—5p L. q+p—1} and 2 < f(i) wheneveri € {0,1,--- ,p—
1Yu{g,q+1, -+, ¢+ #}. So we infer

p—1
(3.12) a(pgr,n) = — a(pg, f(q+ 7))-

5p—10
=" 9
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On noting that f(q+ @) =q+1land f(¢g+p—1)=(k—4)p+1, we
deduce a(pq, f(q+ 2= 10)) =a(pq, f(¢+p—1)) = —1 from Lemma 2.1. Then
(3.12) becomes

p—2
alpgr,n) =2— > a(pq, f(q+ ).
="t

Recall that the coefficients of binary cyclotomic polynomials ®,,(z) can
only take on one of three values: 41 or 0. For the purpose of proving
a(pgr,n) > 2, it suffices to show a(pq, f(q+ j)) # 1 for % <j<p—-2.1In
view of Lemma 2.1, if a(pg, f(q¢ + j)) = 1, then f(¢+ j) = 0 (mod p). This
yields

95+8=0 (mod p).

It follows from 5p+ 7 < 95 +8 < 9p — 10 that 95+ 8 € {wp : 6 < w < 8}.
This is contrary to p = 2 (mod 9), completing the proof.

(3) Let n = 3qr+r+ 2520, Then f(i) = Tp+3¢—9—9ifor 0 <i < p—1
and f(¢q+j) =pg+T—6g—9jfor 0 <j<p—1. So % > f(#) whenever

i€ [7p 10 p—1] and % < f(i) whenever i € [0, 2= 19] Ulg,q+p—1]. So
p—1

(3.13) o) = S alpa, f
,71)—10

Since f (7210
2.1, a(pq, (2522

)=3¢+1land f(p—1) = (k—2)p+2¢g+1, then, by Lemma
)) = a(pg, f(p — 1)) = —1. By substituting this into (3.13),

we obtain
a(pgr,n) = =2+ Z alpq, £(j
j=Tp—1 7p 1
Our next destination is to show that a(pg, f(j)) # 1 for 22 < j < p—2.

If a(pg, f(j)) = 1, according to Lemma 2.1, then
f(G)=Tp+3¢=9-97=0 (mod p),

and thus 95 + 6 = 0 (mod p). It follows from 7p+5 < 95+ 6 < 9p — 12
that 95 + 6 = 8p, a contradiction to p = 4 (mod 9). Taking Lemma 2.1 into
consideration, we derive a(pg, f(j)) € {—1, 0}, and thus a(pgr,n) < —2.

(4) Case 1. k = 2.

Let n = —pr + 10qr + q + 222 11. Then f(i) = 3p + 19¢ — 11 — 9i for

€[0,p—1Ulg,g+p—1]. So

Q{>f(i) if g+ 27 <i<q+p-—1;
S . ) 4p—20
<f(i) if0<i<p—Tlorg<i<q+ L5=.
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On invoking Lemma 2.2, we have

{a(pq,f(i)) ifielg+ 25t g+p—1];
0

a*(pgq, f(1)) =
a0 i€ 0 1]Ulga+ 52

In particular, we have f(q+ 22 11) p+9¢+1land f(¢g+p—1)=Tqg+1. Tt

follows from Lemma 2.1 that a(pq, flg+ %25 11)) =a(pg, fl¢g+p—1))=—1,

and thus
p—2

a(pgr,n) =2— Y alpg, f(q+ 7).
j74p 2

Next we will show that a(pq, f(¢+ 7)) # 1 for 4p9_2 <j<p-2. If not,
by Lemma 2.1, we have f(q+ j) = 3p+ 10g — 11 — 95 = 0 (mod p). This
yields 95 + 1 =0 (mod p). Since 4p — 1 <954+ 1 < 9p — 17, we obtain that
95+ 1 € {wp:4 < w <8}, a contradiction to p =5 (mod 9). So, by Lemma
2.1, a(pg, f(¢+ 7)) = —1 or 0, and then a(pgr,n) > 2.

Case 2. k > 6.

Proceeding as above, let n = bpr + 9qr +q + r + 2p— 10. Then f(i) =
Tp+18¢—9—9ifori € [0,p—1]U]g, g+ p—1]. It is easy to show that f(i) <2
if g+ 250 <i<g+p—land f(i) > 2if0<i<p-lorg<i<qg+2:"

Owing to Lemma 2.2, we have

a(pg, f(i)) ifi€ [qg+ 252, q+p—1;
0 ifi €[0,p—1]U g q+ 252].

a*(pg, f(i)) =

On noting that f(g+ 2p—10) =5p+9¢+1and f(¢g+p—1) = (k—2)p+8¢+1,
we infer from Lemma 2.1 that a(pq, f(q+ 22 10)) =a(pg, f(g+p—1)) = —1.
According to Lemma 2.2, we then find that

p—2

a(pqr,n) =2— > alpg, f(q+7))-

. 2p—1
J="9

In order to prove a(pgr,n) > 2, it remains to show that a(pq, f(¢+7)) # 1
for @ < j <p-—2. If not, by Lemma 2.1, we have

fla+7)=Tp+9¢—9—-95=0 (mod p).
This gives 95 = 0 (mod p), a contradiction to 2”#9_1 <j<p-2.

(5) Applying n = 3pr+9gr + ¢ +r + 4”%10 to congruence (2.2), we infer
that f(i) = Tp+18¢—9—9i, where 0 <i<p—Tland¢<i<qg+p-—1. Itis
easy to see that f(i) < 2 when q—i—@ <i<q+p—1,and f(i) > 2 when
0<i<p—landg<i<g+ M. It follows from (2.3) and (2.4) that

p—1
a(pgr,n) = Z a(pq, f(q+ 7).

4p 10
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On noting f(q+ 252) = 3p+9¢+1and f(g+p—1) = (k—2)p+8q+1,
we obtain from Lemma 2.1 that a(pg, f(q—|—4p 19%) = a(pg, f(g+p—1)) = —1.

So
p—2

a(pgr,n) =2 — Z a(pg, f(q+7))-

P

Jj=

Let 4”771 <j<p-2 Ifa(pg, f(¢g+j)) =1, then, by Lemma 2.1,

flg+7)=Tp+9¢—9—-95=0 (mod p).
This yields 95 = 0 (mod p), a contradiction to the range of j. So a(pg, f(q +
7)) = —1 or 0. Therefore a(pgr,n) > 2.

(6) By substituting n = 3¢gr + ¢ +r + 8p 19 into (2.2), we deduce that
fl@)=8p+12¢—9—9ifori e [0,p—1]U]q,q —|—p —1]. Tt is straightforward
to verify that f(i) < 2 when i € [¢+ 2512, ¢+ p—1], and f(i) > 2 when
iel0,p—1]U[q q+ 3 19] Then it follows from Lemma 2.2 that

(3.14) a(pgr,n) = Z a(pq, f(q+ 7).

On noting f(q+ 2= 10) 3g+1land f(g+p—1)=(k—1)p+2¢+1, we
obtain from Lemma 2.1 that a(pq, f(q + 2= 10)) =a(pg, flg+p—1)) = —1.
Combing this with (3.14) gives

p—2
a(pqr,n) =2— > alpg, f(q+7))-
Sp 1

j=

Our task now is to show that a(pg, f(¢+ 7)) # 1 for % <j<p-21If
the assertion would not hold, then, by Lemma 2.1,

fla+7)=8p+3¢—9-9j=0 (mod p).
Consequently, we infer that 95 + 6 = 0 (mod p). This contradicts the fact
that 8p+5 < 95 + 6 < 9p — 12. Hence the binary coeflicient a(pq, f(q + 7))

takes on one of two values: —1 or 0. Finally, we have a(pgr,n) > 2. This
completes the proof of Proposition 3.1. O
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