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ABSTRACT. Through a modular representation theoretical approach
we enumerate all non-trivial codes from the 2-modular representations
of Ag, using a chain of maximal submodules of a permutation module
induced by the action of Ag on objects such as points, Steiner S(3,4,8)
systems, duads, bisections and triads. Using the geometry of these objects
we attempt to gain some insight into the nature of possible codewords,
particularly those of minimum weight. Several sets of non-trivial codewords
in the codes examined constitute single orbits of the automorphism groups
that are stabilized by maximal subgroups. Many self-orthogonal codes
invariant under Ag are obtained, and moreover, 22 optimal codes all
invariant under Ag are constructed. Finally, we establish that there are no
self-dual codes of lengths 28 and 56 invariant under Ag and Sg respectively,
and in particular no self-dual doubly-even code of length 56.

1. INTRODUCTION

In [6] we described a method to investigate all non-trivial codes from
the primitive 2-modular permutation representations of certain finite simple
groups. In that paper, using a chain of maximal submodules of a permutation
module induced by the action of the simple linear group Ls(4) on objects like
lines, hyperovals, Baer subplanes and unitals of PG(2,4) we obtained most
of the non-trivial binary codes invariant under the group. However, it is
well known, see for example [8,13], that there are two non-isomorphic simple
groups of order 20160, respectively L3(4) and the alternating group As. It
seems thus natural to ask for the codes invariant under Ag and their weight
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distribution. Moreover, the isomorphism Ag = L4(2) = Q1 (6,2) adds a rich
geometrical structure that can be used to explore the connections with objects
such as combinatorial designs, graphs, groups and irreducible modules.

In this paper, in a manner similar to that in [6] we consider the primitive
representations of Ag, as described, for example, in [8]. Using Meat-Axe
and Magma [5], we determine the irreducible constituents of the primitive
2-modular permutation representations and from these we determine the
dimensions and constituents of all submodules of each of the subspaces. The
incidences between the constituents are determined and used to describe the
nature of the codewords of several weights. In addition, we used the Atlas of
Brauer characters ([20]) to determine the irreducibility of the codes and the
MacWilliams identities relating the weight enumerators of the dual codes.
Similar to [6], in this paper we are able to determine and enumerate all
submodules, and hence all non-trivial binary codes invariant under Ag. We
thus prove the following main result:

THEOREM 1.1. Let G be the alternating group As and €2 be a primitive
G-set. Then up to equivalence there are exactly 52 non-trivial binary codes
obtained from the 2-modular primitive representations of G as FoG-submodules
of the permutation module Fo) and admitting G as an automorphism group.
The sets of non-trivial codewords of several of these codes constitute single
orbits of the automorphism groups that are stabilized by mazximal subgroups.
Moreover, there is no As and Ss-invariant self-orthogonal [56,k,d]s code C
with k = 10,19, 20, 20,21 and d = 16, 16,10, 16, 10, and no self-dual codes of
lengths 28 and 56 invariant under Ag and Ss.

The proof of Theorem 1.1 follows from a series of propositions in
Sections 7, 8, 10 and 11. The paper is organized as follows: after a brief
description of our terminology and some background, Sections 3, 4, and 5 give
respectively, a brief but complete description of Ag; the incidence relations
among the geometric objects obtained through the primitive permutation
representations and the 2-modular representations. In the remaining sections
we describe the techniques used, and discuss our results.

2. TERMINOLOGY AND NOTATION

Our notation for codes and groups will be standard, and it is as in [1]
and [8]. The groups G.H, G:H, and G'H denote a general extension, a split
extension and a non-split extension respectively. For a prime p, the symbol
p™ denotes an elementary abelian group of that order. The notation p_l‘_+2"
and pl™2" are used for extraspecial groups of order p'*t2". If p is an odd
prime, the subscript is + or — according as the group has exponent p or p2.
For p = 2 it is + or — according as the central product has an even or odd
number of quaternionic factors. For GG a finite group acting on a finite set €2,
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the set F,Q2, that is, the vector space over F, with basis Q2 is called an F,G
permutation module, if the action of G is extended linearly on (.

An incidence structure D = (P, B,T), with point set P, block set B and
incidence 7 is a t-(v, k, ) design, if |P| = v, every block B € B is incident
with precisely k points, and every t distinct points are together incident with
precisely A blocks. The complementary design of D is obtained by replacing
all blocks of D by their complements. The design D is symmetric if it has
the same number of points and blocks. The numbers that occur as the size
of the intersection of two distinct blocks are the intersection numbers of the
design. A t-(v, k, \) design is called self-orthogonal if the intersection numbers
have the same parity as the block size. An automorphism of a design D is a
permutation on P which sends blocks to blocks. The set of all automorphisms
of D forms its full automorphism group denoted by AutD.

The code C' of the design D over the finite field I}, is the space spanned
by the incidence vectors of the blocks over F,,. The weight enumerator of C' is
definedas ) .~ %% The dual code C* is the orthogonal complement under
the standard inner product (,), i.e., C+ = {v € F"|(v,c) =0 for all ¢ € C}.
A code C is self-orthogonal if C C C* and it is self-dual if C = C*+ and
it is self-complementary if it contains the all-one vector. The all-one vector
will be denoted by 1, and it is the constant vector of weight the length of
the code. If C; is an [n1, ki]-code, and Cy is an [ng, ka]-code, then we say
that C is the direct sum of Cy and Cy if (up to reordering of coordinates)
C ={(z,y) |z € C1,y € Co}. We denote this by C = C1 & Cs. If moreover Cy
and Cy are nonzero, then we say that C' decomposes into C7 and Cs5. A code C
is said to be decomposable if there exist nonzero codes C7 and C5 such that C'
decomposes into C7 and Cy. A binary code C' is doubly-even if all codewords
of C' have weight divisible by four. Two linear codes are isomorphic if they
can be obtained from one another by permuting the coordinate positions. An
automorphism of a code is any permutation of the coordinate positions that
maps codewords to codewords and will be denoted Aut(C).

3. THE PRIMITIVE PERMUTATION REPRESENTATIONS OF Ag

We consider G to be Ag, the alternating group on eight letters, i.e., the
subgroup consisting of all even permutations of the symmetric group Ss,
which is of order 20160, and its maximal subgroups and primitive permutation
representations via the coset action on these subgroups are given in [8]. There
are 6 primitive permutation representations of degrees 8, 15, 15, 28, 35 and
56 respectively (see [8]). We use the Atlas notation for the names of the geo-
metric objects on which Ag acts, namely points, Steiner S(3,4,8) systems,
duads, bisections and triads. These representations are depicted in Table 1:
the first column gives the ordering of the primitive representations as given
by Magma (or the Atlas) and as used in our computations; the second gives
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the maximal subgroups; the third gives the degree (the number of cosets of
the point stabilizer).

| No. | Max. sub. | Deg. |
Az 8

23 : L3(2) 15
23 : L3(2) 15
Se 28
24:(S3xS3) | 35
6 (A5 x 3): 2 56
TABLE 1. Maximal subgroups of Ag

QY = | W N —

We summarize the information obtained from the group and find notations
for the objects which are permuted in each of its primitive permutation
representations. The primitive representations may also be described (often
is several ways, see for example the Atlas [8]) in terms of the action of G
on various sets of geometrical objects: we shall use the notations g(m)(m =
8, 15a, 15b, 28,35, 56) to denote these sets. We will use names for all objects
in terms of their alternating notation from [8], namely point, S(3,4, 8), duad,
bisection and triad.

4. INCIDENCE RELATIONS

The action of a group fixing an element of g(m) may be transitive on
the elements of g(n) or may split these elements into several orbits or into
two orbits if m # n, of which one has size one if m = n. The rows and
columns of Table 2 represent the intersections of objects being permuted as
named above. Denoting the entries as a,,,, the entry a4o corresponds to the
transitive action of Sg on 23:L3(2). The entry ags indicates that there are 3
orbits of an intransitive action of (As x 3):2 on Sg. The sizes of the orbits of
the remaining actions are illustrated in Table 2.

n
m 8 15a 15b 28 35 56

8 1-7 15 15 7-21 35 21-35
15a 8 1-14 7-8 28 7-28 56

15b 8 7-8 1-14 28 7-28 56

28 | 2-6 15 15 1-12-15 15-20 6-20-30
35 8 3-12 3-12 12 - 16 1-16-18 8 - 48

56 | 3-5 15 15 3-10-15 5-30 1-10-15-30

TABLE 2. Orbits of g(m) on g(n).
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5. THE 2-MODULAR REPRESENTATIONS OF Ag

Each conjugacy class of maximal subgroups of Ag generates a permutation
module over Fs. We shall consider these Fs-modules, and a chain of all
their invariant maximal submodules under the action of Ag. Each maximal
submodule constitutes in turn the binary code that is invariant under Ag.
After eliminating isomorphic copies, we obtain a lattice of submodules. In
this way, we classify and enumerate all submodules, hence codes invariant
under Ag. Taking the submodules as the working modules, its corresponding
maximal submodules are found recursively. The recursion terminates as soon
as we reach an irreducible maximal submodule or a maximal submodule
of dimension 1. In doing so we determine all codes associated with the
permutation module of a given dimension and invariant under the group. Our
construction is based on a method outlined in [6]. The sections that follow
present the calculations on these modules. The vectors in each submodule
form a code, over Fs, whose length is the dimension of the permutation
module and whose dimension is the dimension of the submodule. The weight
enumerators of the submodules are therefore also the weight enumerators
of these codes which are invariant under the action of Ag. Observe that
the rank-2 representations of this group are pairwise equivalent under an
outer automorphism (see Table 1 and [8]), and thus their submodules (resp.
codes) are isomorphic (resp. equivalent). In this case we only consider the
submodules (resp. codes) obtained from the first representation of that degree.

6. THE 8-DIMENSIONAL REPRESENTATION

In its natural representation on a set Q = {1,2,...,8} the group Ag has
for point stabilizer A; which has two orbits of lengths 1 and 7 respectively.
Using the Atlas [8], we notice that the constituents being permuted by the
group are the 8 symbols (points) of the set ). The permutation module
splits into two absolutely irreducible constituents of dimensions 1 and 6 with
multiplicities 2 and 1 respectively. There are only two irreducible maximal
submodules of dimension 1 and 7. The permutation module has therefore just
one composition series, and the lattice of submodules is as shown in Figure 1.

FIGURE 1. Submodule lattice for the 8-dimensional representation
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It is evident that the codes of this representation are the trivial codes of
length 8.

7. A 15-DIMENSIONAL REPRESENTATION

Notice from Table 2 (see also Table 1) that there are two non-conjugate
classes of maximal subgroups of Ag of index 15 when G acts on the cosets
of 23 : L3(2). Under this action 23 : L3(2) has two orbits, one of length 1
and another of length 14. Using this action and taking for m either 15a
or 150 we form a 15-dimensional permutation module invariant under G.
From the Atlas ([8]) we observe that the constituents being permuted by the
group in these representations are Steiner S(3, 4, 8) systems. The permutation
module splits into four absolutely irreducible constituents of dimensions 1, 4,
4, and 6. There are only two irreducible submodules, one of dimension 1 and
the other of dimension 4. These submodules are absolutely irreducible. By
recursively determining a chain of maximal submodules of the permutation
module (see [6]) we find that the permutation module has two maximal
submodules of dimensions 11 and 14. From the 11-dimensional module we
obtain two maximal submodules one of dimension 5 and the other of dimension
10. From the 14-dimensional module we get only one maximal submodule
which is of dimension 10. This submodule is isomorphic to the submodule of
dimension 10 obtained earlier from the 11-dimensional maximal submodule.
The 10-dimensional submodule contains an irreducible maximal submodule
of dimension 4, and the 5-dimensional submodule contains two irreducible
maximal submodules, one of dimensions 1 and the other of dimension 4
respectively. We found that the 4-dimensional submodules are all isomorphic
and irreducible. In all, from this permutation module we obtain four non-
trivial submodules invariant under Ag of dimensions 11, 10, 5 and 4. The
lattice of the submodules is as given in Figure 2.

FIGURE 2. Submodule lattice for a 15-dimensional representation

Form the submodules described above we derive four non-trivial codes,
namely [15,4, 89, [15,11, 3]2, [15,5, 7]2, and [15,10,4],. We denote the codes
(resp. duals) as Cy5; (015,#) where 7 = 1,2 and list them in Table 3. From
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Name [dim 0 3 4 5 6 7 8 9 0 11 12 15
015,1 4 1 15

Cis,2 5 1 15 15 1
Cis2t |10 1 105 280 435 168 35
Cisnt |11 1 35 105 168 280 435 435 280 168 105 35 1

TABLE 3. Weight distributions of the codes from a 15-
dimensional representation.

Table 3 we deduce some obvious properties of the codes which we examine
with certain detail in Proposition 7.1.

PROPOSITION 7.1. (i) The code Ci51 = [15,4, 8]z is self-orthogonal
doubly-even, and its dual is a [15,11, 3]y code. Aut(Cis,1) = As, and
Ag acts irreducibly on Ci5,1 as an Fao-module.
(ii) The code Ci52 = [15,5,7]2 is self-complementary, and its dual
[15, 10, 4]z is singly-even. Moreover, Aut(Ci52) = As, and C15.1, C15,2,
and their duals are optimal codes.

PROOF. By construction we have that the code Ci5,; is a 4-dimensional
code of length 15 and invariant under Ag, so Ag C Aut(C1s,1), this also follows
since Ag acts 2-transitively on the set of code coordinates. So Aut(Cis,1) is
a primitive permutation group of degree 15. Excluding the natural action,
the primitive groups of degree 15, are Ag, Ag-21, A7, S7, Ag and Ss, see [14, p.
324]. From Ag C Aut(Cis,1), we eliminate all but Ag and Sg possibilities
from the previous list. Moreover, direct calculations show that Cy5; is not
Sg-invariant, and since |Ag| = |Aut(Cis,1)|, the result follows. Now, from
Cis1 C 6'1571L we deduce that C5, is self-orthogonal. In addition, it can
be observed from Table 3 that Ci5; has precisely 15 non-zero vectors, and
the zero vector. Also, note that the non-zero vectors (codewords) have weight
divisible by four, hence Ci51 is doubly-even. From [20] we have that 4 is
the smallest dimension for any non-trivial irreducible Fs-invariant module
under Ag and this gives yet another illustration of the isomorphism between
Ag and L4(2). Further, Ci52 is the code obtained from Cis ;1 by adjoining
to it the all-ones vector 1, so if @ € Aut(Ci5,1) then since a(1) = 1 and
015,2 = <Cl571, ].>7 we have o € Aut(01572), and thus Aut(01571) g Aut(01572).
Now |Aut(Cis,1)| = |Aut(Cys,2)| gives Aut(Ci5,2) = As. The optimality of the
codes can be verified from [16]. O

REMARK 7.2. The codes and groups found in Proposition 7.1 can be
described geometrically: viewing Ag as L4(2), notice that the action is that
of L4(2) on the points of PG(3,2). The codewords of weight 8 in Ci51
form a single orbit under the automorphism group, with stabilizer isomorphic
to 23:L3(2), the affine subgroup of GL4(2). Taking the image of this orbit
under the automorphism group we obtain a 2-(15,8,4) design, which is
the complement of the design of points and planes in PG(3,2). By the
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fundamental theorem of projective geometry, the automorphism group of the
design is L4(2). Since this design is self-orthogonal, it follows that its point-
block incidence matrix spans a self-orthogonal code. In addition, the codes
are spanned by their minimum weight codewords, so the assertion on the
automorphism group follows as C’15,1l is the well-known Hamming code of
length 15. A geometric significance of the codewords of non-zero weight could
also be given for the remaining codes.

8. THE 28-DIMENSIONAL REPRESENTATION

The alternating group A,, where n > 5 acts as a rank-3 group of degree
(g) on the 2-subsets of Q& = {1,2,3,...,n} known as duads. The stabilizer of
a point (duad) P = {a,b} € Q is a group isomorphic to the symmetric group
Sn—2, and the orbits of the stabilizer consist of P, one of length 2(n—2) and the
other of length (”52), see for example [29]. In this action A,, defines a strongly
regular graph on (Z) isomorphic to the triangular graph T'(n). In particular
for n = 8, we have that Sg has orbits of lengths 1, 12, and 15. The orbit
of length 12 defines the graph T'(8) whose parameters are (28,12,6,4). The
permutation module splits into three irreducible constituents of dimensions
1, 6, and 14 with multiplicities 2, 2, and 1 respectively. We found that the
permutation module has two maximal submodules, one of dimension 22 and
the other of dimension 27. From the 27-dimensional submodule we obtain one
maximal submodule of dimension 21, while from the 22-dimension submodule
we get four maximal submodules, one of which has dimension 8 and the
remaining three have each dimension 21. These latter submodules are all
non-isomorphic. From the 8-dimensional submodule we obtain three maximal
submodules of dimension 7, no two of which are isomorphic. From each of the
21-dimensional submodules we obtain two maximal submodules, one being of
dimension 7, and the other of dimension 20. The 20-dimensional submodules
are all isomorphic. Each one of the three 7-dimensional submodules are
isomorphic to one of those obtained from the earlier 8-dimensional submodule.
The first 7-dimensional submodule contains two irreducible submodules, one
of dimension 1 and the other of dimension 6. The remaining 7-dimensional
submodules contain each an irreducible maximal submodule of dimension
6. We obtain in all four isomorphic and irreducible maximal submodules of
dimension 6. Hence, we have a total of twelve maximal submodules invariant
under Ag from this permutation module, namely of dimensions 27, 22, 21, 21,
21,20,8,7,7,7,6 and 1. In Figure 3 we depict the lattice of submodules.

In all, we have obtained ten non-trivial codes invariant under Ag. The
weight distributions of these codes are listed in Tables 4 and 5, and in
Proposition 8.1 we summarize the 2-modular codes of this representation.
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FIGURE 3. Submodule lattice for the 28-dimensional representation

Name |dim 0 3 4 5 6 7 8 9 10 11 12 13
Cog1 |6 1 28

Coga |7 1 28 56
Coss |7 1 63

Coga |7 1 8 28

Cas |8 1 8 63 56
ngv‘r)L 20 1 210 2800 24087 103936 235228

Casa™ |21 1 56 210 672 2800 9320 24087 53760 103936 169008 235228 289856
ng’gL 21 1 315 6048 47817 206976 472059

CQ&QL 21 1 210 840 2800 9248 24087 54040 103936 166656 235228 295120
Casat |22 1 56 315 1512 6048 18568 47817 107800 206976 335664 472059 584976

TABLE 4. Weight distributions of the codes from the 28-
dimensional representation.

name | 14 5 16 7 18 19 20 21 22 23 24 25 28
Cast 35
Cas.o 35 8
Cas.s 63 1
Casia 56 35
Cas s 56 63 8 1
Cass ™ | 315360 236831 103040 23730 3248 105
Cosa™ | 315360 205120 236831 166656 103040 54040 23730 9248 3248 840 105
Cass™ | 630720 472059 206976 47817 6048 315 1
Cas, | 315360 289856 236831 169008 103040 53760 23730 9320 3248 672 105 56
Cosa™ | 630720 584976 472059 335664 206976 107800 47817 18568 G048 1512 315 56 1
TABLE 5. Table 4 continued.
ProOPOSITION 8.1. (i) The code Cas1 is a self-orthogonal doubly-

even, projective and optimal 2-weight [28,6,12] code. Its dual ngJJ‘
is a [28,22,3]2 uniformly packed code. Cag i is an irreducible Ag-
invariant Fa-module, and Aut(Cag 1) = Ss.
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(ii) 028,2 s a [28,7, 12]2 code, and 6'2872L = [28, 21,4]2. 028,2 and 6'2872L
are optimal, and Aut(Cas o) = Ss.

(iii) Chg3 is a self-orthogonal, doubly-even [28,7,12] code. Its dual Cyg 3™
is a [28,21,4]s code. Cag s is a decomposable code, Cag 3 and 02873L
are optimal self-complementary codes, and Aut(Cag 3) = S6(2).

(iv) Casa is a projective [28,7,7]2 code, and its dual ngAJ‘ is a [28,21, 3],
code. Moreover, Aut(Cag ) = Sg.

(v) The code Cass is a [28,8,7]2 self-complementary code and its dual
028,5J‘ is a [28,20,4]2 code. Moreover, Cag 5 is a decomposable code,
Aut(Cas5) =2 Sg and 02875J‘ 18 an optimal code.

PROOF. (i) Notice first that Casy forms part of an infinite family of
codes with parameters [(g),n — 2,2n — 4] obtained from the binary row
span of the adjacency matrix of the triangular graph T'(n). The codes of the
triangular graphs have been studied in [18], and with a view for permutation
decoding these codes have been examined further in [25]. Our aim here is to
give an illustration that explores the geometry of the graph and reveals the
connections with modular representation theory. Thus, taking the images of
the orbit of length 12 under Ag on the duads of Q = {1,2,...,8} we obtain
Cag.1 as the binary row span of the adjacency matrix of the triangular graph
T(8). Since n = 28,k = 12,A = 6 and p = 4 are all even, it follows that
Cos,1 is self-orthogonal. It is well-known and follows from [24] that T'(8) is
the unique regular graph with spectrum 12',47, —2%° for which the 2-rank is
6. Now, if we add two different vectors of the adjacency matrix M of T'(8) we
obtain a vector of weight 12 if the corresponding vectors are adjacent and a
vector of weight 16 if the vectors are not adjacent. Since there are 210 pairs
of non-adjacent vertices, the binary row span of M has at least 2—(130 vectors
of weight 16. Since the minimum weight codewords span the code and these
have weight divisible by four, the code is doubly even. Further notice that
(28,1 has only two non-zero weights, i.e., it is a two-weight code. Let w; and
wo (where wy < wa) be the weights of a g-ary two-weight code C of length
n and dimension k. To C' we may associate a graph I'(C) on ¢* vertices as
follows. The vertices of the graph are identified with the codewords and two
vertices corresponding to the codewords = and y are adjacent if and only if
d(z, y) = wy. From the above we obtain a strongly regular graph I'(Cas 1)
associated to Cagq with parameters (64,35,18,20) and its complement, a

strongly regular (64,28,12,12) graph I'(C2g1). Since A\ = p we have that

I'(Cas,1) is in fact a 2-(64, 28, 12) design with no absolute polarities. Designs

with the parameters of I'(Css,1) belong to a family of

v = 22m k, — 22m—1 _ 2m—1 )\ — 22m—2 _ 2m—1 n = 22m—2

) )

symmetric designs (see [23]) termed symmetric difference property design
following [22]. Recall that a code is called projective if its dual distance is at
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least 3. Moreover, a code with minimum distance d = 3 and covering radius 2
is called uniformly packed if every vector which is not a codeword is at distance
1 or 2 from a constant number of codewords ([34]). Tt then follows that Capg 1™
is projective and Cbg 1 is uniformly packed. Moreover 02871J_ has precisely
(2) = 56 codewords of minimum weight 3 and the minimum weight codewords
span the code. Now, from the 2-modular character table of Ag (see [20,36]),
we have that the irreducible 6-dimensional Fo-representation is unique. Since
Aut(Cys,1) contains Ag, by using the above weight enumerator we can easily
see that Cag 1, under the action of Ag, does not contain an invariant subspace
of dimension 1. Thus, if Cs1 were reducible, it would contain an invariant
irreducible subspace F of dimension d with 2 < d < 5, which is not possible.
Hence, Cr is irreducible and must be isomorphic to the 6-dimensional Fo-
module on which Ag acts irreducibly. That the automorphism group of the
code is the symmetric group Sg, follows by the classification of primitive
groups ([31]), as this is the only primitive group of degree 28, and order
40320.

(ii) For the dimension of Cag 2, notice from Table 4 that Cag ;1 is a subcode
of codimension 1 in Csg > spanned by the words of weight divisible by four.
Furthermore Cyg o is not spanned by its minimum weight codewords; it is
spanned by the words of weight 13. Moreover, and using Magma we verified
that Aut(Cas2) = Ss. Under the action of Ss, the codewords of weight 13
form a single orbit, with the stabilizer of such a codeword a maximal subgroup
isomorphic to S5 x S3. Similarly, the codewords of weight 21 form a single
orbit invariant under Sg and these codewords are stabilized by a maximal
subgroup isomorphic to S7.

(iii) Notice first that 028,3 = <028,1; 1> = 028,1 D <1> Hence 028,3 is a
decomposable module. Now, suppose that o € Aut(Cas 1). Since a(1) = 1
and Cogs = (Ca2s1,1), we have a € Aut(Cass), so that Aut(Cas i) C
Aut(Cas3). Hence we have by part (i) that Ss < Aut(Casg). Since
[Aut(Cas 3):5s] = 36 and by Magma we have that Ss is a maximal subgroup
of Aut(Cas3). In order to describe the structure of Aut(Cag 3) we need to
determine a primitive group of degree 36 which contains Sg maximally. Of
the 20 primitive groups of degree 36 (see [31]) only one satisfies the above
conditions, this being the symmpletic group Sg(2). Hence Aut(Casg 3) = Ss(2).
In addition, observe that Cs 2 and Cag 3 have the same parameters, however
they are easily distinguished using their weight distributions.

In part (iv), for the dimension of Cg 4, notice from Table 4 that Cag 1 is a
subcode of codimension 1 in Cyg 4 spanned by the words of weight divisible by
four. Furthermore, since Cog 4 is spanned by its minimum weight codewords,
we can easily deduce its automorphism group. In fact we can show that
Aut(028,4) = Sg.
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Finally, part (v) follows at once by noticing that Cags = Cag 3 U Cag 4,
and moreover Cag 4 is the subcode of Cyg 5 spanned by any set of codewords of
odd weight, while Cbg 3 is the subcode generated by words of weight divisible
by four. The codes Cag 3 and Cbg 4 intersect in their doubly-even subcode of
dimension 6, which is in fact Cas 1. Moreover, since Cags = (Caga,1) =
Chs.4 ® (1) the assertions on the dimension and minimum weight follow.
Considering the latter inclusion and the order of the groups, we obtain that
Aut(Cas5) = Ss. Optimality of all codes can be verified in [16] and also using
Magma ([2]) Finally, the codes 028,2; CQ872L7 028,4; 02874l, 028,5 and 6'2875L
are all optimal. O

9. DESIGNS HELD BY THE SUPPORT OF CODEWORDS IN Cog ;

A careful examination of Tables 4 and 5 shows that the non-zero
codewords of the codes tabulated are single orbits stabilized by maximal
subgroups of the automorphism groups. Suppose that w,, is a codeword
of non-zero weight m in C' = Csg; where i = 1,2,...,5. In this section
we determine the structures of (Aut(C)),,,, that is the stabilizers of w,, in
Aut(C). The structures of these stabilizers are listed in Table 6.

9.1. Stabilizer in Aut(C) of a word w; in C. We now examine the action
of Aut(C') = Sg or Aut(C) = Sg(2) on the set W, of non-trivial codewords
of C' and describe their nature. In addition we look at the structure of the
stabilizers (Aut(C))y,, where m € M with M defined as follows.

Consider M = {7,12,13,15,16,21}. For m € M we define W,, =
{wm € Cas,; | wt(wy,) = m}. We show in Lemma 9.1 that for all m € M,
(Aut(C))w,, = H where H < Aut(C) is a maximal subgroup of Aut(C). In

max
addition for w,, € W,, we take image of the support of w,, under the action

of G = Sg or G = Sg(2) to form the blocks of the ¢-(28,m, k) (1 <t < 2)
designs ® = D,,,,, where kp, = |[(wn)%| x 2 and show that Aut(C) acts
primitively on D,,,,. Information on these designs is given in Table 7.

LEMMA 9.1. Let C be a code of Proposition 8.1, and 0 # w € C. Then
Aut(C),, ts a mazimal subgroup of Aut(C). Moreover, the design © obtained
by orbiting the images of the support of any non-trivial codeword in C is
primative.

PRrROOF. Notice from Proposition 8.1 that Aut(C) = Sg or Aut(C) =
S6(2). We consider the following two cases.

Cask L. Aut(C) = Sg. Since Wy, is invariant under the action of Sg for
all m € M, Tables 4 and 5 show that w,,® = W,, except when C' = Cas,5
and m = 12 or m = 16. Therefore each W, is a single orbit under the action
of Sg, so that Sg is transitive on each W,,. From Tables 4 and 5 and the orbit
stabilizer theorem we deduce that [Ss:(Ss)w,,] € {8, 28,35, 56}. Looking at the
list of maximal subgroups of Sg (see Atlas [8]) and furthermore, using results
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of [28] we deduce that (Sg).,, € {57,596 x 2, (S4 % S4):2,S5 x S3}. Since Ss is
transitive on the code coordinates, the codewords of W,,, form a 1-design D,,,,
with the number of blocks being the indices of (Sg)y,, in Sg. This implies
that Ss is transitive on the blocks of D,,,, for each w,, and since (Sg)y,, is
a maximal subgroup of Sg for m € M, we deduce that Sg acts primitively
on D, . See Table 6 and Table 7 for the parameters of these designs. Now,
consider C' = Csg 5 and m = 12. In this case |Wi2| = 63 and Wis splits into
two orbits of lengths 28 and 35, namely W3y, and W(;3), under Aut(C). If
m = 16 we have |Wi| = 63 and as earlier Wi also splits into two orbits of
lengths 28 and 35, namely W y¢), and W(y6), respectively.

CASE II. Aut(C) = Ss(2). In this case C' = Cag 3 with m = 12 or m = 16.
For either choices of m we have w,,%¢® = W,,. Thus, W,, is a single orbit
of S¢(2), and arguing similarly as in CASE I, we can show that (S6(2))w,, is
a maximal subgroup of Sg(2) isomorphic to 2°:Ss. Lastly, Se(2) is primitive
on the designs D,,,, = 2-(28,12,11) and its complement D,,,, = 2-(28, 16,20)
obtained by orbiting the images of the supports of the codewords of weights
12 and 16 respectively. o

In Table 6 the first column gives the codes Cyg i, the second column
represents the codewords of weight m (the sub-indices of m represent the code
from where the codeword is drawn), the third column gives the structure of
the stabilizers in Aut(C') of a codeword wy, and the last column, tests the
maximality (Aut(C)),,

C m (Aut(C))w,, Maximal [ C m (Aut(C))w,, Maximal

Cog g T4 S Yes Cog 4 154 S5 x S3 Yes
Cog 5 75 S7 Yes Cog s 155 S5 X S3 Yes
Cas,1 12 Se x 2 Yes Cas 164 (Syx Sq):2 Yes
Chs.2 124 Se X 2 Yes Cas 2 164 (S4 % 8y):2 Yes
Casz 123 25 : Sg Yes Cos3 163 25 : Sg Yes
Cas,a 124 Se % 2 Yes Coga 164 (S4x Sy):2 Yes
Coss  (125)1 Se % 2 Yes Cass  (165)1 Se % 2 Yes

(125)2 (Sa x Sq):2 Yes (165)2  (Sa x S4) : 2 Yes
Cog,2 139 S5 x S3 Yes Cog 2 21, Sr Yes
Cog,s 135 S5 X S3 Yes Cog s 215 Sr Yes

TABLE 6. Stabilizer in Aut(C) of a codeword w,,

In Table 7 the first column represents the codewords of weight m and
the second column gives the parameters of the t-designs D,,,, as defined in
Subsection 9. In the third column we list the number of blocks of D,,,,. The
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final column shows whether or not a design D,,,, is primitive under the action
of Aut(C).

m Du,, No. of blocks Prim || m Dy, No. of blocks Prim
7a 1-(28,7,2) 8 Yes | 154 1-(28,15,30) 56 Yes
75 1-(28,7,2) 8 Yes || 155  1-(28,15,30) 56 Yes
124 1-(28,12,12) 28 Yes 164 1-(28,16,16) 35 Yes
12, 1-(28,12,12) 28 Yes || 165  1-(28,16,20) 35 Yes
123 2-(28,12,11) 63 Yes 163 2-(28, 16, 20) 63 Yes
12, 1-(28,12,12) 28 Yes || 16,  1-(28,16,20) 35 Yes
(125); 1-(28,12,12) 28 Yes || (165); 1-(28,16,16) 28 Yes
(125),  1-(28,12,15) 35 Yes | (165)2 1-(28,16,20) 35 Yes
132 1-(28, 13, 26) 56 Yes 214 1-(28,21,6) 8 Yes
135 1-(28, 13, 26) 56 Yes 215 1-(28,21,6) 8 Yes

TABLE 7. Primitive ¢-designs D,,,,, invariant under Aut(C)

In Remark 9.2, below we use Lemma 9.1 to give a geometric description
of the nature of the codewords in each of the codes of Proposition 8.1. A
geometric significance of the minimum weight codewords of the respective
duals could also be given.

REMARK 9.2. (i) Notice that the minimum weight of of Cbs 1 is precisely
the valency of the graph, and that the minimum weight codewords are the
rows of the adjacency matrix of 7'(8) and these span the code. From a purely
geometric perspective one can regard the minimum weight codewords as the
duads P = {a,b} (2-element subsets) of the set Q@ = {1,2,...,8} and those
of weight 16 as the lines of the projective space PG(3,2). Observe that all
weights in Cag o are = 0,1 (mod 4). Consequently, since Cag1 C Cago we
have that the words of weight = 0 (mod 4) in Csg 2 have the same geometrical
significance as those of Cys 1, hence they are the duads of €2, while the words
of weight =1 (mod 4) represent the set of triads P = {a,b,c} of Q (see
Section 10) and the points using the alternating notation (see Section 3 or
the Atlas [8]).

For the code Cys 3 the codewords of minimum weight 12 represent the 63
isotropic points of the orthogonal space, and since the dimension of the code is
7, this provides an illustration of the isomorphism Sg(2) = Q7 (7,2). Moreover,
the minimum weight codewords constitute the 63 rows of the incidence matrix
of a quasi-symmetric 2-(28,12,11) design D formed by taking the images of
the support of the codewords of minimum weight under the action of the
automorphism group. This is in fact a derived design with respect to a block
of the 2-(64,28,12) design given earlier. That the automorphism group of
this design is isomorphic to Se(2) is well-known (see for example, [15], [23]).
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Since Aut(D) C Aut(Cas 3), and have the same order, it follows at once that
Aut(Cas3) = S6(2). Since 1 € Cag5 we have that the number of codewords
of any weight w equals the number of words of weight 28 — w. Moreover,
all weights in Cag 5 are = 0,1 (mod 4). Since Cag5 = Cag 3 U Cag 4 and also
Cas5 = Cag.4 ® (1) a geometric description of the codewords of Cag 5 can be
given in terms of either Cyg 3 and Cag 4 or simply using Cog 4.

(ii) The full set of minimum weight four vectors of 028,3L defines a 2-
(28,4,5) design with 315 blocks, which we denote H(g). This design which
was found by Holz is in a class of well-known designs with parameters 2-
(¢®+1,q+1,q+2). It is known that H(g) contains the 2-rank 21 Hermitian
and the 2-rank 19 Ree unitals i.e., 2-(28,4, 1) designs as subdesigns, see [1],
and also [11] for a more recent account. The 315 vectors of minimum weight
include the characteristic functions of the design forming these two unitals.
Acting the subgroups PT'L2(8) and PTU3(9) of Sg(2) will isolate the weight
four vectors that make up the blocks of copies of each of these unitals. When
q = 3 the codes of the Hermitian and Ree unitals coincide with the code of
H(g), which is in fact a code isomorphic to Cag 3 i.e., the dual code of the
unital of order 3.

(iii) Tt was proved by Jungnickel and Tonchev in [21] that there exist four
non-isomorphic symmetric 2-(64,28,12) designs characterized by symmetric
difference property and minimality of their 2-rank. Moreover, these designs
have large full automorphism groups, and also large 2-subgroups. In
particular, the orders of the full automorphism groups are divisible by 29,
and their derived 2-(28,12,11) quasi-symmetric designs give rise to four
inequivalent [28,7,12], codes whose weight distributions equals that of Cag 3.
This shows that the code of the unital of order 3 is not unique. For more
details, consult [23] and [15]. It has recently been proved (see [3, Theorem 5.1])
that there is exactly one primitive symmetric design with parameters 2-
(64, 28, 12) whose automorphism group is a maximal subgroup of index 694980
of the sporadic simple group Figy isomorphic to 26:56(2). Furthermore, using
tactical decompositions, Crnkovi¢ and Pavéevié ([10]) constructed forty-six
non-isomorphic symmetric 2-(64,28,12) designs from orbit matrices having
the Frobenius group of order 21 as an automorphism group. These designs do
not satisfy the symmetric difference property, 2° is not a divisor of the order
of their full automorphism groups, and their derived 2-(28,12,11) designs are
not quasi-symmetric. In a forthcoming paper [7] we plan to examine the
binary codes of these designs.

10. THE 35-DIMENSIONAL REPRESENTATION

The group Asg, acts as a primitive rank-3 group of degree 35 on the set
of lines of V4(2) (see [8]); with line stabilizer isomorphic to 24:(S3 x S3). The
orbits of the stabilizer of a line £ consist of {£}, ¥ and ® of lengths 1, 16
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and 18 respectively. In addition, since Ag acts as a rank-3, it is clear that
the image of U (or ®) under Ag defines a strongly regular graph. We denote
this graph I' and its complement I'. Note that I" has parameters (35,16, 6, 8)
and its complement is a (35,18,9,9) graph, which is in fact a 2-(35,18,9)
design whose polarity has no absolute points. According to the Atlas ([8])
the elements being permuted are the 35 bisections. The permutation module
splits into five absolutely irreducible constituents of dimensions 1, 4, 4, 6 and
14 with multiplicities of 1, 1, 1, 2 and 1 respectively.

There are only two irreducible submodules in this representation, one
of dimension 1 and the other of dimension 6. The permutation module has
two maximal submodules of dimensions 29 and 34 respectively. From the
29 dimensional submodule we get four non-isomorphic maximal submodules
of dimensions 15, 25, 25, and 28. The 34-dimensional submodule has one
maximal submodule isomorphic to the 28 dimensional submodule given above.
Chopping the modules recursively and filtering out the isomorphic copies, as
it was for the representations of degrees 15 and 28 we get submodules of
dimensions 34, 29, 28, 25, 25, 24, 24, 21, 20, 15, 14, 11, 11, 10, 10, 7 and 6.
The two codes from submodules of dimension 25 are isomorphic and so are
those from the submodules of dimensions 24, 11 and 10. Hence, we obtain
twelve non-trivial binary codes. We denote the codes as C'35; and the duals
C’35,ﬁ7 where ¢ = 1,2,...,6. The lattice of submodules is given in Figure 4
and the weight distributions are given in Tables 8, 9 and 10 respectively.

FIGURE 4. Submodule lattice for the 35-dimensional representation
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Name ‘ dim 0 3 4 5 6 7 8 9 10 11 12
C35.1 6 1
Cs50 |7 1
Csss |10 1 105
Cssq |11 1 15 105
Csss |14 1 105 105
Csse |15 1 30 105 315 630
Css6t |20 1 280 735 11648 52290
Casst |21 1 56 280 210 735 4480 11648 26145 52290
Cssat |24 1 105 1960 21525 179648 813645
Csat |25 1 105 56 1960 6735 21525 71680 179648 401415 813645
Cazob |28 1 840 25480 366660 2872688 13027560
Casat |29 1 105 840 5096 25480 104760 366660 1104880 2872688 6513780 13027560
TABLE 8. Weight distributions of the codes from the 35-
dimensional representation.
name | 13 14 15 16 17 18 19 20 21 22
Cas1 35 28
Cs5,2 28 35 35 28
Css,3 455 448
Css,4 448 455 455 448
Cs55 2640 4235 3360 3388 1680
C35.6 1680 2640 3388 4235 3360 3360 4235 3388 2640 1680
(/'35ng 140360 244895 282240 195916 89320
Cs55° | 89320 140360 195916 244895 282240 282240 244895 195916 140360 89320
Casa™ 2283560 3924515 4468800 3155131 1448440
Css.375 | 1448440 2283560 3155131 3924515 4468800 4468800 3924515 3155131 2283560 1448440
Cs5.0 36268760 63410270 70926240 50728216 23080120
Css1 | 23080120 36268760 50728216 63410270 70926240 70926240 63410270 50728216 36268760 23080120
TABLE 9. Table 8 continued.
name | 23 24 25 26 27 23 29 30 31 32 35
C3s,1
C3s,2 1
03573 15
Cs5,4 105 15 1
Cs5.5 315 30
Css6 | 630 315 105 30 1
Css.6™° 26145 4480 210 56
Css.5% | 52290 26145 11648 4480 735 210 280 56 1
Casa™t 401415 71680 6735 56
Cisst | 813645 401415 179648 71680 21525 6735 1960 56 105 1
Css0t 6513780 1104880 104760 5096 105
Css17 | 13027560 6513780 2872688 1104880 366660 104760 25480 5096 840 105 1
TABLE 10. Table 9 continued
In Proposition 10.1 which follows, we summarize the properties of the
codes.

PROPOSITION 10.1. (i) Cs51 = [35,6,16]2 is a self-orthogonal, doubly-

even and projective code. Its dual C35,1J‘ = [35,29, 3]2 is a uniformly
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packed code. Moreover, Css 1 and C’35,1L are optimal and Aut(Css,1) =
Sg acts irreducibly on Css1 as an Fa-module.

(i) Css2 = [35,7,15]2 and Css2™ = [35,28,4], is an optimal and singly-
even code. Furthermore 1 € (352 and Css2 is a decomposable code,
and Aut(03572) = Sg.

(i) Css,3 = [35,10,12]3 is a self-orthogonal and doubly-even code. Its dual
C’35,3l is a [35,25,4]s code. Moreover, Aut(Css3) = As, and Css 3
and 6'3573L are optimal.

(iv) Css.4 = [35,11,7)2 and 1 € Css4. The dual Cz54~ = [35,24,4]y is
singly-even. Moreover, Css 4 is decomposable, and Aut(Css4) = As.

(v) Cs55 = [35,14, 8]z is a self-orthogonal and singly-even code. The dual
C3s5° = [35,21,5]2 and Aut(Css5) = Ss.

(vi) Css.6 = [35,15,7]2 and 1 € Css6, and the dual C356™ = [35,20, 6]y is
singly-even. Moreover, Css6 is decomposable, and Aut(Css6) = Ss.

PROOF. We start by observing that Css 2 = Cs51 @ (1), C35.4 = C353 @
(1), and Cs56 = Cs55 @ (1). Consequently, it follows that Aut(Css1) C
Aut(03572), Aut(03573) g Aut(C’35,4) and Aut(C’35,5) Q Aut(03576). Further,
C35,2,C35.4 and C3zs6 are all decomposable codes (resp. decomposable Fa-
modules) invariant under Ag. For parts (i) and (ii), note that Cs5 is the
code defined by the row span over Fy of the adjacency matrix of the graph
T (or equivalently of the row span of the adjacency matrix of a 1-design ©
with parameters 1-(35, 16, 16) formed by taking the vertices of I as the blocks
of the design, and incidence in the design as adjacency in the graph). Thus,
Css.2 is the code of the complementary design D of ® and so the difference
of any two codewords in C5 1 is in C3s 2. As these differences span a subcode
of dimension 6 in C352, this subcode must be C35 ;. Moreover, from the
weight distribution (see Table 8) we deduce that Css 1 is the subcode of Css o
spanned by words of weight divisible by four. The above inclusion now follows,
as U352 is U351 adjoined by the vector 1. Since I' is a graph that appears in
a partition of the symplectic graph Sg (2) it follows from [24, Theorem 5.3]
that T' possesses the triangle property and as such it is uniquely determined
by its parameters and by the minimality of its 2-rank, which is 6. Thus
the dimension of Cs5 1 is 6. For completeness, we give some overview of the
symmplectic graph. Let A be a 2n x 2n nonsingular alternate matrix over Fy,
the symplectic graph relative to A over F, is the graph with the set of one-
dimensional subspaces of FQ(Q”) as its vertex set and with adjacency defined
by [u] ~ [v] if and only if uAv # 0 for any v # 0 and v # 0 € FQ(Q”), where
[u] and [v] are one-dimensional subspaces of F,*™ | and [u] ~ [v] means that
[u] and [v] are adjacent. Furthermore, the minimum-weight 16 of C351 can
be deduced using results from [18, Section 4.4]. We note in addition that
all codewords of C3s51 are linear combinations of at most two rows of the
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adjacency matrix of I'; and since there are exactly 35 codewords of minimum
weight in Css 1 and these are precisely all the rows of the adjacency matrix
of I', these must span the code. Since the spanning vectors have weight 16,
we have that C35; is doubly-even and hence self-orthogonal. In addition
Css.1 is a two-weight code, and by an argument similar to that used in the
proof of Proposition 8.1(i) we obtain a strongly regular (64, 28,12, 12) and its
complement. Since C’35,1L has minimum weight 3 it follows from [4] that C35 1
is a projective code, and moreover Css 1 is uniformly packed ([34]). Optimality
of 35,1 and Css 17 follows by Magma ([5]) and also from [16]. Further, using
[16] we obtain that Css o is a distance 1 less than the optimal. The assertion
on irreducibility of C's5 ; follows an argument similar to that used in the proof
of Proposition 8.1(i). Finally, Cs5; is isomorphic as an Fa-module to Cag 1
and C352 is a decomposable 7-dimensional Fa-module invariant under Sg.
For the automorphism of the code we will use the knowledge on the design
D given above. Let G = Aut(®). By construction we have that As C G.
However |G| = 2 x |Ag| and G is a group generated by permutations such
as (1,28)(3,12)(4,16)(6,8)(10,17)(13,35)(15,27)(18,34)(23,26)(30,33) and
(1,24, 33,34,26,20,5)(2,4,11,18,31,8,6)(3, 25, 14, 23, 16, 27,19)(7, 21, 35, 12,
28,13,9)(10, 30, 32,29, 15, 17, 22), which we denote x and y. Since these satisfy
22 = y7 = (zy)® = 1 and G = (z,y) we have that G = Sg. Moreover
G C Aut(Cs5,1) and since the minimum weight codewords are the blocks of
D and span C351 we have that G = Aut(C3s1).

For parts (iii) and (iv), we note that Css 4 is the code spanned by the rows
of the 35 x 15 triple symbol incidence matrix of the design D of points and lines
of PG(3,2). This is a quasi-symmetric 2-(15,3,1) design with 35 blocks, and
blocks meeting in 0 or 1 point respectively. It is well-known that the block
graph of a quasi-symmetric design is a strongly regular graph, in this case
we have a strongly regular (35,18,9,9) graph (see [33, Theorem 3.7]). The
design D is the only 2-(15, 3,1) design for which the 2-rank is 11, as suggested
by the well-known Hamada’s conjecture on the minimality of the p-rank of
geometric codes amongst those of the same parameters ([19]). Moreover, the
minimum weight codewords span C3s 4 and since r = 7 is odd it follows that
(35,4 contains the all-one vector 1. In addition from r = 7 # 2\ = 2 and
C’35,4l # 0 we have that the minimum-weight of C’35,4l is at least 4. That
the automorphism groups is as claimed follows using the fundamental theorem
of projective geometry, and also considering the earlier inclusions and taking
orders of the groups. Now, the words of weight divisible by four in Cs5 4 form
a linear subspace of codimension 1, so by the earlier containment we deduce
that this code must be isomorphic to Css 3(recall that Css 4 is Cs5 3 adjoined
by the all-one vector). Further, since Css 3 is spanned by its minimum weight
codewords the assertion on the automorphism group follows.
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Finally, for parts (v) and (vi) the dimension of the codes can be deduced
immediately from the structures of the submodules, and the automorphism
group follows from the earlier inclusions discussed at the beginning of the
proof, and considering the orders. The codes Cjs 5, 03575L, Css5,6 and 6'3576L
are all optimal. O

It can be deduced from Tables 8, 9 and 10 that the stabilizers of the
codewords of the codes given in Proposition 10.1 are not always maximal
subgroups of the automorphism group. However, in most cases a result along
the lines of Lemma 9.1 could be derived. Such result although of interest would
consist of many cases and its proof depend on a tedious case-by-case analysis.
Thus, in Remark 10.2 below we concentrate only on examining the nature of
the minimum weight codewords in each of the codes of Proposition 10.1. We
give a geometric significance of those codewords and show in addition that
they constitute single orbits of the corresponding automorphism groups.

REMARK 10.2. (i) The words of weight 16 in Cs51 have a geometrical
significance: they are the rows of the adjacency matrix of I' or equivalently the
incidence vectors of the blocks of a 1-(35, 16, 16) design formed by the images
of the supports of the codewords of this weight. Since the symmetric group Sg
is the automorphism group of the code, we consider this action and provide a
geometrical significance of some classes of codewords. From the Atlas [8] we
have that the words of weight 16 in C35 ; represent the bisections, while those
of weight 20, represent the duads. The stabilizers in Sg of a bisection, and
of a duad are maximal subgroups isomorphic to (Sy x S4):2 and to Sg x 2,
respectively. We thus have shown that Sg acts primitively on the set of duads,
and on the set of bisections.

Furthermore, since Ag acts on C35; we can interpret the codewords of
this code using Ag. Viewing Ag as L4(2) we have from [8] that the objects
permuted by the automorphism group are lines and copies of S4(2). The
codewords of weight 16 represent the lines of PG(3,2) while those of weight
20 are copies of S4(2), thereby explaining the connection with the symplectic
graph Sg' (2) found in the proof of Proposition 10.1. The stabilizers of a line,
and of a copy of an S4(2) are maximal subgroups of Ag isomorphic respectively
to 24:(S3 x S3) and Sg. Thus we have a primitive action of Ag on the lines of
PG(3,2), and on the set of conjugates of S4(2) respectively.

The dimension 6 of C'35,; provides a nice illustration of the isomorphism
between As and Q7(6,2) (similar interpretation could be given for Cag 7).
Therefore using Ag = Q1(6,2) we can regard the non-zero codewords of
(35,1 respectively as the sets of isotropic and the non-isotropic points of the
orthogonal geometry. This in turn indicates that the objects being permuted
are respectively the isotropic and non-isotropic points. The stabilizer of an
isotropic point is a maximal subgroup of Sg isomorphic to (S4 X Sy):2 (resp.
maximal subgroup of Ag isomorphic to 24:(S3xS3)) and that of a non-isotropic
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point is a maximal subgroup isomorphic with Sg x 2 (resp. maximal subgroup
of Ag isomorphic to Sg). Now, since Cs52 = Cs51 @ (1) the geometrical
significance of the words of Css2 can be deduced in terms of the words of
Css,1.

(ii) The codewords of minimum weight in Cs54 are precisely the 15
points of PG(3,2), and the isotropic planes in the orthogonal geometry.
The stabilizer of a codeword of minimum weight is a maximal subgroup
of Ag isomorphic to 2% : L3(2). The codewords of minimum weight 12
in C353 are invariant under Ag, and have for stabilizer a non-maximal
subgroup isomorphic to 2% : S;. Using a result of Neumaier [27] (see also
[9]), Haemers ([17]) gives an elegant geometric connection between PG(3,2)
and the Hoffman-Singleton graph, by taking the points and lines of PG(3,2)
to be the vertices of the graph. Points are mutually non-adjacent; lines are
mutually adjacent if and only if the corresponding triples are disjoint. A point
is adjacent to a line if and only if they are incident in PG(3,2).

(iii) Finally, the 30 codewords of minimum weight 7 in C35 ¢ are stabilized
by a non-maximal subgroup of Sg isomorphic to 23 : L3(2), while the 105
codewords of minimum weight 8 in Cs5 5 are stabilized by a maximal subgroup
of Sg isomorphic to 24 : Sy.

REMARK 10.3. Taking the point set P to be the 2-subsets of Vj(2),
Dempwolff in [12] constructed a design D = (P, B) where B = {b(L) | L € P},
with blocks of the form b(L) = {£} U{Q € P| LN Q = &}. This design has
the group Sg as its full automorphism group, and it is in fact isomorphic to
the symmetric 2-(35,17, 8) design formed by orbiting the image of the union
of the orbit of length 1 and 16, i.e., the set {£} U ¥ under Ss. This is also
the complementary design of the 2-(35,18,9) design described earlier in this
section. The design D is a Hadamard design, and it uniquely extends to a
3-(36,18,8) design. The 3-ranks of these designs are 13 and 14 respectively,
and their ternary codes were examined in [30].

The rows of the incidence matrix of the 2-(15,3, 1) design can be used as
orthogonal parity checks that allow majority decoding of the code Css 4 up
to its full error-correcting capacity. We prove the following

PROPOSITION 10.4. The code C'35 4 can correct up to 3 errors by majority
decoding.
ProoOF. By applying the Rudolph’s decoding algorithm [32] to the design

2-(15,3,1) we obtain that L”QAA*IJ = V;ri;lJ = 3, and so the result follows.
O

11. THE 56-DIMENSIONAL REPRESENTATION

As for the earlier representations, here we consider n to be a positive
integer and  a set of size n, and 23} to be the set of all 3-element subsets
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of Q. Adopting the terminology of the Atlas ([8]) we call these sets triads,
although they are also called triples in [26]. The alternating group A4,, where
n > 7 acts primitively as a rank-4 group of degree (g) on the points of Q3},
The stabilizer of a point P = {a, b, ¢} is a group isomorphic to (4,3 x 3):2,
with orbits of lengths 1, (”gd), 3(";3) and 3(n — 3) respectively. In particular
for n = 8, we see that Ag has a unique primitive permutation representation of
degree 56 on the cosets of (As x 3) : 2. The orbits of this action have lengths
1, 10, 15 and 30, respectively (see Table 1 and [8]). The elements being
permuted in this action are the 56 triads. The permutation module splits into
five absolutely irreducible constituents of dimensions 1, 4, 4, 6 and 14 with
multiplicities of 2, 1, 1, 3 and 2, and there are only two irreducible submodules,
namely of dimensions 1 and 14. Working similarly as in the representations
of degrees 15 and 28 and 35 above, we get that the permutation module has
two maximal submodules of dimensions 42 and 55. From the 42-dimensional
submodule we get two non-isomorphic maximal submodules of dimensions
41 and 36 respectively. The 55-dimensional submodule has two maximal
submodules, one of dimension 49 and the other of dimension 41, with the
latter being isomorphic to the 41-dimensional submodule of the module of
dimension 42 found above. Continuing recursively in this manner we get 31
non-isomorphic submodules of dimensions 55, 49, 48, 42, 41, 36, 35, 35, 35,
34, 32, 32, 31, 31, 29, 28, 28, 27, 25, 25, 24, 24, 22, 21, 21, 21, 20, 15, 14, 8
and 7, with the lattice of submodules as depicted in Figure 5.

FIGURE 5. Submodule lattice for the 56-dimensional representation

The 32-dimensional submodules give two isomorphic codes, and so do the
submodules of dimensions 31, 25, and 24. Thus, in total we obtain twenty-
six non-trivial and non-isomorphic codes. In Tables 11, 12 and 13 we give
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the weight distribution for the codes that contain the all-one vector. In the
tables the codes are denoted C'sg; and their corresponding duals C5l6’1-, with
i =1,2,...,13. In Tables 14, 15 and 16 we present the codes without the
all-one vector.

name dim 0 4 5 6 7 8 9 10 11 12 13
56 52 50 49 48 47 46 45 44 43
Cs6,1 7 1
Cs6.2 8 1
Csea |15 1
Cwos |21 1 35 280
Csor |21 1 28 168 490
Cs6,8 21 1 210
Cseo |22 1 56 210 560
Cson1 |25 1 35 1120
Cs6,12 27 1 28 35 588 2240
Csenst |28 1 28 35 280 588 1624 2240 7000
Cse12t |29 1 455 15400
Csen™ |31 1 28 35 3108 37520
Csenot |32 1 28 120 35 280 3108 4144 37520 117040
C;,c,_gl 35 1 4235 16800 564480
Csort |35 1 70 560 7315 76272 735980
Cses® |35 1 448 1715 19728 538160
C;,(,;,l 36 1 448 240 1715 2800 49728 109984 538160 1808800
C55<4l 41 1 70 2688 77035 2208640 34062140
Csos®™ |42 1 70 560 2688 12560 77035 457520 2208640 9146256 34062140 115171280
Cs6,1 +ola9 1 6020 505232 22206275 556315760 8724879800
TABLE 11. Codes from the 56-dimensional representation
containing the all-ones vector.
name 14 15 16 17 18 19 20 21
42 41 40 39 38 37 36 35
Cﬁ(i.l
Cs,2 8
Cso.a 266 672
Cs6.6 5201 83104
Cs6,7 840 5306 12460 46872
840 266 7000 64792
840 728 266 840 7000 27720 64792 95960
79121 1450624
21980 159761 668780 3381504
21980 51352 159761 357280 668780 1616160 3381504 5051680
84480 649061 2956800 12347104
300020 2780561 11067980 52753344
300020 995512 2780561 5819800 11067980 25247040 52753344 80315200
6061360 39938241 198847600 744783578
5540000 39662553 202366080 750029056
5476160 39789281 200742080 756458304
5476160 15745072 39789281 93578800 200742080 404154240 756458304 1283739520
354062720 2542912057 12957463680 47955156634
354062720 992213488 2542912057 5981538640 12957463680 25917985520 47955156634 82200927200
90698577200 650765629745 3317623509200 12275213890940

TABLE 12. Table 11 continued.
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name 22 23 24 25 26 27 28
34 33 32 31 30 29
28 70
56 28 70
9205 12480
532875 854160
98840 272965 346416 528380
117320 251125 333592 546860
117320 170520 251125 293832 333592 458360 546860
8146635 14199360
7030520 18029515 21638232 32351360
7030520 11727520 18029515 20693008 21638232 27602960 32351360
29944320 69292755 92843520 120603120
111765080 291842635 346625832 513131360
111765080 188861680 291842635 332235568 346625832 440145440 513131360
2048051040 4172993195 6328509152 7279729640
2041226880 4157300000 6332396224 73011493760
2027795840 4182322795 6288761472 7355866400
2027795840 3022186720 4182322795 5317674208 6288761472 7040868800 7355866400
130758826240 265841299675 405616141056 466898830280
82200927200 193317079200 265841299675 340234799072 405616141056 450742296480 466898830280
33477848112800 68047373268875 103850752946528 119510793724560
TABLE 13. Table 12 continued.
name |dim 0 4 6 8 10 12 14 16 18
Cses |14 1 210
Cses5 |20 1 280 2065
Cse0 |24 1 1120 36505
Cs613 |28 1 420 6580 41280 327145 1485120
Cseo |34 1 3570 296800 2775200 19785031 101230080
Cseo™ |48 1 2940 253400 11097730 278187784 4362301300 45349812360 325381240751 1658815478040

TABLE 14. Codes from the 56-dimensional representation

without the all-ones vector.

20 22 24 26 28 30 32
5040 6240 4165
42616 265440 427080 267435
732256 4066440 7099680 4080195
6170416 14952000 34648320 46455360 60301560 46388160 34644435
375024832 1020557440 2078710620 3166170112 3650746680 3166226112 2078605375
6137600058464 16738933866480 34023676352540 51925383202000 59755396862280 51925369744528 34023696916335
TABLE 15. Table 14 continued.

name 34 36 38 40 42 44 46 48 50 52

56,3 672 56

Cs6.5 40488 3136 35

Cs6.10 718368 42616 35

Csp13 | 14992320 6176688 1471680 321916 43200 8820 35

(Vr,g,.g)l 1020669440 375004224 101136000 19877522 2764800 267680 16800 665

C‘suzL 325384388994 45348764840 4362578500 278127976 11108545 251832 3080  16738914246320 6137613832476 1658808031160

REMARK 11.1.

parameters [(}), n, (

TABLE 16. Table 15 continued.

(i) The code Csg,7 is part of the family of codes with

n—1
2

)]2 studied in [26, Theorem 1], and obtained
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from non-trivial undirected graphs with vertex set Q3. The edges of
the graphs are defined by the rules that two vertices are adjacent in a
graph if and only if they have exactly zero, one or two elements of {2
in common. With the exception of Css 7 and its dual all the remaining
codes found in this representation are new.

(ii) In this representation we found the following decomposable codes:
Cs6,2® Cs62" = F30, Csga = Cs6,3® (1), Csg.6 = Cse,5 D (1), Csp,7 @
Cs6.7 = F30, Cs6.11 = Cs6,10D (1), Cs6.12- = Csp.13~ B (1), Cses™ =
Cs6.0m @ (1) and Cs61" = Cse2~ @ (1).

(iii) The properties of the codes whose weight distributions are listed in
Tables 11, 12, 13, 14, 15, and 16 are summarized in Table 17. In
Table 17, the first column gives the parameters of the code, the
second, third and fourth columns are true (“yes”) if the code is
self-orthogonal (s.o.), singly-even (s.e.) or doubly even (d.e.), and
false (“no”) otherwise. The fifth column gives the structure of the
automorphism group. The sixth, seventh and eighth columns are
true (“yes”) if the code contains the all-ones vector, is optimal or is
generated by minimum weight vectors, and false (“no”), otherwise. If
the code is generated by minimum weight vectors, or other codewords,
then the ninth column gives the 1-(56, m, A) design held by the support
of those codewords, and last column gives the number of blocks of the
design.

By determining all G-invariant submodules, the number of distinct codes
of lengths 28 and 56, obtainable from the 2-modular primitive representations
of G is determined. Consequently, the number of self-dual G-invariant codes
is also determined. Hence, a combination of the results of Proposition 8.1
and Table 17 give a result concerning non-existence of Ag and Sg-invariant
self-dual codes which follows

PROPOSITION 11.2. There are no self-dual codes of lengths 28 and
56 obtained from the 2-modular primitive representations of As and Ss.

Moreover, there is no self-dual doubly-even code of length 56 invariant under
Ag and Sg.

12. CONCLUDING REMARKS

We determine in total 52 non-trivial and non-isomorphic codes invariant
under Ag. We describe the nature of the non-trivial codewords of some codes
by providing their geometrical significance, and show that in many cases,
these codewords are single orbits of the automorphism groups stabilized by
maximal subgroups. Several of these codes are decomposable, optimal or near
optimal for the given lengths and dimensions.



250 L. CHIKAMAI, J. MOORI AND B. G. RODRIGUES

code | s.0. s.e. d.e. aut 1 optimal min words design no. of blocks
[56,7,26] |no yes no Sg yes yes yes 1-(56,26,13) 28
[56,8,21] |yes no mno Ss yes no yes 1-(56, 21, 3) 8
[56,14,16] | yes yes yes Ss mno no yes 1-(56,16,60) 280
[56,15,16] | yes yes yes Ss yes no yes 1-(56,16,76) 266
[66,20,12] [ no yes yes Ss mno no yes 1-(56,12,60) 280
[56,21,8] |no yes mo Sg yes no yes 1-(56, 8, 5) 35
[56,21,6] |no yes mo Sg yes no yes 1-(56, 6, 3) 28
[56,21,12] | yes yes yes Ss yes no yes 1-(56, 12 ,45) 210
[66,22,11] [no no mno Ss yes no yes 1-(56,11,11) 56
[66,24,12] | yes yes yes Ag mno yes yes 1-(56, 12, 240) 1120
[66,25,8] |yes yes yes Ag yes no no 1-(56,16,22606) 79121
[66,27,6] |no yes mo Sg yes no no 1-(56, 10, 105) 588
[56,28,6] |no mno mno Sg yes no no 1- (56,9,4 ) 280
[56,28,8] |no yes mo Sg mno mno yes 1-(56, 8, 60) 420
[56,29,8] |no yes mno Sg yes no yes 1-(56, 8,65) 455
[56,31,6] |no yes mno Ag yes mno no no

[66,32,6] |no yes mo Ag yes no no no

[56,34,8] |no yes mo Sg mno yes yes 1-(56,8,510) 3570
[56,35,8] |no yes mo Sg yes no yes 1-(56, 8, 605) 4235
[56,35,4] |no yes mo Sg yes no yes 1-(56,4,5) 70
[56,35,6] |no yes mo Sg yes yes yes 1-(56,6,48) 448
[66,36,6] |no no mno Ss yes no no no

[66,41,4] |no yes mo Ss yes no no no

[66,42,4] |no no mno Ss yes no no no

[56,48,4] |no yes mo Sg mno yes yes 1-(56,4,210) 2940
[56,49,4] |no yes mo Sg yes yes yes 1-(56,4,430) 6020

TABLE 17. Summary of the properties of the codes

REFERENCES

[1] E. F. Assmus, Jr and J. D. Key, Designs and their codes, Cambridge: Cambridge
University Press, 1992. Cambridge Tracts in Mathematics, Vol. 103 (Second printing
with corrections, 1993).

[2] W. Bosma, J. Cannon, and C. Playoust, The Magma algebra system I: The user
lcmguage J. Symbolic Comput. 24 (1997), 235-265.
prime power number of pomts, J. Combln. Des. 18 (2010), 141-154.

[4] R. Calderbank and W. M. Kantor, The geometry of two-weight codes, Bull. London
Math. Soc. 18 (1986), 97-122.

[5] J. Cannon, A. Steel, and G. White, Linear codes over finite fields, In J. Cannon and
W. Bosma, editors, Handbook of Magma Functions, pages 3951-4023. Computational
Algebra Group, Department of Mathematics, University of Sydney, 2006. V2.15,
http://magma.maths.usyd.edu.au/magma.

[6] L. Chikamai, J. Moori and B. G. Rodrigues, 2-modular codes admitting the simple
group L3(4) as an automorphism group, submitted.

[7] L. Chikamai, J. Moori and B. G. Rodrigues, Binary codes from some 2-(64,28,12)
designs and their orbit matrices, submitted.

[8] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson, Atlas of
finite groups, Oxford University Press, Eynsham, 1985.

[9] G. M. Conwell, The 3-space PG(3,2) and its group, Ann. of Math. (2) 11 (1910),
60-76.



[10]
[11]
[12]

[13]

[20]

21]

[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
31]
32]
[33]

[34]

2-MODULAR CODES OF THE ALTERNATING GROUP Ag 251

D. Crnkovi¢ and M.-O. Pavcevié, Some new symmetric designs with parameters
(64,28,12), Discrete Math. 287 (2001), 109-118.

A. De Wispelaere and H. Van Maldeghem, Unitals in the Hélz-design on 28 points,
J. Combin. Theory Ser. A 114 (2007), 265-277.

U. Dempwolff, Primitive rank-3 groups on symmetric designs, Des. Codes Crypto-
gr. 22 (2001), 191-207.

L. E. Dickson, Linear groups with an exposition of the Galois field theory, with an
introduction by W. Magnus, Dover Publications, New York, 1958.

J. D. Dixon and B. Mortimer, Permutation groups, Springer-Verlag, New York, 1996.
S. M. Dodunekov, S. B. Encheva and S. N. Kapralov, On the [28,7,12] binary self-
complementary codes and their residuals, Des. Codes Cryptogr. 4 (1994), 57—67.

M. Grassl, Bounds on the minimum distance of linear codes and quantum codes,
online available at http://www.codetables.de, 2007. Accessed on 27-04-2011.

W. H. Haemers, Eigenvalue techniques in design and graph theory, PhD thesis,
Eindhoven University of Technology, 1979.

W. H. Haemers, R. Peeters and J. M. van Rijckevorsel, Binary codes of strongly
regular graphs, Des. Codes Cryptogr. 17 (1999), 187-209.

N. Hamada, On the p-rank of the incidence matriz of a balanced or partially balanced
incomplete block design and its application to error correcting codes, Hiroshima
Math. J. 3 (1973), 153-226.

C. Jansen, K. Lux, R. Parker, and R. Wilson, An atlas of Brauer aharacters,
Clarendon Press, 1995.

D. Jungnickel and V. D. Tonchev, On symmetric and quasi-symmetric designs with
the symmetric difference property and their codes, J. Combin. Theory Ser. A 59
(1992), 40-50.

W. M. Kantor, Symplectic groups, symmetric designs, and line ovals, J. Algebra 33
(1975), 43-58.

C. Parker, E. Spence and V. D. Tonchev, Designs with the symmetric difference
property on 64 points and their groups, J. Combin. Theory Ser. A 67 (1994), 23-43.
R. Peeters, Uniqueness of strongly regular graphs having minimal p-rank, Linear
Algebra Appl. 226/228 (1995), 9-31.

J. D. Key, J. Moori and B. G. Rodrigues, Permutation decoding for the binary codes
from triangular graphs, European J. Combin. 25 (2004), 113-123.

J. D. Key, J. Moori and B. G. Rodrigues, Binary codes from graphs on triples, Discrete
Math. 282 (2004), 171-182.

A. Neumaier, Some sporadic geometries related to PG(3, 2), Arch. Math. (Basel) 42
(1984), 89-96.

B. G. Rodrigues, On the stabilizers of the minimum-weight codewords of the binary
codes from triangular graphs, Ars Combin. 82 (2007), 353-364.

B. G. Rodrigues, On the dual binary codes of the triangular graphs, European
J. Combin. 28 (2007), 266-272.

B. G. Rodrigues, Some optimal codes related to graphs invariant under the alternating
group Ag, Adv. Math. Commun. 5 (2011), 339-350.

C. M. Roney-Dougal and W. R. Unger, The affine primitive permutation groups of
degree less than 1000, J. Symbolic Comput. 35 (2003), 421-439.

L. D. Rudolph, A class of majority logic decodable codes, IEEE Trans. Information
Theory 13 (1967), 305-307.

M. S. Shrikhande and S. S. Sane, Quasi-symmetric designs, Cambridge University
Press, Cambridge, 1991.

V. D. Tonchev, The uniformly packed binary [27,21, 3] and [35, 29, 3] codes, Discrete
Math. 149 (1996), 283-288.



252 L. CHIKAMAI, J. MOORI AND B. G. RODRIGUES

[35] V. D. Tonchev, Combinatorial configurations designs, codes, graphs, Longman
Scientific & Technical, Harlow, 1988.

[36] R. A. Wilson, R. A. Parker, and J. N. Bray, Atlas of finite group representations,
http://brauer.maths.qmul.ac.uk/Atlas/alt/A8/.

L. Chikamai

School of Mathematical Sciences

University of KwaZulu-Natal

Durban 4041

South Africa

E-mail: chikamail@ukzn.ac.za, luciechikamai@yahoo.com

J. Moori

School of Mathematical Sciences
North-West University (Mafikeng)
Mmabatho 2735

South Africa

E-mail: Jamshid.Moori@nwu.ac.za

B. G. Rodrigues

School of Mathematical Sciences
University of KwaZulu-Natal
Durban 4041

South Africa

E-mail: rodrigues@ukzn.ac.za

Received: 19.10.2011.



