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ON STABILITY OF CONTROLLED SYSTEMS IN BANACH
SPACES

M. Megan, Timi~oara, Romania

Abstract. In this paper we study stability properties for linear systems, the
evolution of which can be described by a semigroup of class Co on a Banach space.
Generalizations of a theorem of Datko and of Perron's criterion for linear control
led systems in Banach spaces are obtained.

1. Introduction

The aim of this paper is to study the stability properties for linear
systems, the evolution of which can be described by a semigroup of
class Co on a Banach space.

We define a new concept of internal stability ((p, q) stability)
and give a sufficient condition for the exponential stability of a large
class of such Co semigroups. We extend the bounded input, bounded
output criteria of Perron for the case of a linear system

t

X (t, u) = f T (t - s) Bu (s) ds,
o

where T (t) is a Co semigroup on a Banach space X. A generalization
of a well-known theorem of Lyapunov to linear controlled systems
in Banach spaces is also obtained.

2. Stability of Co semigroups

Let X be a Banach space and let T(t) be a Co (strongly continuous
at the origin) semigroup of bounded operators on X.

Definition 2.1. The Co semigroup T (t) is
(i) exponentially stable if there exist two positive numbers N:>

and 'JI such that

II T (t)11 <; Ne-vt for all t :> O;

(ii) stable if there is N> O such that

II T (t)11 <; N for every t ;;. O;
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(iii) asymptott'cally stable if

lim II T (t)11 = O;

(iv) U stable (where 1 .;;;p< (0) if for each x EX there exists
N> O such that

r [I T (t) x\lp dt .;;;N I\xIIP, for all x EX;
o

(v) (p, q) stable (where 1 .;;;p, q .;;; 00 if there exists N> O such
that

00 .!_ 2 Hd
( S II T(s)xli4 ds)1/4';;; N<5P . S [I T (s) xii ds, if q< 00
t+d t

and

.!-2 t+d
ess sup II T (s) xii.;;; N . <5P , S \I T (s) xii ds, if q = 00,
s~t+d t

for all t ;;.O, <5> O and x E X.

LEMMA 2.1. If T (t) is a Co-semigroup then there exist M;;. 1,
lO > O such that

(zj \I T (t)1\ .;;;Mevt for all t ;;. O;

(ii) II T (t) xii.;;; Mevd II T (s) xl\ for all <5 >O and O.;;; s';;; t.;;;s + <5;

t

(ti'tj <5 II T (t) xl[ .;;;Mevd• f II T (s) xii ds for any <5 > O and t ;;. <5;
t-d

t+d

(iv) J \I T (s) xii ds .;;;M <5 evd [I T (t) xl\ for all t5 > O and t;;. O,
t

Proof. It is well known (see [1], pp. 165-166) that if

lO > lim In [I T(t)\1 = inf In [I T(t)11 = lUo < 00
t~oo t t>O t

then there exists M ;;.1 such that (i) hoIds.

The relations (iz) - (iv) follow immediateIy from (t) and the
semigroup property.

THEOREM 2.2. Let T (t) be a Co semigroup on the Banach space
X. Then the following statements are equivalent:

(i) T (t) is exponentially stable;

(ii) T (t) is asymptotically stable;
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(iii) T (t) is U stable;

(iv) there exists N> O such that

t II T (t)11 .:;;N for every t ;;. o;

(v) there exists a function v: X ~ R+ with the properties:

(v') lim V (T (t) x) = O for every x E X;
t-+oo

dt
(v") d V (T (t) x) = - II T (t) xl12 for each x EX;

(v' ff) there is M> O such that

V (x) .:;;M· IIx211 for all x EX.

Proof. See [2].

THEOREM 2.3. If T (t) is (p, q) stable with (p, q) # (1,00) then
there exists a function 'YI : R+ ~ R+ with

lim 'YI (t) = O

and such that for all 150 > O and 15 ;;. 150 we have

1+6 to+6
f il T (s) xii ds .:;;'YI (150)' f II T (s) xii ds
t to

for all to ;;. O, t;;. to + 150 and x E X.

Proof. Let 15 ;;. 150 > O and let n be apositive integer such that
nt50 .:;; 15< (n + 1) 150,

If we denote by 151 = t5Jn then from t;;. to + 150 and s = to +
+ k 151, k = O, 1, ... , n - 1, by (p, q) stability of T (t) and H61der's
inequa1ity we have

S+t-tO+61 !._ 2

S II T( 1') xii dr.:;; t5~1q' • II T ( .) xllu[S+60' 00) .:;; (2 t50)1/q' • N . (j~ .
s+t-to

s+60 S+61

f II T (-r) xii dr.:;; 'YI (150)' f II T (1') xii dr,
s s

where

Taking s = to + k (j1, k = O, 1,2, ... , n - 1 and adding we obtain

t+6 t+n 61 10+6
f II T (1') xii dr = f II T (1') xii dT .:;;'YI (150)' f II T (1') xii dT
tIto

and the theorem is proved.
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LEMMA 2.4. Let f : R+ ~R+ be a function with the property
that there is 15 > O such that

f (t + 15) ;;. 2f (t) for every t ;;. O,

and

2f (t) ;;. f (to) for fll to ;;. O and t E [to, to + 15].

Then there exists v > O such that

4f(t) ;;. eV(I-lo)f(to) for all t;;. to ;;. O.

The proof is immediate ([4]). Indeed, if v = ln/ and n is the

positive integer with

nt5 ..;; t - to < (n + 1) 15

then

4f (t) ;;. 2f (to + nt5) ;;. 20+ 1 f (to) = ev(n+1)6f (to) ;;. eV(I-lo) f (to).

THEOREM 2.5. If T (t) is (p, q) stable with (p, q) =1= (1, 00)
then there exists v > O such that for every 15 > O there is N> O with

1+6

f II T (s) xii ds ..;;Ne-v(l-lo) II T (to) xii
1

for all t ;;. to ;;. o and x E X.

Proof. Let 15 > O, x E X and let 150 be sufficientIy large such that

Let n be apositive integer such that nt5> 4 150 and let us consider the
funetion f :R + -+ R + defined by

l+n6
f(t) = ( f II T (s) XIIds)-1.

1

Then by preceding theorem we obtain

I 1') (150) 1

f (to + 150) ..;; f (to) ..;; 2f (to)

and hence f (to + 150) ;;. 2f (to) for every to ;;. O.

If t E [to, to + <'lo] then

1 10+60 I+n 6 1

f ( ) = J [I T (s) xII ds + J II T (s) xii ds ..;;f-( ) +t 1 '0+60 to
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toHo+n<l 1 'YJ (do) 2

+ f IIT(s) xII ds 'J-( ) + -J( ) 'J( )'~+~ ~ ~ ~

which implies that

2J (t) > J (to) for all to > O and tE [to, to + d].

From Lemma 2.4. we obtain that there exists '/I> O such that

4J(t) >J(to)' evU-to) for all t> to > O.

By preceding inequality and Lemma 2.1. we conc1ude that

t+<l 1 to+n<l
f II T (s) xii ds = -, 4e-v(t-to)· f II T (s) xII ds,
t Joo ~

, 4Mnd en&»e-v(l-lo) II T (to) xII

for all t > to > O.

3. (U, U) stability of controlled system

Let T (t) be a Co-semigroup on a separable Banach space X.
Consider the linear control system described by the following integral
model

t

(T, B, o/Ip) x (t, u) = f T (t - s) Bu (s) ds,
o

where UE 0/1p = U (R+, U) (1 ,p, (0), BEL (U, X) (the Banach
space of bounded Iinear operators from the Banach space U to X).

Here 0/1 p is the Banach space of all U-valued, strongly measurable
functions J defined a. e. on R + = [O, (0) such that

IIJil p = (fIlJ(s)IIP ds)l/P< 00, if p< 00
o

11JII 00 = ess sup ilJ (s) II< 00, if P = 00.
,;;'0

We also denote

.yt'p = U (R+, X), o/Ip(d) = U ([O, d], U), where d> O

and

r 00, if

11, if

p' =
P 'f--1' 1p-

p=I
P = 00

I<p< 00.
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Definition 3.1. We say that (T, B, OlIp) is controlled if there exists
15> O such that for every x EX there is UE OlIp (15) with x (15, u) = x.

Let Co : o/!p (15) ....,. X be the linear operator defined by

Co (u) = x (15, u).

It is easy to see that the adjoint

Ct : X* ....,.OlIp (15)*

is defined by

(ct x*) (s) = B* T (15 - s)* x*, S E [O, 15].

THEOREM 3.I. The following statements are equivalent:

(i) (T, B, OlIp) is controlled ;

(ii) there exists 15 > O such that

(iii) there are D > O, m> O such that

II C; x*11 LP' ([0.0]. U*) ;;. m . IIx* II

for all x* E X*;

Proof. See [7].

Particularly we obtain the foIIowing

COROLLARY 3.2. (T, B, 0lI2) tS controlled tj and only tj there
exist 15 > O and m > O such that

o

Wo x* d f IIB* T* (s) x*[!2 ds ;;. m Ilx*1/2
o

~r all x* E X*.

Remark 3.1. It is easy to see that if (T, B, OlIp) is controIIed then
there exist 15> O, m > O such that for every x E X there is u E ep, p (15)

such that x (D, u) = x and

[lu!! LP[O.o] .;;; m II xI/ .

(see [7]).

Now let us note three assumptions which will be used at various
times.

Assumption 1. We say that (T, B, OlIp) satisfies the Assumption I
if the range of B is of second category in X.

Assumption 2. The system (T, B, OlIp) satisfies the Assumption
2 if it is controIIed.
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Assumption 3. (T, B, Oltp) satisfies the Assumption 3 if

T (t) x i= O for all t ;;. O and x E X, x i= O.

Remark 3.2. According to the more refined version of the open
-mapping theorem ([3]) it follows that if (T, B, Oltp) satisfies the Assump
tion 1 then there exist an operator B + : X -+ V and b > O such that

BB+ x = x and IIB+ xii.;;; b Ilxll

for every x E X.

It is easy to verify that if (T, B, Oltp) satisfies the Assumption 1 then
it also satisfies the Assumption 2.

Definiu'on 3.2. The system (T, B, Oltp) il said to be (U, U) stable
(where 1 <: p, q <: 00) if the linear operator A defined by

.lIu = x (. , u),

is a bounded operator from Oltp to .Yl'q.

THEOREM 3.3. If the system (T, B, Oltp) z'scontrolled and (U, U)
stable,then T (t) is

(i) umformly stable, zf q = 00;

(ii) exponentially stable ii 1 <: q < 00.

Proof. Let x E X. From Remark 3.1. it follows that there exist
<5,m> O and UE Oltp (<5)such that x (<5,u) = x and

Il uli LP[O.c5J <: m IIxii·
Let

_ {U (s), S E [O, <5]v (s) - O s, s> u.

Clearly v E Oltp, Ilvll p <: m . !Ix[i and x (t, v) = T (t - <5)x for t;;. <5.
From (U, U) stability of (T, B, Oltp) we have that there is N> O
such that

11AVllq <: Nllvllp <: m . N ·Ilxll

and hence (i) follows immediately.

If 1 <: q < 00 then

T1I T (t) xllq dt = T1I T (t - <5) xllq dt <: [lAvII: <: (mN)q Ilxllq
o d

for all x EX.

By Theorem 2.2. it follows that the semigroup T (t) is exponen
tially stable.
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THEOREM 3.4. If (T, B, tWp) satisfies the Assumption 1 and is
(V', L 00) stable with p> 1 then it z's exponentially stable.

Proof. Let x E X with IIxii = 1. If there exists to > O such that
T(to) x = O then

T (t) x = T (t - to) T (to) x = O for all t;;. to

and the conclusion is obvious.

Suppose that T (t) x -# O for all lt ;;. O. For eViery t> O let Ut be
the input

{B+ T (s) x

Ut (s) = II T (s) xii' s ,.;; t,

O , s> t,

where B+ : U -+ X is the operator defined in Remark 3.2.
Then

t ds

x (t, Ut) = f (t) T (t) x, where f (t) = i II T (s) xII'

By (U, Loo) stability of (T, B, tWp) it follows that there exists Ml> O
such that

J(t)

f' (t) :- f (t) ]1 T (t) xii,.;; Ml b tI/P for all t;;. O. (3.1)

Let t;;. 1. By integration we obtain that

J(t) ;;'f(1)e2"(tl/Pl-1), where 11 = 2J:1b' (3.2)

Let M, co > O such that

II T (t)11 ,.;; Mf!Dt for all t;;. O.
Then

1 ds 1 1 -a>

f (1) = i II T (s) xii ;;. M i e-a>sds;;. eM·

From (3.1) and (3.2), it follows that

where Mz = bMMI e(a>+z••>. rf we denote by
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K = sup t1/p e-Pt(2t-1/P- 1) <; sup t1/p e-Pt <; sup : p < 00
t;;;'l t;;;'l s;;;'o es

and

N = max {KM2, sup ePt IIT (t)l!}
te [0,1]

then we obtain that

II T(t) xii <; Ne-Pt IJxll for all x EX and t ;;;.O.

The theorem is proved.

7. The main resuits

The purpose of this seetion is to establish the relationships between
the stability concepts introduced in the preceding seetions.

A technicaliemma which will be used in the sequel is

LEMMA 4.1. If T (t) is exponentially stable then there exists

'JI > O such that for every p E [1, 00) there is M p > O with

t

II(Au) (t)llq <; M: llull:-p . f e-Pq(t-s) liu (s) IIP ds
o

for all t;;;. O and q E [p, 00).

Proof. Let u E LP and N, 'JI > O such that

II T (t)11 <; Ne- 2pt for all t;;;. O.

Let 1< P < q < 00 and

p (q - 1)r=---.
q-p

Then r' = p'jq' and by H61der's inequaEty we obtain

t

II (Au) (t)llq <; Nq . IIBllq (f e-2P(t-s) liu (s)11ds)q <; Nq IIBllq·
o

t '(1 P) t. (S e-tl'(t-s) liu (s)llq --q ds)q-l. S e-pq(t-s) . liu (s)llp ds <;
o o

t q-l t ,( P) q-l
<;NqIIBllq,(Se-pq'r'(r-s)ds)-r 'cJllu(s)j(q l--q ds)-r.

o o

t t q-l
. S e-pq(t-s) lJu(s)IJP ds <; Nq IJBllq (S e-PP'<t-S)ds)7.

o o



196 M. Megan

t q-l t

• (f IIu (s) IIp ds)-r . f e-vq(t-S) liu (s) IIP ds .;;;K: Ilull:-p •
o o

t
. f e-vq(t-S) . liu (s) IIp ds,

o

where Kp = N IIBII (Vp')-l/P·.

If 1< P = q < 00 then

t t

Il(.Au) (t)llq .;;;Nq IIBllq (f e-VP'(t-S) ds)qIP' . f e-vp(t-s) liu (s) IIp ds';;;
o o

t

.;;;K: . f e-vq(t-s) liu (s) IIp ds.
o

rf 1 =p< q< 00 then

t t

II(Au) (t)]1q .;;;Nq IIBII q ( f e-Vq'(t-s) IIu (s) II ds)qlq' . f e-Vq(t- s) IIu (s)11ds .;;;
o o

t

.;;;Nq IIBllq . Ilull:-1 . f e-Vq(t-s) liu (s)11 ds.
o

Finally, if P = q = 1 then the inequality

t

II(Au) (t)11 .;;;N . IIB!I . f e-v(t-s) liu (s)11 ds
o

is obvious.

Renee

t

II(Au) (t)lIq .;;;M; lIull:-p· f e-vq(t-s) liu (s)IIp ds,
o

where

THEOREM 4.2. Let p, q E [1, 00] with p.;;; q and (p, q) =I

=I (1, 00). Suppose that (T, B, %'p) satisfy the Assumptions 1 and 3.
Then following statements are equivalent:

(i) the semigroup T (t) is (p, q) stable;

(ii) the semigroup T (t) is exponentially stable;

(iii) the system (T, B, %'p) is (U, Lq) stable.

Proof. (i) => (ii). Let x EX and c5> O.

First1y, we suppose that T (t) x =I Ofor all t> O. From Theorem
2.5. we obtain that
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1 I MenIJ I MNe(J)/J

T (t) x = d IL IIT (t) xii ds " -15- . IL IIT (s) xii ds " -15 - e-'I Ilxll

for all t ;;. 15.

Let

MNenIJ

Ni = max -15--' sup e-t• IIT (t)II}·lE [O,IJ]

Then

I!T (t) xii" Ni e-,t I!xii for all t ;;. O.

The case when there exists to> O such that T (to) x = O is
obvious, because then

T (t) x = O for all t ;;. to.

(iz") => (iiz"). Let u E OUp and N, 'JI> O such that

II T (t)!! " Ne-2,t for all t;;. O.

Firstly, we suppose that q = 00 and p ;;. 1. Then

I

IlAulioo" N IIBI! ess sup f e-,(t-B) liu (s)11ds" Mp IIul! P'
1;;;'0 o

where

{NIlBI!,
Mp = NIIB11

2'J1p' ,

if P = 1

if p> 1.

Renee (T, B, OUp) is (U, L"") stable for every p;;. 1.

Let now 1" P " q < 00 and

{U (t - T), O" T " tv (t, T) = O, O" t < (1.

Then from Lemma 4.1. we have

00 I

IlAuli: " M: llull:-p . f (f e-·qT liu (t - T)IIP dT) dt =
o o

= M; I!ull;-p, Jr e-·qT (fIIv (t, T)llp dt) dT = M; . llull~-p .
o o

00 00 Mq 11ullq. f e-'qTdT' f liu (s)11P ds = P P,
o o 'JIq

and hence (T, B, OUp) is (U, U) stable.
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(iii) => (i). Let t> O, 15> O and x EX, X #- O. Let Ut (.) be the
input funetion defined by

(B+ T(s) x
Ul (s) = II T (s) xii'

O ,

if s E [t, t + <5]

if s i [t, t + <5].

Clearly Ul E O/tp, Ilulllp -< b <51/P and

x (s, Ul) = f (t) T (s) x, for every s ;> t + <5
where

tH ds

f (t) = !\I T (s) x Il"

From (U, L4) stability of (T, B, O/tp) it fol1ows that there exists M> O
such that

By Schwarz's inequality we have

t+d
152 -< f (t) . f Il T (s) xii ds

t

and hence

Il () II Ilx(., Ul) 114 Mb s~-2tS+dIIT() IIdsT . X L"[tH. 00] .;;; f (t) .;;; u t' S X •

The theorem is proved.

Remark 4.1. From the pro of of the preceding theorem it fol1ows
that if the Assumption 3 holds then the equivalence (i) <o> (ii) is true.

Remark 4.2. The equivalence (ii) <o> (iii) is true:

10 if I .;;;p .;;;q < 00 and the Assumption 2 holds;

20 if q = 00 and the Assumption I holds.

The case when T (t) = exp (At), where A EL (X) and Y is a Hilbert
space is contained in [6].

Remark 4.3. The equivalence of (H) and (iii) in the Assumption
2 for p = q = 00 is an open question.

THEOREM 4.3. Suppose that (T, B, 0112) z's controlled. Then
T (t) is exponentially stable ii and only zj there exists a function V:
: X* -+ R + with the properties

(i) lim V (T (t)* x*) = O for all x* E X*;
t --+ 00
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·d
(ii) dt V (T (t)* x*) = - IIB* T (t)*x*112 for every x* E X*;

(iii) there exists M> Osuch that

V (x*) <: M Ilx*112for any x* E X*.

Proof. If T (t) is exponentially stable then from Theorem 2.2.
it is easy to verify that the funetion V: X* ~ R, defined by

V (x*) = TIIB* T (s)* x*112ds
o

has the properties (i) - (iii).

From Corollary 3.2. there exist d > O, m> O such that

W" x* :> m Ilx*112for all x* E X*.
Then

t d
V (T (t)* x*) - V (x*) = J - V (T (s)* x*) ds =

o ds

t

= - f IIB* T (s)* x*ll2 ds
o

and hence

t

f IIB* T (s)* x*112ds = V (x*) - V (T (t)* x*) <: V (x*) <: M Ilx*112,
o

which implies that

TIIB*T(s)*x*112ds<:Mllx*112 for allx*EX* (4.1)
o

and

V (x*) - V (T (d)* x*) :> m Ilx*112for every x* E X*. (4.2)

Then

1
Il T (s)* x*I[2 <: - (V (T (s)* x*) - V (T (d + s)* x*)) =m

1 s+d d 1 s+d
= - - J - V (T ('r)*x*) dr = - J IIB* T ('r)* X*jj2 d't'.m s d't' m s
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From (4.1) and (4.2) we have

tIt $+"
S II T (s) * x*112 ds .;;; - S es IIB* T (-r)* x*112 dor) ds =
o m o $

I t "

= - S es IIB* T* (u + s) x*112 du) ds =
m o o

I " tI" u+t
= - S (SIIB* T (u + s)* x*112ds)du = - S (S IIB* T(-r)*x*112 d-r)du.;;;

mo o mo u

I " 00 15M
.;;; - S es IIB* T(-r)* x*1I2 dor) du.;;; -llx*ll2,

m o o m

for all t ;;;. O and x* E X*.

From Theorem 2.2. it folIows that T (t)* and hence also T(t)
is an exponentialIy stab1e semigroup.

Remark 4.4. The preceding theorem is an extension of a Datko/s
theorem (see [2]). The case when X is a Hi1bert space has been con
sidered in [6].
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o STABILNOSTI UPRAVLJANIH SISTEMA U BANACHOVIM
PROSTORIMA

.lW. Megan, Temišvar, Rumunjska

Sadržaj

U clanku se studiraju svojstva stabilnosti linearnih sistema cija
se evolucija može opisati pomocu polugrupe klase Co na Banachovom
prostoru. Generalizirani su Datkov teorem i Perronov kriterij za linear
no upravljane sisteme u Banachovim prostorima.


