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¼¡½�d=¾�f�g!iD¿�q�fhiDk�l8i�½�dP¿�q�¿�d�fDb±gDÀ
d�cek�i�d:À3i�k-i�½�d=ke¿�d�f�q�i�kef�gBqeÁ�i�b `�p-ke`Âq-Á/ke`
Ã

i�b `�Ä�keÄ�gYghÄ�¿�d�f�¿�k�ghb i�b ke`3k�l;ced:Á�i�kef�gaqeg¡i�½�dOu b `�d:q�fYke¿�d�f�q�i�kef�gaqeÁ�iYke`ÅqP¾�`�b i�dOu b `�d:q�f
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î�ï�î ñ�ò�ó�ô�õ�ö�÷
Á/kerOø�b `�q�i�b ke`�g]k�l
ced:Á�i�kef�g µ ¼¡½�d8Á/ke`�i�b `�Ä�keÄ�g�ghÄ�¿�d�f�¿�k�ghb i�b ke`�g�ù¡qeg�À
d/¾�`�d:Àø�jai�½�doq�Ä
Ã
i�½�kef8i�kOpeb cedYqK¿�f�d:Á/b±ghdar5q�i�½�d�r5q�i�b±Á�q�u�ghd�`�ghdai�kKi�½�dûú�ü�ýVþ�ÿ/ý ú�� �������
	:ú��/ü�ú�����ý��ý���þ3k�l
� Ä�q�`�i�Ä�rûrPd:Á�½�q�`�b±Á�g�s�d�ced�`b `Di�½�d8Á�qeghd�b `ù�½�b±Á�½Kq�g!i�q�i�d/Ã$ced:Á�i�kef]rOÄ�g!i[ø�d;d��
¿�q�`�À
d:À
qeg;qghÄ�¿�d�f�¿�k�ghb i�b ke`Pk�l�qÁ/ke`�i�b `�Ä�keÄ�g�l�q�rPb u j=k�l�g!i�q�i�d/Ã$ced:Á�i�kef�g µ�� d�ced�f�q�u
keø�ghd�f�c�q�ø�u d:g
k�l�i�½�d��Yb f�qeÁ8l"kef�rOÄ�u±q�i�b ke`Ok�l � Ä�q�`�i�Ä�rGrPd:Á�½�q�`�b±Á�gnd�`��!k�jDi�½�d�¿�f�ke¿�d�fhi!jk�l�u b `�d:q�f�b i!j
ù�b i�½ f�d:gh¿�d:Á�ii�kÅq3Á/ke`�i�b `�Ä�keÄ�gghÄ�¿�d�f�¿�k�ghb i�b ke`�s[ø�Ä
iOke`�u j b ` q�����ü
������ghd�`�ghdes[ø�d/Ã
Á�q�Ä�ghd1þ��/ý�����/ü�����5ÿ���þ��ýVþ�	���	 �!�
	:ú��/ü�ú�����ý��ý���þ��=þ���ü"����5ÿ���þ��ýVþ�	���	 �
#$� ýVþ�����ü�ý�&%-ù¡qeg
À
d/¾�`�d:À1f�b pekef�keÄ�ghu jOø�j��Yb f�qeÁ µ ¼¡½�b±g8u±qeÁ�'Pù¡qeg8ghd�`�ghd:À5ø�j5ghd�ced�f�q�u�r5q�i�½�d�r5q�i�b±Á/b±q�`�g�s
i�½�q�i8À
d:Á/b±À
d:ÀOi�kd�u b rPb `�q�i�d¡b i8ù�b i�½=i�½�d�½�d�u ¿Pk�l)(�d�ø�d:ghpeÄ�d/Ã � i�b u �!d:gnb `�i�d�pef�q�u
kefnk�l�i�½�d
mok
Á�½�`�d�fDb `�i�d�pef�q�u µ _a`
l"kefhi�Ä�`�q�i�d�u jes]i�½�dPkeø
i�q�b `�d:À f�d:ghÄ�u i�gDÀ
kF`�k�if�d�¿�u b±Á�q�i�dPÁ/ker=Ã
¿�u d/i�d�u j7i�½�k�ghdKk�l*�Yb f�qeÁ µ,+ dl"keu u k�ù¬q�`�k�i�½�d�faù¡qyjes�þ���,	 ��ýVþ -7ýVþ�$�.-�ü/��� ��0oþ���,	 ��ýVþ -
�������
	
ü/�=ø�Ä
iÄ�ghb `�p7i�½�d1��ú��/ü/���ý���þ2�����
	:ú��/ü�ú�����ý��ý���þ µ43 b c�b `�pFq7f�b pekef�keÄ�gar5q�i�½�d/Ã
r5q�i�b±Á�q�u�rPk
À
d�u�k�l�i�½�d�l"kef�r5q�u
¿�f�k
Á/d:À
Ä�f�d:gnk�l)�Yb f�qeÁ�s�ùodagh½�k�ù®ghd�ced�f�q�u
q�¿�¿�u b±Á�q�i�b ke`�g
i�k=i�½�dDl"keÄ�`�À�q�i�b ke`�g¡k�l65YÄ�q�`�i�Ä�r873d:Á�½�q�`�b±Á�g µ
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¼¡½�d!L�b peped:ÀNMab u ø�d�fhiagh¿�qeÁ/dYl"kef�rOÄ�u±q�i�b ke`1k�l � Ä�q�`�i�Ä�r rPd:Á�½�q�`�b±Á�g�s�i�½�dYl"kef�rOÄ
Ã
u±q�i�b ke`3À
d�ced�u ke¿�d:À7ø�j-moke½�r q�`�À 3 qeÀ
d�u u±q=b `PO Q�R$s�¿�f�d:ghd�`�i�g¡f�b pekef�keÄ�gor5q�i�½�d�r5q�i�b±Á�g
l"kefN�Yb f�qeÁ7l"kef�r5q�u b±ghr µ moÄ
i5i�½�dFi�½�d�kef�j ¿�f�d:ghd�`�i�d:À®À
b±À®`�k�iS�!Ä�g!i�b l"j q�u u¡i�½�dFl"d:q�Ã
i�Ä�f�d:gOk�lT�Yb f�qeÁVU gKl"kef�rOÄ�u±q�i�b ke` k�l!5YÄ�q�`�i�Ä�rW73d:Á�½�q�`�b±Á�g µ ¼[k Ä�`�À
d�f�g!i�q�`�À ù�½�d�f�d
i�½�d"L�b peped:ÀXMab u ø�d�fhiYgh¿�qeÁ/dBl"kef�rOÄ�u±q�i�b ke`1l�q�b u±g�s�ùodDf�d�u±q�i�dq=ø�f�b d/l�½�b±g!i�kef�j µ

¼¡½�dYMab u ø�d�fhiOgh¿�qeÁ/dPl"kef�rOÄ�u±q�i�b ke`Âk�l,Z�ke`\[ad�Ä�r5q�`�` À
k�d:g`�k�iOÁ/k�ced�fBi�½�d5l"keu Ã
u k�ù�b `�p5qegh¿�d:Á�i�g¡k�l]�Yb f�qeÁDÁ�q�u±Á/Ä�u Ä�gK^

´�_ ¼¡½�d�f�dYq�f�dYg!i�q�i�d:g;k�l[q¿�½�j
ghb±Á�q�u�ghj
g!i�d�r i�½�q�i¡Á�q�`�`�k�i8ø�dB`�kef�r5q�u b `�d:À=b `5i�½�d
Mab u ø�d�fhiYghd�`�ghdba

9b_ ½�d�f�dKq�f�dKg!i�q�i�d:g�`�k�ia`�kef�r5q�u b `:q�ø�u dDb `Fi�½�d�Mab u ø�d�fhiBghd�`�ghdi�½�q�iYÁ�q�`3ø�dK`�kefhÃ
r5q�u b `�d:À7b `-i�½�dKghd�`�ghdDk�lc�Yb f�qeÁVa

Q _ ¼¡½�d�f�d1q�f�d5ghkerPd5Á/ke`�i�b `�Ä�keÄ�gBl�q�rPb u b d:gk�l¡ced:Á�i�kefKg!i�q�i�d:gBl"kefKù�½�b±Á�½�b±gf�d:q�Ã
ghke`�q�ø�u dBi�kPù�f�b i�db^

∫

R

axvxdx;

d _ ¼¡½�dKù¡qyced/Ã�l"Ä�`�Á�i�b ke`�g�f�d�¿�f�d:ghd�`�i�b `�pPi�½�dOced:Á�i�kefhÃ�g!i�q�i�d:g�q�f�dKq�u ù¡qyj
gaghrPk�k�i�½�s
b µ d µ s�k�lnÁ/u±qeg�g

C∞
a

eb_ t$i1b±g5¿�k�g�ghb ø�u dFi�k Á�q�u±Á/Ä�u±q�i�dÅqf'�b `�À®k�lg�Á�q�u±q�fP¿�f�k
À
Ä�Á�i7q�rPke`�pÂi�½�d3`�ke`
Ã
`�kef�r5q�u b `:q�ø�u dDg!i�q�i�d:gKa

gH_ t$iab±g¡¿�k�g�ghb ø�u dBi�k1À
d:Á/kerP¿�k�ghdq=ced:Á�i�kef¡b `-i�½�dDl"keu u k�ù�b `�p=ù¡qyj�^

u =

∫

R

〈u | vx〉 vxdx;
h _ t�`Oi�½�dagh¿�qeÁ/dok�l�ced:Á�i�kefhÃ�g!i�q�i�d:g[k�l�q � Ä�q�`�i�Ä�r ghj
g!i�d�rFs�i�½�d�f�d�q�f�d�Á/ke`�i�b `�Ä�keÄ�g

l�q�rPb u b d:g;k�l]ced:Á�i�kef�g�i�½�q�ioq�f�d6i!ø�qeghd:g$j¡k�l�i�½�dYgh¿�qeÁ/dese`�k�i8b `Pi�½�dTMYq�rPd�u�ghd�`�ghdaø�Ä
i8b `
q5`�d�ùGghd�`�ghdKk�l6�Yb f�qeÁ µ t�`3i�½�dk�Yb f�qeÁKghd�`�ghdes�q1Á/ke`�i�b `�Ä�keÄ�g�l�q�rPb u j

v
b±gBq5ø�qeghb±gab l�^
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õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î�ï/�
d�ced�f�j1ced:Á�i�kef�k�l�i�½�dKgh¿�qeÁ/db±gaÀ
d:Á/kerP¿�k�g�q�ø�u dDb `-i�½�dDl"kef�r ∫

R

axvxdx
a�rPkef�d�k�ced�f:s

i�½�df�d�u±q�i�b ke` ∫
R

axvxdx =
−→
0
b rP¿�u b d:g

ax = 0
s
l"kef�d�ced�f�j

x
a

´ U _ ¼¡½�dkeø�ghd�f�c�q�ø�u d:goq�f�dÀ
d/¾�`�d:À-b `-i�½�dù�½�keu dgh¿�qeÁ/dDk�l�ced:Á�i�kefhÃ�g!i�q�i�d:gKa
9 U _ ¼¡½�dke¿�d�f�q�i�b ke`-q�rPke`�p=i�½�dkeø�ghd�f�c�q�ø�u d:g¡q�f�dq�u ù¡qyj
go¿�k�g�ghb ø�u des
b `F¿�q�fhi�b±Á/Ä
Ã

u±q�f:s�i�½�dKÁ/kerPrOÄ
i�q�i�b ke`-f�d�u±q�i�b ke`�g¡q�f�dDb±À
d�`�i�b i�b d:g�q�`�À-`�k�i�b `�Á/u Ä�ghb ke`�gKa
Q�U _ ¼¡½�dkeø�ghd�f�c�q�ø�u d:goÁ/keÄ�u±À-ø�dDi�f�d:q�i�d:À-qeg�Á/ke`�i�b `�Ä�keÄ�goke¿�d�f�q�i�kef�gKa
d U _S� kerPd=keø�ghd�f�c�q�ø�u d:gBqeÀ
rPb iKq-Á/ke`�i�b `�Ä�keÄ�gBghj
g!i�d�r k�lod�b ped�`�'ed/i�gYù�½�b±Á�½Âb±gDq

ø�qeghb±g¡b `-i�½�dKghd�`�ghdDk�l]�Yb f�qeÁVa
e U _ t$iab±g¡¿�k�g�ghb ø�u dDi�k5À
d:Á/kerP¿�k�ghdq�`-ke¿�d�f�q�i�kef�qegol"keu u k�ùag

A(u) =

∫

R

a(x) 〈u | vx〉 vxdx.
g U _ ¼¡½�d keø�ghd�f�c�q�ø�u d:g7q�f�dÅu b `�d:q�f7ù�b i�½³f�d:gh¿�d:Á�i1i�k i�½�d�ghÄ�¿�d�f�¿�k�ghb i�b ke`�g1k�lOq

Á/ke`�i�b `�Ä�keÄ�g8l�q�rPb u j7k�l�g!i�q�i�d:gK^

A(u) = A(

∫

R

〈u | vx〉 vxdx) =

∫

R

〈u | vx〉A(vx)dx.

´ j _S� b `�q�u u jes�b iOb±g¿�k�g�ghb ø�u des�ghÄ�¿�d�f�¿�k�ghb `�p3Á/d�fhi�q�b ` Á/ke`�i�b `�Ä�keÄ�gBl�q�rPb u b d:gk�l�ghk�Ã
u Ä
i�b ke`�gk�l�q-u b `�d:q�fKÀ
b ��d�f�d�`�i�b±q�u;d � Ä�q�i�b ke`�s�i�k3keø
i�q�b `Â`�d�ù g!i�q�i�d:g�s[ù�½�b±Á�½ q�f�dPjed/i
ghkeu Ä
i�b ke`�g¡k�l[i�½�dd � Ä�q�i�b ke` µ¼¡½�d!L�b peped:ÀYMab u ø�d�fhiagh¿�qeÁ/dYl"kef�rOÄ�u±q�i�b ke`1k�l � Ä�q�`�i�Ä�r rPd:Á�½�q�`�b±Á�gopeb ced:goq��!Ä�g!Ã
i�b ¾�Á�q�i�b ke`3i�k ´�_ s d _ s�q�`�À]s�ke`�u j-b ` ghkerPdK¿�q�fhi�b±Á/Ä�u±q�fBÁ�qeghd:g�s�i�k gH_ s ´ U _ s 9 U _ s�Q�U _ s d U _
q�`�À e U _�µ

¼¡½�d S Ã$u b `�d:q�f�q�u ped�ø�f�qab `Ki�½�d�gh¿�qeÁ/dok�l�i�d�rP¿�d�f�d:À=À
b±g!i�f�b ø�Ä
i�b ke`�g�k�l��Bqyc�b±À4�oq�fhl �
peb ced:g=qÅÄ�`�b i�q�f�jX�!Ä�g!i�b ¾�Á�q�i�b ke` i�k�q�u u8i�½�dFqegh¿�d:Á�i�g�s;qeg=ùod-gh½�q�u u¡gh½�k�ù b ` i�½�d-¿�q�Ã
¿�d�f µ�� Á�i�Ä�q�u u jes�i�½�d=gh¿�qeÁ/dKk�lni�d�rP¿�d�f�d:À3À
b±g!i�f�b ø�Ä
i�b ke`�gab±gai�½�di�½�b f�ÀÅÁ/kerP¿�ke`�d�`�iYk�l
i�½�d 3 d�u l�q�`�À)U�i�f�b ¿�u d

(Sn, L2
n,S ′n)

s�q�`�À-i�½�Ä�g�s�i�½�d S Ã$u b `�d:q�fYq�u ped�ø�f�qPb±gaø�qeghd:À-ke`ÅqL�b peped:ÀYMab u ø�d�fhi � ¿�qeÁ/des�ø�Ä
i�b i�b±g¡Á�½�q�f�qeÁ�i�d�f�b `�d:À5ø�jPi!ùokOl"Ä�`�À�q�rPd�`�i�q�u*�/�b�ü/��#$$����� �b^
�������ú��/ü/���ý���þ��"���T�
	:ú��/ü�ú�����ý��ý���þ���ghd�dDghd:Á�i�b ke` ´�_ q�`�À5i�½�d

L2 # ú�ü/����	�ÿ�8b `�i�f�k
À
Ä�Á/d:Àb `PO e R µ t�`-i�½�b±g�ù¡qyjes�ùodKgh½�q�u u]Ä�ghdBi�½�dKg!i�f�Ä�Á�i�Ä�f�d

(S ′n, (
∫

Rm

)m∈N, (· | ·)L2),

i�½�q�iFb±g7rPkef�d f�b±Á�½Xi�½�q�`
(Sn, L2

n,S ′n)
sBq�`�À i�½�f�keÄ�pe½Xi�½�dÂ`�d�ù i�k�keu±g7ùodÅl"keÄ�`�À

f�b pekef�keÄ�ghu j=i�½�d"�Yb f�qeÁVU�Á�q�u±Á/Ä�u Ä�g µ
Q µ"� Z = F�T��YT · R[Z]T =�; R · U · ¹ ¸ R ¸ T"¹ ·<; ¹ · ¸)= � J�= Z = U U[T ;/¸ Z]T�G�º ¸ T"¹ ·<;
t�`-i�½�b±g�¿�q�¿�d�f�ùodgh½�q�u u]Ä�ghdDi�½�dDl"keu u k�ù�b `�p=`�k�i�q�i�b ke`�gK^
´�_

n,m, k
q�f�dB`�q�i�Ä�f�q�u]`�Ä�rOø�d�f�g�s

N (≤ k) = {i}ki=1

a
9b_

µn
b±gYi�½�d4(�d�ø�d:ghpeÄ�dKrPd:qeghÄ�f�dOke`

Rn
a
I(R,C)

b±gai�½�d=b rPrPd�f�ghb ke`Åk�l
R
b `

Cq�`�À]s
b l
X
b±g�qP`�ke`
Ã$d�rP¿
i!j7ghd/i:s

IX
b±g¡i�½�db±À
d�`�i�b i!j1r5q�¿Fke`

X
a
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Q _ b l

X
q�`�À

Y
q�f�dDi!ùok=i�ke¿�keu kepeb±Á�q�u�ced:Á�i�kefagh¿�qeÁ/d:g¡ke`

K
s
Hom(X,Y )

b±g¡i�½�d
ghd/ik�l¡q�u uni�½�d5u b `�d:q�fDke¿�d�f�q�i�kef�gal"f�ker

X
i�k
Y
s L(X,Y )

b±gBi�½�d5ghd/iKk�l¡q�u u
i�½�dYu b `�d:q�f¡q�`�À1Á/ke`�i�b `�Ä�keÄ�g8ke¿�d�f�q�i�kef�gnl"f�ker

X
i�k
Y
s
X ′ = Hom(X,K)

b±g
i�½�d=q�u ped�ø�f�q�b±ÁÀ
Ä�q�u�k�l

X
q�`�À

X∗ = L (X,K)
b±gai�½�dKi�ke¿�keu kepeb±Á�q�u�À
Ä�q�u�k�l

X
a

d _ Sn = Sn(K) := S(Rn,K)
b±gBi�½�d

(n,K)
Ã � Á�½�ù¡q�fhi/`=gh¿�qeÁ/des�i�½�q�ib±gBi�k3g�qyj

i�½�d¡ghd/i�k�l�q�u u�i�½�d�ghrPk�k�i�½Kl"Ä�`�Á�i�b ke`�g��"b µ d µ s�k�l�Á/u±qeg�g
C∞

_ k�l
Rn

b `
K
f�q�¿�b±À
u j

À
d:Á/f�d:qeghb `�pKq�iob `
¾�`�b i!j��Vi�½�dYl"Ä�`�Á�i�b ke`�goq�`�À1q�u u�b i�goÀ
d�f�b c�q�i�b ced:g�i�d�`�À5i�k
0
q�i

∓∞ l�qeg!i�d�f¡i�½�q�`7i�½�df�d:Á/b ¿�f�k
Á�q�u�k�l�q�`�j1¿�keu j�`�kerPb±q�u _ ^

S(Rn,K) =

{
f ∈ C∞(Rn,K) : ∀α, β ∈ Nn0 lim

|x|→∞

∣∣xβDαf(x)
∣∣ = 0

}
.

eb_ S(n)
b±g8i�½�d��
$��þ��b��ü/�k�]ÿ�� �6��ü
��S$��ú���� �/-V%5ke` Sn

µ t$i¡b±g¡qKi�ke¿�keu kepej=b `�À
Ä�Á/d:À
ø�j1q=rPd/i�f�b±Á µ t�`7l�qeÁ�i:s Sn b±g�Á/u k�ghd:À1Ä�`�À
d�faÀ
b ��d�f�d�`�i�b±q�i�b ke`-q�`�À7rOÄ�u i�b ¿�u b±Á�q�Ãi�b ke`5ø�jP¿�keu j�`�kerPb±q�u±g�s�q�`�À1À
d/¾�`�b `�p�sel"kefod:qeÁ�½5`�ke`
Ã$`�d�p�q�i�b ced�b `�i�d�ped�f

k
sei�½�d

ghd�rPb `�kef�r
pk

ke` Sn
ø�j

pk (f) = sup
x∈Rn

max
α,β∈Nn

0

0≤|α|,|β|≤k

∣∣xβDαf(x)
∣∣ ,

i�½�d¡i�ke¿�keu kepej S(n)
b±g�b `�À
Ä�Á/d:À=ø�jKi�½�d¡l�q�rPb u j

(pk)k∈N0

µ�� qeÁ�½
pk
b±g;qB`�kef�r

ke` Sn
s]q�`�À

pk (f) ≤ pk+1 (f)
l"kefq�u u

f ∈ Sn
µ ¼¡½�d=¿�q�b f (Sn, (pk)k∈N0

)
b±g8qOÁ/kerP¿�u d/i�dBÁ/keÄ�`�i�q�ø�u j�Ã$`�kef�rPd:ÀPgh¿�qeÁ/dYq�`�À5ghk=q � f/�:Á�½�d/i¡gh¿�qeÁ/d���ghd�dBq�u±ghk
O ��R�q�`�ÀBO ´ R _ a

gH_ S ′n := S ′(Rn,K)
b±g¡i�½�dOgh¿�qeÁ/dk�l�i�d�rP¿�d�f�d:À3À
b±g!i�f�b ø�Ä
i�b ke`�g¡l"f�ker

Rn
i�k

K
s

i�½�q�iYb±g�s�i�½�dKi�ke¿�keu kepeb±Á�q�u[À
Ä�q�u[k�l�i�½�dKi�ke¿�keu kepeb±Á�q�u�ced:Á�i�kefYgh¿�qeÁ/d
(Sn,S(n))b µ d µ s S ′n=(Sn,S(n))

∗ ah _ b l
x ∈ Rn

s
δx
b±g¡i�½�dKÀ
b±g!i�f�b ø�Ä
i�b ke`Fk�lc�Yb f�qeÁBke` Sn

Á/d�`�i�d�f�d:ÀFq�i
x
s�b µ d µ s
i�½�d

l"Ä�`�Á�i�b ke`�q�u&^
δx : Sn → K : φ 7→ φ (x) ;� _ b l

f ∈ OM (Rn,K) = {g ∈ C∞(Rn,K) : ∀φ ∈ Sn(K), φg ∈ Sn(K)} s�i�½�d�`i�½�d5l"Ä�`�Á�i�b ke`�q�u
[f ] = [f ]n : Sn → K : φ 7→

∫
Rn fφdµn

b±gOqFi�d�rP¿�d�f�d:À
À
b±g!i�f�b ø�Ä
i�b ke`�s�Á�q�u u d:ÀDi�½�d8f�d�peÄ�u±q�f[À
b±g!i�f�b ø�Ä
i�b ke`Kped�`�d�f�q�i�d:ÀDø�j

f
��ghd�d�O ´ R�¿�q�ped

´e´��H_ a
�H_ (�d/i

a, b ∈ R 6= = R\{0} s S
(a,b)

b±gi�½�d
(a, b)

Ã � keÄ�f�b d�fhÃ � Á�½�ù¡q�fhi/`Ki�f�q�`�g!l"kefhÃ
r5q�i�b ke`�s�b µ d µ s�i�½�d=ke¿�d�f�q�i�kef S

(a,b)
: Sn→Sn,

ghÄ�Á�½Åi�½�q�i:s�l"kefDq�u u
f ∈ Sn

q�`�À
ξ ∈ Rn

s�ke`�dD½�qeg

S
(a,b)

(f)(ξ) =

(
1

a

)n ∫

Rn

fe−ib(·|ξ)dµn =

[(
1

a

)n
e−ib(·|ξ)

]
(f),

ù�½�d�f�d
(· | ·) b±g8i�½�dBg!i�q�`�À�q�f�À1g�Á�q�u±q�f8¿�f�k
À
Ä�Á�ioke` Rn

µ 73kef�d�k�ced�f:s�ùodBf�d:Á�q�u u
i�½�q�i

S
(a,b)

b±gBq7½�kerPd�kerPkef�¿�½�b±ghr ù�b i�½ f�d:gh¿�d:Á�iBi�k7i�½�dPg!i�q�`�À�q�f�ÀFi�ke¿�keu kepej



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î�ï/�
S(n)

q�`�À]s
Á/ke`�Á/d�f�`�b `�p=b i�g¡b `�ced�f�ghdesel"kef¡d�ced�f�j
x ∈ Rn

q�`�À
g ∈ Sn

s
ke`�dB½�qeg

S
(a,b)

− (g)(x) =

( |b|a
2π

)n ∫

Rn

geib(x|·)dµn = S
(2π/(|b|a),−b)

(g)(x);

´��H_ (�d/i
a, b ∈ R 6= = R\{0} s F

(a,b)

b±g;i�½�d
(a, b)

Ã � keÄ�f�b d�f�i�f�q�`�g!l"kef�r5q�i�b ke`Pke`5i�½�d
gh¿�qeÁ/dOk�l;i�d�rP¿�d�f�d:ÀÂÀ
b±g!i�f�b ø�Ä
i�b ke`�g�s]b µ d µ s]i�½�dPke¿�d�f�q�i�kef F

(a,b)
: S ′n→S ′n,

ghÄ�Á�½
i�½�q�i:s�l"kefaq�u u

u ∈ S ′n
q�`�À1l"kef�d�ced�f�j

φ ∈ Sn
s�ke`�dD½�qeg

F
(a,b)

(u)(φ) = u

(
S

(a,b)
(φ)

)
,

b µ d µ s�i�½�dDi�f�q�`�gh¿�k�ghdDk�l S
(a,b)

^

F
(a,b)

= t

(
S

(a,b)

)
.

73kef�d�k�ced�f:s�ùodYf�d:Á�q�u u�i�½�q�i
F

(a,b)

b±goqO½�kerPd�kerPkef�¿�½�b±ghr b `5i�½�dBùod:qV'��Yi�ke¿�keu Ã
kepej

σ∗n = σ (S ′n,Sn)
�"d�ced�`KrPkef�d;b inb±g�q�i�ke¿�keu kepeb±Á�q�u�b±ghkerPkef�¿�½�b±ghr _�µ 73kef�d/Ã

k�ced�f:s�ke`�dD½�qeg
F

(a,b)

−= F
(2π/(|b|a),−b)

.

¼[ùok5l"Ä�`�À�q�rPd�`�i�q�un¿�f�ke¿�d�fhi�b d:gai�½�q�iBùodPgh½�q�u u�Ä�ghd=q�f�dKi�½�dOl"keu u k�ù�b `�p1ke`�d:gK^
l"kefaq�u u

α ∈ Nn0
s
F

(a,b)
(u(α)) = (bi)α (IRn)α F

(a,b)
(u);

q�`�À
F

(a,b)
((IRn)

α
u) =

(
i

b

)α(
F

(a,b)
(u)

)(α)

,

ù�½�d�f�des
IRn

b±gS��qegoùodg�q�b±À _ i�½�dDb±À
d�`�i�b i!j1ke¿�d�f�q�i�kefoke`
Rn
s�q�`�À

(IRn)
α i�½�d

α
Ã�i�½F¿�k�ùod�f¡k�l[i�½�db±À
d�`�i�b i!j7b `FrOÄ�u i�b Ã$b `�À
d��
d:À-`�k�i�q�i�b ke` µ

d µ�� ¹<� = »�¹ · » =�J
¸>; \�Z�¹<� S � F�T ·>= R[Z R<F C = G�Z�R(�d/i
I
ø�dFqÅ`�ke`
Ã$d�rP¿
i!j ghd/i µf+ d-À
d�`�k�i�d-ø�j

s (I,S ′n)
i�½�d-gh¿�qeÁ/d7k�lYq�u u8i�½�d

l�q�rPb u b d:g;b ` S ′n
b `�À
d��
d:À5ø�j

I
s�b µ d µ s�i�½�dBghd/i8k�l[q�u u�i�½�dBghÄ�f��!d:Á�i�b ced�r5q�¿�g;l"f�ker

I
ke`�i�k

qÅghÄ�ø�ghd/iOk�l S ′n µ 73kef�d�k�ced�f:s�b l
v
b±gKke`�d1k�l�i�½�d:ghd5l�q�rPb u b d:g�s�l"kefOd:qeÁ�½

p ∈ I
s�i�½�d

À
b±g!i�f�b ø�Ä
i�b ke`
v(p)

b±gaÀ
d�`�k�i�d:À-ø�j
vp
s�q�`�À

v
q�u±ghkPø�j

(vp)p∈I
µ ¼¡½�dKghd/i

s (I,S ′n)
b±g

qDced:Á�i�kef;gh¿�qeÁ/d¡ù�b i�½Pf�d:gh¿�d:Á�i�i�kDi�½�d�l"keu u k�ù�b `�pg!i�q�`�À�q�f�ÀOke¿�d�f�q�i�b ke`�gK^]i�½�dYqeÀ�À
b i�b ke`
+ : s (I,S ′n)

2 → s (I,S ′n) : (v, w) 7→ v + w,ù�½�d�f�d
v + w = (vp + wp)p∈I

s]b µ d µ s
(v + w)p = vp + wp

a]i�½�d=rOÄ�u i�b ¿�u b±Á�q�i�b ke` ø�j
g�Á�q�u±q�f�g

· : K × s (I,S ′n) → s (I,S ′n) : (λ, v) 7→ λv



î�ï�ï ñ�ò�ó�ô�õ�ö�÷
ù�½�d�f�d

λv = (λvp)p∈I
s�b µ d µ s

(λv) (p) = (λv)p = λvp
µ 73kef�d�k�ced�f:s�ùodDgh½�q�u u�Ä�ghdai�½�d

l"keu u k�ù�b `�pPÀ
d/¾�`�b i�b ke`�g�k�lc�Bqyc�b±À��oq�fhl ��^
Q = \�T · T ¸ T"¹ · d µ ´ �Vl�q�rPb u j k�l�i�d�rP¿�d�f�d:À À
b±g!i�f�b ø�Ä
i�b ke`�gOk�lBÁ/u±qeg�g S _K�4� ��

v ∈
s(Rm,S ′n) � �4�T�����=ý�� %1���k��ýz�
�ü�ý � 	w�ý���þ��K B¡����,�����=ý�� %

v
ýz�Pÿ������ ���S�����=ý�� %����Pÿ�� �����

S ��ü S # �����=ý�� %Åý �/0]����üY���eÿ��
φ ∈ Sn

0T�������	
þ�ÿ��ý���þ
v(φ) : Rm → K

0T�b��¢;þ���� � %
v(φ)(p) = vp(φ),

����ü����eÿ��
p ∈ Rm

0 � ��� ��þ -��Y$�B����Y��ú��eÿ�� Sm.
¡����Y�K������X�����

����
�K�6�����=ý�� ý��
�Oýz���b�/þ���$��� � % S(Rm,S ′n)
 

£�¤�R<� J F = d µ ´ ��q5l�q�rPb u jFk�l8Á/u±qeg�g S _K� ¼¡½�dk�Yb f�qeÁl�q�rPb u jFb ` S ′(Rn,K)
s�b µ d µ s

i�½�dl�q�rPb u j
δ = (δy)y∈Rn

s�b±g�k�l;Á/u±qeg�g S µ t�`Fl�qeÁ�i:s�l"kefad:qeÁ�½ φ ∈ S(Rn,K)
q�`�À7l"kef

d:qeÁ�½
p
b `

Rn
s�ke`�d½�qeg

δ(φ)(p) = δp(φ) = φ(p)
s�i�½�Ä�gake`�dK½�qeg

δ(φ) = φ,
ghkPi�½�d

b r5q�pedDk�l
φ
Ä�`�À
d�f�i�½�dDl�q�rPb u j

δ
b±g
φ
b i�ghd�u lnù�½�b±Á�½-u b d:g�b ` Sn

µ
£�¤�R<� J F = d µ 9 ��q³l�q�rPb u j¬i�½�q�i b±g�`�k�i k�lFÁ/u±qeg�g S _K� ¼¡½�dXÁ/ke`�g!i�q�`�i�l�q�r=Ã

b u j À
d/¾�`�d:À¬ø�j
vy = v(y) = δ0

sKl"kefÅd:qeÁ�½
y ∈ R

sKb±gÅ`�k�i k�l7Á/u±qeg�g S µ t�`
l�qeÁ�i:sDu d/i

φ ∈ S(R,R)
ø�d ghÄ�Á�½ i�½�q�i

φ(0) 6= 0
sYl"kef3d�ced�f�j

y ∈ R
sDke`�dÂ½�qeg

v(φ)(y) = vy(φ) = δ0(φ) = φ(0)
s�b µ d µ s

v(φ)
b±gKqF`�ke`
Ã$`�Ä�u u8Á/ke`�g!i�q�`�if�d:q�unl"Ä�`�Á�Ã

i�b ke`�q�u]ke`
R
µ6� k�s

φ
À
k�d:gh`>U iaÀ
d:Á/f�d:qeghdq�`�À1i�½�d�`3À
k�d:gh`>U iau b dDb ` S(R,K)

µ
Q = \�T · T ¸ T"¹ · d µ 9 �"ke¿�d�f�q�i�kef8ped�`�d�f�q�i�d:ÀPø�jPq�` S Ã�l�q�rPb u j _K��� �� v ∈ S(Rm,S ′n)� �k�������=ý�� %¥���Oÿ�� ����� S  Y¡����4��ú��/ü/��$��üT-H�/þ��/ü/��$��� � %�����¦�����=ý�� %

v § ��ük�����K�:ÿ/ý���$���
��ý���

v
ýz�!����k��ú��/ü/��$��ü

v̂ : Sn → Sm : φ 7→ v(φ).

£�¤�R<� J F = d µ Q2�"ke`Âi�½�dN�Yb f�qeÁ=l�q�rPb u j _K� ¼¡½�d5ke¿�d�f�q�i�kefDke` Sn
ped�`�d�f�q�i�d:À ø�j

i�½�d��Yb f�qeÁBl�q�rPb u jes�b µ d µ s�ø�j1i�½�dl�q�rPb u j
δ = (δy)y∈Rn

s�b±g�i�½�db±À
d�`�i�b i!j-ke¿�d�f�q�i�kef�ke`
Sn
µ t�`-l�qeÁ�i:s
l"kef�d:qeÁ�½

y ∈ Rn
s�ke`�dD½�qeg

δ̂(φ)(y) = δy(φ) = φ(y) = ISn
(φ)(y).

¼¡½�dBghd/i S (Rm,S ′n)
b±goqKghÄ�ø�gh¿�qeÁ/d�k�l]i�½�daced:Á�i�kefogh¿�qeÁ/d

(s(Rm,S ′n),+, ·)
q�`�À

l"kef�d:qeÁ�½
v ∈ S(Rm,S ′n)

i�½�dke¿�d�f�q�i�kef
v̂
b±g�u b `�d:q�f�q�`�À7i�½�dr5q�¿

(·)∧ : S (Rm,S ′n) → Hom (Sn,Sm) : v 7→ v̂

b±g�q�`Fb `��!d:Á�i�b cedDu b `�d:q�f�ke¿�d�f�q�i�kef µ
¨ @>= ¹[Z = � d µ ´ �"ø�qeghb±ÁOu d�rPr5q1l"kefYi�½�d5ghÄ�¿�d�f�¿�k�ghb i�b ke`�gYk�loq�` S Ã������=ý�� % _K�4� ��

a ∈ S ′m
��þ��

v ∈ S (Rm,S ′n) � �k��þ S # �����=ý�� %b N¡����/þ�06����Oÿ����aú�����ý��ý���þ
u = a ◦ v̂ 0ý� ���  0¦����6��	
þ�ÿ��ý���þ����

u : Sn → K : φ 7→ a (v̂(φ)) ,
ýz����$���aú��/ü/���Y��ýz�
�ü�ý � 	w�ý���þ� 

� Z�¹�¹[\ � (�d/i
a ∈ S ′m

µ mod:Á�q�Ä�ghdPi�½�d-ghÄ�ø�gh¿�qeÁ/d
span({δy}y∈Rm)

b±gOghd � Ä�d�`
Ãi�b±q�u u jXÀ
d�`�ghd b ` S ′m
��ghd�d�O 9 RD¿�q�ped 9V�Heb_ s¡i�½�d�f�d b±g-q ghd � Ä�d�`�Á/d k�lOÀ
b±g!i�f�b ø�Ä
i�b ke`�g

(αk)k∈N

b `
span({δy}y∈Rm)

ghÄ�Á�½7i�½�q�i
σ∗

m lim
k→+∞

αk = a.



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î�ï/©
[ak�ùs�ghb `�Á/d

αk ∈ span({δy}y∈Rm)
i�½�d�f�dd��
b±g!iYqP¾�`�b i�dOghd/i {yi}hi=1

b `
Rm

q�`�ÀFq
¾�`�b i�dKghd/i {λi}hi=1

b `
K
ghÄ�Á�½7i�½�q�i

αk =

h∑

i=1

λiδyi
,

q�`�À-Á/ke`�ghd � Ä�d�`�i�u j
αk ◦ v̂ =

h∑

i=1

λivyi
.

Mad�`�Á/des
l"kef�d�ced�f�j
k ∈ N

s
i�½�dKÁ/kerP¿�k�ghb i�b ke`
αk ◦ v̂

ø�d�u ke`�p�goi�k S ′n
µ

(�d/i
τ
ø�dOi�½�dOi�ke¿�keu kepej-k�l;i�½�d=¿�keb `�i!ù�b±ghd=Á/ke`�ced�f�ped�`�Á/db `

Hom (Sn,K)
s]ke`�d

½�qeg
τ lim
k→+∞

αk ◦ v̂ = a ◦ v̂.
t�`-l�qeÁ�i:s
l"kef�d�ced�f�j

φ
b ` Sn

s�ùodDkeø
i�q�b `
lim

k→+∞
(αk ◦ v̂) (φ) = lim

k→+∞
αk (v̂ (φ)) = a (v̂ (φ)) ,

ghkPùodD½�qycedYi�½�q�i
(αk ◦ v̂)k∈N

τ→ a ◦ v̂.� ini�½�b±g�¿�keb `�i:s�ø�d�b `�p {αk ◦ v̂}k∈N
⊂ S ′n

s�i�½�d�`�s�ø�jDi�½�d�Á/kerP¿�u d/i�d�`�d:g�g�i�½�d�kef�d�r
k�l S ′n ��ghd�d4O h R�¿�q�ped gb�H9b_ s
ke`�dD½�qeg

a ◦ v̂ ∈ S ′n
µ

Q = \�T · T ¸ T"¹ · d µ Q��"u b `�d:q�fnghÄ�¿�d�f�¿�k�ghb i�b ke`�g[k�l�q�` S # �����=ý�� % _K��� �� v ∈S (Rm,S ′n)��þ��
a ∈ S ′m

 �¡����k��ýz�
�ü�ý � 	w�ý���þ
a ◦ v̂ = t(v̂)(a)ýz�5ÿ������ ���X���� S #$� ýVþ�����ü��
	:ú��/ü�ú�����ý��ý���þ����

v
��ý��� ü/�
��ú���ÿ��$� § ����k�
%��
$���ª���Pÿ�����«�#

ÿ/ý��/þ���.¬
a
��þ����6�k�b�/þ���$�Oý� � % ∫

Rm

av.

B��ü/����®��/ü�0Yý �
u ∈ S ′n

��þ��¥����/ü/�N�/�eýz�
�����þ
a ∈ S ′m

�
	�ÿ��f�����
u =

∫
Rm av

0
u
ýz�

�K��ý��X��þ S #$� ýVþ�����üS�
	:ú��/ü�ú�����ý��ý���þ\���
v
 

� gq-¿�q�fhi�b±Á/Ä�u±q�fDÁ�qeghdes�ùodPÁ�q�`�Á/ke`�ghb±À
d�fYi�½�d5u b `�d:q�fghÄ�¿�d�f�¿�k�ghb i�b ke` k�l
v
ù�b i�½

f�d:gh¿�d:Á�iYi�k7i�½�dPÀ
b±g!i�f�b ø�Ä
i�b ke`
1S′

m
:=
[
1(Rm,K)

] µS+ dPÀ
d�`�k�i�d=b ighb rP¿�u jFø�j ∫
Rm v

s
q�`�À1i�½�d�`

∫

Rm

v :=

∫

Rm

1S′
m
v,

f�d:Á�q�u u;i�½�q�i [
1(Rm,K)

] b±gi�½�d-À
b±g!i�f�b ø�Ä
i�b ke` ped�`�d�f�q�i�d:ÀÂø�jÂi�½�d
K
Ã�Á/ke`�g!i�q�`�il"Ä�`�Á�Ã

i�b ke`�q�u]ke`
Rm

k�lnc�q�u Ä�d
1
µ

£�¤�R<� J F = d µ d �Vi�½�dN�Yb f�qeÁOl�q�rPb u j _K� (�d/i
δ
ø�d=i�½�dN�Yb f�qeÁOl�q�rPb u j µ ¼¡½�d�`�s�l"kef

d:qeÁ�½Pi�d�rP¿�d�f�d:À7À
b±g!i�f�b ø�Ä
i�b ke`
u ∈ S ′n

s�ke`�da½�qeg ∫
Rn uδ = u ◦ δ̂ = u ◦ ISn

= u
sei�½�Ä�g

d:qeÁ�½7i�d�rP¿�d�f�d:ÀFÀ
b±g!i�f�b ø�Ä
i�b ke`-b±gaq�` S Ã�ghÄ�¿�d�f�¿�k�ghb i�b ke`-k�l[i�½�d"�Yb f�qeÁYl�q�rPb u j µ



î�ï/¯ ñ�ò�ó�ô�õ�ö�÷
+ da¿�f�ke¿�k�ghd�`�k�ù qD¿�f�ke¿�d�fhi!jKk�l�i�½�daghÄ�¿�d�f�¿�k�ghb i�b ke`�g;q�`�q�u kepekeÄ�g[i�ki�½�d�l"keu u k�ù¡Ã

b `�pal"Ä�`�À�q�rPd�`�i�q�u�¿�f�ke¿�d�fhi!jBk�l�qYÁ/kerP¿�u d��ced:Á�i�kefngh¿�qeÁ/db^ ∑
δ(i,·)v =

∑k
j=1 δijvj =

vi
s]ù�½�d�f�d

δ : N × N → R
b±gYi�½�d�°Df�ke`�d:Á�'ed�f�U gaÀ
d�u i�q-q�`�À

v
b±gDq1¾�`�b i�d=l�q�rPb u jÅk�l

ced:Á�i�kef�g µ
¨ @>= ¹[Z = � d µ 9 ��ghd�u d:Á�i�b ke`X¿�f�ke¿�d�fhi!j k�lDi�½�dÂÀ
d�u i�q À
b±g!i�f�b ø�Ä
i�b ke`�g _K�N� ��

v ∈
S (Rm,S ′n)

 �¡����/þ�0o����ü����eÿ��
p ∈ Rm

0¦��þ��S����� ∫
Rm δpv = vp.� Z�¹�¹[\ ��� kefd�ced�f�j

φ ∈ Sn
s�ke`�d5½�qeg

δp (v̂ (φ)) = δp (v (φ)) = v (φ) (p) =
vp (φ)

s�q�`�ÀFÁ/ke`�ghd � Ä�d�`�i�u j ∫
Rm δpv = δp ◦ v̂ = vp

µ
t�`Oi�½�d¡ghd�`�ghd8k�l�i�½�d�q�ø�k�ced�i�½�d�kef�d�rFsyi�½�d,�Yb f�qeÁ;l�q�rPb u jb±gnqYÁ/ke`�i�b `�Ä�keÄ�g[ced�f�ghb ke`

k�l�i�½�d!°Df�ke`�d:Á�'ed�f¡À
d�u i�q µ
Q = \�T · T ¸ T"¹ · d µ d �Vi�½�d

(a, b)
#&±<��	
ü�ý��/ü������=ý�� % _K�N� ��

a, b ∈ R 6=
 ²¡����

(a, b)
#

±<��	
ü�ý��/üc�����=ý�� %5ýVþ S ′(Rn,C)
ýz�S����*������� ����ýVþ -T�����=ý�� %Y���Dü/�.-V	w� ��üT$���aú��/ü/���N��ýz�
�ü�ý�#

� 	w�ý���þ�� ([
(1/a)ne−ib(p|·)

])
p∈Rn

.

� Z�¹ J ¹ ; T ¸ T"¹ · d µ ´ �"ke`1i�½�dke¿�d�f�q�i�kef¡qeg�ghk
Á/b±q�i�d:À5ù�b i�½-i�½�d � keÄ�f�b d�fol�q�rPb u b d:g _K�
� ��

a, b ∈ R 6=
��þ��

ϕ � �4����
(a, b)

#&±<��	
ü�ý��/ü,�����=ý�� %b �¡����/þ
ϕ
ýz�N���5ÿ�� ����� S 0T��þ������ü/�aú�ü/��ÿ/ýz�K��� %�0T��þ��"�����

v(φ) = S
(a,b)

(φ),
����ü����eÿ��B$�
�
)��	
þ�ÿ��ý���þ

φ ∈ S(Rn,C)
0

��þ��S�� 	 �
ϕ
-H�/þ��/ü/��$�
�,����

(a, b)
#&±<��	
ü�ý��/ü6�]ÿ�� �6��ü
����ü/��þ�������ü
�����ý���þ�0[ý� ���  0

v̂ = S
(a,b)

 
� Z�¹�¹[\ ��� kefDd:qeÁ�½Åi�d:g!iDl"Ä�`�Á�i�b ke`

φ ∈ S(Rn,C)
q�`�ÀÅl"kefDd:qeÁ�½

p
b `

Rn
s�ke`�d

½�qegoi�½�q�i

ϕ(φ)(p) = ϕp(φ) =
[
(1/a)ne−ib(p|·)

]
(φ) =

∫

Rn

(1/a)ne−ib(p|·)φdµn

= S
(a,b)

(φ)(p),

q�`�ÀKi�½�Ä�g
ϕ(φ) = S

(a,b)
(φ)

µ [ak�ùs�ø�d:Á�q�Ä�ghd8i�½�d
(a, b)

Ã � keÄ�f�b d�fhÃ � Á�½�ù¡q�fhi/`�i�f�q�`�g!l"kef�r
b±g¡b `�i�k S(Rn,C)

s
i�½�dr5q�¿
ϕ(φ)

u b d:g¡b ` S(Rn,C)
µ

£�¤�R<� J F = d µ e���+ d½�qycedes�l"kefaq�u u
α ∈ Nn0

s

F
(a,b)

(u(α)) = (bi)α (IRn)
α F

(a,b)
(u);

q�`�À

F
(a,b)

((IRn)
α
u) =

(
i

b

)α(
F

(a,b)
(u)

)(α)

,

ù�½�d�f�des
IRn

b±gai�½�d=b±À
d�`�i�b i!jFke¿�d�f�q�i�kefake`
Rn
s]q�`�À

(IRn)α
i�½�d

α
Ã�i�½Å¿�k�ùod�fYk�l�i�½�d

b±À
d�`�i�b i!j1b `FrOÄ�u i�b Ã$b `�À
d��
d:À7`�k�i�q�i�b ke` µ ¼¡½�d:ghdBi!ùok=¿�f�ke¿�d�fhi�b d:g¡Á�q�`-ø�dDb rPrPd:À
b±q�i�d�u j



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î�ï/³
i�f�q�`�ghu±q�i�d5b `�i�d�f�r5gKk�laghÄ�¿�d�f�¿�k�ghb i�b ke` µ (�d/i

ϕ
ø�d5i�½�d

(a, b)
Ã � keÄ�f�b d�fl�q�rPb u j µ¥+ d

½�qycedes�l"kefaq�u u
α ∈ Nn0

s
∫

Rn

u(α)ϕ = (bi)α (IRn)α
∫

Rn

uϕ;

q�`�À
∫

Rn

(IRn)
α
uϕ =

(
i

b

)α(∫

Rn

uϕ

)(α)

.

¼¡½�d `�d���i i�½�d�kef�d�r q�´5f�r5g3i�½�q�iÂd:qeÁ�½ i�d�rP¿�d�f�d:ÀGÀ
b±g!i�f�b ø�Ä
i�b ke`¬b±gÂq�` S Ã
ghÄ�¿�d�f�¿�k�ghb i�b ke`7k�l[i�½�d

(a, b)
Ã � keÄ�f�b d�f8l�q�rPb u jes�q�`�À1i�½�b±g¡ù�b i�½�keÄ
i�i�d:Á�½�`�b±Á�q�u]qeg�ghÄ�rP¿
Ã

i�b ke`�g µ
¨ @>= ¹[Z = � d µ Q�� � keÄ�f�b d�f8d��
¿�q�`�ghb ke`=i�½�d�kef�d�r _K��� ��

u ∈ S ′ (Rn,C) � �"��$���k#
ú��/ü/���N��ýz�
�ü�ý � 	w�ý���þf��þ��

ϕ � �S����*�����=ý�� % ([(1/a)ne−ib(p|·)])
p∈Rn .

¡����/þ�0¦��þ��T�����

u =

∫

Rn

F
(a,b)

− (u)ϕ,

ýVþP������/ü!�6��ü/����0
u
ýz�!����!�
	:ú��/ü�ú�����ý��ý���þ\���

ϕ
	
þ��b�/ü

F
(a,b)

− (u)
 

� Z�¹�¹[\ ��� kef¡d�ced�f�j5l"Ä�`�Á�i�b ke`
φ ∈ S(Rn,C)

s�ùodD½�qyced
u(φ) = u( S

(a,b)

− ( S
(a,b)

(φ)) = F
(a,b)

− (u)(ϕ̂(φ))

=

(∫

Rn

F
(a,b)

− (u)ϕ

)
(φ).

e
µ S � G�R ;K=�; R · U R J�J F�T"»�R ¸ T"¹ ·<;
Q = \�T · T ¸ T"¹ ·Pe
µ ´ �"k�l S #$� ýVþ�����üYýVþ��b�$ú��/þ��b�/þ�ÿ�� _K��� �� v ∈ S(Rm,S ′n)

 
v
ýz���K��ý��

S #$� ýVþ�����ü
� %1ýVþ��b�$ú��/þ��b�/þ��08ý � a ∈ S ′m
��þ�� ∫

Rm

av = 0S′
n

ý��aú�� ý��
�
a = 0S′

m

 
£�¤�R<� J F =¥e
µ ´ � ¼¡½�dT�Yb f�qeÁ¡l�q�rPb u jPb ` S ′n

b±g S Ã$u b `�d:q�f�u jPb `�À
d�¿�d�`�À
d�`�i µ t�`5l�qeÁ�i:ske`�dB½�qeg ∫
Rn

uδ = u,
l"kef�q�u u

u ∈ S ′n
s�q�`�À1i�½�d�` ∫

Rn

uδ = 0S′
n

b rP¿�u b d:g
u = 0S′

n

µ
£�¤�R<� J F =Pe
µ 9 �Vi�½�d � keÄ�f�b d�fal�q�rPb u b d:g _K� ¼¡½�d � keÄ�f�b d�f�l�q�rPb u b d:gBq�f�d S Ã$u b `�d:q�f�u jb `�À
d�¿�d�`�À
d�`�i µ t�` l�qeÁ�i:s�u d/i

ϕ
ø�d1i�½�d

(a, b)
Ã � keÄ�f�b d�fKl�q�rPb u jes;q�`�À u d/i ∫

Rn

uϕ =

0S′
n(C)

µ*� kef�d�ced�f�j
φ ∈ Sn(C)

s�ke`�dD½�qeg

0 =



∫

Rn

uϕ


 (φ) = u (ϕ̂ (φ)) = u

(
S

(a,b)
(φ)

)
= F

(a,b)
(u) (φ) ,

b µ d µ s F
(a,b)

(u) = 0S′
n(C)

s�q�`�À7i�½�Ä�g
u = 0S′

n(C)
s�ø�d�b `�p

F
(a,b)

b `��!d:Á�i�b ced µ



î/©�µ ñ�ò�ó�ô�õ�ö�÷
Q = \�T · T ¸ T"¹ ·\e
µ 9 �"k�l S Ã�� ýVþ�����ü�� 	w��� _K��� �� v ∈ S (Rm,S ′n)

 4¡���� S #$� ýVþ�����ü�� 	w������
v
ýz�"����S�K��

S span (v) =

{
u ∈ S ′n : ∃a ∈ S ′m : u =

∫

Rm

av

}
.

£�¤�R<� J F =¶e
µ Q·�"ke` i�½�d¥�Yb f�qeÁ-q�`�À � keÄ�f�b d�fOl�q�rPb u b d:g _K� (�d/i
δ
ø�d-i�½�d¥�Yb f�qeÁ

l�q�rPb u jesoke`�d-½�qeg S span (δ) = S ′n.
t�` l�qeÁ�i:s;l"kef1q�u u

u ∈ S ′n
soke`�dF½�qeg

u = u ◦
ISn

= u ◦ δ̂ =
∫

Rn uδ.
(�d/i

ϕ
ø�d7i�½�d1l�q�rPb u j ([

(1/a)ne−ib(p|·)
])
p∈Rn

s�ke`�d7½�qeg
S span (ϕ) = S ′n

sYb i�U g-q�`³b rPrPd:À
b±q�i�dÂÁ/ke`�ghd � Ä�d�`�Á/d k�li�½�d � keÄ�f�b d�f-d��
¿�q�`�ghb ke`
i�½�d�kef�d�r µ

Q = \�T · T ¸ T"¹ ·fe
µ QY��ghj
g!i�d�rGk�l S #�-H�/þ��/ü/��$��ü�� _K��� �� v ∈ S (Rm,S ′n)
 
v
ýz�Yÿ������ ���

�
%��
$���¸��� S #�-H�/þ��/ü/��$��ü��*����ü V ⊆ S ′n
ý �"��þ��Y��þ�� %1ý �

S span(v) = V.£�¤�R<� J F =Be
µ d � ¡����S¹KýVü/�eÿ6�����=ý�� %X��þ��N����T±<��	
ü�ý��/ü*�����=ý�� ý��
�4��ü/�!�
%��
$���������
S #�-H�/þ��/ü/��$��ü��*����ü S ′(Rn,C)

 
Q = \�T · T ¸ T"¹ ·Ie
µ d �"k�l S # � ����ýz� _K�T� �� v ∈ S(Rm,S ′n)

��þ��4� ��
V ⊆ S ′n

 
v
ýz�!��þ

S # � ����ýz�k���
V
ý �Dý�oýz� S #$� ýVþ�����ü
� %1ýVþ��b�$ú��/þ��b�/þ��0,��þ�� S span(v) = V.[ak�ù³ùodKÁ�q�`-peb cedDqPrPkef�dDÁ/kerP¿�u d/i�dced�f�ghb ke`7k�l[i�½�d � keÄ�f�b d�f¡i�½�d�kef�d�r µ

¨ @>= ¹[Z = � e
µ ´ � � keÄ�f�b d�f®d��
¿�q�`�ghb ke` i�½�d�kef�d�rIb ` ped�kerPd/i�f�b±ÁXl"kef�r _K� ¡����
±<��	
ü�ý��/ü*�����=ý�� ý��
�OýVþ S ′(Rn,C)

��ü/� S # � ���K�
����� S ′(Rn,C).¼¡½�dX�Yb f�qeÁPl�q�rPb u j
δ
b ` S ′n

b±g=q�` S Ã$ø�qeghb±gKk�l S ′n µ1+ d-Á�q�u u
δ
i�½�d-Á�q�`�ke`�b±Á�q�u

S Ã$ø�qeghb±gDk�l S ′n kefDi�½�dY�Yb f�qeÁ=ø�qeghb±gDk�l S ′n snq�`�À ùod1Á�q�u u�i�½�d � keÄ�f�b d�fDl�q�rPb u b d:gDi�½�d
� keÄ�f�b d�f�ø�qeghd:gok�l S ′(Rn,C)

µº J�J F�T"»�R ¸ T"¹ ·¼»)��½�� ¼¡½�d7À
d:Á/kerP¿�k�ghb i�b ke` ∫
Rn uδ = u

s��!Ä�g!i�b ¾�d:g=Á/kerP¿�u d/i�d�u j
i�½�dDl"keu u k�ù�b `�pOl"kef�r5q�u]d��
¿�f�d:g�ghb ke`7k�l�i�½�d¿�½�j
ghb±Á/b±g!i�g!��ghd�d4O g s
¿�q�ped h ��R _

∫

Rn

δ(x− p)δ(y − x)dx = δ(y − p).

t�`=l�qeÁ�i:s�ke`�d¡½�qeg ∫
Rn δpδ = δp,

ghkBi�½�dYÁ/kef�f�d:Á�i�b `�i�d�f�¿�f�d/i�q�i�b ke`=k�l�i�½�daq�ø�k�cedol"kef�r5q�u
d � Ä�q�u b i!jes�ù�½�d�`Ob i;À
d�f�b ced:g�l"f�ker i�½�d¡ghÄ�¿�d�f�¿�k�ghb i�b ke`O¿�f�b `�Á/b ¿�u dok�l � Ä�q�`�i�Ä�r¬rPd:Á�½�q�`
Ã
b±Á�g�s
b±g�`�k�i�¿�f�ke¿�d�f�u j5i�½�dKÁ/ke`�cekeu Ä
i�b ke`1k�l�i!ùok5À
b±g!i�f�b ø�Ä
i�b ke`�g¡ø�Ä
iab i�U g¡i�½�dDl"keu u k�ù�b `�p
ke`�db^oi�½�dOced:Á�i�kefYg!i�q�i�d

δp
b±g�i�½�dOu b `�d:q�fBghÄ�¿�d�f�¿�k�ghb i�b ke`3k�l�i�½�dOb `
¾�`�b i�dPÁ/ke`�i�b `�Ä�keÄ�g

l�q�rPb u j-k�lnced:Á�i�kefag!i�q�i�d:g
(δy)y∈Rn

ù�b i�½3f�d:gh¿�d:Á�i�i�kPi�½�dOghj
g!i�d�r k�l�Á/k�d�´1Á/b d�`�i�g
δp
µ

Mad�`�Á/des8l"kefPb `�g!i�q�`�Á/desoùod3Á�q�`³ü�ý -H��ü/��	 �
� % q�´5f�r i�½�q�i�^-i�½�d3rPk�g!i5ped�`�d�f�q�u�g!i�q�i�d
k�lYq � Ä�q�`�i�Ä�r=Ã$¿�q�fhi�b±Á/u d1b ` ke`�d7À
b rPd�`�ghb ke`¶�"b µ d µ q Á/kerP¿�u d��Âi�d�rP¿�d�f�d:À À
b±g!i�f�b ø�Ä
Ã
i�b ke`Âke`

R
_ b±gDq7u b `�d:q�fghÄ�¿�d�f�¿�k�ghb i�b ke` k�l]i!d�b ped�`�g!i�q�i�d:g$jOk�l;i�½�dP¿�k�ghb i�b ke` ke¿�d�f�q�i�kef

Q : S ′(R,C) → S ′(R,C) : u 7→ IRu
µ

73kef�d�k�ced�f:s:i�½�d � keÄ�f�b d�fnd��
¿�q�`�ghb ke`Ki�½�d�kef�d�rE�!Ä�g!i�b ¾�d:g;Á/kerP¿�u d/i�d�u jOq�`�k�i�½�d�f�l"kefhÃ
r5q�u]d��
¿�f�d:g�ghb ke`7Ä�ghd:À-ø�j1¿�½�j
ghb±Á/b±g!i�g!��ghd�d�O g s�¿�q�ped!Qb�Kl"kef�rOÄ�u±q¥� ´��H_ R _

δ(x− p) =

∫

R

1

2π
epiye−iyxdy. (1)



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/©�ð
t�`-l�qeÁ�i:s�qPÁ/u±qeg�ghb±ÁBf�d:ghÄ�u i�peb ced:g

F
(a,1)

− (δp) =
a

2π

[
epi(·)

]
,

q�`�À1i�½�Ä�g�s
l"f�ker i�½�d � keÄ�f�b d�f�d��
¿�q�`�ghb ke`1i�½�d�kef�d�rFs�ghd/i
a = 1

s�ke`�dD½�qeg

δp =

∫

R

1

2π

[
epi(·)

] ([
e−i(x|·)

])
x∈R

.

� kKi�½�dBÁ/kef�f�d:Á�i;b `�i�d�f�¿�f�d/i�q�i�b ke`5k�l]i�½�dal"kef�r5q�u�d��
¿�f�d:g�ghb ke`�� ´�_ s�ù�½�d�`1b i¡À
d�f�b ced:g
l"f�ker i�½�dKghÄ�¿�d�f�¿�k�ghb i�b ke`F¿�f�b `�Á/b ¿�u dk�l � Ä�q�`�i�Ä�r rPd:Á�½�q�`�b±Á�g�s�b±g¡i�½�dl"keu u k�ù�b `�pPke`�db^
i�½�dOced:Á�i�kefYg!i�q�i�d

δp
b±gai�½�dKu b `�d:q�fBghÄ�¿�d�f�¿�k�ghb i�b ke`3k�lni�½�dKb `
¾�`�b i�dPÁ/ke`�i�b `�Ä�keÄ�g¡l�q�r=Ã

b u jÂk�l�ced:Á�i�kefKg!i�q�i�d:g ([
e−i(p|·)

])
p∈R

ù�b i�½ f�d:gh¿�d:Á�iKi�k3i�½�d7ghj
g!i�d�r k�laÁ/k�d�´1Á/b d�`�i�g
(1/2π)

[
epi(·)

]
. ¾ `�Á/d-rPkef�des8ùod3Á�q�`®q�´5f�r ü�ý -H��ü/��	 �
� %�i�½�q�i5i�½�dFrPk�g!i5ped�`�d�f�q�u

g!i�q�i�dPk�l�q � Ä�q�`�i�Ä�r=Ã$¿�q�fhi�b±Á/u d=b `Âke`�d5À
b rPd�`�ghb ke`E�"b µ d µ qFÁ/kerP¿�u d��Åi�d�rP¿�d�f�d:À�À
b±g!Ã
i�f�b ø�Ä
i�b ke` ke`

R
_ b±g=qÅu b `�d:q�f=ghÄ�¿�d�f�¿�k�ghb i�b ke` k�l¦i!d�b ped�`�g!i�q�i�d:g$j5k�l�i�½�d7rPkerPd�`�i�Ä�r

ke¿�d�f�q�i�kef
P : S ′(R,C) → S ′(R,C) : u 7→ −i~u′��ghd�dBO g R _�µP� `�k�i�½�d�f=b `�i�d�f�¿�f�d/i�q�i�b ke` k�l�i�½�d-d��
¿�q�`�ghb ke`�i�½�d�kef�d�r b±gKi�½�d7l"keu u k�ù�b `�p

ke`�db^oq�iYd�ced�f�j1i�b rPd
t ∈ R

q5ù¡qyced
u : R → S ′(Rn,C)

b±gYq�` S Ã�ghÄ�¿�d�f�¿�k�ghb i�b ke`3k�l
i�½�dDl�q�rPb u j7k�l[i�½�d½�q�f�rPke`�b±ÁBù¡qyced:g

([
(1/a)ne−ib(p|·)

])
p∈Rn

ù�b i�½Ff�d:gh¿�d:Á�i¡i�kPi�½�dKghj
g!i�d�r k�l�Á/k�d�´1Á/b d�`�i�g
F

(a,b)

− (ut)
µ

¨ @>= ¹[Z = � e
µ 9 �"ke` i�½�d1g!i�f�Ä�Á�i�Ä�f�d=k�l S span
_K�k� ��

u ∈ S (Rm,S ′n) .
¡����/þ�0

S span (u)
ýz�X���
	 � ��ú��eÿ��¥��� S ′n 0Bý�ÿ���þ�$��ýVþ��X�����6����¥��� �����/þ���Y���

u
��þ��Âÿ���þ��K��#

¿ 	��/þ�&� %
span (u) ⊆ S span (u) .

� Z�¹�¹[\ � (�d/i
λ ∈ K

q�`�À
v, w ∈ S span (u)

s�i�½�d�`�s;i�½�d�f�d-d��
b±g!i
a, b ∈ S ′mghÄ�Á�½5i�½�q�i

v =

∫

Rm

au
q�`�À

w =

∫

Rm

bu.
[ak�ùs�ke`�dY½�qeg

λv+w = λ

∫

Rm

au+
∫

Rm

bu =

∫

Rm

(λa+ b)u,
q�`�À7i�½�d�`

λv + w ∈ S span (u)
µ 73kef�d�k�ced�f:s�u d/i

δ
ø�d

i�½�d"�Yb f�qeÁBø�qeghb±g¡k�l S ′m s
ùod½�qyced ∫Rm δpu = up
q�`�À1i�½�d�`

up ∈ S span (u)
µ

¨ @>= ¹[Z = � e
µ Q·��q�ø�keÄ
i5i�½�dF¾�`�b i�dFu b `�d:q�f1Á/kerOø�b `�q�i�b ke`�g _K�4� ��
k ∈ N

0
v ∈

S (Rm,S ′n)
��þ��

u =
k∑
i=1

λivαi
,
��ý���

λ ∈ Ck
04��þ��

α ∈ (Rm)k
 À¡����/þ�0�����/ü/�

�/�eýz�
��S�
Λ ∈ S ′m

�
	�ÿ��N�����
u =

∫
Rm Λv.

�)��06���eÿ��Y� ýVþ�����üÿ���� � ýVþ����ý���þf���S�,¢;þ�ý�$�
�
	 � �����=ý�� %X���

v
ýz����þ S #.�
	:ú��/ü�ú�����ý��ý���þ\���

v
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� Z�¹�¹[\ � (�d/i
Λ =

k∑
i=1

λiδαi

s�i�½�d�`�s�ke`�dD½�qeg

∫

Rm

Λv =

∫

Rm

(
k∑

i=1

λiδαi

)
v =

k∑

i=1

∫

Rm

λiδαi
v

=
k∑

i=1

λi

∫

Rm

δαi
v =

k∑

i=1

λivαi
= u.

¨ @>= ¹[Z = � e
µ d �k� ��
v ∈ S (Rm,S ′n) � ���4�����=ý�� % S #$� ýVþ�����ü
� %ÂýVþ��b�$ú��/þ��b�/þ�$ ¡����/þ�0

v
ýz�Á� ýVþ�����ü
� % ýVþ��b�$ú��/þ��b�/þ�$ ÃÂ*��þ��K� ¿ 	��/þ�&� % S span (v)

ýz�¶��þ ýVþ�¢;þ�ý�$��#
��ý����/þ���ý���þ����>�
	 � ��ú��eÿ��k��� S ′n  � Z�¹�¹[\ � (�d/i

k ∈ N
s
α ∈ (Rm)

k s�q�`�À-u d/i
vα = (vαi

)
k
i=1 .

moj-Á/ke`�i�f�qeÀ
b±Á�i�b ke`�s
u d/i

vα
ø�dqOu b `�d:q�f�u j5À
d�¿�d�`�À
d�`�iYghj
g!i�d�r k�l S ′n s�i�½�d�`7i�½�d�f�dDd��
b±g!i�g¡q λ ∈

(
Ck
) 6=

=

Ck\{0k}
ghÄ�Á�½-i�½�q�i ∑k

i=1 λivαi
= 0S′

n

µ ¼¡½�Ä�g�s�¿�Ä
i
Λ =

∑k
i=1 λiδαi

s�ke`�dD½�qeg
∫

Rm

Λv =

∫

Rm

k∑

i=1

λiδαi
v =

k∑

i=1

λi

∫

Rm

δαi
v =

k∑

i=1

λivαi
= 0S′

n
.

[ak�ùs�ø�d:Á�q�Ä�ghdDb iab±g
Λ 6= 0S′

m
,
ke`�d½�qegoi�½�q�i

v
b±gaq=l�q�rPb u j S Ã$u b `�d:q�f�u j7À
d�¿�d�`�À
d�`�i:sq�p�q�b `�g!ioi�½�dKqeg�ghÄ�rP¿
i�b ke` µ

¼¡½�dÂl"keu u k�ù�b `�p b±gFq rPd:q�`�b `�p�l"Ä�uped�`�d�f�q�u b `:q�i�b ke`Xk�lKi�½�d � keÄ�f�b d�fFd��
¿�q�`�ghb ke`
i�½�d�kef�d�r µ

¨ @>= ¹[Z = � e
µ e ��Á�½�q�f�qeÁ�i�d�f�b `:q�i�b ke` k�l7q�` S # � ����ýz� _K�1� ��
v ∈ S (Rm,S ′n)

 
¡����/þ�0

v
ýz����þ S # � ����ýz����� S ′n ý ����þ��Y��þ�� %5ý � t (v̂) ýz� � ý ÄK��ÿ��ý�®��� 

� Z�¹�¹[\ ��� b f�g!iYk�l;q�u u t (v̂) b±gYùod�u u�À
d/¾�`�d:À3ø�d:Á�q�Ä�ghd v b±gYq�` S Ã�l�q�rPb u j µ 73kef�d/Ãk�ced�f:s
b iab±g�keø�c�b keÄ�goi�½�q�i
v S Ã$ped�`�d�f�q�i�d:g S ′n b l;q�`�À-ke`�u j7b l t (v̂) b±gaghÄ�f��!d:Á�i�b cedes�q�`�Ài�½�q�i

v
b±g S Ã$u b `�d:q�f�u j1b `�À
d�¿�d�`�À
d�`�iab l�q�`�À-ke`�u j1b l t (v̂) b±g¡b `��!d:Á�i�b ced µ

� Á�i�Ä�q�u u jes�b iab±g¡¿�k�g�ghb ø�u dDi�kP¿�f�k�cedYi�½�dDl"keu u k�ù�b `�p
¨ @>= ¹[Z = � e
µ g ��Á�½�q�f�qeÁ�i�d�f�b `:q�i�b ke` k�l7q�` S # � ����ýz� _K�1� ��

v ∈ S (Rm,S ′n)
 

¡����/þ�0
v
ýz����þ S # � ����ýz����� S ′n ý ����þ��Y��þ�� %5ý � t (v̂) ýz����$��ú���� �/-�ý�ÿ�����ýz�K������ü�ú���ýz�
�� 

g�µ���Å];/¸)= � ; ¹[\Å»�¹�¹[Z]U[T · R ¸)=�; T · R · S � F�T ·>= R[Z)F Å T · U =�J�=�· U =�·]¸ \�R<�YT�F Å
t$iBb±gaghb rP¿�u di�k1¿�f�k�cedBi�½�q�i:s�b l

v
b±gYq�` S Ã$u b `�d:q�f�u j7b `�À
d�¿�d�`�À
d�`�iYl�q�rPb u j-q�`�ÀFb l

u ∈ S span (v)
s
i�½�d�`7i�½�d�f�dBd��
b±g!i�g�qOÄ�`�b � Ä�d a ∈ S ′m

ghÄ�Á�½7i�½�q�i
u =

∫

Rm

av
µ6� k�s

ùodÁ�q�`-peb cedBi�½�dDl"keu u k�ù�b `�p
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õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/©/�
Q = \�T · T ¸ T"¹ ·Æg�µ ´ ��ghj
g!i�d�r k�lÁ/k�kef�À
b `�q�i�d:g _K�k� ��

v ∈ S(Rm,S ′n) � �1��þ S #� ýVþ�����ü
� %KýVþ��b�$ú��/þ��b�/þ� �����=ý�� %k��þ��
u ∈ S span(v).

¡����S��þ�� %!$���aú��/ü/������ýz�
�ü�ý � 	w�ý���þ
a ∈ S ′m

�
	�ÿ��X�����
u =

∫

Rm

av
ýz���b�/þ���$��� � % [u|v] ��þ��5ýz�Kÿ������ ���Ç����!�
%��
$���Ç���

ÿ�����ü/��ýVþ���$�
�k���
u
ýVþ
v
 

Q = \�T · T ¸ T"¹ ·1g�µ 9 �"k�l�Á/k�kef�À
b `�q�i�d8ke¿�d�f�q�i�kef[b `=q�` S Ã�� ýVþ�����ü
� %KýVþ��b�$ú��/þ��b�/þ�H�����k#
ý�� % _K�!� ��

w ∈ S(Rm,S ′n) � ����þ S #$� ýVþ�����ü
� %5ýVþ��b�$ú��/þ��b�/þ�o�����=ý�� %b Y¡����Oÿ�����ü/��ýVþ���$�
��ú��/ü/��$��üKýVþ

w
ýz�!����6������� ����ýVþ -���ú��/ü/��$��ü

[· | w] : S span(w) → S ′m : u 7→ [u | w] .
£�¤�R<� J F =Yg�µ ´ �"ke`=i�½�d��Yb f�qeÁ8l�q�rPb u j _K� (�d/i

δ
ø�d�i�½�d��Yb f�qeÁ8l�q�rPb u j=b ` S ′n

µ]� kef
q�u u

u ∈ S ′n
s
ùod½�qyced

[u | δ] = u
s�q�`�À7½�d�`�Á/d

[· | δ] = (·)S′
n

µ
£�¤�R<� J F =\g�µ 9 �"ke`Åi�½�d

(a, b)
Ã�±<��	
ü�ý��/ü,�����=ý�� % _K� (�d/i

f
ø�dOi�½�d

(a, b)
Ã � keÄ�f�b d�f

l�q�rPb u j b ` S ′n
µÁ� kef5d:qeÁ�½

u ∈ S ′n
ùodF½�qyced

[u | f ] =F−
(h,ω)

(u)
s¡q�`�À ½�d�`�Á/d

[· |
f ] =F−

(h,ω)

µ
¨ @>= ¹[Z = � g�µ ´ �!� ��

w ∈ S(Rm,S ′n) � �N��þ S #$� ýVþ�����ü
� %FýVþ��b�$ú��/þ��b�/þ�<�����=ý�� %b ¡����/þ�0
[· | w] ∈ Hom(S span(w),S ′m).

� Z�¹�¹[\ � (�d/i
λ ∈ C

q�`�À
u, v ∈ S span(w),

i�½�d�`FùodD½�qyced

u+ λv =

∫

Rm

[u | w]w + λ

∫

Rm

[v | w]w =

∫

Rm

([u | w] + λ [v | w])w,

q�`�À1i�½�Ä�g�s�ùodÀ
d:À
Ä�Á/d
[u+ λv | w] = [u | w] + λ [v | w] .

¨ @>= ¹[Z = � g�µ 9��4� ��
w ∈ S(Rm,S ′n)

��þ��
λ ∈ C 6=

 À¡����/þ�0k����"������� ����ýVþ -
�����K�/ü
�ý���þ��T����� �N�ü
	��

´�_ ý �
w
ýz� S #$� ýVþ�����ü
� % ýVþ��b�$ú��/þ��b�/þ�T����/þ�����T�����=ý�� %

λw
ýz� S #$� ýVþ�����ü
� % ýVþ��b��#ú��/þ��b�/þ��È

9b_ S span(w) = S span(λw)
È

Q _ ý �
w
ýz� S #$� ýVþ�����ü
� %1ýVþ��b�$ú��/þ��b�/þ��0�����ük���eÿ��

u ∈ S span(w),
�6�!����®��

[u | λw] = (1/λ) [u | w] = [(1/λ)u | w].
� Z�¹�¹[\ �K´�_ (�d/i

a ∈ S ′m
ø�dKghÄ�Á�½7i�½�q�i ∫

Rm a(λw) = 0S′
n
,
ke`�dD½�qeg

0S′
n

=

∫

Rm

a(λw) = λ

∫

Rm

aw,

i�½�Ä�g ∫
Rm aw = 0S′

n
/λ = 0S′

n
,
`�k�ù ø�d:Á�q�Ä�ghd

w
b±g S Ã$u b `�d:q�f�u j b `�À
d�¿�d�`�À
d�`�i5ùodÀ
d:ghÄ�rPd

a = 0S′
n
.



î/©�� ñ�ò�ó�ô�õ�ö�÷
9b_ (�d/i

u ∈ S span(w).
¼¡½�d�`�s�i�½�d�f�d8d��
b±g!i�gnq�`

a ∈ S ′m
ghÄ�Á�½i�½�q�i

u =
∫

Rm aw.¼¡½�d�`�s�ùodD½�qyced
u =

∫

Rm

(a
λ

)
(λw) ,

ghk
u ∈ S span(λw)

s;q�`�À�½�d�`�Á/d S span(w) ⊆ S span(λw).
ZYb±Á/d�ced�f�g�q�s[u d/i

u ∈
S span(λw).

¼¡½�d�`�s�i�½�d�f�d�d��
b±g!i�g�q�`
a ∈ S ′m

ghÄ�Á�½=i�½�q�i
u =

∫
Rm a(λw).

[ak�ùseke`�d
½�qeg

u =

∫

Rm

(λa)w,

q�`�À ½�d�`�Á/d
u ∈ S span(w),

½�d�`�Á/d S span(λw) ⊆ S span(w).
�8ke`�Á/u Ä�À
b `�p

S span(w) = S span(λw)
µ

Q _,� kefaq�`�j
u ∈ S ′n,

ke`�dD½�qeg
u =

∫
Rm [u | w]w,

½�d�`�Á/d

u =

∫

Rm

(
1

λ
[u | w]

)
(λw) =

∫

Rm

[(1/λ)u | w] (λw) .

Q = \�T · T ¸ T"¹ ·2g�µ QP�"¿�f�k
À
Ä�Á�iYk�lni!ùok S Ã������=ý�� ý��
� _K��� ��
k ∈ N

0
v ∈ S

(
Rk,S ′m

)
��þ��

w ∈ S (Rm,S ′n) � ��&�6�S�����=ý�� ý��
�X������ýz�
�ü�ý � 	w�ý���þ��K I¡����Bú�ü/����	�ÿ�T���
v � % w

ýz������������=ý�� % § ýVþ S ′n
¬¥�b��¢;þ���� � % v · w =

(∫

Rm

vpw

)

p∈Rk

 "É
¡ýz����� �K���b�/þ���$���

� %
∫

Rm

vw
 ÁÊ��/þ�ÿ��
0¦����ü1���eÿ��

p ∈ Rk
0��6�Y����®��

(v · w)p =

(∫

Rm

vw

)

p

=
∫

Rm

vpw
 

t$i=Á�q�`Âø�d1¿�f�k�ced:À3i�½�q�ii�½�d1¿�f�k
À
Ä�Á�iKk�loi!ùok S Ã�l�q�rPb u b d:gb±gKq�` S Ã�l�q�rPb u j�q�`�Ài�½�q�i
(a · b)∧ = â ◦ b̂.

Q = \�T · T ¸ T"¹ ·Eg�µ d �"k�l;b `�ced�fhi�b ø�u d S # �����=ý�� % _K�k� ��
a ∈ S (Rn,S ′n)

 
a
ýz�Pÿ������ ���

ýVþ�®��/ü
�ý � � �Oý �S����/ü/�k�/�eýz�
��"�
b ∈ S (Rn,S ′n)

�
	�ÿ��¥�����
a · b = b · a = δ.A"= �aR[Z)Ë g�µ ´ � t$i�U g3d:qeghjXi�kX¿�f�k�ced i�½�q�i:sDl"kef3d:qeÁ�½ûb `�ced�fhi�b ø�u dÂl�q�rPb u j

a ∈
S(Rn,S ′n)

s¡i�½�d�f�dÅd��
b±g!i�g1ke`�u j®q
b ∈ S(Rn,S ′n)

ghÄ�Á�½®i�½�q�i
a · b = b · a = δ.¼¡½�b±gal�q�rPb u jFb±gBÀ
d�`�k�i�d:À3ø�j

a−
µ 73kef�d�k�ced�f:s�b iDÁ�q�`Åø�dO¿�f�k�ced:À-i�½�q�iYi�½�dOke¿�d�f�q�i�kef

ped�`�d�f�q�i�d:À-ø�j
a
b±gab `�ced�fhi�b ø�u dOq�`�À

(a−)
∧

= (â)−
µ t�`3l�qeÁ�i:s�l"kefad:qeÁ�½

φ ∈ Sn
s�ke`�d

½�qeg
[(
a−
)∧ ◦ â

]
(φ) (p) =

(
a−
)∧

(â(φ)) (p) =
(
a−
)
p
(â(φ))

=

(∫

Rn

(
a−
)
p
a

)
(φ) =

(
a− · a

)
p
(φ) = δp (φ) = φ (p) ;

ghk
(a−)

∧ ◦ â = (·)Sn
.
� `�q�u kepekeÄ�ghu j1ùodD½�qyced

â ◦ (a−)
∧

= (·)Sn
,
q�`�À-½�d�`�Á/d

â
b±g

b `�ced�fhi�b ø�u dq�`�À
(a−)

∧
= (â)−.



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/©/�
¨ @>= ¹[Z = � g�µ Q �*� ��

v, w ∈ S(Rn,S ′n) � �¦&�6� S #$� ýVþ�����ü
� %DýVþ��b�$ú��/þ��b�/þ�V�����=ý�� %b ¡����/þ�0
v · w ýz� S #$� ýVþ�����ü
� %7ýVþ��b�$ú��/þ��b�/þ�$ �B��ü/����®��/ü�08ý �

w
ýz�ýVþ�®��/ü
�ý � � �4��þ��S�����

[u | w · v] =

∫

Rn

[u | v]w−.
� Z�¹�¹[\ � (�d/i

a ∈ S ′n
ø�dKghÄ�Á�½7i�½�q�i ∫

Rn a(v · w) = 0S′
n
,
ke`�dD½�qeg

0S′
n

=

∫

Rn

a(v · w) = a ◦ (v · w)
∧

= a ◦ (v̂ ◦ ŵ) = (a ◦ v̂) ◦ ŵ =

∫

Rn

(

∫

Rn

av)w.

� b `�Á/d
w
b±g S Ã$u b `�d:q�f�u j3b `�À
d�¿�d�`�À
d�`�i:s�ùodP½�qyced ∫

Rn av = 0S′
n

µ�� `�À�ghb `�Á/d
v
b±g SÃ$u b `�d:q�f�u j5b `�À
d�¿�d�`�À
d�`�i:s�ke`�dD½�qeg

a = 0S′
n

µ6� k
v · w b±g S Ã$u b `�d:q�f�u j1b `�À
d�¿�d�`�À
d�`�i µt$l

w
b±g¡b `�ced�fhi�b ø�u dBi�½�d�`

ŵ
b±g�b `�ced�fhi�b ø�u dq�`�À7ke`�dD½�qeg

u =

∫

Rn

[u | v] v = [u | v] ◦ v̂ = [u | v] ◦ ŵ− ◦ ŵ ◦ v̂ =

=
(
[u | v] ◦ ŵ−

)
◦ (ŵ ◦ v̂) = ([u | v] ◦ ŵ−) ◦ (w · v)∧ =

=

∫

Rn

(
[u | v] ◦ ŵ−

)
(w · v) ,

q�`�À7½�d�`�Á/d
[u | w · v] = [u | v] ◦ ŵ− = [u | v] ◦

(
w−
)∧

=

∫

Rn

[u | v]w−.

Q = \�T · T ¸ T"¹ ·Ig�µ e ��ghÄ�¿�d�f�¿�k�ghb i�b ke`7k�l�ql�q�rPb u j1ù�b i�½7f�d:gh¿�d:Á�ioi�kPqKl�q�rPb u j _K�T� ��
v ∈ s(Rk,S ′m)

��þ��
w ∈ S(Rm,S ′n).

¡����¦�����=ý�� %
∫

Rm

vw :=

(∫

Rm

vpw

)

p∈Rk

,

ýz�Oÿ������ ���N����!�
	:ú��/ü�ú�����ý��ý���þ\���
w

��ý���Fü/�
��ú���ÿ�6$�
v.£�¤�R<� J F =Ig�µ Q � (�d/i

w ∈ S(Rm,S ′n)
ø�d5q�` S Ã$u b `�d:q�f�u jÅb `�À
d�¿�d�`�À
d�`�iDl�q�rPb u jq�`�ÀÅu d/i

v ∈ s(Rk,S ′n)
ø�dPghÄ�Á�½Åi�½�q�i

vp ∈ S span (w)
s�l"kefBd:qeÁ�½

p ∈ Rk
µ ¼¡½�d�`�s

l"kefKd:qeÁ�½
p ∈ Rk

snùod5½�qyced
vp =

∫
Rm [vp | w]w

snb µ d µ s
v =

∫
Rm [v | w]w

snù�½�d�f�d
[v | w]

b±goi�½�dDl�q�rPb u j7b ` S ′m
À
d/¾�`�d:À-ø�j
[v | w] := ([vp | w])p∈Rk .t�`-l�qeÁ�i

(∫

Rm

[v | w]w

)
(p) =

∫

Rm

[v | w]p w =

∫

Rm

[vp | w]w = vp.

A"= �aR[Z)Ë g�µ 9�� ¾ ø�c�b keÄ�ghu jes�b `-i�½�dKÁ/ke`�À
b i�b ke`�g¡k�l[i�½�dKq�ø�k�cedDÀ
d/¾�`�b i�b ke`�s�b l v ∈
S(Rk ,S ′m)

s�ùodD½�qyced
∫

Rm

vw = v · w,
q�`�À1i�½�Ä�g ∫

Rm vw ∈ S(Rk,S ′n).



î/©�ï ñ�ò�ó�ô�õ�ö�÷
¨ @>= ¹[Z = � g�µ d � S Ã�� ýVþ�����ü�ý�&%P���N���� S #$� ýVþ�����ü-ÿ���� � ýVþ����ý���þ�� _K��� ��

a ∈ S ′k,
v ∈ S

(
Rk,S ′m

) ��þ��
w ∈ S (Rm,S ′n) � �N&�6�"�����=ý�� ý��
�X���Y��ýz�
�ü�ý � 	w�ý���þ��K Á¡����/þ�0

��þ��S�����
∫

Rm

(∫

Rk

av

)
w =

∫

Rk

a

(∫

Rm

vw

)
=

∫

Rk

a(v · w).

� Z�¹�¹[\ ��� kef¡d�ced�f�j
φ ∈ Sn

s�ùodD½�qyced
(∫

Rm

(∫

Rk

av

)
w

)
(φ) =

(∫

Rm

av

)
(ŵ (φ)) = a(v̂ (ŵ(φ)))

= a ((v̂ ◦ ŵ) (φ)) = a
(
(v · w)∧ (φ)

)
=

=

∫

Rk

a (v · w) (φ) =

∫

Rk

a

(∫

Rm

vw

)
(φ) ;

`�k�i�dBi�½�q�i

(v · w)
∧

(φ)(p) = (v · w)p (φ) =

(∫

Rm

vpw

)
(φ) = vp (ŵ(φ)) =

= v̂ (ŵ(φ)) (p) = (v̂ ◦ ŵ)(φ)(p).

ÌP¹ ¸ R ¸ T"¹ · �Vi�½�dÂghd/i7k�li�½�d S Ã � ���K�
�f���f�\�
	 � ��ú��eÿ�� _�µ (�d/i
X ⊆ S ′n

ø�dÂq
ghÄ�ø�gh¿�qeÁ/d µ t�`-i�½�dDl"keu u k�ù�b `�p=ùodgh½�q�u u�Ä�ghdBi�½�d`�k�i�q�i�b ke`

SB(Rm, X) = {v ∈ S(Rm,S ′n) : Im(v) ⊆ X
q�`�À

v
b±g�q�` S Ã$ø�qeghb±gol"kef X}.

Q = \�T · T ¸ T"¹ ·Íg�µ g �Vi�½�d³l�q�rPb u j k�lÂÁ�½�q�`�pedXl"kef i!ùok S # � ���K�
� _K�f� ��
v ∈

SB(Rn,S ′n)
��þ��

w ∈ SB(Rn,S ′n)
 ÍÎ4�1�K��%X�����=ý�� %E���Âÿ�����þ -H�4��ü/���

v
$�
w����6������� ����ýVþ -S�����=ý�� %

[w | v] := ([wp | v])p∈Rn .

¨ @>= ¹[Z = � g�µ e �"ke` i�½�d7Á�½�q�`�ped=k�l¡ø�qeghb±g _K��� ��
v, w ∈ SB(Rn,S ′n) � �4�
	�ÿ��

�����
[v | w] ∈ SB(Rn,S ′n),��þ��

u ∈ S ′n
 4¡����/þ�0

[u | w] =

∫

Rn

[u | v] [v | w] .

� Z�¹�¹[\ ��� f�ker
v =

∫

Rn

[v | w]w
s�q�¿�¿�u j�b `�pOi�½�d S Ã$u b `�d:q�f�b i!jPk�l[i�½�d S Ã$u b `�d:q�fÁ/kerOø�b `�q�i�b ke`�g�s�ùod½�qyced

u =

∫

Rn

[u | v] v =

∫

Rn

[u | v]
(∫

Rn

[v | w]w

)
=

=

∫

Rn

(∫

Rn

[u | v] [v | w]

)
w,



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/©/©
q�`�À1i�½�Ä�g�ø�j7À
d/¾�`�b i�b ke`Fk�l�ghj
g!i�d�r k�l�Á/k�kef�À
b `�q�i�d:gob `Fq�` S Ã$ø�qeghb±g

[u | w] =

∫

Rn

[u | v] [v | w] .

Q = \�T · T ¸ T"¹ ·Ág�µ h ��ghÄ�¿�d�f�¿�k�ghb i�b ke`3k�l�qPl�q�rPb u j-ù�b i�½3f�d:gh¿�d:Á�i�i�k7q�`3ke¿�d�f�q�i�kef _K�
� ��

X ⊆ S ′n � �¥���
	 � ��ú��eÿ��¥��� S ′n, A ∈ Hom(X,S ′m)
��þ��

v ∈ S (Rm,S ′n) � ��������=ý�� %����k��ýz�
�ü�ý � 	w�ý���þ��K 1Î4�k�b��¢;þ��"�
	:ú��/ü�ú�����ý��ý���þI���
v
��ý���Åü/�
��ú���ÿ�¦$�

A
0¦����

��ú��/ü/��$��ü
∫

Rm

Av : X → S ′n : u 7→
∫

Rm

A(u)v.

¨ @>= ¹[Z = � g�µ g �Vi�½�d5f�d:ghkeu Ä
i�b ke`Åk�l8i�½�dPb±À
d�`�i�b i!j _K��� ��
v ∈ S(Rn,S ′n) � �N��þ

S #$� ýVþ�����ü
� %1ýVþ��b�$ú��/þ��b�/þ�������=ý�� %b Y¡����/þ�0
v ∈ SB(Rn,S ′n)

ý �"��þ��Y��þ�� %1ý �"��þ��S�����
(·)S′

n
=

∫

Rn

[· | v]v.
� Z�¹�¹[\ �

(⇒)
t$l
v ∈ SB(Rn,S ′n),

i�½�d�` S span(v) = S ′n.
¼¡½�Ä�g�s�l"kef�q�u u

u ∈ S ′nùodD½�qyced
u =

∫
Rn [u | v]v, b µ d µ s�ø�j7À
d/¾�`�b i�b ke`�s (·)S′

n
=
∫

Rn [· | v]v.� ⇐ _ t$l
(·)S′

n
=
∫

Rn [· | v]v, i�½�d�`�s]l"kefq�u u u ∈ S ′n
ke`�d=½�qeg

u =
∫

Rn [u | v]v sq�`�À7½�d�`�Á/d S ′n = S span(v)
s�q�`�ÀFghk

v ∈ SB(n,S ′n).¨ @>= ¹[Z = � g�µ h �Vi�½�daped�`�d�f�q�u�f�d:ghkeu Ä
i�b ke`Pk�l�i�½�dYb±À
d�`�i�b i!j _K��� ��
v ∈ S(Rm,S ′n)� �¶��þ S #$� ýVþ�����ü
� % ýVþ��b�$ú��/þ��b�/þ�������=ý�� %¬ýVþÀ�·�
	 � ��ú��eÿ�� X ��� S ′n.

¡����/þ�0
v ∈

SB(Rm, X)
ý ����þ��Y��þ�� %5ý �

(·)X =

∫

Rm

[· | v]v.
� Z�¹�¹[\ � [ak�i�d�i�½�q�i�i�½�d8b±À
d�`�i�b i!jDke¿�d�f�q�i�kef�ke`

X
q�`�ÀDi�½�d8ke¿�d�f�q�i�kef ∫

Rm [· | v]vÁ/keb `�Á/b±À
dOke`3i�½�dPghÄ�ø�gh¿�qeÁ/d
X ∩ S span(v)

s]b `3l�qeÁ�i:s�b l
u
b±gDq1¿�keb `�iBk�l;i�½�b±gYb `�i�d�fhÃ

ghd:Á�i�b ke`�s
u =

∫

Rm

[u | v]v =

(∫

Rm

[· | v]v
)

(u) .

�8ke`�ghd � Ä�d�`�i�u jes�i�½�d3d � Ä�q�u b i!j (·)X =
∫

Rm [· | v]v ½�keu±À�gPb lDq�`�À ke`�u j b lYi�½�d-i!ùokke¿�d�f�q�i�kef�g;½�qycedYi�½�dDg�q�rPdDÀ
ker5q�b `�s�i�½�q�i¡b±goi�kPg�qyjes�b l�q�`�À7ke`�u j5b l
X = S span(v)

µ

h µ S � F�T ·>= R[Z®¹ J�= Z�R ¸ ¹[Z ; R · U ¸)@>=B= ¤[T ;/¸)=�· » = ¹[\ ¸)@>= S � G�R ;K=�;
Q = \�T · T ¸ T"¹ · h µ ´ �"b r5q�ped5k�l�q-l�q�rPb u jÂk�l�À
b±g!i�f�b ø�Ä
i�b ke`�g _K��� ��

W ⊆ S ′n
0
A :

W → S ′m � �,��þN��ú��/ü/��$��ü,��þ��
v = (vp)p∈Rk � ���������=ý�� %!���*$���aú��/ü/���S��ýz�
�ü�ý � 	w�ý���þ��ýVþ

W
0�ý� ���  0*�
	�ÿ��X����� {vp}p∈Rk ⊆W.

¡����Ký����K-H�k���
v
	
þ��b�/ü

A
ýz�!����*�����=ý�� %5ýVþ

S ′m
A(v) = (A(vp))p∈Rk ,ý� ���  0¦����6�����=ý�� %��
	�ÿ��¥������0�����ü������

p ∈ Rk
0¦��þ��S�����

A(v)p = A(vp)
 



î/©/¯ ñ�ò�ó�ô�õ�ö�÷
+ d-Á�q�`�f�d:qeÀ i�½�d-q�ø�k�ced5À
d/¾�`�b i�b ke` g�qyj�b `�pFi�½�q�iSi�i�½�d1b r5q�ped5k�laqFl�q�rPb u jÂk�l

ced:Á�i�kef�gob±goi�½�dDl�q�rPb u j7k�l�i�½�dDb r5q�ped:g¡k�lnced:Á�i�kef�g$j µ
Q = \�T · T ¸ T"¹ · h µ 9 �"ke¿�d�f�q�i�kefk�l¡Á/u±qeg�g S _K�ª� ��

W ⊆ S ′n
��þ��

L : W → S ′m� �k��þP��ú��/ü/��$��üK 
L
ýz����þ S #���ú��/ü/��$��ük��ü���ú��/ü/��$��ük���Kÿ�� ����� S ý �/0o����ük���eÿ��3þ���&	
ü/���

k
��þ��Y����üP���eÿ��

v ∈ S(Rk,S ′n)
04�
	�ÿ��Á����� {vp}p∈Rk ⊆ W,

��þ��������
L(v) ∈

S(Rk ,S ′m).
+ dKÁ�q�`-f�d:qeÀ1i�½�dKq�ø�k�cedDÀ
d/¾�`�b i�b ke`Fqegol"keu u k�ùagK^>i

L
b±g�k�lnÁ/u±qeg�g S b l[i�½�db r5q�ped

k�l�q�` S Ã�l�q�rPb u j7b±g�q�` S Ã�l�q�rPb u jbj µ t�`-i�½�dDl"keu u k�ù�b `�p=ùodD¿�Ä
i σn = σ (Sn,S ′n)
µ

£�¤�R<� J F = h µ ´ �Vi�½�d8i�f�q�`�gh¿�k�ghd _K� (�d/i
A : Sn → Sm

ø�d¡q
(σn, σm)

Ã�Á/ke`�i�b `�Ä�keÄ�g
ke¿�d�f�q�i�kef µ

A
b±gi�f�q�`�gh¿�k�g�q�ø�u d��"b µ d µ s[l"kefKd�ced�f�j

a ∈ S ′m
s
a ◦ A b±gKb ` S ′n

_ q�`�ÀÂb i�g
i�f�q�`�gh¿�k�ghdBb±g

tA : S ′m → S ′n : a 7→ a ◦A.(�d/i
v ∈ S

(
Rk,S ′n

) s�ke`�dD½�qeg�s
ø�j7À
d/¾�`�b i�b ke`�s
tA (v)p = tA (vp) ,q�`�À7½�d�`�Á/dke`�dÀ
d:À
Ä�Á/d:g

tA (v) (φ) (p) = tA (v)p (φ) = tA (vp) (φ) = vp (A (φ)) = v (A (φ)) (p),
ghk�s�i�qV'�b `�p=b `�i�kPqeÁ�Á/keÄ�`�i8i�½�q�i

v
b±g¡q�` S Ã�l�q�rPb u jes
ke`�dB½�qeg tA (v) (φ) = v̂ (A (φ)) ∈

Sk
µ �8ke`�Á/u Ä�À
b `�p ke`�dÅ½�qeg tA (v) ∈ S

(
Rk,S ′n

) sYq�`�À®i�½�Ä�g1i�½�d ke¿�d�f�q�i�kef tA sghd�`�À
b `�p S Ã�l�q�rPb u j7b ` S Ã�l�q�rPb u jes�b±g�q�` S Ã$ke¿�d�f�q�i�kef µº J�J F�T"»�R ¸ T"¹ ·8Ï���½�� (�d/i
L : S ′n → S ′n

ø�d�q À
b ��d�f�d�`�i�b±q�uBke¿�d�f�q�i�kef1ù�b i�½
Á/ke`�g!i�q�`�i8Á/k�d�´1Á/b d�`�i�g;q�`�À

v
ø�dBq�` S Ã�l�q�rPb u j=b ` S ′n

µ ¼¡½�d�`
L(v)

b±g8q�` S Ã�l�q�rPb u jes�b `l�qeÁ�i
L
b±g�i�½�dDi�f�q�`�gh¿�k�ghdk�l�q5Á/d�fhi�q�b `3À
b ��d�f�d�`�i�b±q�u�ke¿�d�f�q�i�kef¡ke` Sn

µ¦� kefab `�g!i�q�`�Á/des
i�½�d¡l�q�rPb u j

(δx)x∈Rn

b±g�keø�c�b keÄ�ghu jKq�` S Ã�l�q�rPb u jes�q�`�À=ghkBi�½�d¡l�q�rPb u b d:g�k�l]À
d�f�b c�q�i�b ced:g(
δ
(i)
x

)
x∈Rn

q�f�d S Ã�l�q�rPb u b d:g¡l"kef�d�ced�f�j5rOÄ�u i�b Ã$b `�À
d��
i
µ

Q = \�T · T ¸ T"¹ · h µ Qf� S Ã�� ýVþ�����ük��ú��/ü/��$��ü _K�"� ��
L : S ′n → S ′m � �k��þ S #���ú��/ü/��$��üK 

L
ýz�Bÿ������ ��� S #$� ýVþ�����üT��ú��/ü/��$��üYý �/0 ����üT���eÿ��1þ���&	
ü/��� k 0H����üT���eÿ�� v ∈ S(Rk ,S ′n)

��þ��
����ük��®��/ü
%

a ∈ S ′k
0¦��þ��S�����

L

(∫

Rk

av

)
=

∫

Rk

aL(v).

¡����"�K��,���������>���� S #$� ýVþ�����ük��ú��/ü/��$��ü��*��ü/��� S ′n
$� S ′m

ýz���b�/þ���$��� � %
S Hom(S ′n,S ′m).

t�`Xi�½�d3l"keu u k�ù�b `�p ùod À
d�`�k�i�dÅø�j L(Sn,Sm)
i�½�dÂghd/i7k�lKq�u uai�½�dÅu b `�d:q�f-q�`�À

Á/ke`�i�b `�Ä�keÄ�gBke¿�d�f�q�i�kefDq�rPke`�p7i�½�d=i!ùok7i�ke¿�keu kepeb±Á�q�u�ced:Á�i�kefgh¿�qeÁ/d:g
(Sn,S(n))

q�`�À
(Sm,S(m))

µP� b `�Á/d1i�½�d:ghd1i!ùok gh¿�qeÁ/d:gOq�f�d7Á/kerP¿�u d/i�d-q�`�À rPd/i�f�b `:q�ø�u des�i�½�d-gh¿�qeÁ/d
L(Sn,Sm)

Á/keb `�Á/b±À
d:goù�b i�½1i�½�dDgh¿�qeÁ/d L (σn, σm)
s�i�½�dDgh¿�qeÁ/dYk�l�q�u u�i�½�dDu b `�d:q�f¡q�`�À

(σn, σm)
Ã�Á/ke`�i�b `�Ä�keÄ�goke¿�d�f�q�i�kef�g;l"f�ker Sn

i�k Sm
��ghd�d�O ��R[¿�q�ped 9be ��so�8kef�keu u±q�f�j _�µ



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/©/³
¾ `=i�½�dak�i�½�d�f;½�q�`�À]s L (σn, σm)

b±g;q�u±ghkBi�½�dYghd/i;k�l]q�u u
i�½�d�i�f�q�`�gh¿�k�g�q�ø�u dou b `�d:q�f
ke¿�d�f�q�i�kef�g8l"f�ker Sn

i�k Sm
��ghd�d�O ��R[¿�q�ped 9be d soÐ ´�9 swÑ;f�ke¿�k�ghb i�b ke` ´�_�µ

t$i�U g�saq�i1i�½�b±g1¿�keb `�i:sakeø�c�b keÄ�g=i�½�q�i1i�½�dÅi!ùok ced:Á�i�kef1gh¿�qeÁ/d:g S (Rm,S ′n)
q�`�À

L(Sn,Sm)
q�f�dDb±ghkerPkef�¿�½�b±Á�s�ø�d�b `�pPi�½�dr5q�¿

(·)∧ : S (Rm,S ′n) → L (Sn,Sm) : v 7→ v̂
q�`-b±ghkerPkef�¿�½�b±ghrFs
rPkef�d�k�ced�f:s�b i�g¡b `�ced�f�ghdBb±g¡i�½�dr5q�¿

(·)∨ : L (Sn,Sm) → S (Rm,S ′n) : A 7→ A∨ := (δx ◦A)x∈Rm .
[ak�ùs�ùodDÁ�q�`7gh½�k�ù i�½�dDb `�i�b r5q�i�dBd:g�ghd�`�Á/dYk�l�i�½�d S Ã$u b `�d:q�f8ke¿�d�f�q�i�kef�g8À
d/¾�`�d:À

ke` S ′n
µ

Q = \�T · T ¸ T"¹ · h µ d ��ghÄ�¿�d�f�¿�k�ghb i�b ke`7k�l�ql�q�rPb u j1ù�b i�½7f�d:gh¿�d:Á�ioi�kPqKl�q�rPb u j _K�T� ��
v ∈ s

(
Rk,S ′m

) ��þ��
w ∈ S (Rm,S ′n)

 �¡����6�����=ý�� %7ýVþ S ′n
∫

Rm

vw :=



∫

Rm

vpw




p∈Rk

,

ýz�Oÿ������ ���N����!�
	:ú��/ü�ú�����ý��ý���þ\���
w

��ý���Fü/�
��ú���ÿ�6$�
v
 

t$l
v ∈ S

(
Rk,S ′m

) i�½�d�` ∫
Rm

vw ∈ S
(
Rk,S ′n

) q�`�À
(∫

Rm

vw

)∧
= v̂ ◦ ŵ.

t�`7i�½�b±gaÁ�qeghdes ∫
Rm

vw
b±g�À
d�`�k�i�d:À7ø�j

vw
q�`�À7b iab±g�Á�q�u u d:À1i�½�d S Ã$¿�f�k
À
Ä�Á�i�k�l v ø�j

w
µ
Ò = ���aR h µ ´ �Vi�½�dBb r5q�ped�Ä�`�À
d�foqDi�f�q�`�gh¿�k�ghdake¿�d�f�q�i�kef _K�¶� ��

B ∈ L (Sn,Sm)��þ��
v ∈ S(Rk,S ′m).

¡����/þ�0
tB(v) =

∫

Rk

vB∨,

�K�5ýVþ5ú���ü
�ý�ÿ�	w� ��ü�0 tB ýz����þ S #���ú��/ü/��$��üK 
� Z�¹�¹[\ ��� kef¡d:qeÁ�½

p ∈ Rk,
ke`�dD½�qeg

(∫

Rk

vB∨
)

p

=

∫

R

vpB
∨ = vp ◦ (B∨)∧ = vp ◦B = tB (vp) = tB(v)(p),

q�`�À7½�d�`�Á/d
∫

Rk

vB∨ = tB(v).



î/¯�µ ñ�ò�ó�ô�õ�ö�÷
¨ @>= ¹[Z = � h µ ´ � S Ã�� ýVþ�����ü�ý�&%1���4�X�ü/��þ���ú����K�N��ú��/ü/��$��ü _K��� ��

B ∈ L(Sn,Sm)��þ��
v ∈ S(Rk,S ′m).

¡����/þ�0o����ü����eÿ��
a ∈ S ′k

��þ��S�����
tB

(∫

Rk

av

)
=

∫

Rk

a tB(v).

� Z�¹�¹[\ � ¾ `�dD½�qeg
tB

(∫

Rk

av

)
=

(∫

Rk

av

)
◦B = (a ◦ v̂) ◦B = a ◦ (v̂ ◦B) =

=

∫

Rk

a(v̂ ◦B)∨ =

∫

Rk

a(

∫

Rk

vB∨) =

∫

Rk

a tB(v).

º J�J F�T"»�R ¸ T"¹ ·¶Ó)� Ô)�k� gBq1ghb rP¿�u d=q�¿�¿�u b±Á�q�i�b ke`�s�ùodO¿�f�k�cedDi�½�dKl"kef�rOÄ�u±q�^
u′ =∫

R

uδ′
s�ù�½�d�f�d

δ′
b±g¡i�½�d S Ã�l�q�rPb u j-b ` S ′1

À
d/¾�`�d:ÀFø�j
δ′ =

(
δ′p
)
p∈R

µ (�d/i
δ
ø�di�½�d

�Yb f�qeÁYl�q�rPb u j7k�l S ′1 s�i�½�d�`-l"kefad:qeÁ�½ u ∈ S ′1
s�ke`�dD½�qeg

u =

∫

R

uδ,
q�`�À1i�½�Ä�g

u′ = D

(∫

R

uδ

)
=

∫

R

uD(δ) =

∫

R

uδ′.

¨ @>= ¹[Z = � h µ 9 ��Á�½�q�f�qeÁ�i�d�f�b `:q�i�b ke`5k�l S Ã�� ýVþ�����ü�ý�&% _K�!� �� L : S ′n → S ′m
 4¡����/þ�0

L
ýz� S #$� ýVþ�����üYý �T��þ��4��þ�� %Oý ������/ü/�S�/�eýz�
��T�

B ∈ L (Sm,Sn)
�
	�ÿ��������

L = t (B)
 

� Z�¹�¹[\ �T� Äw´1Á/b d�`�Á/j µ*� keu u k�ùag8l"f�ker i�½�dKq�ø�k�cedYi�½�d�kef�d�r µ
[ad:Á/d:g�ghb i!j µ (�d/i

δ
ø�dDi�½�d"�Yb f�qeÁVU gol�q�rPb u j1b ` S ′n

s�ke`�dD½�qeg

L (u) = L

(∫

Rn

uδ

)
=

∫

Rn

uL (δ) = t
(
L (δ)∧

)
(u) ,

ghk
L = t

(
L (δ)

∧)
.

¼¡½�da¿�f�d:Á/d:À
b `�pDi�½�d�kef�d�r q�u u k�ù Ä�g�i�kKg!i�q�i�daq�`�ÀP¿�f�k�ced�ghkerPd�À
d/¾�`�b i�b cedaf�d:ghÄ�u i�g
ke`7i�½�dd��
b±g!i�d�`�Á/dDk�l S Ã$ø�qeghd:gol"kefaqPghÄ�ø�gh¿�qeÁ/dDk�l S ′n µ¨ @>= ¹[Z = � h µ Q �T� ��

V � �k�4�
	 � ��ú��eÿ��k��� S ′n  �¡����/þ
´�_

V
�����P�I�
%��
$���Õ��� S #�-H�/þ��/ü/��$��ü��Åý �f��þ��Á��þ�� % ý �1����/ü/� ýz�f��þ S #$� ýVþ�����ü��ú��/ü/��$��ü

A : S ′m → S ′n
0�����üS�K�����

m
0c�
	�ÿ��¥�����

A(S ′m) = V
È

9b_
V

�����k��þ S # � ����ýz�Oý �k��þ��X��þ�� %7ý �"����/ü/�Oýz�4��þÂýVþKÄK��ÿ��ý�®�� S #$� ýVþ�����ü4��ú��/ü/��$��ü
A : S ′m → S ′n

0�����ü!�K�����
m
0c�
	�ÿ��¥�����

A(S ′m) = V
 

� Z�¹�¹[\ �K´�_ t$i�U gYkeø�c�b keÄ�g�s�ø�d:Á�q�Ä�ghdKd�ced�f�j S Ã�l�q�rPb u jFÄ�`�b cek
Á�q�u u j-À
d/i�d�f�rPb `�d:gBqi�f�q�`�gh¿�k�g�q�ø�u dOke¿�d�f�q�i�kef
v̂ : Sn → Sm

i�½�q�ib±gBÄ�`�b cek
Á�q�u u j3À
d/i�d�f�rPb `�d:ÀÅø�jFi�½�d S Ãu b `�d:q�fKke¿�d�f�q�i�kef tv̂ : S ′m → S ′n
snq�`�ÀÂc�b±Á/d�ced�f�g�q µ 73kef�d�k�ced�f:s�l"kefKd�ced�f�j S Ã�l�q�rPb u jke`�dD½�qeg S span (v) = tv̂(S ′m)
µ



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/¯�ð
9b_ L�d�rPd�rOø�d�f¡i�½�q�i

tv̂(a) =

∫

Rm

av.

¼¡½�d�`1i�½�dDÁ/ke`�Á/u Ä�ghb ke`5l"keu u k�ùag8b rPrPd:À
b±q�i�d�u jPl"f�ker i�½�dDÀ
d/¾�`�b i�b ke`7k�l S Ã$u b `�d:q�f¡b `�À
d/Ã¿�d�`�À
d�`�Á/d µ
¼¡½�d¿�f�d:Á/d:À
b `�p5Á�q�`-ø�df�d�f�d:qeÀ1b `-i�½�dDl"keu u k�ù�b `�p=ù¡qyj
¨ @>= ¹[Z = � h µ d �T� ��

V � �k�4�
	 � ��ú��eÿ��k��� S ′n  �¡����/þ
´�_

V
�������1�
%��
$���Ö��� S #�-H�/þ��/ü/��$��ü��-ý �¥��þ��\��þ�� %Âý �Y����/ü/�-ýz����ÿ���þ��ýVþ�	���	 �

� ýVþ�����ü���ú��/ü/��$��ü
A : Sn → Sm

0�����ü!�K�����
m
0c�
	�ÿ��¥����� tA(S ′m) = V

È
9b_

V
��������þ S # � ����ýz��ý ����þ��"��þ�� %ý �,����/ü/�aýz���Kÿ���þ��ýVþ�	���	 �,� ýVþ�����ü���ú��/ü/��$��ü A :

Sn → Sm
0b����ü6�K�����

m
0��
	�ÿ��������

imA
ýz���b�/þ��K�oýVþ Sm ��þ�� tA(S ′m) = V

 
moj7i�½�dK¿�f�d:Á/d:À
b `�p5q�`�ÀFø�j1i�½�d��Yb d�Ä�À
ke`�`��/Ã � Á�½�ù¡q�fhi/`Bi�½�d�kef�d�r×��ghd�dKu±q�i�d�f _ s�b i

l"keu u k�ùag
¨ @>= ¹[Z = � h µ e��T� ��

V � �k���6����Ø�� % ∗ ÿ�� ���K�����
	 � ��ú��eÿ��k��� S ′n  �¡����/þ
´�_

V
�������T�
%��
$���Ù��� S #�-H�/þ��/ü/��$��ü��¡ý ����þ��"��þ�� %Dý �¦����/ü/�¡ýz���T�
�ü�ý�ÿ�>����ü�ú���ýz�
�

A : S ′m → S ′n
0�����ü!�K�����

m
0c�
	�ÿ��¥�����

A(S ′m) = V
È

9b_
V

�����Y��þ S # � ����ýz�5ý �N��þ��B��þ�� %3ý �4����/ü/�1ýz�Y��þ ýVþKÄK��ÿ��ý�®��N�
�ü�ý�ÿ������ü�ú���ýz�
�
A : S ′m → S ′n

0�����ü!�K�����
m
0c�
	�ÿ��¥�����

A(S ′m) = V
 

� kef¡i�½�df�d:qeÀ
d�f:s�ùodf�d:Á�q�u u�i�½�dDi!ùok5Á/u±qeg�ghb±ÁYf�d:ghÄ�u i�g¡Ä�ghd:ÀFq�ø�k�ced µ
¨ @>= ¹[Z = � h µ g ���Yb d�Ä�À
ke`�`�Ú/Ã � Á�½�ù¡q�fhi/` _K�,� ��

E
��þ��

F � �T&�6�S±]ü/Û�ÿ��������ú��eÿ��
���ý���X$��ú���� �/-�ý��
� TE ��þ�� TF ü/�
��ú���ÿ��ý�®���� %�0
E′

��þ��
F ′

����/ýVüS$��ú���� �/-�ý�ÿ�������	���� ��0¦��þ��
� ��

u : E → F � �k��� ýVþ�����ü"����ú> �¡����/þB����6������� ����ýVþ -3ÿ���þ���ý��ý���þ��k��ü/�k� ¿ 	
ý�®���� �/þ�$Ü
(α) u

ýz�����
�ü�ý�ÿ�6����ü�ú���ýz�
�¼����ü TE ��þ�� TF
È

(β) u
ýz���4�
�ü�ý�ÿ�¦����ü�ú���ýz�
�¼����ü

σ (E,E′)
��þ��

σ (F, F ′)
È

(γ) u (E)
ýz�Oÿ�� ���K���1ýVþ

F
È

(δ) tu
ýz���4�
�ü�ý�ÿ�¦����ü�ú���ýz�
�¼����ü

σ (F ′, F )
��þ��

σ (E′, E)
È

(ε) tu (F ′)
ýz�Oÿ�� ���K���1ýVþ

E′
����ü

σ (E′, E)
 

WD¹[Z�¹<FHFeR[Z Å h µ ´ �k� ��
E

��þ��
F � �X&�6�1±]ü/Û�ÿ�����S��ú��eÿ��
��0

E′
��þ��

F ′
����/ýVü

$��ú���� �/-�ý�ÿ����c��	���� ��0,��þ��
u : E → F � �k��� ýVþ�����ü"����ú> 

�"b _
u
ýz����þ ýVþKÄK��ÿ��ý�®��!�
�ü�ý�ÿ�¦����ü�ú���ýz�
� ý ����þ��Y��þ�� %5ý � tu (F ′) = E′

 
�"b b _

u
ýz�4���
	
ü�ÄK��ÿ��ý�®����
�ü�ý�ÿ�,����ü�ú���ýz�
� ý �k��þ��X��þ�� %7ý � tu (F ′)

ýz�=ÿ�� ���K���-ýVþ
E′����ü

σ (E′, E)
��þ�� tu ýz�ýVþKÄK��ÿ��ý�®��� 

�"b b b _
u
ýz�T��þ7ýz�K������ü�ú���ýz�
� ý ����þ��k��þ�� %ý � tu ýz����þ7ýz�K������ü�ú���ýz�
�·����ü������$��ú���� ��#

-�ý��
�
σ (F ′, F )

��þ��
σ (E′, E)

 
� µ8A"=�J Z =�;K=�·]¸ R ¸ T"¹ ·<; T ·2Ý º]R ·]¸ º>� ¸)@>= ¹[Z Å¦Þ »�¹ ·]¸ T · º[¹[º ; »�R ;K=
t�`3i�½�dO¿�f�d:ghd�`�iBghd:Á�i�b ke`3ùodOpeb cedKq1f�b pekef�keÄ�g�q�`�ÀFpef�d:q�i�u j-d�`�f�b±Á�½�d:À-ced�f�ghb ke`3k�l

i�½�dKf�d�¿�f�d:ghd�`�i�q�i�b ke`7i�½�d�kef�j7b `�i�f�k
À
Ä�Á/d:ÀFø�jX�Yb f�qeÁDb `\O g R,�"¿�q�ped gbgH_�µ,� ¿�Ä�f�dOg!i�q�i�d
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σ
k�l[q � Ä�q�`�i�Ä�r ghj
g!i�d�r b±goqKrPke`�k�Ã�À
b rPd�`�ghb ke`�q�u�ghÄ�ø�gh¿�qeÁ/dYk�l]i�½�dDgh¿�qeÁ/d S ′n s�d:qeÁ�½

ψ ∈ σ
b±g�q=ced:Á�i�kefhÃ�g!i�q�i�dBf�d�¿�f�d:ghd�`�i�b `�p

σ
µ

(�d/i
ψ = (ψp)p∈Rn

ø�d1q�` S Ã$ø�qeghb±gBk�l S ′n q�`�À A ∈ S End (S ′n)
µ�� kefd�ced�f�j

p ∈ Rn
ùod½�qyced

A (ψp) =

∫

Rn

[A (ψp) | ψ]ψ,
ùodÁ�q�u u�i�½�dDl�q�rPb u j

(A)ψ = ([A (ψp) | ψ])p∈Rn ,i�½�df�d�¿�f�d:ghd�`�i�q�i�b ke`7k�l
A
b `
ψ
µ

(�d/i:s�`�k�ùs
A,B

ø�dDi!ùok S Ã$u b `�d:q�f�ke¿�d�f�q�i�kef�g�s�ke`�d½�qeg

A (B (ψp)) = A

∫

Rn

[B (ψp) | ψ]ψ =

∫

Rn

(B)
p
ψ A (ψ) =

=

∫

Rn

(B)
p
ψ

∫

Rn

(A)ψ ψ =

∫

Rn

(∫

Rn

(B)
p
ψ (A)ψ

)
ψ,

ghkPb i�l"keu u k�ùag
(AB)ψ = (A)ψ (B)ψ ,i�½�d7l�q�rPb u j f�d�¿�f�d:ghd�`�i�b `�pÅi�½�d-¿�f�k
À
Ä�Á�iPk�lai!ùok ke¿�d�f�q�i�kef�gKb±gOi�½�d-¿�f�k
À
Ä�Á�iPk�lai�½�d

l�q�rPb u b d:g¡f�d�¿�f�d:ghd�`�i�b `�pOi�½�dDi!ùokPke¿�d�f�q�i�kef�g µ
¼¡½�dDl�q�rPb u j1f�d�¿�f�d:ghd�`�i�b `�pPq�`

A ∈ S End (S ′n)
i�qV'ed:g8i�½�d¿�u±qeÁ/dDk�l[i�½�dr5q�i�f�b �

f�d�¿�f�d:ghd�`�i�b `�p�qÂu b `�d:q�f5ke¿�d�f�q�i�kef5q�rPke`�pÂi!ùokÂ¾�`�b i�dÅÀ
b rPd�`�ghb ke`�q�u�ced:Á�i�kef5gh¿�qeÁ/d:g µ
� kef¡i�½�b±g�f�d:qeghke`7ùodgh½�q�u u�Á�q�u u�i�½�d S Ã�l�q�rPb u b d:gaq�u±ghk=ù�b i�½-i�½�d`�q�rPd�i S Ã$r5q�i�f�b±Á/d:g$j µ+ d7½�qycedes[rPkef�d�k�ced�f:s

u =

∫

Rn

[u | ψ]ψ
µ¥+ d7Á�q�u u�i�½�d7`�ke`
Ã$u k
Á�q�u u j À
d/¾�`�d:À

l�q�rPb u j
(u)ψ = [u | ψ] ,i�½�df�d�¿�f�d:ghd�`�i�q�i�b ke`7k�l

A
b `
ψ
µ

+ d½�qyced
A (u) =

∫

Rn

(u)ψ A (ψ) =

∫

Rn

(u)ψ

∫

Rn

(A)ψ ψ =

∫

Rn

(∫

Rn

(u)ψ (A)ψ

)
ψ,

i�½�Ä�g�ùodD¿�f�k�ced:À5i�½�q�i
(A (u))ψ =

∫

Rn

(u)ψ (A)ψ .t$l�ùod;f�d�p�q�f�ÀYi�½�d8rOÄ�u i�b ¿�u b±Á�q�i�b ke`ø�jDq�`�Ä�rOø�d�f
c
qeg[q�`ke¿�d�f�q�i�kef�^

Mc (u) = cu
s

ùodD½�qyced
Mc (u) = cu = c

∫

Rn

(u)ψ ψ =

∫

Rn

(u)ψ (cψ) =

∫

Rn

c (u)ψ ψ.

¼¡½�d�`FùodD½�qyced
Mc (ψp) =

∫

Rn

c (ψp)ψ ψ =

∫

Rn

cδpψ,

ghk=i�½�d S Ã�l�q�rPb u j1f�d�¿�f�d:ghd�`�i�b `�pOi�½�dke¿�d�f�q�i�kef Mc
b `7i�½�dDø�qeghb±g

ψ
b±goi�½�d�ihÀ
b±q�peke`�q�u j

l�q�rPb u j
(cδp)p∈Rn

s�b µ d µ s
i�½�dDl�q�rPb u j
cδ
µ
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õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/¯/�
¼¡½�dDÁ/kef�f�d:gh¿�ke`�À
d�`�Á/d�i�½�q�i¡ghd�`�À�god�ced�f�j S Ã$d�`�À
kerPkef�¿�½�b±ghr i�k=b i�g¡Á/kef�f�d:gh¿�ke`�À�Ã

b `�p S Ã$r5q�i�f�b �]s�g�qyj
(·)ψ : S End (S ′n) → S (Rn,S ′n) ,b±g¡ø�b �!d:Á�i�b ced µ

t�`-l�qeÁ�i:s
(A)ψ = (B)ψ

b rP¿�u b d:g

(A (u))ψ =

∫

Rn

(u)ψ (A)ψ =

∫

Rn

(u)ψ (B)ψ = (B (u))ψ ,

q�`�À1i�½�Ä�g
Au = Bu

s�b µ d µ s
A = B

s�ghkPb iab±g�b `��!d:Á�i�b ced µ
¼¡½�dÅr5q�¿�¿�b `�p

(·)ψ
b±g1q�u±ghk ghÄ�f��!d:Á�i�b ced µ t�` l�qeÁ�i:s�b l

v = (vp)p∈Rn

b±g7q�` SÃ�l�q�rPb u jes
¿�Ä
ihi�b `�p
A (u) =

∫

Rn

(u)ψ

(∫

Rn

vψ

)
,

ke`�dD½�qeg

A (ψp) =

∫

Rn

(ψp)ψ

(∫

Rn

vψ

)
=

∫

Rn

δp

(∫

Rn

vψ

)

=

(∫

Rn

vψ

)

p

=

∫

Rn

vpψ,

q�`�À1i�½�Ä�g
(A)ψ = v

µ
(�d/i

(·)−ψ
i�½�db `�ced�f�ghdBk�l

(·)ψ
µ t�`-i�½�dq�ø�k�cedD¿�f�k�k�l�ùodÀ
d:À
Ä�Á/d:À7i�½�q�i

(v)
−
ψ (u) =

∫

Rn

(u)ψ

(∫

Rn

vψ

)
.

t$lnùodÁ�½�k�k�ghdYi�½�dKÁ�q�`�ke`�b±Á�q�u]ø�qeghb±g
δ
s
ùod½�qyced

(v)
−
δ (u) =

∫

Rn

(u)δ

(∫

Rn

vδ

)
=

∫

Rn

uv.

t$lnùodD¿�Ä
i���qeg�b `7i�½�dD¾�`�b i�d/Ã�À
b rPd�`�ghb ke`�q�u�Á�qeghd _

vu := (v)−δ (u) =

∫

Rn

uv,

�
vu

b±g�Á�q�u u d:À1i�½�db r5q�pedDk�l�i�½�dced:Á�i�kef
u
Ä�`�À
d�f¡i�½�dr5q�i�f�b �

v
_ ùodkeø
i�q�b `

(A (u))ψ =

∫

Rn

(u)ψ (A)ψ = (A)ψ (u)ψ .

¼¡½�dKped�`�d�f�q�u b `:q�i�b ke`1i�kPi�½�dKÁ�qeghd
A ∈ S Hom(S ′n,S ′m)

b±g�s�q�i�i�½�b±g�¿�keb `�i:s�ced�f�j
`�q�i�Ä�f�q�u&^

(�d/i
ψ
q�` S Ã$ø�qeghb±gYk�l S ′n q�`�À ϕ ø�dPq�` S Ã$ø�qeghb±gYk�l S ′m µS+ d=À
d/¾�`�d S Ã$r5q�i�f�b �qeg�ghk
Á/b±q�i�d:À5ù�b i�½

A
b `7i�½�dD¿�q�b f¡k�l�ø�qeghb±g

(ψ, ϕ)
i�½�d S Ã�l�q�rPb u j (A)(ψ,ϕ)

À
d/¾�`�d:À7ø�j

(A (u))ϕ =

∫

Rn

(u)ψ (A)(ψ,ϕ) .
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¾ f:s
ù�b i�½3q�f�peÄ�rPd�`�i�g¡ghb rPb u±q�f¡i�k=i�½�d¿�f�d:Á/d:À
b `�pPke`�d:g�s�i�½�d S Ã$r5q�i�f�b �-ghÄ�Á�½7i�½�q�i

(A (u))ϕ = (A)(ψ,ϕ) (u)ψ .

t$i�U gaghb rP¿�u dBi�k5¿�f�k�cedai�½�q�i
ψ
b±gaq�` S Ã$ø�qeghb±g¡k�l[i�½�dd�`�i�b f�dDgh¿�qeÁ/dDb l�q�`�À7ke`�u j1b l

tψ̂
b±g¡ø�b �!d:Á�i�b ced µ t�`-i�½�b±gaÁ�qeghdDke`�dD½�qeg

uψ =
(
tψ̂
)−

(u) = t
(
ψ̂−
)

(u).

� `�ÀÂrPkef�d�k�ced�f:s�À
d�`�k�i�d:ÀÂø�j
ψ−

i�½�dPl�q�rPb u jÂqeg�ghk
Á/b±q�i�d:ÀÅù�b i�½�i�½�d5ke¿�d�f�q�i�kef
ψ̂−

s
i�½�dDl"keu u k�ù�b `�pPÀ
d:Á/kerP¿�k�ghb i�b ke`-½�keu±À�g

(A) p
ψ =

∫

Rn

Aψpψ
−.

¼¡½�b±g�f�d�u±q�i�b ke`�goù�b u u�ø�dÄ�ghd:À7b `-i�½�dDl"keu u k�ù�b `�p=d���q�rP¿�u d:g µ
£�¤�R<� J F = � µ ´ �Vi�½�dYf�d�¿�f�d:ghd�`�i�q�i�b ke`Pk�l]i�½�dY¿�k�ghb i�b ke`1ke¿�d�f�q�i�kef;b `5i�½�dYrPkerPd�`
Ã

i�Ä�r ø�qeghb±g _K� (�d/i
X : S ′1 → S ′1 : u 7→ (·)u

ø�dKi�½�dO¿�k�ghb i�b ke`Åke¿�d�f�q�i�kefYq�`�À3u d/i
ϕ
ø�dKi�½�d

(1,−1/~)
Ã � keÄ�f�b d�f�l�q�rPb u jes�i�½�d�`Åke`�d

½�qeg

(X)
p
ϕ =

∫

R

Xϕpϕ
− =

∫

R

IRϕpϕ
− =

(
i

1/~

)1(∫

R

ϕpϕ
−

)′
= i~ (ϕp)

′
ϕ = i~δ′p.

£�¤�R<� J F = � µ 9 �Vi�½�df�d�¿�f�d:ghd�`�i�q�i�b ke`-k�l�i�½�drPkerPd�`�i�Ä�r ke¿�d�f�q�i�kef¡b `Fi�½�drPk�Ã
rPd�`�i�Ä�r ø�qeghb±g _K� (�d/i

P : S ′1 → S ′1 : u 7→ −i~u′
ø�dDi�½�drPkerPd�`�i�Ä�r ke¿�d�f�q�i�kefok�l�q=¿�q�fhi�b±Á/u d µ ¾ `�d½�qeg

(P ) p
ϕ =

∫

R

Pϕpϕ
− =

∫

R

pϕpϕ
− = p (ϕp)ϕ = pδp.

q�`�À7½�d�`�Á/d
(P )ϕ = IRδ

µ
£�¤�R<� J F = � µ QE�Vi�½�d7f�d�¿�f�d:ghd�`�i�q�i�b ke`�k�l¡i�½�dY'�b `�d/i�b±Á1d�`�d�f�pej ke¿�d�f�q�i�kefKb ` i�½�d

rPkerPd�`�i�Ä�r ø�qeghb±g _K� (�d/i

T : S ′1 → S ′1 : u 7→ ~2

2m
u′′ =

1

2m
P 2(u)



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/¯/�
ø�dDi�½�d!'�b `�d/i�b±ÁDd�`�d�f�pej5ke¿�d�f�q�i�kef¡k�lnqP`�ke`�f�d�u±q�i�b c�b±g!i�b±ÁY¿�q�fhi�b±Á/u des
ke`�dD½�qeg

(T ) p
ϕ =

∫

R

Tϕpϕ
− =

=

∫

R

1

2m
P 2ϕpϕ

− =

=
1

2m

∫

R

p2ϕpϕ
− =

=
1

2m
p2

∫

R

ϕpϕ =

=
1

2m
p2 (ϕp)ϕ =

=
1

2m
p2δp.

��µ ¨ @>=P;KJ R�» = OM (Rn,K)
R · U ¸)@>= S � \�R<�YT�F�T =�;� b f�g!i=k�laq�u u8ùod1f�d:Á�q�u u�s[l"kefOÁ/ke`�ced�`�b d�`�Á/d5k�l�i�½�d1f�d:qeÀ
d�f:snghkerPd5ø�qeghb±Á5`�k�i�b ke`�g

l"f�ker i�½�d�kef�j1k�l�À
b±g!i�f�b ø�Ä
i�b ke`�g µ
Q = \�T · T ¸ T"¹ ·X��µ ´ � Î4�,�b�/þ���$� � % OM (Rn,K)

����*��ú��eÿ������¦�����
f ∈ C∞(Rn,K)�
	�ÿ��Y����������ü"��®��/ü
%

φ ∈ Sn
��þ��������

φf ∈ Sn.
¡����S�K�� OM (Rn,K)

ýz���K��ý��4$� � �����!��ú��eÿ��k���
C∞

��	
þ�ÿ��ý���þ��*��ü/���
Rn

$�
K

�
� ���,� %7ýVþ�ÿ/ü/������ýVþ -X��oýVþ�¢;þ�ý�&%b 
� Z�¹ J ¹ ; T ¸ T"¹ ·ß��µ ´ �N� ��

f ∈ C∞(Rn,K)
 W¡����4������� ����ýVþ -·��ü/�\� ¿ 	
ý�®���� �/þ�ÿ���þ���ý��ý���þ��KÜ

à  �±<��ü!�����
p ∈ Nn0

����/ü/�Dýz�!�Yú���� %�þ����=ý����
Pp

�
	�ÿ��Y����� ∀x ∈ Rn, |∂pf(x)| ≤
|Pp(x)| .á  �±<��ü������

φ ∈ Sn
��þ��S�����

φf ∈ Sn
 

â  ,±<��üT��®��/ü
%
p ∈ Nn0

��þ��6����üS��®��/ü
%
φ ∈ Sn

�������	
þ�ÿ��ý���þ
(∂pf)φ

ýz� � ��	
þ��b���ýVþ
Rn

 
¼¡½�dPg!i�q�`�À�q�f�ÀFi�ke¿�keu kepejFk�l OM (Rn,K)

b±gai�½�dPu k
Á�q�u u j3Á/ke`�ced��-i�ke¿�keu kepej3À
d/Ã
¾�`�d:À-ø�j5i�½�dDl�q�rPb u j7k�lnghd�rPb `�kef�r5g

γφ,p(φ) = sup
x∈Rn

|φ(x)∂pf(x)|
ù�½�d�f�d

φ ∈ S(Rn,K)
q�`�À

p ∈ Nn0
µ ¼¡½�b±gDi�ke¿�keu kepejÅÀ
k�d:g`�k�i½�qyced5qFÁ/keÄ�`�i�q�ø�u d

ø�qeghb±g µ]� u±ghk�seb i¡Á�q�`Pø�dBgh½�k�ù�`=i�½�q�i OM (Rn,K)
b±g8qKÁ/kerP¿�u d/i�dYgh¿�qeÁ/d µ]� ghd � Ä�d�`�Á/d�"kefP¾�u i�d�f _

(fj)j∈N

Á/ke`�ced�f�ped:gOi�kP`�d�f�k�b ` OM (Rn,K)
b lKq�`�À®ke`�u j b lBl"kef1d�ced�f�j

φ ∈ Sn
q�`�À l"kef5d�ced�f�j

p ∈ Nn0
s8i�½�dÅghd � Ä�d�`�Á/d (φ∂pfj)j∈N

Á/ke`�ced�f�ped:gKi�k\`�d�f�k
Ä�`�b l"kef�rPu jÅke`

Rn
µ ¾ f:s�d � Ä�b c�q�u d�`�i�u jes]l"kefd�ced�f�j φ ∈ Sn

s
(φfj)j∈N

Á/ke`�ced�f�ped:gai�k
`�d�f�kYb ` Sn µ]� ghd/i

B
b±g[ø�keÄ�`�À
d:ÀKb ` OM (Rn,K)

b l�q�`�Àke`�u jDb l�l"kefnq�u u
p ∈ Nn0

i�½�d�f�d
b±gYq5¿�keu j�`�kerPb±q�u

Pp
ghÄ�Á�½Fi�½�q�i ∀x ∈ Rn, ∀f ∈ B, |∂pf(x)| ≤ Pp(x).

73kef�d�k�ced�f:s
i�½�dø�b u b `�d:q�f�r5q�¿

Φ : OM (Rn,K) × Sn → Sn : (φ, f) 7→ φf
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b±g�ghd�¿�q�f�q�i�d�u j1Á/ke`�i�b `�Ä�keÄ�g µ

� Z�¹ J ¹ ; T ¸ T"¹ ·¶��µ 9��
Let A ∈ L(Sn,Sm)

��þ��
f ∈ OM (Rm,K).

¡����/þ�0T����
����úeú�ýVþ -

fA : Sn → Sm : φ 7→ fA(φ)ýz����� ýVþ�����ük��þ��7ÿ���þ��ýVþ�	���	 �"��ú��/ü/��$��üK 
� Z�¹�¹[\ ��� b f�g!iOk�lYq�u u8ùod1`�k�i�d1i�½�q�i

fA
b±gOùod�u uoÀ
d/¾�`�d:À b ` l�qeÁ�i

(fA)(φ) =
fA(φ) ∈ Sm

ø�d:Á�q�Ä�ghd
f ∈ OM (Rm,K)

q�`�À
A(φ) ∈ Sm.

73kef�d�k�ced�f:s�i�½�dø�b u b `�d:q�f
q�¿�¿�u b±Á�q�i�b ke`

Φ : OM (Rm,K)×Sm → Sm : (f, ψ) 7→ fψb±g�ghd�¿�q�f�q�i�d�u j1Á/ke`�i�b `�Ä�keÄ�g�q�`�À-ghb `�Á/d
(fA)(φ) = fA(φ) = Φ(f,A(φ))

b µ d µ s
fA = Φ(f,A) := Φ(f, ·) ◦Ai�½�d=ke¿�d�f�q�i�kef

fA
b±gYi�½�dPÁ/kerP¿�k�ghb i�b ke` k�l;i!ùok7u b `�d:q�fDÁ/ke`�i�b `�Ä�keÄ�gYr5q�¿�gDq�`�À3i�½�d�`

b±g�qPu b `�d:q�f�q�`�ÀFÁ/ke`�i�b `�Ä�keÄ�goke¿�d�f�q�i�kef µ
(�d/i

A ∈ L(Sn,Sm)
q�`�À

f ∈ OM (Rm,K).
¼¡½�dOke¿�d�f�q�i�kef

fA : Sn → Sm :
φ 7→ fA(φ)

b±gaÁ�q�u u d:À1i�½�d¿�f�k
À
Ä�Á�i�k�l
A
ø�j

f
µ

� Z�¹ J ¹ ; T ¸ T"¹ ·I��µ Q �T� ��
A,B ∈ L(Sn,Sm)

��þ��
f, g ∈ OM (Rm,K).

¡����/þ�0
´�_

(f + g)A = fA+ gA; f(A+B) = fA+ fB; 1OM
A = A;9b_ ����k����ú

Φ : OM (Rm,K)×L(Sn,Sm) → L(Sn,Sm) : (f,A) 7→ fA
ýz���

� ý�� ýVþ�����ü"����ú> 
� Z�¹�¹[\ � t$i�U g�qPg!i�f�q�b pe½�ihl"kef�ù¡q�f�À1Á/kerP¿�Ä
i�q�i�b ke` µ
¼¡½�d�q�ø�k�ced;ø�b u b `�d:q�f�q�¿�¿�u b±Á�q�i�b ke`Kb±gnÁ�q�u u d:ÀKrOÄ�u i�b ¿�u b±Á�q�i�b ke`Ok�l�ke¿�d�f�q�i�kef�g�ø�j OMl"Ä�`�Á�i�b ke`�g µ
A"= �aR[Z)Ë ��µ ´ � t$i�U g�d:qeghj�i�kYghd�dni�½�q�i]i�½�d8q�u ped�ø�f�q�b±Á�g!i�f�Ä�Á�i�Ä�f�d

(OM (Rn,K),+, ·)b±g�q5Á/kerPrOÄ
i�q�i�b cedBf�b `�pPù�b i�½Fb±À
d�`�i�b i!jes�ù�½�d�f�db^
· : OM (Rn,K)×OM (Rn,K) →OM (Rn,K) : (f, g) 7→ fg

�"keø�c�b keÄ�ghu jÂb l
f, g ∈ OM (Rn,K)

ke`�d1½�qeg
fg ∈ OM (Rn,K)

_ q�`�À
1(OM ,+,·) =

1(Rn,K)
_�µ 73kef�d�k�ced�f:s�ke`�dD½�qegoi�½�q�i Sn b±gaq�`-b±À
d:q�u]k�l OM (Rn,K).

� Z�¹ J ¹ ; T ¸ T"¹ ·À��µ d �X� �� · ����I��ú��/ü/���ý���þã�b��¢;þ���� ýVþ¼������ � ��®��I�������ü/���� 
¡����/þ�0�����N��� -H� � ü/��ý�ÿ��
�ü
	�ÿ�&	
ü/�

(L(Sn,Sm),+, ·) ýz�N�X� �����������	w� �N��®��/ü4����Pü�ýVþ -
(OM (Rm,K),+, ·).



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/¯/©
� Z�¹�¹[\ � L�d:Á�q�u u�i�½�da¿�f�d:Á/d:À
b `�pBi�½�d�kef�d�rFseùod�½�qyced8i�kK¿�f�k�cedoke`�u jKi�½�d�¿�ghd�Ä�À
k�Ã

qeg�ghk
Á/b±q�i�b ced=u±qyùs�b µ d µ ùodP½�qyced=i�k3¿�f�k�cedOi�½�q�il"kefd�ced�f�j
f, g ∈ OM (Rm,K)

s�l"kef
d�ced�f�j

A ∈ L(Sn,Sm)
s]ke`�dO½�qeg

(fg)A = f(gA).
t�`Ål�qeÁ�i:s�l"kefBd:qeÁ�½

φ ∈ Sn,
ke`�d

½�qeg
[(fg)A](φ) = (fg)A(φ) = f(gA(φ)) = f(gA)(φ)) = [f(gA)](φ).

Q = \�T · T ¸ T"¹ ·ä��µ 9 �"¿�f�k
À
Ä�Á�i k�l3q³l�q�rPb u j ø�j q�` OM
��	
þ�ÿ��ý���þ _K�B� ��

v ∈
S(Rm,S ′n)

��þ��
f ∈ C∞(Rm,K).

¡����=ú�ü/����	�ÿ�4���
v � % f ýz�X����"�����=ý�� %

fv =
(f(p)vp)p∈Rm .

¨ @>= ¹[Z = � ��µ ´ �,� ��
v ∈ S(Rm,S ′n)

��þ��
f ∈ OM (Rm,K).

¡����/þ�0]����������=ý�� %
fv

� ý��
�ýVþ S(Rm,S ′n).
B��ü/����®��/ü�0,��þ��S�����

(fv)∧ = fv̂.� Z�¹�¹[\ � (�d/i
φ ∈ Sn,

ke`�d½�qeg
(fv)(φ)(p) = (fv)p(φ) = (f(p)vp)(φ) = f(p)vp(φ) = f(p)v̂(φ)(p)q�`�ÀÅ½�d�`�Á/d

(fv)(φ) = fv̂(φ) ∈ Sm.
¼¡½�Ä�g�s�ke`�d=½�qeg

fv ∈ S(Rm,S ′n), ∀φ ∈ Sn
s

(fv)∧(φ) = fv̂(φ),
b µ d µ

(fv)∧ = fv̂,
ù�½�d�f�d

fv̂,
b±gYi�½�dP¿�f�k
À
Ä�Á�ik�l

v̂
ø�j

f
q�`�À

fv̂ ∈ L(Sm,Sn)
µ

¨ @>= ¹[Z = � ��µ 9��T� ��
f, g ∈ OM (Rm,K)

0
v, w ∈ S(Rm,S ′n).

¡����/þ�0
´�_

(f + g)v = fv + gv; f(v + w) = fv + fw; 1OM
v = v.9b_ ¡����"����ú

Φ : OM (Rm,K)×S(Rm,S ′n) → S(Rm,S ′n) : (f, v) 7→ fv
ýz���

� ý�� ýVþ�����ü"����ú> 
� Z�¹�¹[\ �K´�_¦� kefaq�u u

p ∈ Rm,
ke`�dD½�qeg

[(f + g) v] (p) = (f + g)(p)vp = (f(p) + g(p))vp = f(p)vp + g(p)vp

= (fv)p + (gv)p,b µ d µ
(f + g)v = fv + gv;

� kefaq�u u
p ∈ Rm,

ke`�dD½�qeg
[f (v + w)] (p) = f(p)(v + w)p = f(p)(vp + wp) = f(p)vp + f(p)wp

= (fv)p + (fw)p,b µ d µ
f(v + w) = fv + fw.

� kef q�u u
p ∈ Rm

s5ke`�d ½�qeg
(1(Rm ,K) v)(p) =

1(Rm ,K) (p)vp = vp;
b µ d µ

1OM
v = v.

9b_ ¼[kPi�½�df�d:qeÀ
d�f µ
¼¡½�dYø�b u b `�d:q�f8q�¿�¿�u b±Á�q�i�b ke`Pk�l�i�½�dY¿�keb `�i 9b_ k�l�i�½�da¿�f�d:Á/d:À
b `�pDi�½�d�kef�d�r b±g8Á�q�u u d:À

rOÄ�u i�b ¿�u b±Á�q�i�b ke`Fk�l[l�q�rPb u b d:g�ø�j OM
l"Ä�`�Á�i�b ke`�g µ

¨ @>= ¹[Z = � ��µ Q ��� �� · ����f��ú��/ü/���ý���þ²�b��¢;þ������ � ��®��� ×¡����/þ�0�����f��� -H� � ü/��ý�ÿ�
�ü
	�ÿ�&	
ü/�
(S(Rm,S ′n),+, ·)

ýz����� ����¦������	w� �4��®��/ü!����Kü�ýVþ -
(OM (Rm,K),+, ·).� Z�¹�¹[\ � t$i�U g�q�`�q�u kepekeÄ�g;i�kPi�½�d¿�f�k�k�l�k�l[i�½�d!Ñ;f�ke¿�k�ghb i�b ke` ��µ d µ

¨ @>= ¹[Z = � ��µ d �"k�lKb±ghkerPkef�¿�½�b±ghr _K� ¡����I��úeú�� ý�ÿ����ý���þ
(·)∧ : S(Rm,S ′n) →

L(Sn,Sm)
ýz����������	w� �Oýz�K������ü�ú���ýz�
�� 



î/¯/¯ ñ�ò�ó�ô�õ�ö�÷
� Z�¹�¹[\ � t$i¡l"keu u k�ùag¡d:qeghb u j5l"f�ker ¼¡½�d�kef�d�r ��µ ´eµ
[ak�ù³ùodKÁ�q�`-b rP¿�f�k�cedYi�½�dK¼¡½�d�kef�d�r g�µ 9
µ
¨ @>= ¹[Z = � ��µ e��"� ��

w ∈ S(Rm,S ′n)
��þ��

λ ∈ OM (Rm,K)
�!��	
þ�ÿ��ý���þ���ý ��#

���/ü/�/þ������ü
�
0
�����®��/ü
%Bú���ýVþ�$ �¡����/þ�06����6������� ����ýVþ -������K�/ü
�ý���þ��T����� �Y�ü
	��

´�_ ý �
w
ýz� S #$� ýVþ�����ü
� %=ýVþ��b�$ú��/þ��b�/þ�*����]�����=ý�� % λw ýz� S #$� ýVþ�����ü
� %=ýVþ��b�$ú��/þ��b�/þ��È9b_ S span(w) = S span(λw)

È
Q _ ý �

w
ýz� S #$� ýVþ�����ü
� %1ýVþ��b�$ú��/þ��b�/þ��0o����ü����eÿ��

u ∈ S span(w),
��þ��S�����

[u | λw] = (1/λ) [u | w].
� Z�¹�¹[\ �K´�_ (�d/i

a ∈ S ′m
ø�dKghÄ�Á�½7i�½�q�i ∫

Rm a(λw) = 0S′
n
,
ke`�dD½�qeg

0S′
n

=

∫

Rm

a(λw) =

∫

Rm

(λa)w,

i�½�Ä�g�sYø�d:Á�q�Ä�ghd
w
b±g S Ã$u b `�d:q�f�u j®b `�À
d�¿�d�`�À
d�`�iFke`�d ½�qeg λa = 0S′

n

µå� b `�Á/d
λ
b±g

À
b ��d�f�d�`�i�l"kef�r
0
q�i�d�ced�f�j1¿�keb `�i�ùodKÁ�q�`FÁ/ke`�Á/u Ä�À
d

a = 0S′
n

µ
9b_ (�d/i

u ∈ S span(w).
¼¡½�d�`�s
i�½�d�f�dd��
b±g!i�g�q�`

a ∈ S ′m
ghÄ�Á�½-i�½�q�i

u =

∫

Rm

aw.

[ak�ùs�ke`�dD½�qeg
u =

∫

Rm

(a
λ

)
(λw) ,

ghk
u ∈ S span(λw)

s;q�`�À�½�d�`�Á/d S span(w) ⊆ S span(λw).
ZYb±Á/d�ced�f�g�q�s[u d/i

u ∈
S span(λw).

¼¡½�d�`�s�i�½�d�f�d�d��
b±g!i�g�q�`
a ∈ S ′m

ghÄ�Á�½=i�½�q�i
u =

∫
Rm a(λw).

[ak�ùseke`�d
½�qeg

u =

∫

Rm

(λa)w,

q�`�À ½�d�`�Á/d
u ∈ S span(w),

½�d�`�Á/d S span(λw) ⊆ S span(w).
�8ke`�Á/u Ä�À
b `�p

S span(w) = S span(λw)
µ

Q _,� kefaq�`�j
u ∈ S ′n,

ke`�dD½�qeg
u =

∫
Rm [u | w]w,

½�d�`�Á/d

u =

∫

Rm

(
1

λ
[u | w]) (λw) .

´���µæ��J�= » ¸ Z�R<F S � = ¤ J R ·<; T"¹ · R · U S � U[T±R>C�¹ · R<F�T�ç�R<GoF = ¹ J�= Z�R ¸ ¹[Z ;
t�`-i�½�dDl"keu u k�ù�b `�pPùodgh½�q�u u]Ä�ghdBi�½�d`�k�i�q�i�b ke`

S End(S ′n) = S Hom(S ′n,S ′n).(�d/i
D,C

ø�di!ùok1ced:Á�i�kefagh¿�qeÁ/d:g8q�`�À
A ∈ Hom(D,C).

¼¡½�dOghd/iYk�l;q�u u]i�½�dKd�b ped�`
Ã
ced:Á�i�kef�g;k�l�i�½�dYke¿�d�f�q�i�kef

A
b±g¡À
d�`�k�i�d:À5ø�j

EV(A)
q�`�À5b±g¡Á�q�u u d:ÀPi�½�dYl�q�rPb u j5k�l]i�½�d

d�b ped�`�ced:Á�i�kef�g8k�l
A
µ ¼¡½�dghd/i�k�lnq�u u�i�½�dd�b ped�`�c�q�u Ä�d:gok�l[i�½�dDke¿�d�f�q�i�kef

A
b±g�À
d�`�k�i�d:À

ø�j eσ(A)
a�rPkef�d�k�ced�f�i�½�dDd�b ped�`�gh¿�qeÁ/dYf�d�u±q�i�b cedai�kPq�`7d�b ped�`�c�q�u Ä�d

a ∈ K
b±g�À
d�`�k�i�d:À



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/¯/³
ø�j |a〉A . 73kef�d�k�ced�f Sind (Rm,S ′n)

b±g;i�½�dYghd/iok�l�i�½�d S Ã$u b `�d:q�f�u j=b `�À
d�¿�d�`�À
d�`�i8l�q�r=Ãb u b d:g¡b ` S ′n
b `�À
d��
d:À-ø�j

Rm
µ

¨ @>= ¹[Z = � ´���µ ´ �"k�l8Á/ke`�i�b `�Ä�keÄ�gBgh¿�d:Á�i�f�q�u�d��
¿�q�`�ghb ke` _K�!� ��
A ∈ S End(S ′n)

0
f ∈ OM (Rm,K) and v ∈ Sind (Rm,S ′n)

�
	�ÿ��1������0)����ü����eÿ��
p ∈ Rm

0���þ��������
A(vp) = f(p)vp,

ý� ��� 
A(v) = fv.

¡����/þ�0o����ük���eÿ��
u ∈ S span (v)

0¦��þ��S�����
A(u) =

∫

Rm

f [u | v] v.
� Z�¹�¹[\ ��� kef¡d:qeÁ�½

u ∈ S span(v)
s�ke`�dD½�qeg

A(u) = A

(∫

Rm

[u | v] v
)

=

∫

Rm

[u | v]A (v) =

∫

Rm

[u | v] (fv)

=

∫

Rm

(f [u | v]) v.
t�`-l�qeÁ�i:s
i�½�dBi�½�b f�À-d � Ä�q�u b i!j1½�keu±À�g¡ø�d:Á�q�Ä�ghdes

A(v)p = A(vp) = f(p)vp = (fv)(p),q�`�À1i�½�dDl"keÄ�fhi�½Fø�d:Á�q�Ä�ghd
∫

Rm

[u|v] (fv) (φ) = [u|v] ((fv)∧ (φ)) = [u|v] (fv̂ (φ)) = (f [u|v])(v̂ (φ))

=

∫

Rm

(f [u|v])v.
¼¡½�b±gaÁ/ke`�Á/u Ä�À
d:g8i�½�d¿�f�k�k�l µ

(�d/i
X ⊆ S ′n

ø�d5q7ghÄ�ø�gh¿�qeÁ/dOk�l S ′n, A ∈ Hom(X,S ′m)
q�`�À

v ∈ S (Rm,S ′n)ø�dKq=l�q�rPb u j1k�l�À
b±g!i�f�b ø�Ä
i�b ke`�g µ ¼¡½�dghÄ�¿�d�f�¿�k�ghb i�b ke`Fk�l
v
ù�b i�½Ff�d:gh¿�d:Á�i¡i�k

A
s�b±g¡i�½�d

ke¿�d�f�q�i�kef
∫

Rm

Av : X → S ′n : u 7→
∫

Rm

A(u)v.

t�`Åi�½�dPÁ/ke`�À
b i�b ke`Åk�l�i�½�dPq�ø�k�cedKi�½�d�kef�d�r ke`�dO½�qegK^
A|X =

∫

Rn

f [· | v] v s]ù�½�d�f�d
X = S span(v)

µ
¼¡½�dPq�ø�k�cedDi�½�d�kef�d�r ½�keu±À�gab `Åi�½�dO¿�q�fhi�b±Á/Ä�u±q�fBÁ�qeghdKb `Åù�½�b±Á�½3i�½�d�f�dOd��
b±g!i�gBq�`

S Ã$ø�qeghb±g8k�l]i�½�dBgh¿�qeÁ/d S ′n Á/ke`�g!i�b i�Ä
i�d:À5ø�jPd�b ped�`�ced:Á�i�kef�g�k�l]i�½�dBke¿�d�f�q�i�kef A µ t�`5i�½�b±gÁ�qeghdDùodDpeb cedYi�½�dDl"keu u k�ù�b `�p
Q = \�T · T ¸ T"¹ ·Â´���µ ´ �"k�l S Ã���ý��K-H��þ���� ý ��� � � �S��ú��/ü/��$��ü _K�¦� �� A ∈ S End(S ′n)

 �¡����
��ú��/ü/��$��ü

A
ýz�k�K��ý�� S #���ý��K-H��þ���� ý ��� � � �Fý �k����/ü/�Y�/�eýz�
T�!��	
þ�ÿ��ý���þ

a ∈ OM (Rn,K)��þ��4��þ S # � ����ýz� α ∈ SB (Rn,S ′n)
�
	�ÿ��N������0w����ü!��®��/ü
%

p ∈ Rn
0*��þ��������

A(vp) =
a(p)αp

0;ý� ���  0
A(v) = aα

 
¼¡½�dakef�b peb `=k�l�i�½�da¿�f�d:Á/d:À
b `�pÀ
d/¾�`�b i�b ke`5b±g�`�q�i�Ä�f�q�u&^�Á/ke`�Á/d�f�`�b `�pYi�½�daf�d�¿�f�d:ghd�`
Ã

i�q�i�b ke`-k�l
A
b `-i�½�dø�qeghb±gok�l�i�½�dKÀ
d/¾�`�b i�b ke`�s�ke`�dD½�qeg

(A)α = aδ.



î/³�µ ñ�ò�ó�ô�õ�ö�÷
t�`Fk�i�½�d�f�ùokef�À�gK^

q�` S Ã$u b `�d:q�f[ke¿�d�f�q�i�kef]b±g S Ã�À
b±q�peke`�q�u b `:q�ø�u d�b l�q�`�ÀDke`�u jBb l
i�½�d�f�d;d��
b±g!i�g�q S Ã$ø�qeghb±gk�l�i�½�dgh¿�qeÁ/d S ′n b `Fù�½�b±Á�½Fb i�g¡f�d�¿�f�d:ghd�`�i�q�i�b ke`7b±g S Ã�À
b±q�peke`�q�u µ+ d�f�d:Á�q�u u�i�½�q�i8q�` S Ã$r5q�i�f�b �Ob±g�g�q�b±ÀPÀ
b±q�peke`�q�u�b �-b i;b±gnk�l�i�½�d¡l"kef�r aδ
l"kef;ghkerPd

OM
Ã�l"Ä�`�Á�i�b ke`

a
µ

�8ke`�Á/d�f�`�b `�pÅi�½�d7i�ke¿�keu kepeb±Á�q�u¡g!i�f�Ä�Á�i�Ä�f�d7k�lai�½�d-d�b ped�`�c�q�u Ä�d:g!Ã�gh¿�d:Á�i�f�Ä�r k�lBq�`
S Ã�À
b±q�peke`�q�u b `:q�ø�u dFke¿�d�f�q�i�kefPùodÅ½�qyced-i�½�d3l"keu u k�ù�b `�p À
d/¾�`�b i�b cedÅf�d:ghÄ�u i�g1�"t=i�½�q�`�'
ced�f�j1rOÄ�Á�½Fq�`3q�`�ke`�j�rPkeÄ�gof�d/l"d�f�d�des�ghb `�Á/des
i�k5q�`�ghùod�f�½�b±g � Ä�d:g!i�b ke`�g�s�t8l"keÄ�`�ÀFq�`�À¿�f�k�ced:À5i�½�d�r _ ^

¨ @>= ¹[Z = � ´���µ 9 �"ke`1i�½�dYi�ke¿�keu kepeb±Á�q�u�g!i�f�Ä�Á�i�Ä�f�dYk�l]i�½�dBd�b ped�`�c�q�u Ä�d:g!Ã�gh¿�d:Á�i�f�Ä�r
k�lFq�` S #���ý��K-H��þ���� ý ��� � � �¼��ú��/ü/��$��ü _K�B� ��

A � �¶��þ S #���ý��K-H��þ���� ý ��� � � �¼��ú��/ü/��$��üK 
¡����/þ�0[ý �

a
ýz�,�������ü/�b�/ü/���S�
%��
$���Ù�����/ý -H�/þ�®���� 	��
�����

A
�����K�:ÿ/ý���$���"$�!��þX�/ý -H�/þ � ����ýz����

A
����ü S ′n 0*�6�S����®��

im a = eσ(A).

É�þ5ú���ü
�ý�ÿ�	w� ��ü!����k�/ý -H�/þ�®���� 	��
�
#.��ú���ÿ��ü
	w�¸���
A
ýz���7ÿ���þ�þ���ÿ�$���k�
	 � �K��,��� C

 
+ d`�d�d:ÀFq=u d�rPr5q�^
Ò = ���aR ´���µ ´ �!� ��

u ∈ S ′n � �N�1��ýz�
�ü�ý � 	w�ý���þ2��þ��
f � �N�X�
��������4��	
þ�ÿ��ý���þ� 

è ���
	w���!�����
fu = 0S′

n
.

¡����/þ
u
®���þ�ýz�/���
����þB����=ÿ����aú�� �����/þ�����!����S���/ü/��#$� ��®����)�K������
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� Z�¹�¹[\ � �8ke`�ghb±À
d�foi�½�dKghd/i

Ω = {p ∈ Rn : f(p) 6= 0} = Rn \ f←(0),

ùod-½�qyced5i�kÂ¿�f�k�ced1i�½�q�i=l"kef=d�ced�f�jÂi�d:g!i=l"Ä�`�Á�i�b ke`
φ ∈ D(Ω)

b±g
u (φ) = 0

µ (�d/i
φ ∈ D(Ω)

s�i�½�daf�d:g!i�f�b±Á�i�b ke`
f|Ω

À
k�d:g;`�k�i;c�q�`�b±gh½�s�ghkDi�½�d � Ä�k�i�b d�`�i φ/f|Ω b±g8À
d/¾�`�d:Àke`
Ω
s�b iab±g�ghrPk�k�i�½3q�`�À7b iaø�d�u ke`�p�goi�k D(Ω)

µ [ak�ù

u (φ) = u
(
fφ/f|Ω

)
= fu

(
φ/f|Ω

)
= 0,

qeg À
d:ghb f�d:À µ � k i�½�d À
b±g!i�f�b ø�Ä
i�b ke`
u
rOÄ�g!i ø�d c�q�`�b±gh½ b ` i�½�d ke¿�d�` ghd/i

{p ∈ Rn : f(p) 6= 0} µ

� Z�¹�¹[\Å¹[\ ¸)@>= ¸)@>= ¹[Z = � ½Vé>� Ô)��� b `�Á/d
A
b±goq�` S Ã�À
b±q�peke`�q�u b `:q�ø�u d¡ke¿�d�f�q�i�kefi�½�d�` i�½�d�f�d=d��
b±g!iKq1l"Ä�`�Á�i�b ke`

a ∈ OM (Rn,K)
q�`�ÀÂq�` S Ã$ø�qeghb±g α ∈ SB (Rn,S ′n)ghÄ�Á�½7i�½�q�i:s
l"kef�d�ced�f�j

p ∈ Rn
s�ke`�dD½�qeg

A(αp) = a(p)αp
s�b µ d µ s

A(α) = aα
µ

+ dKgh½�q�u u�¿�f�k�cedai�½�q�i�i�½�dd�b ped�`�c�q�u Ä�d:g!Ã�gh¿�d:Á�i�f�Ä�r k�l
A
b±g

im a
µ
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� g�ghÄ�rPdYi�½�q�i

e
b±g¡q�`1d�b ped�`�c�q�u Ä�dYk�l

A
i�½�d�`7i�½�d�f�dYd��
b±g!i�g¡qK`�ke`Y`�d�f�kOced:Á�i�kef

ηghÄ�Á�½7i�½�q�i
A(η) = eη

µc+ dDi�½�d�`F½�qyced

Aη = A

∫

Rn

[η | α]α =

=

∫

Rn

[η | α]Aα =

=

∫

Rn

[η | α] aα =

=

∫

Rn

a [η | α]α,

ø�Ä
iake`7i�½�dk�i�½�d�f�½�q�`�À
Aη = eη =

= e

∫

Rn

[η | α]α =

=

∫

Rn

e [η | α]α.

l"f�ker i�½�d S Ã$b `�À
d�¿�d�`�À
d�`�Á/dk�l α ùodD½�qyced
a [η | α] = e [η | α] ,

i�½�d�`
(a− e) [η | α] = 0.ghk=i�½�dKÀ
b±g!i�f�b ø�Ä
i�b ke`

[η | α]
rOÄ�g!iaø�dc�q�`�b±gh½-b `-i�½�dke¿�d�`Fghd/i

Ωη = {p ∈ Rn : a(p) 6= e} = Rn \ a←(e).
� g�ghÄ�rPdoø�jKÁ/ke`�i�f�qeÀ
b±Á�i�b ke`i�½�q�i

e /∈ im a
s�i�½�d�`Oi�½�d�f�doq�f�do`�k

p
ghÄ�Á�½i�½�q�i

a(p) = e
s

q�`�À1i�½�d�`
Ωη = Rn,i�½�b±g�b rP¿�u b d:g

[η | α] = 0S′
n
,ghkOùodBÀ
d:À
Ä�Á/dai�½�q�i

η
b±g8`�Ä�u u�s
q�`�ÀPi�½�b±gob±goq�`7q�ø�ghÄ�f�À µ]+ dai�½�d�`-g�qyù®i�½�q�i eσ(A) ⊆

im a
s
i�½�dKÁ/ke`�ced�f�ghdYb±goi�f�Ä�dø�j7À
d/¾�`�b i�b ke`Fk�lnd�b ped�`�ø�qeghb±g µ
�8ke`�Á/u Ä�À
b `�pPi�½�dDd�b ped�`�c�q�u Ä�d:g!Ã�gh¿�d:Á�i�f�Ä�r k�l � b±goi�½�db r5q�pedDk�l

a
^

eσ(A) = im a = a(Rn),
i�½�q�iab±g�qPÁ/ke`�`�d:Á�i�d:ÀFghd/i�ø�d:Á�q�Ä�ghd

a
b±gaÁ/ke`�i�b `�Ä�keÄ�g¡q�`�À

Rn
b±gaÁ/ke`�`�d:Á�i�d:À µ

WD¹[Z�¹<FHFeR[Z ÅX´���µ ´ � É��T����"�/ý -H�/þ�®���� 	��
�
#.��ú���ÿ��ü
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¾ `�u j-q � Ä�d:g!i�b ke`-f�d�r5q�b `�g¡ke¿�d�`>^+ ½�q�iBq�ø�keÄ
iai�½�dKghk1Á�q�u u d:À-f�d:ghb±À
Ä�q�u[gh¿�d:Á�i�f�Ä�r q�`�À3Á/ke`�i�b `�Ä�keÄ�g�gh¿�d:Á�i�f�Ä�r k�l
q�` S Ã�À
b±q�peke`�q�u b `:q�ø�u dBke¿�d�f�q�i�kef�êL�d:Á�q�u u]i�½�q�i

´�_ i�½�dDd�b ped�`�c�q�u Ä�d:g!Ã�gh¿�d:Á�i�f�Ä�r b±g¡i�½�dghd/iak�lnq�u u�i�½�dKÁ/kerP¿�u d��7`�Ä�rOø�d�f�g
z
ghÄ�Á�½

i�½�q�i�i�½�d
z
Ã�Á�½�q�f�qeÁ�i�d�f�b±g!i�b±Á[ke¿�d�f�q�i�kef�k�l

a
s:i�½�q�i[b±g]i�½�d8ke¿�d�f�q�i�kef

Cz = A−zI sb±g¡`�k�iab `��!d:Á�i�b cedba
9b_ i�½�d5Á/ke`�i�b `�Ä�keÄ�gDgh¿�d:Á�i�f�Ä�r b±gDi�½�d5ghd/ik�l�q�u u

z
ghÄ�Á�½ i�½�q�i

Cz
b±gDb `�ced�fhi�b ø�u d

�"b `��!d:Á�i�b cedq�`�ÀFghÄ�f��!d:Á�i�b ced _ ø�Ä
iaù�b i�½Fb `�ced�f�ghdB`�k�iYÁ/ke`�i�b `�Ä�keÄ�gKa
Q _ i�½�dOf�d:ghb±À
Ä�q�ungh¿�d:Á�i�f�Ä�r b±gai�½�dPghd/iDk�l8q�u u

z
ghÄ�Á�½Åi�½�q�i

Cz
b±gYb `��!d:Á�i�b cedPq�`�À

b i�g¡b r5q�pedDb±g¡`�k�iYÀ
d�`�ghdDb `-i�½�dKgh¿�qeÁ/dDk�l�i�d�rP¿�d�f�d:À-À
b±g!i�f�b ø�Ä
i�b ke` µ
� b `�Á/d

A
b±gq�` S Ã�À
b±q�peke`�q�u b `:q�ø�u dOke¿�d�f�q�i�kefBi�½�d�` i�½�d�f�dPd��
b±g!iOq1l"Ä�`�Á�i�b ke` a ∈

OM (Rn,K)
q�`�À7q�` S Ã$ø�qeghb±g

α ∈ SB (Rn,S ′n)
ghÄ�Á�½1i�½�q�i:s�l"kefod�ced�f�j

p ∈ Rn
s
ke`�d

½�qeg
A(αp) = a(p)αp

s�b µ d µ s
A(α) = aα

µT� g�ghÄ�rPdKi�½�q�i
z
b±ga`�k�iDq�`Åd�b ped�`�c�q�u Ä�dKk�l

A
s
i�½�d�`

Cz = A− zI
b±g¡b `��!d:Á�i�b ced µ 73kef�d�k�ced�f

Cz(αp) = A(αp) − zI(αp) = a(p)αp − zαp = (a(p) − z)αp.

mod:Á�q�Ä�ghd
z
b±gB`�k�iKq�`Âd�b ped�`�c�q�u Ä�dOk�l

A
s]i�½�d=l"Ä�`�Á�i�b ke`

a − z
`�d�ced�fBc�q�`�b±gh½�d:g�s[q�`�À

i�½�d�`-i�½�dDl�q�rPb u j
(a− z)α

b±g¡jed/iYq�` S Ã$ø�qeghb±gok�l�i�½�dKgh¿�qeÁ/d µ
73kef�d�k�ced�f:sob i�U g7ghb rP¿�u d3i�k ¿�f�k�ced-i�½�q�i

Cz
b±g7ghÄ�f��!d:Á�i�b ced µ t�` l�qeÁ�i:s�u d/i

β =
(a − z)α

s[q�`�À u d/i
u
ø�d5q7i�d�rP¿�d�f�d:ÀÂÀ
b±g!i�f�b ø�Ä
i�b ke`�s�ghb `�Á/d

β
b±gq�` S Ã$ø�qeghb±gBk�l8i�½�dgh¿�qeÁ/d S ′n s u b±gaq�` S Ã$u b `�d:q�faghÄ�¿�d�f�¿�k�ghb i�b ke`-k�l β s�rPkef�d�k�ced�f

u =

∫

Rn

[u | β]β =

∫

Rn

[u | β]Cz(α) = Cz

(∫

Rn

[u | β]α

)
,

q�`�ÀOghk
u ∈ Cz(S ′n)

µ �8ke`�ghd � Ä�d�`�i�u j Cz b±g�d�ced�`=ghÄ�f��!d:Á�i�b cedes�q�`�ÀK½�d�`�Á/d8i�½�dof�d:ghb±À
Ä�q�ugh¿�d:Á�i�f�Ä�r b±g¡d�rP¿
i!j µ
� ced�`1rPkef�des

Cz
b±g S Ã$u b `�d:q�foq�`�À=i�½�d�`1b iob±g�i�½�dai�f�q�`�gh¿�k�ghd�k�l�qKÁ/d�fhi�q�b `5ùod:qV'�u jÁ/ke`�i�b `�Ä�keÄ�g*�"b µ d µ s�g!i�f�ke`�peu jBÁ/ke`�i�b `�Ä�keÄ�g _ d�`�À
kerPkef�¿�½�b±ghr5g�ke`Di�½�d � f/�:Á�½�d/i�gh¿�qeÁ/d Sn µ¼¡½�b±gBke¿�d�f�q�i�kefYb±gYø�b �!d:Á�i�b cedPqeg

Cz
s]ghk7ø�jFi�½�dPm¡q�`�qeÁ�½3b `�ced�f�ghdKke¿�d�f�q�i�kefai�½�d�kef�d�r

b iYb±gYq=i�ke¿�keu kepeb±Á�q�u]b±ghkerPkef�¿�½�b±ghr µ¦� `�ÀFd�ced�`FrPkef�des�ø�j1i�½�d��Yb d�Ä�À
ke`�`��/Ã � Á�½�ù¡q�fhi/`
i�½�d�kef�d�r

Cz
b±g�qOi�ke¿�keu kepeb±Á�q�u�b±ghkerPkef�¿�½�b±ghr i�k�k µ6� k=i�½�dKÁ/ke`�i�b `�Ä�keÄ�g¡gh¿�d:Á�i�f�Ä�r k�l

q�` S Ã�À
b±q�peke`�q�u b `:q�ø�u dBke¿�d�f�q�i�kef¡b±g�q�u ù¡qyj
god�rP¿
i!j µ¼¡½�b±gÁ/ke`�Á/u Ä�À
d:gBÁ/kerP¿�u d/i�d�u jFi�½�d5g!i�Ä�À
j3k�l;i�½�d5gh¿�d:Á�i�f�Ä�r k�loq�` S Ã�À
b±q�peke`�q�u b Ã`:q�ø�u dDke¿�d�f�q�i�kef µ

´e´eµ ¨ @>= G�º�T�F�U[T · C ¹[\ ; ¹<� = G�R ; T"» ¹<G ;K= Z:SeR<GoF =�; ¹[\ Ý º]R ·]¸ º>�
� = » @ R · T"» ;

£�¤�R<� J F =-´e´eµ ´ ��¼¡½�do¿�k�ghb i�b ke`Oke¿�d�f�q�i�kef�b `Oke`�doÀ
b rPd�`�ghb ke` _K�*� ¿�q�fhi�b±Á/u d8rPk�c�Ã
b `�pDke`Oi�½�d¡f�d:q�u�u b `�daÁ�q�`Oø�d�b `PqDg!i�q�i�d¡b `=ù�½�b±Á�½=b i�gn¿�k�ghb i�b ke`=b±g

x ∈ R
µ t$i�U gn`�q�i�Ä�f�q�u

i�k1qeg�ghÄ�rPdDi�½�q�iai�½�b±gag!i�q�i�dKÁ�q�`Fø�dKf�d�¿�f�d:ghd�`�i�d:À7ø�j1i�½�dOÀ
b±g!i�f�b ø�Ä
i�b ke`
δx
s�ghk�s�b l�ùod
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õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/³/�
À
d�`�k�i�d1ø�j

Q
i�½�d1keø�ghd�f�c�q�ø�u d�i!¿�k�ghb i�b ke` j�s[ùod1½�qyced

Qδx = xδx
snb µ d µ s

Qδ = IRδ
s

q�¿�¿�u j�b `�p=i�½�dKq�ø�k�cedYi�½�d�kef�d�r ke`�dD½�qeg

Q (u) =

∫

R

IR [u | δ] δ =

∫

R

(IRu) δ = IRu.

¼¡½�b±g��!Ä�g!i�b ¾�d:goi�½�dÀ
d/¾�`�b i�b ke`-k�l[i�½�d¿�k�ghb i�b ke`7ke¿�d�f�q�i�kef:s�ù�½�b±Á�½-b±g¡`�k�ù ¿�k�g�ghb ø�u dBi�k
À
d/¾�`�des
rPkef�dY`�q�i�Ä�f�q�u u jes�qeg8i�½�dBke`�u j5keø�ghd�f�c�q�ø�u d�i�½�q�i�b `1i�½�dDg!i�q�i�d

δx
qeg�ghÄ�rPdai�½�d

c�q�u Ä�d
x
s�l"kef�d�ced�f�j5f�d:q�u

x
µ

£�¤�R<� J F = ´e´eµ 9 ��¼¡½�d5¿�k�ghb i�b ke`Âke¿�d�f�q�i�kefDb `Âi�½�f�d�d5À
b rPd�`�ghb ke`�g _K�!� ¿�q�fhi�b±Á/u d
rPk�c�b `�pYb `Ki�½�d¡gh¿�qeÁ/d8Á�q�`Oø�dob `=qYg!i�q�i�d8b `Où�½�b±Á�½Ob i�g�¿�k�ghb i�b ke`Kb±g[i�½�doced:Á�i�kef

x ∈ R3 µt$i�U gY`�q�i�Ä�f�q�u�i�k-qeg�ghÄ�rPdi�½�q�iYi�½�b±gBg!i�q�i�d=Á�q�`Åø�dOf�d�¿�f�d:ghd�`�i�d:ÀFø�j7i�½�d=À
b±g!i�f�b ø�Ä
i�b ke`
δx
µ t�` i�½�b±g=g!i�q�i�d1i�½�d-¿�k�ghb i�b ke` ½�qegi�½�d7i�½�f�d�d-Á/kerP¿�ke`�d�`�i�g

x1
s
x2
s
x3
µ ¼¡½�d�`�s

b lùodÅÀ
d�`�k�i�d3ø�j
Q = (Q1, Q2, Q3)

i�½�d3i�f�b ¿�u dÅk�lDke¿�d�f�q�i�kef�g=f�d�¿�f�d:ghd�`�i�b `�pÂi�½�d
keø�ghd�f�c�q�ø�u dTi!¿�k�ghb i�b ke` jKb `3i�½�f�d�d=À
b rPd�`�ghb ke`�g�s�ùodK½�qyced

Qδx = (x1δx, x2δx, x3δx)
s

b µ d µ s
Qδ = (I1δ, I2δ, I3δ)

µ (�d/iYÄ�gYq�¿�¿�u j7i�½�dOÀ
d:Á/kerP¿�k�ghb i�b ke`-i�½�d�kef�d�r i�kPi�½�d
i
Ã�i�½

Á/kerP¿�ke`�d�`�i:s
ke`�dD½�qeg

Qi (u) =

∫

R3

Ii [u | δ] δ =

∫

R3

(Iiu) δ = Iiu.

¼¡½�b±g��!Ä�g!i�b ¾�d:goi�½�dÀ
d/¾�`�b i�b ke`-k�l[i�½�d¿�k�ghb i�b ke`7ke¿�d�f�q�i�kef:s�ù�½�b±Á�½-b±g¡`�k�ù ¿�k�g�ghb ø�u dBi�k
À
d/¾�`�desnrPkef�d5`�q�i�Ä�f�q�u u jes[i�½�d7ke`�u jÂkeø�ghd�f�c�q�ø�u d=i�½�q�i=b `�i�½�d-g!i�q�i�d

δx
qeg�ghÄ�rPdPi�½�d

ced:Á�i�kefhÃ$c�q�u Ä�d
x
µ

£�¤�R<� J F =�´e´eµ Q1��¼¡½�dBrPkerPd�`�i�Ä�r ke¿�d�f�q�i�kef _K�,� keu u k�ù�b `�pk�Ydmof�kepeu b des�ùodBqeg!Ã
ghÄ�rPd-i�½�q�iPi�½�d3g!i�q�i�dFk�lDq ¿�q�fhi�b±Á/u d-rPk�c�b `�pÂke` i�½�dFf�d:q�u¡u b `�dFù�b i�½®rPkerPd�`�i�Ä�r
p ∈ R

ø�dKf�d�¿�f�d:ghd�`�i�d:À7ø�j7i�½�dKf�d�peÄ�u±q�faÀ
b±g!i�f�b ø�Ä
i�b ke` [
e

i(p|·)
~

] µ t$l�ùodOÀ
d�`�k�i�dø�j
Pi�½�dkeø�ghd�f�c�q�ø�u d�i!rPkerPd�`�i�Ä�r�j�s
ùodD½�qyced

P
[
e

i(p|·)
~

]
= p

[
e

i(p|·)
~

]
.

Ñ;Ä
ihi�b `�p
f =

([
e

i(p|·)
~

])
p∈R

s�ùodD½�qycedYi�½�Ä�g

Pf = IRf.� ¿�¿�u j�b `�pPi�½�dKq�ø�k�cedYi�½�d�kef�d�rFs
ke`�dD½�qeg

P (u) =

∫

R

IR [u | f ] f =

(
i

−1/~

)1(∫

R

[u | f ] f

)′
= −i~u′,

£�¤�R<� J F = ´e´eµ d �"k�l=keø�ghd�f�c�q�ø�u d ù�b i�½ q®Á/ke`�i�b `�Ä�keÄ�g-À
d�ped�`�d�f�q�i�dÂgh¿�d:Á�i�f�Ä�r
`�k�i1Á/keb `�Á/b±À
b `�pÂù�b i�½ i�½�dFù�½�keu dFf�d:q�u¡u b `�d _K�k� keu u k�ù�b `�pf�Yd3mof�kepeu b des;ùodFqeg�ghÄ�rPd
i�½�q�iKi�½�d7g!i�q�i�d1k�laqF¿�q�fhi�b±Á/u d5rPk�c�b `�p3ke`�i�½�d1f�d:q�u;u b `�d1ù�b i�½ rPkerPd�`�i�Ä�r

p ∈ Rø�d-f�d�¿�f�d:ghd�`�i�d:À�ø�j�i�½�d-f�d�peÄ�u±q�fOÀ
b±g!i�f�b ø�Ä
i�b ke` [
e

i(p|·)
~

] µ t$lYùodFÀ
d�`�k�i�d7ø�j
T
i�½�d

keø�ghd�f�c�q�ø�u d�i�MYq�rPb u i�ke`�b±q�`-k�l�qPÁ/u±qeg�ghb±Áal"f�d�d¿�q�fhi�b±Á/u dDb `
R
j�s�ùodD½�qyced

T
[
e

i(p|·)
~

]
=

p2

2m

[
e

i(p|·)
~

]
.



î/³�� ñ�ò�ó�ô�õ�ö�÷
Ñ;Ä
ihi�b `�p

f =
([
e

i(p|·)
~

])
p∈R

s�ùodD½�qyced

Tf =
p2

2m
f.

¼¡½�d�`�s�q�¿�¿�u j�b `�p=i�½�dKq�ø�k�cedYi�½�d�kef�d�rFs
ke`�dD½�qeg

T (u) =

∫

R

(IR)
2

2m
[u | f ] f =

1

2m

∫

R

(IR)
2
[u | f ] f =

=
1

2m

(
i

−1/~

)2(∫

R

[u | f ] f

)′′
= − ~2

2m
u′′.

[ak�i�dai�½�q�ioi�½�dDgh¿�d:Á�i�f�Ä�r k�l
T
b±g8i�½�dBghd/i¡k�l�`�ke`
Ã$`�d�p�q�i�b cedaf�d:q�u�`�Ä�rOø�d�f�goq�`�ÀPi�½�q�i

i�½�dKÀ
b rPd�`�ghb ke`-k�lnd�ced�f�j5d�b ped�`�gh¿�qeÁ/dBb±g 9
µ
� Á�i�Ä�q�u u jes
i�½�dOgh¿�d:Á�i�f�q�u�i�½�d�kef�j5i�f�d:q�i�d:À-ke`-i�½�d¿�q�¿�d�faf�d � Ä�b f�d:goke`�u j1i�½�dKÁ/ke`
ÃÁ/d�¿
iPk�l S Ã�À
b±q�peke`�q�u b `:q�ø�u d7ke¿�d�f�q�i�kef:snø�d:Á�q�Ä�ghd7i�½�dFgh¿�d:Á�i�f�q�u�À
d:Á/kerP¿�k�ghb i�b ke` Á/ke`
ÃÁ/d�f�`�goi�½�d S Ã�À
b±q�peke`�q�u b `:q�ø�u dYke¿�d�f�q�i�kef�g µ[ad�ced�fhi�½�d�u d:g�g�s¡l"kefFÁ/kerP¿�u d/i�d�`�d:g�g�s�ùodÅpeb ced3i�½�d�À
d/¾�`�b i�b ke` k�l S Ã$keø�ghd�f�c�q�ø�u desi�½�q�iab±g�q=¿�q�fhi�b±Á/Ä�u±q�f S Ã�À
b±q�peke`�q�u b `:q�ø�u dYke¿�d�f�q�i�kef µ
Q = \�T · T ¸ T"¹ ·û´e´eµ ´ �"k�l�keø�ghd�f�c�q�ø�u dù�b i�½Åq5Á/ke`�i�b `�Ä�keÄ�g�f�q�`�pedk�lnl"Ä�`�À�q�rPd�`�i�q�u

d�b ped�`�g!i�q�i�d:g _K�T� ��
A ∈ S End(S ′n)

 N¡�������ú��/ü/��$��ü
A
ýz�!�K��ý��N$� � �k��þ\� � �K�/ü
®�� � � ���ý���¥�5ÿ���þ��ýVþ�	���	 �aü/��þ -H�"������	
þ��b�����/þ�$���>�/ý -H�/þ��
$��$�
� § ��ü!��þ1� � �K�/ü
®�� � � �!��ý���¥��þ

S �/ý -H�/þ � ����ýz�k��üS����ü/�S��ý��aú�� %X��þ S � � �K�/ü
®�� � � �$¬1ý �Dý�8ýz� S ��ý��K-H��þ���� ý ��� � � ����þ��5ý�8ýz�
����k�/�b$�/þ���ý���þf������þP�b�$ÄK��ýVþ�$� � � ����ú��/ü/��$��ü���þ Sn.� kefaqeÀ��!keb `�i�q�ø�u dDke¿�d�f�q�i�kef¡ke` Sn

s
ùodpeb cedYi�½�dDl"keu u k�ù�b `�p5À
d/¾�`�b i�b ke` µ
Q = \�T · T ¸ T"¹ · ´e´eµ 9�� è �
�ü/��þ -V� %Fÿ���þ��ýVþ�	���	 �4�/þ��b������ü�ú���ýz�
�

A : Sn → Sn
ýz�

�K��ý��1$� � �X�b�$ÄK��ýVþ�$� � � �Fý ������/ü/�1ýz�Y��þ�������/ü��
�ü/��þ -V� % ÿ���þ��ýVþ�	���	 �N�/þ��b������ü�ú���ýz�
�
B : Sn → Sn

�
	�ÿ��¥�����
〈Ax|y〉 = 〈x|By〉 ,����üS��®��/ü
%

x
��þ��

y
ýVþ Sn 0������/ü/� 〈· | ·〉 ýz��������
$��þ��b��ü/�S¹KýVü/�eÿ�ë ����ÿ���� ��ü;ú�ü/����	�ÿ�*��þ

Sn
 
t�`Åi�½�dPq�ø�k�cedKÁ/ke`�À
b i�b ke`�gai�½�d=ke¿�d�f�q�i�kef

B
b±gYÄ�`�b � Ä�d�u j3À
d/i�d�f�rPb `�d:À q�`�À3b iDb±gÀ
d�`�k�i�d:À1ø�j

A†
µ 73kef�d�k�ced�f:seb i¡b±g8¿�k�g�ghb ø�u dai�k=¿�f�k�ced�i�½�q�i�q�`7qeÀ��!keb `�i�q�ø�u dYke¿�d�f�q�i�kef

A
b±g¡d���i�d�`�À
b ø�u dDi�k1q�` S Ã$u b `�d:q�f�ke¿�d�f�q�i�kef¡ke` S ′n

µ
¼¡½�dFrPk�g!iPb rP¿�kefhi�q�`�i�'�b `�À k�l S keø�ghd�f�c�q�ø�u d-b±gOi�½�d-l"keu u k�ù�b `�pÂke`�d µ�� ` qeÀ�Ã

�!keb `�i�q�ø�u d ke¿�d�f�q�i�kef
A : Sn → Sn

b±g-g�q�b±À i�k ø�d�ghj�rPrPd/i�f�b±ÁÅkef¥Mad�f�rPb i�b±q�` b l
A† = A

µ
t$l�q�` S Ã$keø�ghd�f�c�q�ø�u d A ∈ S End(S ′n)

b±g�i�½�d;d���i�d�`�ghb ke`k�l
qaghj�rPrPd/i�f�b±Ánke¿�d�f�q�i�kef
b iab±g�g�q�b±ÀFq=f�d:q�u S Ã$keø�ghd�f�c�q�ø�u d µ

£�¤�R<� J F =¬´e´eµ e �"k�lDkeø�ghd�f�c�q�ø�u d7ù�b i�½XqÂghb `�peÄ�u±q�f5gh¿�d:Á�i�f�Ä�r _K� t$lDùod-f�d�p�q�f�À
i�½�dÂÁ/ke`�g!i�q�`�i1l"Ä�`�Á�i�b ke` k�lc�q�u Ä�d

c
qeg7q�` keø�ghd�f�c�q�ø�u db^

Mc (u) = cu
s�ùod ½�qyced



S l ñ)m±ôon>p)q�ô�rVm�syô�t�rVu1p)vwu
õ�ô xop]õ�ySmzqP{)|�ô�q�x�|)}~},u�ó���ô�q�mVó�y î/³/�
i�½�q�i

Mc
½�qeg

c
qeg=Ä�`�b � Ä�d-d�b ped�`�c�q�u Ä�d µ ¾ ` i�½�d-k�i�½�d�f=½�q�`�À]s;d�ced�f�j S Ã$ø�qeghb±gOb±g

q�` S Ã$d�b ped�`�ø�qeghb±gBk�l
Mc

µN� k
Mc

b±gKq�`Âkeø�ghd�f�c�q�ø�u d=ù�b i�½ qFÁ/ke`�i�b `�Ä�keÄ�gBf�q�`�pedPk�l
l"Ä�`�À�q�rPd�`�i�q�u�d�b ped�`�g!i�q�i�d:goø�Ä
iaù�b i�½3qP¿�keb `�i!ù�b±ghdgh¿�d:Á�i�f�Ä�r µ

[ak�ùs�u d/i
v
q�`3q�f�ø�b i�f�q�f�j S Ã$ø�qeghb±g¡k�l�i�½�dKgh¿�qeÁ/des�ùod½�qyced

Mc(u) = cu = c

∫

Rn

[u | v] v =

∫

Rn

c [u | v] v,
l"kef=d�ced�f�jÅi�d�rP¿�d�f�d:À À
b±g!i�f�b ø�Ä
i�b ke`

u
µ ¼¡½�d-gh¿�d:Á�i�f�q�u¡À
d:Á/kerP¿�k�ghb i�b ke`�i�½�d�` ½�keu±À�g�s

`�k�i�dBi�½�q�i�i�½�dKghÄ�¿�d�f�¿�k�ghb i�b ke`-b±g�¿�d�fhl"kef�rPd:À7ke`7i�½�dKghd/i�b `�À
d��
b `�pPi�½�d S Ã$ø�qeghb±g�q�`�À`�k�i¡ke`7i�½�dgh¿�d:Á�i�f�Ä�r k�l[i�½�dBke¿�d�f�q�i�kef:s�rPkef�d�k�ced�f8b i�b±go`�k�iaq�`7b `�i�d�pef�q�u�À
d:Á/kerP¿�k�Ã
ghb i�b ke`-ø�Ä
iBq�`-d��
¿�q�`�ghb ke`7c�b±qPghÄ�¿�d�f�¿�k�ghb i�b ke` µ

£�¤�R<� J F =3´e´eµ g �"k�i�½�d�f�keø�ghd�f�c�q�ø�u d:g�ù�b i�½PqDÁ/ke`�i�b `�Ä�keÄ�gnÀ
d�ped�`�d�f�q�i�d¡gh¿�d:Á�i�f�Ä�r
`�k�i3Á/keb `�Á/b±À
b `�p ù�b i�½ i�½�dÂù�½�keu dÂf�d:q�uBu b `�d _K� (�d/iFÄ�gFÁ/ke`�ghb±À
d�f1i�½�d�d�`�d�f�pej®k�l=q
f�d�u±q�i�b c�b±g!i�b±Á¡¿�q�fhi�b±Á/u d¡rPk�c�b `�pke`=i�½�d�f�d:q�u�u b `�d�ù�b i�½5f�d:g!i;r5qeg�g

m0
q�`�À=rPkerPd�`�i�Ä�r

p
^

E(x, p) = m0c
2 + pc.�8ke`�ghb±À
d�f�b i�g�g � Ä�q�f�d

E2(x, p) = m2
0c

4 + p2c2,q�`�À1i�½�dKÁ/kef�f�d:gh¿�ke`�À
b `�p=ke¿�d�f�q�i�kef¡ke` S ′1
H2 = Mm2

0c
4 + c2~2 (·)′′ .t$i�U gaghb rP¿�u dBi�k5¿�f�k�cedYi�½�q�i�i�½�dKÀ
b±g!i�f�b ø�Ä
i�b ke`

fp =
[
e

i(p|·)
~

]

b±gq�`�d�b ped�`�ced:Á�i�kefBk�l
H2 ù�b i�½ Á/kef�f�d:gh¿�ke`�À
b `�p-d�b ped�`�c�q�u Ä�d m2

0c
4 + p2c2

µ �8ke`�ghd/Ã
� Ä�d�`�i�u jes�ø�d�b `�p

f =
([
e

i(p|·)
~

])
p∈Rq�` S Ã$ø�qeghb±g�s H2 b±g�q�` S Ã$keø�ghd�f�c�q�ø�u d µ �8ke`�Á/d�f�`�b `�pPb i�g�gh¿�d:Á�i�f�Ä�r ùodD½�qyced

eσ(H2) =
[
m2

0c
4,+∞

[
.t$lnùodKÁ/ke`�ghb±À
d�foi�½�dke¿�d�f�q�i�kef�goke` S ′1

s�À
d/¾�`�d:À-ø�j

H− (fp) =

(
−
√
m2

0c
4 + p2c2

)
fp,

q�`�À
H+ (fp) =

(√
m2

0c
4 + p2c2

)
fp,

ùodÀ
d:À
Ä�Á/dKghb rP¿�u j5i�½�q�i
eσ(H−) =

]
−∞,−m0c

2
]

q�`�À
eσ(H+) =

[
m0c

2,+∞
[
.
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¼¡½�d=ke¿�d�f�q�i�kef�g

H−
q�`�À

H+
q�f�dKi�½�d4MYq�rPb u i�ke`�b±q�` k�loq7f�d�u±q�i�b c�b±g!i�b±ÁOq�`�i�b ¿�q�fhi�b±Á/u d

q�`�À7¿�q�fhi�b±Á/u dDf�d:gh¿�d:Á�i�b ced�u j µ
L�d:Á�q�u u]i�½�q�iai�k1À
d/¾�`�dOq�` S Ã$u b `�d:q�f�ke¿�d�f�q�i�kef�b±g�d�`�keÄ�pe½-i�k5peb cedDb i�gac�q�u Ä�d:g�ke`q�` S Ã$ø�qeghb±g µ

´�9
µ ¨ @>= T��aR>C = ¹[\FR · S � U[T±R>C�¹ · R<F�T�ç�R<GoF = ¹ J�= Z�R ¸ ¹[Z º · U = Z R· º>� = Z]T"»�R<FF\�º · » ¸ T"¹ ·
¼¡½�da¿�Ä�f�¿�k�ghd¡k�l�i�½�b±g;ghd:Á�i�b ke`Pb±gni�kb `�i�f�k
À
Ä�Á/d�qBl"Ä�`�Á�i�b ke`�q�u�Á�q�u±Á/Ä�u Ä�g�l"kef�i�½�d S ÃÀ
b±q�peke`�q�u b `:q�ø�u d�ke¿�d�f�q�i�kef�g µ ¾ Ä�f8pek�q�u�b±g;i�k=g!i�q�i�dBq�`�ÀP¿�f�k�cedYqDi�½�d�kef�d�r i�½�q�i�q�u u k�ù

Ä�gBi�k3peb cedPq-¿�f�d:Á/b±ghdPrPd:q�`�b `�p-l"kefDi�½�d1qeÁ�i�b ke`Âk�l¡q-`�Ä�rPd�f�b±Á�q�unl"Ä�`�Á�i�b ke`�s�À
d/¾�`�d:À
ke`7i�½�dKgh¿�d:Á�i�f�Ä�r k�lnq5Á/d�fhi�q�b `7ke¿�d�f�q�i�kef

A
s�ke`

A
b i�ghd�u l µ

+ dDf�d:Á�q�u u�i�½�q�i¡b l
A
b±g¡q�` S Ã�À
b±q�peke`�q�u b `:q�ø�u dake¿�d�f�q�i�kef:s�ø�j EV (A)

ùodDÀ
d�`�k�i�d
i�½�dPghd/iDk�l8q�u u�i�½�d=d�b ped�`�ced:Á�i�kef�g�k�l

A
s
σ(A)

i�½�dPghd/iDk�l8q�u u�i�½�d=d�b ped�`�c�q�u Ä�d:gak�l
A
s

vA : EV (A) → C
i�½�dFr5q�¿�¿�b `�p i�½�q�i1ghd�`�À�gPd�ced�f�j�d�b ped�`�ced:Á�i�kef

u
k�l
A
i�kÂb i�g

Ä�`�b � Ä�dd�b ped�`�c�q�u Ä�d µ t�`-k�i�½�d�f�ùokef�À�g�s vA(u)
b±goi�½�dÄ�`�b � Ä�d c ghÄ�Á�½-i�½�q�i Au = cu

µ
� b f�g!iak�lnq�u u�ùodD`�d�d:ÀFq=u d�rPr5q µ
Ò = ���aR ´�9
µ ´ �,� ��

M ∈ N
0
O � �S��þ1��ú��/þY�
	 � �K��*��� K

0
e ∈ O

0
r : O → K � ��

CM
# ��	
þ�ÿ��ý���þ��
	�ÿ��4�����

r(i)(e) = 0
����ü���®��/ü
%ýVþ�$�.-H�/ü

i ∈ N0(≤M)
 k¡����/þ�0 ����ü

��®��/ü
%
CM

# ��	
þ�ÿ��ý���þ
a : Rn → K

�
	�ÿ��k�����
a (Rn) ⊆ O

�6�¦����®��
∂p(r◦a)(x) = 0

0
����üS��®��/ü
%

x ∈ a−(e)
��þ��¦����üT��®��/ü
%��k	w� �ý�#�ýVþ��b�/�

p ∈ Nn0
�
	�ÿ��������

lenght p ≤M
 

� Z�¹�¹[\ ��+ d1ghd�d=i�½�d5¿�f�k�k�lob `Âi�½�d1Á�qeghd
n = 1

s]i�½�d5ped�`�d�f�q�u;Á�qeghd=b±gù�½�keu u j
ghb rPb u±q�f µ 73kef�d�k�ced�f:s�ùod1gh½�q�u u;¿�f�k�ced1qFrPkef�d5ped�`�d�f�q�u�d � Ä�q�u b i!jes�d���qeÁ�i�u j ùod7gh½�q�u u
¿�f�k�ced�i�½�q�i (

r(j) ◦ a
)(i)

(x) = 0
sel"kefod�ced�f�j

i, j ∈ N0(≤M)
ghÄ�Á�½5i�½�q�i

i+ j ≤M
s

q�`�ÀDl"kef�d�ced�f�j
x
ghÄ�Á�½i�½�q�i

a(x) = e
�"b `Ki�½�d¡Á�qeghd

j = 0
ùod8keø
i�q�b `i�½�d¡g!i�q�i�d�rPd�`�i _�µ

+ d=¿�f�k
Á/d�d:À3ø�jFb `�À
Ä�Á�i�b ke`Åke`
s = i + j

µ t$l
i+ j = 0

i�½�d�`
i = j = 0

s]q�`�À
ùod1½�qycedPi�kÅ¿�f�k�ced=i�½�q�i

r(a(x)) = 0
l"kefOd�ced�f�j

x ∈ a−(e)
s�b µ d µ s

r(e) = 0
s�q�`�À

i�½�b±gBb±gYi�f�Ä�dOø�jÅqeg�ghÄ�rP¿
i�b ke` µ t$l
i + j = 1

s�ùod=½�qycedi�k-¿�f�k�cedi�½�q�i
r′(a(x)) = 0q�`�À

(r ◦ a)′(x) = 0
µ ¼¡½�d¾�f�g!iYb±g

r′(e) = 0
s�i�f�Ä�dOø�jFqeg�ghÄ�rP¿
i�b ke`>a�i�½�d=ghd:Á/ke`�ÀFb±g

r′(a(x))a′(x) = r′(e)a′(x) = 0
s�g!i�b u u�ø�j7qeg�ghÄ�rP¿
i�b ke` µ

[ak�ù ùod qeg�ghÄ�rPd2�"ø�j®b `�À
Ä�Á�i�b ke` _ i�½�q�i:s�¾��
d:À q ¿�k�ghb i�b cedÅb `�i�d�ped�f
k < M

s
(
r(j) ◦ a

)(i)
(x) = 0

½�keu±À�i�f�Ä�desnl"kef=d�ced�f�j
i, j ∈ N0(≤ M)

ghÄ�Á�½ i�½�q�i
i + j ≤

k < M
sPq�`�Àûl"kefÂd�ced�f�j

x
ghÄ�Á�½¬i�½�q�i

a(x) = e
µÖ+ d ½�qyced i�k³¿�f�k�ced�i�½�q�i

(
r(j) ◦ a

)(i)
(x) = 0

½�keu±À�i�f�Ä�desnl"kef=d�ced�f�j
i, j ∈ N0(≤ M)

ghÄ�Á�½ i�½�q�i
i + j =

k + 1 ≤ M
s�q�`�À-l"kefYd�ced�f�j

x
ghÄ�Á�½Fi�½�q�i

a(x) = e
µ t�`3l�qeÁ�i:s�b l

i + j = k + 1
s�ùod

½�qyced¡i!ùokK¿�k�g�ghb ø�b u b i�b d:gK^
i = 0

s�q�`�ÀPùoda½�qyceda`�k�i�½�b `�pi�kK¿�f�k�cedba
i > 0

s�b `5i�½�b±g8Á�qeghd
ùodD½�qyced
(
r(j) ◦ a

)(i)

(x) =

((
r(j) ◦ a

)′)(i−1)

(x) =
((
r(j+1) ◦ a

)
a′
)(i−1)

(x) =
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=

i−1∑

w=0

(
i− 1
w

)(
r(j+1) ◦ a

)(w)

(x) (a′)
(i−1−w)

(x) =

�"ø�jX(�d�b ø�`�b i/`Dl"kef�rOÄ�u±q _
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=

∫
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= (f ◦ a) (p)αp =

= f(a(p))αp =

= f(vA(αp))αp.� k
α
b±gBq�`Åd�b ped�`�ø�qeghb±g�l"kef

B
i�k�k�s]q�`�ÀFi�½�d�`

B
b±g S Ã�À
b±q�peke`�q�u b `:q�ø�u d µ 73kef�des

i�½�dKÀ
d/¾�`�d:À-ke¿�d�f�q�i�kef¡ced�f�b ¾�d:g8i�½�df�d � Ä�b f�d:À1¿�f�ke¿�d�fhi!j5l"kef¡i�½�dø�qeghb±g α µ+ dKgh½�q�u u[ghd�dBi�½�q�i�i�½�dD¿�f�ke¿�d�fhi!j1½�keu±À�gol"kef�d�ced�f�j5d�b ped�`�ced:Á�i�kef µ
t$l
η
b±gaq�`-d�b ped�`�ced:Á�i�kefok�l

A
ke`�dD½�qeg

Aη = A

∫

Rn

[η | α]α =

=

∫

Rn

[η | α]Aα =

=

∫

Rn

[η | α] aα =

=

∫

Rn

a [η | α]α,

ø�Ä
iake`7i�½�dk�i�½�d�f�½�q�`�À
Aη = vA(η)η = vA(η)

∫

Rn

[η | α]α =

∫

Rn

vA(η) [η | α]α.

l"f�ker i�½�d S Ã$b `�À
d�¿�d�`�À
d�`�Á/dk�l α ùodD½�qyced
a [η | α] = vA(η) [η | α] ,i�½�d�`�s�¿�Ä
ihi�b `�p

e = vA(η)
s�ùod½�qyced

(a− e) [η | α] = 0S′
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