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ON CERTAIN CHARACTERIZATIONS AND INTEGRAL
REPRESENTATIONS OF CHATTERJEA’S GENERALIZED
BESSEL POLYNOMIAL
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ABSTRACT. The present paper deals with certain recurrence relations,
integral representations, characterizations and a Rodrigue’s type n-th de-
rivative formula for the generalized Bessel polynomial of Chatterjea.

1. INTRODUCTION
In 1949 Krall and Frink [10] initiated serious study of what they called

Bessel polynomials. In their terminology the simple Bessel polynomial is

(1.1) yn(@) = 2 Fp [fn,lJrn;—;—g}

and the generalized one is
(1.2) Ynla,b,x) = 2Fo [—n,a —1+n;—; —%} :

Several other authors including Agarwal [1], Al-Salam [2], Brafman [3],
Burchnall [4], Carlitz [5], Dickinson [8], Grosswald [9], Rainville [11] and
Toscano [14] have contributed to the study of the Bessel polynomials.

In 1965, Chatterjea [7] generalized (1.2) and obtained certain generating
functions for his generalized polynomial defined by

2F0 (*ﬂ,C*Fk’TL;*;CL'),

where k is a positive integer.
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In this paper we propose to study further the generalized Bessel polynomials
due to Chatterjea [7]. In particular we shall find some recurrence relations,
integral representations and certain characterizations of these polynomials.

We shall adopt in this paper a notation used by Al-Salam [2]. In the
notation of hypergeometric series, the generalized Bessel polynomials due to
Chatterjea [7] are given by

(13) yr(za)(x7k):2FO —n,k:n—l—a,—y_g )

where k is a positive integer and n =0,1,2,... .
Sometimes we shall find it convenient to consider the following polynomial

(1.4) 00 = g7y(@) (2 k).

2. RECURRENCE RELATIONS

From (1.3) it is easy to find that

nr (a+k
(2.1) ye D (s k) =y (ask) = oy (k).
This suggests the difference formula
nr (a+k
(2.2) Aoy (w:ik) = 5 (s k)

where A, f(a) = f(a+1) — f(a) and AT f(a) = ALAL f(a).
In particular

(2.3) Any (k) = (3)

Now Newton’s formula

fotuw =3 <“) A f(a)
and (2.3) imply
20 uwh = X (1) o (5) e e

r

T

or equivalently

12-r o+
(25) o i) = 3 (1) gt i

r)(n—r)

Also, from (1.3) we find that

1
(2.6) W (k) = gnlkn + o+ 1)y (g2 k).

"
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From (2.6) and (2.2), we see that the polynomial given in (1.3) satisfy the
mixed equation

d
2. Aty (2 k) = — 2 (@) (g k).

The following recurrence relation can easily be verified:

_ 1
28) TV k) (@ k) = Salkn ook 20y (k).

3. INTEGRAL REPRESENTATIONS

It is easy to derive the following integral representations for the Chatterjea’s
generalized Bessel polynomials (1.3):

1
/tﬁ*l(l — 1)y (at k) =
0

(3.1)
L'(B)(v) 7 —n, B, kn+a+1; )
= m?; 1 ﬂ o =
1
/tB—l(l — t)v_lyy(la)(x(l k) =
(3.2) 0
=R P
L'B+7) g :
(33) /esttkn-i-oé (1 + %It) dt = %y’g&) (I; k‘)

0

1
t t
a) (2. () . —km—a—1(] _ .\—kn—B-1
/ym (m,k)yn (1x,k)x (1—z) dr
0

(3.4) _ wsinm(e+ BT (km+kn+a++1) @) 4 )
. o sinwasinwﬂf(km+a+1)F(kn+ﬂ+1)ym+n k).

Some interesting particular cases of (3.1), (3.2), (3.3) and (3.4) are as follows:
(i) Taking B =kn+1,v=ain (3.1), we get

L(kn+ Do) (o

1
kn _ pno—1, (a) . — .
(3.5) / (=0 ot )t = O i),
0
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(ii) Taking S =n+a+1,y=kn —n in (3.1), we obtain

kn —n)l(n+a+1)
(k).

1
(3.6) / (1 — )Ry () (g ) dt = I(
0

(iii) Replacing 8 by kn+ a+ f+ 1 and taking v =1 — 8 in (3.1), we get
1
/t’m+a+ﬁ(1 — )Py’ (xt; k)dt =
(3.7) 0
_ ml'(kn+a+6+1) S (oH8)
sinTfT(1+ B)L(kn+a+1)7"

(iv) Replacing 8 by kn +«a — 8+ 1 and taking vy =1+ (8 in (3.1), we have

(z; k).

Llknt+a =B+ 10B) o p

T(kn+a+1) o @sk).

1
(3.8) / phnta=B (1 _ )8y() (op: k)t —
0

Results similar to (3.5), (3.6), (3.7) and (3.8) will hold by suitable
selection of § and v in (3.2) also.
(v) Taking v =1 in (3.3), it becomes

(o)
t n
(3.9) /e_tt’"H"X (1 + %) dt =T(kn + o+ 1)yl (z; k).

(vi) Taking v =11in (3.1), it reduces to

1 1 —n, B, kn+a+1;
(3.10) /tﬁflyw (xt; k)dt = E3F1 ~z
0 B+1;
(vii) Taking 8 =1 in (3.2), it reduces to
L 1 —n,y,kn+ a+1;
(3.11) /(1 — )7Ly (1 —t); k)dt = =3 Fy -2
0 U v+ 1;

(viii) Taking 8 = kn + a, v =11in (3.1), it reduces to

1
1

12 thnte=tylo) (gt kydt = ———yletD (a5 k).

(312) [ ety at it = et )
0
(ix) Taking 8 =1 and v = kn + « in (3.2), it becomes
1
(3.13) /(1 — t)krte—ly (@) (1 —t); k)dt
0

1

= ——y " (2 k).
kn+ay" (w; k)
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(x) For n =0, (3.4) becomes

1
/yf?‘f) (é,kz) ghmoesl( )Py

0
_ msinm(a+B)L(km+a+B+1) (oig),,.
(3.14) ~ sinmasinmBT(km + o+ 1)T(1 4 3) Y ().

(xi) For m =0, (3.4) becomes

1
t —a— —kn—p—
/ygﬁ) (m’f)f” (1 —a) P e
0

_ msinm(a+B)lkn+a+B8+1)  (ip,.
(3.15) ~ sinwasinmfT(a + DI (kn + 3+ 1)y" (t: k).

We now give a two dimensional version of (3.4). It is given by

// ue (%k) ) (%k) yy” (ﬁk)
u+v<1
ufkmfo‘*lv*knfﬁfl(l —u— )P dudy
w2sinm(a+ B +7)
sin wasin 703 sin 7wy
T(km+kn+kp+a+8+v+1) (at-B+)
T(km + o+ 1)L (kn + B+ DT (kp + 7 + 1) -minte
where the integration is over the interior of the triangle bounded by the u and

v axes and the line w + v = 1. The extension of (3.16) to higher dimensions
is immediate.

(3.16) (t; k)

4. SOME CHARACTERIZATIONS

In this section we obtain some characterizations of Chatterjea’s generalized
Bessel polynomials (1.3) similar to those obtained by Al-Salam [2] for Bessel
polynomial.

THEOREM 4.1. Given a sequence {fy(La)(:c; k)} of polynomials in x where
deg fr(la)(:c; k) =n, and « is a parameter, such that

d 1 a
(4.1) . (D (2 k) = En(kn +a+ 1)f,(L_J{k+1)(x; k)
and fy(La)(O; k) =1. Then f,ga)(x;k:) = yy(La)(x;k:).
PROOF. Let

n

£ (k) =Y Cr(a,n, k) (f;)r.

r=0
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Then by (3.1), we have

n(kn+ a+ a)
T

Crla,n, k) =— Cri(la+k+1,n—1k).
Since Co(a,n, k) =1,

kn+a+1),
7!

Cr(a,n, k) = (=) ( ,

which proves the theorem. 0

Another characterization is suggested by (2.2) as given in the following
theorem:

THEOREM 4.2. Given a sequence of functions {fy(f‘)(:n; k)} such that

(42) Baf sk = Snf D (s k)

(4.3) SO0k =1, f% (k) = 1.
Then £ (x;k) = yy(f‘)(x; k).

PROOF. We observe from (4.2) that f,(la)(:c;k) is a polynomial in « of
degree n. Hence we can write
n

fr(La) (l‘; k) - Z Cr(na l‘)

r=0

(kn+ a4+ 1),
7! '

Hence (4.2) gives
na
Cr(n,x) = 70,._1(71 —1,z).

From this recurrence and condition (4.3), we obtain

X

Co(n,7) = (=), (7)’“.

This proves the theorem. O
Now equation (2.7) gives the following:

THEOREM 4.3. Let the sequence {f,(La)(:c;k)}, where f3*) (x; k) is a
polynomial of degree n in x, and « is a parameter, satisfy

d
4.4 Aafl®(zsk) = —— L §@) (g
such that
(4.5) (O (k) = oFy |—n, kn + 1;—;—% .

Then fi* (x; k) = yy(f‘)(:c; k).



GENERALIZED BESSEL POLYNOMIAL 99

The proof is similar to that of Theorem 4.1 and 4.2.

Similarly (2.8) suggests yet another characterization of yﬁla)(x; k) given in
the form of the following theorem:

THEOREM 4.4. Given a sequence of functions f,(la)(:n; k)} such that

n n

(46) SR~ S0 R) = Salkn ot a4+ 2 (@)

and
(()a) (x;k) =1 for all x and a.

Then £ (k) = yﬁla)(x; k).

The proof of this theorem follows by induction on n.

5. RODRIGUE’S FORMULA

Krall and Frink [10] gave the following Rodrigue’s type formula for the
Bessel polynomials y,(z, a, b):

—n —a x dn nr+a— — x
(5.1) Yn(x,a,b) = b a2 o (:L'2 ta=2,-b/ )

It is not difficult to establish the following Rodrigue’s type formula for the
polynomial yga)(x; k):
(5.2) W (w3 k) =

- % n kn+n+a —% _ i
T D [Jc e , D_dz'

REFERENCES

[1] R. P. Agarwal, On Bessel Polynomials, Canad. J. Math. 6 (1954), 410-415.

[2] W. A. Al-Salam, The Bessel Polynomials, Duke Math. J. 24 (1957), 529-545.

[3] F. Brafman, A set of generating functions for Bessel polynomials, Proc. Am. Math.
Soc. 4 (1953), 275-277.

[4] J. L. Burchnall, The Bessel polynomials, Canad. J. Math. 3 (1951), 62-68.

[5] L. Carlitz, On the Bessel polynomials, Duke Math. J. 24 (1957), 151-162.

[6] L. Carlitz, A characterization of the Laguerre polynomials, Monatshefte fiir
Mathematik, 66 (1962), 389-392.

[7] S. K. Chatterjea, Some generating functions, Duke Math. J. 32 (1965), 563-564.

[8] D. Dickinson, On Lommel and Bessel polynomials, Proc. Am. Math. Soc. 5 (1954),
946-956.

[9] E. Grosswald, On some algebraic properties of the Bessel polynomials, Trans. Am.
Math. Soc. 71 (1951).

[10] H. L. Krall and O. Frink, A new class of orthogonal polynomials the Bessel
polynomials, Trans. Am. Math. Soc. 65 (1949), 100-115.

[11] E. D. Rainville, Generating functions for Bessel and related polynomials, Canad. J.
of Math. 5 (1953), 104-106.

[12] E. D. Rainville, Special Functions, Macmillan, New York, Reprinted by Chelsea Publ.
Co., Bronx, New York, 1971.

[13] H. M. Srivastava and H. L. Manocha, A treatise on generating functions, John Wiley
and Sons (Halsted Press), New York, Ellis Horwood, Chichester, 1984.



100 M. A. KHAN AND K. AHMAD

[14] L. Toschano, Osservazioni, confronti e complenti su particolari polinomi
ipergeometrici, Le Matematiche, 10 (1955), 121-133.

Department of Applied Mathematics,
Faculty of Engineering,
A. M. U., Aligarh-202002, India

Received: 28.09.1998.



