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ON THE PETROVIC INEQUALITY FOR CONVEX
FUNCTIONS

J. E. Pecaric, Beograd

Abstr~t. In this paper we give some generalizations of wel1-known Petrovic's
inequality for convex funetions.

M. Petrovic [14] (see also [10, p. 22]) has proved the following
theorem:

THEOREM A. If fis a convex function on the segment I ~ [O, al,
tl XI E I U = 1, ,.,' n) and XI + ... + Xn El, then

f(XI) + ...+ f(xn) ~ f(Xl + ...+ Xn) + (n - l)f(O). (1)

T. Popoviciu [15] has considered the more general inequality

and he ohtained that (2) holds for Pi > O and XI ~ O(i = 1, ... , n).
P. M. Vasic [17] (see also [18]) showed that the result of T.

Popoviciu is not valid, and proved that (2) h01ds if pl ~ 1 and XI ~ O
(1 ~ i ~ n).

F. Giaccardi [7] has generalized the inequalities (1) and (2). The
conditions for validity of such an inequality were weakened by P. M.
Vasic and Lj. Stankovic [19] (see also [9]). Their result is the following
theorem:

THEOREM B. Let Pl ~ O and XI (i = 1, ""' n) be real numbers
which satisfy

n n

(XI - xo) ( r Pk Xk - Xi) ~ O (i = 1, ... , n), ~ Pk Xk :fi Xo. (3)
k=l k=1

Then, for every convex function f,
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where
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" "" II n

A = ( ~ P, X, - Xo ~ P,)!( ~ P, X, - Xo), B = ~ Pi Xi!( ~ P, Xi - Xo).
1=1 i=1 i=1 i=l i=l

(5)
If Xo = O, then (4) 'reduces to (2).

In [19], the following resu1t was proved:

THEOREM C. Let Xi' P, (i = 1, ... , n) be real numbers such that

II n-I n
Xn ( ~ P, XI _·Xn) ~ O, Pn ~ O, Xn ~ P, X, ~ O, ~ Pi Xi :f:. O. (6)

i=1 i=1 i=1

Then, lor every convex lunction I,
Pn (p, x;f) ~ Pn-1 (p, x;f) (7)

where
II II II

Pn (p, x;f) =/( ~ P, Xi) - '2..Pt.!(Xi) + ( ~ P! - 1)/(0).
i=1 i=1 i=1.

For some further generalizations of the inequalities (2) and (4)
see [8], [11], [17] and [19].

I. 01kin [12] (see also [4], [5]) has proved the following result:

THEOREM D. Let 1 ~ hI ~ ... ~ hn ~ O and al ~ ....~an ~
~ O. Let I be a convex lunction on [O, ad. Then

(8)

Resu1ts, which prevised this inequality ([2], [3], [16], [20], [21]),
are given in [10, pp. 112 and 113].

R. E. Barlow, A. W. Marshall and F. Proschan [1] have proved
a generalization of Theorem D (see Remark' 2).

In [13] the following gen.eralization of Theorem D was given:

'tHEOREM E. Let the real numbers Ph ''''Pn and Xl'~ ••.• ~
~ Xn ~ Xo ~ O satisly the conditions

11

O ~ P" ~ 1 (k = 1, ... , n), ~ PI Xi > Xo (if Xo > O),
i=1

k

where P" =.~P" 11I is a convex lunction, then the reverse inequaHty.
in (4) ho/ds. i=1 .
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In this .paper we shall prove, starting with the Fuchs generaw
lization of the Majorization theorem (see [6]) some generalizations
of the previous results. Fuchs' result can be written in the following
form:

THEOREM F ..-Let al ~ ... ~ a$' h~...~b$ and qu •..,qs
be real numbers such that .

hold. Then, for every co.nvexfunction f, the inequality

(9)

is valid.

Now, we shalI prove the following theorem:

THEOREM 1. Let Xl .~.••• ~ Xm ~ xo ~ Xm+l ~ ••• ~ XII (m E
E (O, 1, ... , n)) and PU ... , Pil be real numbers such that X, ~ I (i =

n

= O, 1, ... ; n; I is an interval in R), ~ Pi X, E I and
;=1

k n n n

~ Pi ( ~ Pr Xr - Xi) ~ O cl ~ k~ m), ~ P, ( ~ Pr ~r - Xi) ~ O;=1 ,=1 i=k .,=1
(10)

(m + 1~ k ~ n).

Then, for every convex function f on I, the inequality (4) hblds~11 the
reverse inequalitt'eshold in (10), then the reverse ~'nequality~'n(4} holds.

Proof. By substitutions

s=n+I; aj =X,, qj=pj(i= 1, •.•,:m); am+l=xo, qm+l=B(l-P,.);

al = X'-l' ql = P'-l (i =m + 2, ... , n + 1);

n

b, = ~ p,x, (i =.1, ... ,.n + 1);
i=1

and
"

s=n+i; a,= ~P,x, (i=I, ...,n+l);'b,=x" q,·'·p,(i~
;=1

= 1, .••, m); bm+1= xo, qm+l = J3 (1 - P,.); b, = x,-u ql = P'-l

(i = m +2, ... , n + i);

from Theorem F, we g~t Theorem 1.
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Remaik 1. For Xl ~ ••• ~ Xn ~ Xo the conditions (10) 'be~ome

k n

~ p, ( ~ P,X, - XI) ~ O (k = 1, •.. , n), (11)i••l ,,,,,1

and for Xo li?; XI li?; ••• li?; Xn

n n

~ P, ( ~ P, x, - X,) ~ O (k -:. 1, ... , n). (12)
i=k T""1

If P,li?; O(i = 1, ... , n), the conditions (11) and (12) can be replaced
n on

by the conditions ~ P, X, li?; XI and ~ P, X, ~ Xn, which are com-
1=1 i=1

plete1y equivalent to the condition (3).

From Theorem 1, for Xo = O we get:

THEOREM 2. Let the real numbers X 1 li?; ••• li?; X m li?; O ~

li?; xm+1 li?; ..• li?; Xn (m E (0,1, •.• , n» and Pu ... ,Pn satisfy the con-
n .

ditiem x, El (i = 1, ... , nj O E 1), ~ P, X, El and (10). Then, for
i=I

every convex lunct~'on I on 1, the inequality (2) holds. II the reverse ine-

qualities in (10) hold, then the reverse inequality in (2) is 'Valid.

Now, we shall give' some speciai cases of Theorems 1 and 2.

THEOREM 3. Let Xl li?; •.• li?; Xm li?; Xo li?; Xm+1 li?; ..• li?; Xn (m E

E (O, 1, .,,' n» be real numbers such that XI E I (i = O, 1, .•• , n), Xm li?; O

and Xm+1 ~ O.

(a) 1/ P is real n-tple such that

O ~ P" ~ 1 (k = 1, .. ,' m), O ~ ~ ~ 1 (k = m = 1, ... , n)
(13)

(p" =Pn - P"-l)'

then for every convex functt'on f :1 ~ R, the reverse inegua1ity in (4)
helds.

n
(b) 1/ ~ P, X, E 1and il either

1=1

P" li?; 1 (k = 1, ••• , m), P" ~ O (k = m + 1, .•• , n)j (14)
or

P" ~ O (k = 1, ••. , m), P" li?; 1 (k = m + 1, ... , n); (15)

then (4) helds.
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Proo!. (a) For k = 1, ... , m we have

k n n k-l

~ Pi ( ~ Pr Xr - Xi) = ( ~ Pr Xr - Xk) Pk + ~ Pi (XI+l - Xi) =
;=1 r=1 r=1 ;=1

m-l n

= Pk (Xm Pn - Xk + ~ Pi (Xi - Xi+l) + ~ ii; (XI - Xi-I)) +
;=1 ;=m+l

k-l k-l

+ ~ Pi (Xi+! -Xi) =Pk(XmPn -Xk) + (1-Pk) ~ PI (Xi+l -Xi) +
;=1 ;=1

m-l n

+ Pk ~ Pi (Xi - Xi+l) + Pk ~ ii; (Xi - Xi-I) =
;=k ;=m+l

k-l
= Pk (Pn - 1) Xm + (1 - Pk) ~ Pi (XI+l - Xi) +

;=1

m-l n
+ Pk ~ (Pi-l)(Xj-Xi+l)+Pk ~ ii;(Xi-Xi-l)=Pk(Pm+lXm+l +

;=k ;=m+l

k-l
+ (Pm - 1) Xm) + (1 - Pk) ~ Pi (Xi+l - Xi) +

;=1

m-l n
+ Pk ~ (Pi - 1) (Xi - XI+l) + Pk ~ ii; (XI - XI-I) ~ O.

j=k ;=m+2

Analogously, for k = m + 1, ... , n we have

n n __
~ Pi ( ~ PrXr - XI) = Pk(Xm+l (Pm+1 - 1) + xmPm) +
;=k r=1

m n

Using (13) we also have XI;?; ~ Pi Xi ;?;O and O;?; ~ PI Xi ;?;
;=1 ;=m+l

n

;?;Xn wherefrom we have XI ;?; ~ Pi Xi ;?;Xn·
;=1

Using the above identities we can prove (b).

From Theorem 3, for Xo = O we get:

THEOREM 4. Let XI ;?; o •• ;?;Xm ;?;O;?; Xm+l ;?; ... ;?;Xn (m E
E (O, 1, o, " n)), Xi E I (i = 1, ",' n) and Pl' . o o, Pn be real numbers.
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(i) If (13) holds, then for every convex function f : I -7- R the re-
~'erse inequality in (2) is valid.

(ii) If the conditions of Theorem 3 (b) are fulfilled, then (2) holds.

Remark 2. In [1], the fol1owing result was given:
Let XI ~ ••• ~ Xm ~ O~ Xm+l ~ 00. ~ X". (a) Reverse inequality

holds in (2), if and only if (13) holds. (b) (2) holds if and only if there
exists j ~nz such that Pi ~ O, i <j; Pi ~ 1, j ~z·~ m, ~ ~ O,
i ~m + 1, or there exists j ~ m such that Pi ~ O, i ~ m; Pi ~ 1,
111 + 1 ~ i ~j; Pl ~ O, i > j.

For j = 1 and j = n, from (b), we get (ii) from Theorem 4.
Using Theorem 2, we can extend the conditions under which

the inequality (7) holdso Namely, from it we obtain that inequality

f (ql al + q2 a2) - qI!(al) - qd(a2) + (ql + q2 - l)f(O) ~ O (16)

holds if:

(17)

01' O ~ al ~ a2 and

q2 (ql al + q2 a2 - a2) ~ O, ql (ql al + q2 a2 - al) + q2 (ql al +
(18)

ql (ql al + q2 a2 - al) ~ O, q2 (ql al + q2 a2 - a2) ~ O. (19)

The reverse inequality in (16) holds if in (17), (18) and (19) the re
verse inequalities holds.

n-I
Using the substitutions: al = XII' a2 = ~ Pi Xi' ql = Pil' q2 = 1;

i=1
n-I

and al = ~ Pl Xi' a2 = XII' ql = 1, q2 = Pil' we get that (7) holds if
i=1

n n n-I

~ Pi Xi ~ XII ~ O, ~ Pi Xi ~ ~ Pi Xi ~ O; (20)
i=1 i=1 i=1

01'

n n-I n

XII ~ O ~ ~ Pi Xi' XII ~ ~ Pi Xi ~ ~ Pi Xi; (21)
i=1 i=1 i=1

01' if either of the conditions (20) and (21) hold, with the reverse ine
qualities.
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The reverse inequality in (7) holds if

n-I n-I n

~ Pi Xi ~ Xn ~ O, ~ Pi Xi = ~ Pi Xi ~ O;
;=1 ;=1 i=1

n-I JZ Iz-l

Xn ~ O ~ ~ Pi Xi' Xn ~ ~ Pi Xi ~ ~ Pi Xi;
;~1 ;=1 ;=1

83

(22)

(23)

or if either of the conditions (22) and (23) hold, with the reverse
inequalities.

By combining the condition (21) and the corresponding condition
with the reverse inequalities, we obtain (6).

The author is grateful to Professors 1. 01kin and P. .M. Vasic
for the useful suggestions.
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o PETROVICEVOJ NEJEDNAKOSTI ZA KONVEKSNE FUNKCIJE

J. E. Pecaric, Beograd

Sadržaj

U clanku je dokazana slijedeca generalizacija poznate Petroviceve
nejednakosti za konveksne funkcije

TEOREMA 1. Neka su X1 ~ ••• ~ Xm ~ Xo ~ Xm+1 ~ ••• ~ Xn (m E

(0,1, ... , n)) i Pl"'" Pn takvi realni brojevi da XI El (i = O, 1,... , n),
n

LPIXI El i da važi (10). Tada za svaku funkciju f konveksnu na l važi
1=1
(4), gdje su A i B definisani sa (5). Ako u (10) važe suprotne nejednakosti,

tada suprotna nejednakost važi i u (4).

U specijalnom slucaju dobija se:

TEOREMA 3. Neka su X1 ~ ••• ~ Xm ~ Xo ~ Xm+l ~ •.• ~ Xn (m E

(O, 1, ... , n)) takvi realni brojevi da XI El (i= O, 1, ... , n), Xm ~ O, Xm+ 1~ O.

(a) Ako je P takva realna n-torka da važi (13), tada za svaku kon
veksnu funkciju f : l ~R, važi suprotna nejednakost u (4)
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n

(h) Ako ~ P, X, E I i ako važi ili (14) ili (15) tada važi (4).
;=1

Za Xo = O, iz Teoremali 3 dobijaju se respektivno Teoreme 2 i
4, a takode su dobijeni neki rezultati koji se odnose na rafiniranje Pe
troviceve nejednakosti.


