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APPROXIMATE MAPS CHARACTERIZING INJECTIVITY

AND SURJECTIVITY OF MAPS

Takahisa Miyata

Kobe University, Japan

Abstract. In the theory of inverse systems, in order to study the
properties of a space X or a map f : X → Y between spaces, one expands
X to an inverse system X or expands f to a map f : X → Y between the
inverse systems, and then work on X or f . In this paper, we define ap-
proximate injectivity (resp., surjectivity) for approximate maps, and show
that a map f : X → Y between compact metric spaces is injective (resp.,
surjective) if and only if any approximate map f : X → Y whose limit
is f is injective (resp., surjective). As a consequence, we show that an
approximate map f : X → Y is approximately injective (resp., approxi-
mately surjective) if and only if f represents a monomorphism (resp., an
epimorphism) in the approximate pro-category in the sense of Mardešić
and Watanabe.

1. Introduction

In the theory of inverse systems, given a spaceX or a map f : X → Y , one
uses an inverse system or a map between inverse systems to get information
on the space X or the map f . More precisely, given a space X , one of the
typical ways is to expand X into a resolution p : X → X in the sense of
S. Mardešić ([4]) (or an approximate resolution p : X → X in the sense of
Mardešić and T. Watanabe ([8])) and study the inverse system X (or the
approximate inverse system X) to obtain the properties of X . In a similar
way, given a map f : X → Y , one considers a map f : X → Y between the
inverse systems (or an approximate map f : X → Y between the approximate
inverse systems) and study f to obtain the properties of f .
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For example, every map f : X → Y between compact metric spaces
admits compact polyhedral inverse sequences X = (Xi, pi,i+1) and Y =
(Yj , qj,j+1) and maps of inverse sequences f = (fj , ϕ) : X → Y whose limit
is f , where ϕ : N → N is an increasing function. Here f is a map if for j < j′,
there exists i > ϕ(j′) such that

(1.1) fjpϕ(j)i = qjj′fj′pϕ(j′)i,

and f is the limit of f if the following equality holds:

(1.2) fjpϕ(j) = qjf, for j ∈ N.

However, if the polyhedral inverse sequences X and Y are chosen in advance,
there may not exist maps fj : Xϕ(j) → Yj satisfying both (1.1) and (1.2). In
order to overcome this deficiency, Watanabe ([9]) introduced the notion of ap-
proximate map (approximative map in the literature). An approximate map
differs from the usual map of inverse sequences in the sense that it requires
only approximate commutativity in stead of the commutativity relation (1.1).

In this paper, we introduce the notion of approximately injectivity (resp.,
approximately surjectivity) for approximate maps. The purpose of this paper
is to show that a map f : X → Y between compact metric spaces is injective
(resp., surjective) if and only if for any approximate map f : X → Y whose
limit is f , f is approximately injective (resp., surjective) (Theorem 3.1 (resp.,
Theorem 4.1)). The part for surjectivity was proved for approximate maps
between noncommutative approximate inverse sequences in [3], here we give
a simpler proof for commutative approximate inverse sequences.

Throughout the paper, we concentrate on compact metric spaces. Thus
the systems that we deal with are so-called commutative approximate inverse
sequences. This means that the bonding maps are commutative in the sense
that pijpjk = pik for i < j < k. More general discussions on (noncommuta-
tive) approximate inverse systems and approximate maps can be found in [5],
[7] and [8].

As an application, we relate approximate injectivity (resp., approximate
surjectivity) to a monomorphism (resp., an epimorphism) in the approximate
pro-category in the sense of [8]. We obtain characterizations of monomor-
phism and epimorphism in approximate pro-category. Monomorphisms and
epimorphisms in pro-categories and pro∗-categories were studied in [2,1] (see
[6, Ch. II, §2.1] for pro-groups).

Throughout the paper, map means continuous function unless otherwise
stated. Let N denote the set of all positive integers.

2. Approximate sequences and approximate resolutions

Let (X, d) be a metric space. Then, for each ε > 0 and A ⊂ X , let
B(A, ε) = {x ∈ X : d(x, a) < ε for some a ∈ A}.
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For any ε > 0 and δ > 0, a function f : X → Y between metric spaces
is said to be (ε, δ)-continuous if d(x, x′) < δ implies d(f(x), f(x′)) < ε for all
x, x′ ∈ X .

An approximate inverse sequence (approximate sequence, in short) (Xi, εi,
pi,i+1) consists of compact metric spaces Xi, called coordinate spaces, positive
real numbers εi, called meshes, and maps pi,i+1 : Xi+1 → Xi, called bonding
maps, for i ∈ N, and it must satisfy the following condition:

(A) for each i ∈ N and for each ε > 0, there exists i0 > i such that pii′ is
(ε, εi′)-continuous for all i

′ > i0.

Here, we write pij (i < j) for the composite pi,i+1pi+1,i+2 · · · pj−1,j , and
let pii = 1Xi .

An approximate map p = (pi) : X → X of a compact metric space X into
an approximate sequence X = (Xi, εi, pi,i+1) consists of maps pi : X → Xi

for i ∈ N, called projection maps, such that pi = pijpj for i < j. It is an
approximate resolution if it satisfies the following two conditions:

(R1) For each ANR P , ε > 0 and map f : X → P , there exist i ∈ N and a
map g : Xi → P such that d(gpi, f) < ε.

(R2) For each ANR P and ε > 0, there exists δ > 0 such that whenever
i ∈ N and g, g′ : Xi → P are maps such that d(gpi, g

′pi) < δ, then
d(gpii′ , g

′pii′) < ε for some i′ > i.

For any approximate map p = (pi) : X → X = (Xi, εi, pi,i+1), consider
the following conditions:

(B1) For each ε > 0, there exists i ∈ N such that

d(pi(x), pi(x
′)) < εi =⇒ d(x, x′) < ε, for all x, x′ ∈ X.

(B2) For each i ∈ N, there exits i′ > i such that

pii′ (Xi′) ⊂ B(pi(X), εi).

(B1)∗ For each ε > 0, there exist i ∈ N and δ > 0 such that

d(pi(x), pi(x
′)) < δ =⇒ d(x, x′) < ε, for all x, x′ ∈ X.

(B2)∗ For each i ∈ N and for each ε > 0, there exits i′ > i such that

pii′(Xi′ ) ⊂ B(pi(X), ε).

The following is a useful characterization of approximate resolution.

Theorem 2.1. For any approximate map p = (pi) : X → X =
(Xi, εi, pi,i+1), the following conditions are equivalent:

1) p is an approximate resolution of X.
2) p satisfies conditions (B1) and (B2).
3) p satisfies conditions (B1)∗ and (B2)∗.
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Proof. An approximate map p is an approximate resolution of X if
and only if the induced system map p = (pi) : X → X = (Xi, pi,i+1) is a
resolution in the sense of [6, p. 74], which is characterized by conditions (B1)∗

and (B2)∗ (see [6, Theorems 3, 4, 5, Ch. I, §6.2]). Note here that our (B1)∗

and (B2)∗ are (B2) and (B1) in [6], respectively, and that the coverings in
(B1) and (B2) of [6] can be replaced by positive real numbers since the spaces
are compact metric spaces. Thus, we have 1) ⇔ 3). Moreover, since (B1) ⇔
(B1)∗ and (B2) ⇔ (B2)∗ hold, we have 2) ⇔ 3).

Recall that a system map p = (pi) : X → X = (Xi, pi,i+1) (which means
that pi’s satisfy pi = pi,i+1pi+1 for each i ∈ N) is a limit of X if it satisfies
the following universal property:

(UL)∗ For any sysmte map q = (qi) : Y → X of a space, there exists a unique
map g : Y → X such that pig = qi for each i ∈ N.

In a similar way, an approximate map p = (pi) : X → X = (Xi, εi, pi,i+1)
is defined to be a limit of X if it satisfies the following universal property:

(UL) For any approximate map q = (qi) : Y → X of a space, there exists a
unique map g : Y → X such that pig = qi for i ∈ N.

If p : X → X is a limit of X, then X is determined up to homeomorphism.
An approximate map p = (pi) : X → X = (Xi, εi, pi,i+1) is a limit of X if and
only if the induced system map p = (pi) : X → X = (Xi, pi,i+1) is a limit.

The following theorem shows the existence of approximate resolution.

Theorem 2.2. Every compact metric space X admits an approximate
resolution p = (pi) : X → X = (Xi, εi, pi,i+1) such that Xi are compact
polyhedra.

Proof. Every compact metric space X admits an inverse sequence X =
(Xi, pi,i+1) of compact polyhedra with limit p : X → X (see [6, Corollary
4, p. 62], for example). This p satisfies conditions (R1) and (R2) (see [6,
Theorem 8, p. 63], for example), and there exist εi > 0 (i ∈ N) such that
X = (Xi, εi, pi,i+1) is an approximate sequence (see [9, Proposition 3.8]). Thus
p = (pi) : X → X defines an approximate resolution.

Throughout the paper, all the coordinate spaces Xi of the approximate
sequence X are assumed to be compact polyhedra when we speak of an ap-
proximate resolution p : X → X.

An approximate map f = (fj , ϕ) : X → Y between approximate se-
quences X = (Xi, εi, pi,i+1) and Y = (Yj , δj , qj,j+1) consists of an increasing
function ϕ : N → N and maps fj : Xϕ(j) → Yj for j ∈ N, and it must satisfy
the following condition:

(M) For any j, j′ ∈ N with j < j′, there exists i > ϕ(j′) such that

d(qjj′fj′pϕ(j′)i, fjpϕ(j)i′) < δj .
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An approximate map f = (fj , ϕ) : X → Y is said to be an approximate
level map if ϕ is the identity function on N.

A map f : X → Y is a limit of an approximate map f = (fj , ϕ) : X → Y

if

(L) For each ε > 0 and for each j ∈ N, there exists j0 > j such that

d(qjj′fj′pϕ(j′), qjf) < ε, for all j′ > j0.

An approximate resolution of a map f : X → Y is a triple (p, q,f)
consisting of approximate resolutions p = (pi) : X → X and q = (qj) : Y → Y

of X and Y , respectively, and an approximate map f satisfying condition (L).
The following theorem shows the existence of approximate resolution of a map
for any choice of approximate resolutions (see [9, Theorem 4.3]).

Theorem 2.3. For any approximate resolutions p : X → X and q : Y →
Y of compact metric spaces X and Y , respectively, every map f : X → Y
admits an approximate map f : X → Y such that (p, q,f) is an approximate
resolution of f .

3. Approximate injectivity of approximate map

In this section, we define the notion of approximate injectivity for approx-
imate maps and show that this notion characterizes injective maps between
compact metric spaces.

An approximate map f = (fj , ϕ) : X → Y between approximate se-
quences X = (Xi, εi, pi,i+1) and Y = (Yj , δj , qj,j+1) is said to be approximately
injective if it satisfies the following condition (see Diagram (3.1)):

(API) (∀i ∈ N)(∃j ∈ N)(∃j0 > j)(∀j′ > j0)(∃i
′ > ϕ(j′), i)(∀x, x′ ∈ Xi′):

d(qjj′fj′pϕ(j′)i′ (x), qjj′fj′pϕ(j′)i′(x
′)) < δj =⇒ d(pii′(x), pii′ (x

′)) < εi.

(3.1) Xi Xf(j′)

fj′

Xi′pϕ(j′)i′

pii′

Yj Yj′
qjj′

The main theorem states as follows.

Theorem 3.1. Let f : X → Y be a map between compact metric spaces,
and let f = (fj , ϕ) : X → Y be an approximate map between approximate
sequences X = (Xi, εi, pi,i+1) and Y = (Yj , δj, qj,j+1) such that (p, q,f) is an
approximate resolution of f , where p = (pi) : X → X and q = (qj) : Y → Y

are approximate resolutions of X and Y , respectively. Then f is injective if
and only if f is approximately injective.
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We break the proof into the following two lemmas.

Lemma 3.2. If a map f : X → Y is injective, then the approximate map
f is approximately injective.

Proof. Let i ∈ N. It follows from the uniform continuity of pi on X ,
which is compact, that there exists ξ1 > 0 such that

(3.2) d(x, x′) < ξ1 =⇒ d(pi(x), pi(x
′)) < εi/3, for all x, x

′ ∈ X.

The fact that the inverse of f is uniformly continuous on the image of f
implies that there exists ξ2 > 0 such that

(3.3) d(f(x), f(x′)) < ξ2 =⇒ d(x, x′) < ξ1, for all x, x
′ ∈ X.

Condition (B1) for q implies that there exists j ∈ N such that

(3.4) d(qj(y), qj(y
′)) < δj =⇒ d(y, y′) < ξ2, for all y, y

′ ∈ Y .

Condition (A) implies that there exists j′′ > j such that

(3.5) d(y, y′) < δj′′ =⇒ d(qjj′ (y), qjj′ (y
′)) < δj/9, for y, y

′ ∈ Yj′ .

Condition (L) for j and δj/3 implies that there exists j0 > j′′ such that

(3.6) d(qjj′fj′pϕ(j′), qjf) < δj/3 for j′ > j0.

Fix j′ > j0. Then we have
Claim 1. For any x, x′ ∈ X ,

(3.7) d(qjj′fj′pϕ(j′)(x), qjj′fj′pϕ(j′)(x
′)) < δj/3

implies

(3.8) d(pi(x), pi(x
′)) < εi/3.

Indeed, (3.6) and (3.7) imply

d(qjf(x), qjf(x
′)) < δj .

This together with (3.4), (3.3) and (3.2) implies (3.8).
Now take i′ ∈ N such that i′ > i, ϕ(j′). By uniform continuity, there

exists η1 > 0 such that for all x, x′ ∈ Xi′ ,

(3.9) d(x, x′) < η1 =⇒ d(qjj′fj′pϕ(j′)i′ (x), qjj′fj′pϕ(j′)i′(x
′)) < δj/9, and

(3.10) d(x, x′) < η1 =⇒ d(pii′ (x), pii′ (x
′)) < εi/3.

Condition (B2) implies that there exists i′′ > i′ such that

(3.11) pi′i′′ (Xi′′) ⊂ B(pi′(X), η1).

Claim 2. For any x, x′ ∈ Xi′′ ,

(3.12) d(qjj′fj′pϕ(j′)i′′(x), qjj′fj′pϕ(j′)i′′ (x
′)) < δj/9

implies

(3.13) d(pii′′ (x), pii′′ (x
′)) < εi.
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Let x, x′ ∈ Xi′′ satisfy (3.12). (3.11) implies that there exist z, z′ ∈ X
such that

(3.14) d(pi′i′′ (x), pi′ (z)) < η1, and d(pi′i′′(x
′), pi′(z

′)) < η1,

respectively. This together with (3.9) implies

(3.15)
d(qjj′fj′pϕ(j′)i′′(x), qjj′fj′pϕ(j′)(z)) < δj/9, and

d(qjj′fj′pϕ(j′)i′′(x
′), qjj′fj′pϕ(j′)(z

′)) < δj/9.

(3.12) and (3.15) imply

d(qjj′fj′pϕ(j′)(z), qjj′fj′pϕ(j′)(z
′)) < δj/3.

This together with Claim 1 implies

(3.16) d(pi(z), pi(z
′)) < εi/3.

(3.14) and (3.10) imply

(3.17) d(pii′′ (x), pi(z)) < εi/3, and d(pii′′ (x
′), pi(z

′)) < εi/3.

(3.16) and (3.17) then imply (3.13), as required (see Diagram (3.18)).
Now (3.5) and Claim 2 imply that for any x, x′ ∈ Xi′′ ,

d(qj′′j′fj′pϕ(j′)i′′(x), qj′′j′fj′pϕ(j′)i′′(x
′)) < δj′′ =⇒ d(pii′′ (x), pii′′ (x

′)) < εi.

Then, for j := j′′, j0 and i′ := i′′, the condition (API) is fulfilled. This proves
that f is approximately injective.

(3.18) X

f

pi′

Xi Xf(j′)

fj′

Xi′pϕ(j′)i′

pii′

Xi′′pi′i′′

Y
qj

Yj Yj′′qjj′′
Yj′qj′′j′

Lemma 3.3. If the approximate map f is approximately injective, then
the map f is injective.

Proof. Suppose that f satisfies condition (API). Let ε > 0. Condition
(B1) for p implies that there exists i ∈ N such that

(3.19) d(pi(x), pi(x
′)) < εi =⇒ d(x, x′) < ε.
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Condition (API) implies that there exist j ∈ N and j0 ∈ N with j0 > j such
that each j′ > j0 admits i′ > ϕ(j′), i with

(3.20)
d(qjj′fj′pϕ(j′)i′(x), qjj′fj′pϕ(j′)i′(x

′)) < δj

=⇒ d(pii′ (x), pii′ (x
′)) < εi, for all x, x

′ ∈ Xi′ .

Condition (L) implies that there exists j′ > j0 such that

(3.21) d(qjj′fj′pϕ(j′), qjf) < δj/3.

The uniform continuity of qj implies that there exist η > 0 such that

(3.22) d(y, y′) < η =⇒ d(qj(y), qj(y
′)) < δj/3 for all y, y′ ∈ Y .

We have
Claim. For any x, x′ ∈ X , d(f(x), f(x′)) < η =⇒ d(x, x′) < ε.
Suppose that x, x′ ∈ X and d(f(x), f(x′)) < η. Then this together with

(3.22) implies

d(qjf(x), qjf(x
′) < δj/3.

This and (3.21) imply

d(qjj′fj′pϕ(j′)(x), qjj′fj′pϕ(j′)(x
′)) < δj .

By (3.20), this then implies

d(pi(x), pi(x
′)) < εi.

This together with (3.19) implies

d(x, x′) < ε,

as required.
The claim implies that if f(x) = f(x′) then d(x, x′) < ε for any ε > 0,

showing that x = x′. This proves that f is injective.

4. Approximate surjectivity of approximate map

In this section, we define the notion of approximate surjectivity for ap-
proximate maps and show that this notion characterizes surjective maps be-
tween compact metric spaces.

An approximate map f = (fj , ϕ) : X → Y between approximate se-
quences X = (Xi, εi, pi,i+1) and Y = (Yj , δj , qj,j+1) is said to be approximately
surjective if it satisfies the following condition (see Diagram (4.1)):

(APS) (∀j ∈ N)(∃j0 > j)(∀j′ > j0)(∃j
′′ > j′)(∃i0 > ϕ(j′)) (∀i > i0)(∀y ∈

Yj′′)(∃x ∈ Xi):

d(qjj′′ (y), qjj′fj′pϕ(j′)i(x)) < δj .
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(4.1) Xf(j′)

fj′

Xi

pϕ(j′)i

Yj Yj′
qjj′

Yj′′
qj′j′′

Theorem 4.1. Let f : X → Y be a map between compact metric spaces,
and let f = (fj , ϕ) : X → Y be an approximate map between approximate
sequences X = (Xi, εi, pi,i+1) and Y = (Yj , δj, qj,j+1) such that (p, q,f) is an
approximate resolution of f , where p = (pi) : X → X and q = (qj) : Y → Y

are approximate resolutions of X and Y , respectively. Then f is surjective if
and only if f is approximately surjective.

We break the proof into the following two lemmas.

Lemma 4.2. If a map f : X → Y is surjective, then the approximate map
f is approximately surjective.

Proof. Let ε > 0 and j ∈ N. Condition (A) for q implies that there
exists j0 > j such that
(4.2)

d(y, y′) < δj′ =⇒ d(qjj′ (y), qjj′ (y
′)) < δj/3, for j

′ > j0 and y, y′ ∈ Yj′ .

Fix j′ > j0. Then condition (B2) for q and condition (L) imply that there
exists j′′ > j′ such that

(4.3) qj′j′′ (Yj′′ ) ⊂ B(qj′ (Y ), δj′), and

(4.4) d(qj′f, qj′j′′fj′′pϕ(j′′)) < δj′ .

Condition (M) implies that there exists i0 > ϕ(j′′) such that

(4.5) d(fj′pϕ(j′)i, qj′j′′fj′′pϕ(j′′)i) < δj′ , for i > i0.

Now let y ∈ Yj′′ . (4.3) implies that there exists y′ ∈ Y such that

(4.6) d(qj′j′′ (y), qj′(y
′)) < δj′ .

Since f is surjective, there exists x ∈ X such that f(x) = y′. Claim that

(4.7) d(qjj′′ (y), qjj′fj′pϕ(j′)i(pi(x))) < δj , for i > i0.

Indeed, (4.4) implies that

(4.8) d(qj′f(x), qj′j′′fj′′pϕ(j′′)(x)) < δj′ .

(4.5) implies that

(4.9) d(fj′pϕ(j′)i(pi(x)), qj′j′′fj′′pϕ(j′′)i(pi(x))) < δj′ , for i > i0.
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(4.6), (4.8), (4.9) together with (4.2) imply (4.7) as required (see Diagram
(4.10)). This proves that f is approximately surjective.

(4.10) X
pj′′

pi

fXϕ(j′)

fj′

Xϕ(j′′)

pϕ(j′)ϕ(j′′)

fj′′

Xipϕ(j′′)i

Y
qj′

Yj Yj′
qjj′

Yj′′qj′j′′

Lemma 4.3. If the approximate map f is approximately surjective, then
the map f is surjective.

Proof. Let y ∈ Y . For each j ∈ N, put yj = qj(y). We wish to find
x ∈ X such that y = f(x).

Conditions (APS), (M), and (A) imply that there exist subsequences {jk},
{ik} of N, and points zik ∈ Xik (k ∈ N) such that jk < jk+1, ϕ(jk) < ik <
ϕ(jk+1), and the following three conditions hold (see Diagram (4.14)):

(4.11) d(yjk , qjkjk+1
fjk+1

pϕ(jk+1)ik+1
(zik+1

)) < δjk ,

(4.12) d(fjkpϕ(jk)in , qjkjnfjnpϕ(jn)in) < δjk , for n > k, and

(4.13) d(y, y′) < δjk+1
=⇒ d(qjkjk+1

(y), qjkjk+1
(y′)) < δjk , for y, y

′ ∈ Yjk+1
.

(4.14) Xϕ(jk)

fjk

Xik

pϕ(jk)ik
Xϕ(jn)

pikϕ(jn)

fjn

Xin

pϕ(jn)in

Yjk Yjn
qjkjn

Replace X by the subsequence X′ = (Xik , pikik+1
), Y by the subsequence

Y′ = (Yjk , qjkjk+1
), and f by the approximate level map f ′ = (f ′

k) where
f ′

k = fjkpϕ(jk)ik , and assume that f = (fj) : X → Y is an approximate level
map satisfying the following two conditions (see Diagram (4.18)):

(4.15) d(yk, qk,k+1fk+1(zk+1)) < δk,

(4.16) d(fkpkn, qknfn) < δk, for n > k, and

(4.17) d(y, y′) < δk+1 =⇒ d(qk,k+1(y), qk,k+1(y
′)) < δk, for y, y

′ ∈ Yk+1.
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(4.18) Xk

fk

Xn

pkn

fn

Yk Yn
qkn

Since each Xk is compact, one can find a decreasing sequence of infinite
subsets of N, I1 ⊃ I2 ⊃ · · · , such that Ik+1 is cofinal in Ik, and

(4.19) {pki(zi)}i∈Ik converges to some point xk ∈ Xk.

Claim. For each k ∈ N, xk = limn→∞ pkn(xn).
To see this, let ε > 0. Then (4.19) and condition (A) imply that there

exists N ∈ N such that for each n ≥ N ,

(4.20) d(xk, pkn(zn)) < ε/2, and

(4.21) d(x, x′) < εn =⇒ d(pkn(x), pkn(x
′)) < ε/2, for all x, x′ ∈ Xn.

For each n ≥ N , there exists m ≥ n such that

d(xn, pnm(zm)) < εn.

This together with (4.21) implies

(4.22) d(pkn(xn), pkm(zm)) < ε/2.

(4.20) and (4.22) then imply

d(xk, pkn(xn)) < ε,

proving the claim.
The claim means that the sequence (xk) forms a thread and determines a

point x ∈ X . We show f(x) = y. To see this, let j ∈ N and ε > 0. Conditions
(A) and (L) imply that there exists k ∈ N such that

(4.23) d(y, y′) < δk =⇒ d(qjk(y), qjk(y
′)) < ε/4, for y, y′ ∈ Yk, and

(4.24) d(qjkfkpk, qjf) < ε/4.

By uniform continuity, there exists δ > 0 such that

(4.25) d(z, z′) < δ =⇒ d(qjkfk(z), qjkfk(z
′)) < ε/4, for z, z′ ∈ Xk.

There exists n > k (see (4.19)) such that

d(xk, pkn(zn)) < δ.

This together with (4.25) implies

(4.26) d(qjkfk(xk), qjkfkpkn(zn)) < ε/4.

(4.16) and (4.23) imply

(4.27) d(qjkfkpkn, qjnfn) < ε/4.



196 T. MIYATA

(4.15), (4.17) and (4.23) imply

(4.28) d(yj , qjnfn(zn)) < ε/4.

By (4.24), (4.26), (4.27), (4.28) (see Diagram (4.29)),

d(yj , qjf(x)) < ε.

This shows that f(x) = y.

(4.29) X
pk

fXj

fj

Xk

fk

pjk
Xn

fn

pkn

Y
qj

Yj Ykqjk
Yn

qkn

5. Conditions equivalent to (API) and (APS)

In this section, we discuss some variations of Theorems 3.1 and 4.1.
Given any approximate sequence X = (Xi, εi, pi,i+1), forgetting the num-

bers εi, we obtain an inverse sequence X = (Xi, pi,i+1). Conversely, given
any inverse sequence X = (Xi, pi,i+1), there exist εi > 0 for i ∈ N such
that X = (Xi, εi, pi,i+1) is an approximate sequence (see [9, Proposition 3.8]).
Thus we are interested in conditions (API) and (APS) without using meshes
for approximate sequences.

For any approximate sequence X = (Xi, εi, pi,i+1), consider the following
two conditions:

(API)∗ (∀ε > 0)(∀i ∈ N)(∃δ > 0)(∃j ∈ N)(∃j0 > j)(∀j′ > j0)(∃i
′ >

ϕ(j′), i)(∀x, x′ ∈ Xi′):

d(qjj′fj′pϕ(j′)i′(x), qjj′fj′pϕ(j′)i′(x
′)) < δ =⇒ d(pii′(x), pii′ (x

′)) < ε.

and

(APS)∗ (∀ε > 0)(∀j ∈ N)(∃j0 > j)(∀j′ > j0)(∃j
′′ > j′)(∃i0 > ϕ(j′))(∀i >

i0)(∀y ∈ Yj′′ )(∃x ∈ Xi):

d(qjj′′ (y), qjj′fj′pϕ(j′)i(x)) < ε.

The following proposition shows the equivalence between conditions (API)
and (API)∗.
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Proposition 5.1. Let f = (fj , f) : X → Y be an approximate map
between approximate sequences X = (Xi, εi, pi,i+1) and Y = (Yj , δj , qj,j+1).
Then f satisfies condition (API) if and only if f satisfies condition (API)∗.

Proof. Suppose that X satisfies condition (API). For each ε > 0 and
i ∈ N, there exists i′ > i such that

d(x, x′) < δi′ =⇒ d(pii′ (x), pii′ (x
′)) < ε, for x, x′ ∈ Xi′ .

Apply condition (API) for this i′ to obtain j ∈ N and j0 > j as in (API).
Then condition (API)∗ holds with δ = δj .

Conversely, suppose that X satisfies condition (API)∗. Let i ∈ N, and for
this i and ε = εi, take δ > 0, j ∈ N, and j0 > j as in (API)∗. Condition (A)
implies that there exists j′ > j0 such that

(5.1) d(y, y′) < δj′ =⇒ d(qjj′ (y), qjj′ (y
′)) < δ/3, for y, y′ ∈ Yj′ .

Let j′′ > j′. Then condition (M) implies that there exists i′ > ϕ(j′′) such
that

(5.2) d(fj′pϕ(j′)i′ , qj′j′′fj′′pϕ(j′′)i′) < δj′ .

Claim that for any x, x′ ∈ Xi′ ,

(5.3) d(qj′j′′fj′′pϕ(j′′)i′(x), qj′j′′fj′′pϕ(j′′)i′(x
′)) < δj′

implies

(5.4) d(pii′ (x), pii′ (x
′)) < εi.

Indeed, (5.3) and (5.1) imply

d(qjj′′fj′′pϕ(j′′)i′(x), qjj′′fj′′pϕ(j′′)i′(x
′)) < δ/3,

and (5.2) and (5.1) imply

d(qjj′fj′pϕ(j′)i′ , qjj′′fj′′pϕ(j′′)i′) < δ/3.

Those two inequalities imply

d(qjj′fj′pϕ(j′)i′(x), qjj′fj′pϕ(j′)i′(x
′)) < δ.

This together with condition (API)∗ then implies (5.4). This verifies condition
(API).

The following proposition shows the equivalence between conditions
(APS) and (APS)∗.

Proposition 5.2. Let f = (fj , f) : X → Y be an approximate map
between approximate sequences X = (Xi, εi, pi,i+1) and Y = (Yj , δj , qj,j+1).
Then f satisfies condition (APS) if and only if f satisfies condition (APS)∗.
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Proof. Suppose that an approximate map f : X → Y satisfies condition
(APS). For each ε > 0 and j ∈ N, condition (A) implies that there exists
j′ > j such that

d(y, y′) < δj′ =⇒ d(qjj′ (y), qjj′ (y
′)) < ε, for all y, y′ ∈ Yj′ .

Apply (APS) with this j′ to get (APS)∗. The converse is obvious.

6. Monomorphisms and epimorphisms in approximate
pro-categories

In this section, we obtain characterizations of monomorphism and epi-
morphism in the approximate pro-category. More precisely, we show that
condition (API) (resp., (APS)) gives a characterization of a monomorphism
(resp., an epimorphism) in the approximate pro-category. For this purpose,
we use the categorical equivalence of the approximate pro-category and the
topological category.

First, we recall the definition of approximate pro-category. Our version of
approximate pro-category (restricted for the class of compact metric spaces)
is a little simpler than the definitions in [9, §2] and [8].

Let C be any full subcategory of the category CM of compact metric
spaces. For two approximate maps f = (fj , ϕ), f ′ = (f ′

j, ϕ
′) : X → Y

between approximate sequences X = (Xi, εi, pi,i+1) and Y = (Yj , δj , qj,j+1) in
C, we define a relation ∼ by setting f ∼ f ′ if and only if each j ∈ N admits
i > ϕ(j), ϕ′(j) such that

d(fjpϕ(j)i, f
′

jpϕ′(j)i) < δj.

We then define a relation ≡ by setting f ≡ f ′ if and only if there exist finitely
many approximate maps f i : X → Y, i = 1, 2, . . . , n, such that f = f1,
f i ∼ f i+1 for i = 1, 2, . . . , n − 1, and f

′ = fn. Then the relation ≡ is an
equivalence relation, and the equivalence class of f is denoted by [f ].

The objects of APRO-C are approximate sequences in C. The set
APRO-C(X,Y) of morphisms X → Y is the set of the equivalence classes
of uniform approximate maps X → Y with respect to the equivalence relation
≡. Here, an approximate map f = (fj , ϕ) : X → Y is uniform if for each
j ∈ N,

(6.1) d(x, x′) < εϕ(j) =⇒ d(fj(x), fj(x
′)) < δj , for x, x

′ ∈ Xϕ(j).

Note that each approximate map f : X → Y admits a uniform approximate
map f ′ : X → Y such that f ∼ f ′.

For any uniform approximate maps f = (fj , ϕ) : X → Y and g = (gk, ψ) :
Y → Z, define the composition [g]◦ [f ] as the equivalence class of the uniform
approximate map h = (hj , ρ) : X → Z defined as in the following Proposition
(see Appendix for its proof).
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Proposition 6.1. Let X = (Xi, εi, pi,i+1), Y = (Yj , δj , qj,j+1), and X =
(Zk, ζk, rk,k+1) be approximate sequences in C.

1. Let s : N → N be an increasing function which satisfies s(k) > k for
each k ∈ N and the following three conditions:

– for each k′ ≥ s(k),

(6.2) d(z, z′) < 4ζk′ =⇒ d(rkk′ (z), rkk′ (z
′)) < ζk, for z, z′ ∈ Zk′ ,

– for each k ∈ N,

(6.3)
d(z, z′) < ζs(k+1)

=⇒ d(rs(k)s(k+1)(z), rs(k)s(k+1)(z
′)) < ζs(k), for z, z′ ∈ Zs(k+1),

and

(6.4) d(z, z′) < ζs(k) =⇒ d(rks(k)(z), rks(k)(z
′)) < ζk, for z, z′ ∈ Zs(k).

For each k ∈ N, define a map hk : Xϕ(ψ(s(k))) → Zk by hk =
rks(k)gs(k)fψ(s(k)). Then h = (hk) : X → Z defines a uniform ap-
proximate map.

2. Let f = (fj , ϕ),f
′ = (f ′

j, ϕ
′) : X → Y and g = (gk, ψ), g

′ = (g′k, ψ
′) :

Y → Z be uniform approximate maps, and let h = (hk, ρ),h
′ =

(h′k, ρ
′) : X → Z be the uniform approximate maps that are defined

by f and g, f ′ and g′, respectively, as in 1). Then if f ∼ f ′ and
g ∼ g′, then h ∼ h′.

Let the identity idX ∈ APRO-C(X,X) be the equivalence class which is
represented by the approximate map 1X = (1Xj , 1N). Thus defined objects and
morphisms together with the composition and the identity form a category,
which is called the category of approximate systems in C and denoted by
APRO-C.

Let CPol be the full subcategory of CM whose objects are compact
polyhedra. Let lim be the limit functor APRO-CPol → CM. More pre-
cisely, each approximate sequence X = (Xi, εi, pi,i+1) in CPol admits a
nonempty compact metric space X together with an approximate resolution
p = (pi) : X → X. Let limX be the space X . Each uniform approximate
map f = (fj, ϕ) : X → Y admits a limit map f = lim f : X → Y between
the limits X = limX and Y = limY. For any two uniform approximate maps
f ,f ′ : X → Y, if f ∼ f ′, then limf = limf ′ (see [8, Theorem 7.7]). So we
can define lim[f ] as the limit f : X → Y of the equivalence class [f ]. Then
lim is functorial and preserves the identities, and thus lim is a functor.

Theorem 6.2. The functor lim : APRO-CPol → CM is an equivalence of
categories.

Proof. It suffices to verify that the functor lim is faithful, full, and
dense. Indeed, for any two uniform approximate maps f ,f ′ : X → Y, if
limf = limf ′, then f ∼ f ′ (lim is faithful) (see [8, Theorem 7.7]). Each map
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f : X → Y with uniform approximate resolutions p : X → X and q : Y → Y

admits a uniform approximate map f : X → Y whose limit is f (lim is full)
(see Theorem 2.2). For each compact metric space X , there exists a uniform
approximate resolution p : X → X, so that X = limX (lim is dense) (see
Theorem 2.3).

The following shows that the property of being approximately injective
(resp., surjective) is defined in the approximate pro-category.

Proposition 6.3. Let f , g : X → Y be uniform approximate maps such
that f ∼ g. If f is approximately injective (resp., approximately surjective),
then so is g.

Proof. The statement follows from the fact that limf = lim g, and
Theorem 3.1 (resp., Theorem 4.1).

The following gives a characterization of monomorphism (resp., epimor-
phism) in the approximate pro-category.

Theorem 6.4. For any approximate map f = (fj , ϕ) : X → Y, the
morphism [f ] is a monomorphism (resp., an epimorphism) in APRO-CPol if
and only if f is approximately injective (resp., approximately surjective).

Proof. Let f : X → Y be a limit map of f with approximate resolutions
p : X → X and q : Y → Y. Consider the following conditions:

1. f is a monomorphism (resp., an epimorphism) in CM,
2. f is injective (resp., surjective),
3. f is approximately injective (resp., approximately surjective).
4. [f ] is a monomorphism (resp., an epimorphism) in APRO-CPol,

1) and 2) are equivalent, 2) and 3) are equivalent (see Theorem 3.1 (resp.,
Theorem 4.1)), and 3) and 4) are equivalent (see Theorem 6.2). This shows
the assertion.

Appendix. Proof of Proposition 6.1

Proof. To see part 1), let k < k′. By (AM) for g, there exists j >
ψ(s(k′)) such that

(A.1) d(gs(k)qψ(s(k))j , rs(k)s(k′)gs(k′)qψ(s(k′))j) < ζs(k),

and there exists i > ϕ(j) such that

d(fψ(s(k))pϕ(ψ(s(k)))i, qψ(s(k))jfjpϕ(j)i) < δψ(s(k)), and(A.2)

d(fψ(s(k′))pϕ(ψ(s(k′)))i, qψ(s(k′))jfjpϕ(j)i) < δψ(s(k′)).(A.3)

Then, by (A.2) and (6.1),

(A.4) d(ψs(k)fψ(s(k))pϕ(ψ(s(k)))i, gs(k)qψ(s(k))jfjpϕ(j)i) < ζs(k).
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By (A.1),

(A.5) d(gs(k)qψ(s(k))jfjpϕ(j)i, rs(k)s(k′)gs(k′)qψ(s(k′))jfjpϕ(j)i) < ζs(k).

By (A.3), (6.1), and (6.3),
(A.6)
d(rs(k)s(k′)gs(k′)qψ(s(k′))jfjpϕ(j)i, rs(k)s(k′)gs(k′)fψ(s(k′))pϕ(ψ(s(k′)))i) < ζs(k).

(A.4), (A.5), (A.6) together with (6.2) imply

d(rks(k)gs(k)fψ(s(k))pϕ(ψ(s(k)))i, rks(k′)gs(k′)fψ(s(k′))pϕ(ψ(s(k′)))i) < ζk,

showing that h satisfies condition (M) (see Diagram (A.7)). That h is uniform
follows from (6.4) and the assumption that both f and g are uniform.

(A.7) Xϕ(ψ(s(k)))

fψ(s(k))

Xϕ(ψ(s(k′)))

fψ(s(k′))

Xϕ(j)

fj

Xipϕ(j)i

pϕ(ψ(s(k′)))i

pϕ(ψ(s(k)))i

Yψ(s(k))

gs(k)

Yψ(s(k′))

gs(k′)

Yjqψ(s(k′))j

qψ(s(k))j

Zs(k)

rks(k)

Zs(k′)

rk′s(k′)

rs(k)s(k′)

Zk Zk′
rkk′

To see part 2), let k ∈ N. Then g ∼ g′ and condition (A) imply that
there exists j > ψ(s(k)), ψ′(s(k)) such that

(A.8) d(gs(k)qψ(s(k))j , g
′

s(k)qψ′(s(k))j) < ζs(k),

(A.9) d(y, y′) < δj =⇒ d(qψ(s(k))j(y), qψ(s(k))j(y
′)) < δψ(s(k)), and

(A.10)
d(y, y′) < δj =⇒

d(qψ′(s(k))j(y), qψ′(s(k))j(y
′)) < δψ′(s(k)) for y, y

′ ∈ Yj .

Moreover, f ∼ f ′ and condition (AM) for f and f ′ imply that there exists
i > ϕ(j), ϕ′(j) such that

(A.11) d(fjpϕ(j)i, f
′

jpϕ′(j)i) < δj,

(A.12) d(fψ(s(k))pϕ(ψ(s(k)))i, qψ(s(k))jfjpϕ(j)i) < δψ(s(k)),

(A.13) d(f ′

ψ′(s(k))pϕ′(ψ′(s(k)))i, qψ′(s(k))jf
′

jpϕ′(j)i) < δψ′(s(k)).
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(A.12) implies

(A.14) d(gs(k)fψ(s(k))pϕ(ψ(s(k)))i, gs(k)qψ(s(k))jfjpϕ(j)i) < ζs(k).

(A.11) and (A.9) imply

(A.15) d(gs(k)qψ(s(k))jfjpϕ(j)i, gs(k)qψ(s(k))jf
′

jpϕ′(j)i) < ζs(k).

(A.8) implies

(A.16) d(gs(k)qψ(s(k))jf
′

jpϕ′(j)i, g
′

s(k)qψ′(s(k))jf
′

jpϕ′(j)i) < ζs(k).

(A.13) implies

(A.17) d(g′s(k)qψ′(s(k))jf
′

jpϕ′(j)i, g
′

s(k)f
′

ψ′(s(k))pϕ′(ψ′(s(k)))i) < ζs(k).

(A.14), (A.15), (A.16), (A.17) imply

d(gs(k)fψ(s(k))pϕ(ψ(s(k)))i, g
′

s(k)f
′

ψ′(s(k))pϕ′(ψ′(s(k)))i) < 4ζs(k)

(see Diagram (A.18)). This together with (6.2) implies

d(rks(k)gs(k)fψ(s(k))pϕ(ψ(s(k)))i, rks(k)g
′

s(k)f
′

ψ′(s(k))pϕ′(ψ′(s(k)))i) < ζk.

This shows h ∼ h′.
(A.18)

Xϕ(ψ(s(k)))

fψ(s(k))

Xϕ′(ψ′(s(k)))

f ′

ψ′(s(k))

Xϕ(j)

fj

pϕ(ψ(s(k)))ϕ(j)

Xϕ′(j)

f ′

j

pϕ′(ψ′(s(k)))ϕ′(j)

Xi

pϕ′(j)i

Yψ(s(k))

gs(k)

Yψ′(s(k))

g′s(k)

Yj

qψ(s(k))j

qψ′(s(k))j

Zk Zs(k)
rks(k)
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