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DERIVATIVE OPERATORS
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ABSTRACT. In the present paper we study certain subclasses
Hy ,in(a,b,po) and Ky , ,(a, b, po) of analytic and p-valent functions. The
results presented include coefficient estimates and distortion properties for
functions belonging to such classes. Further results giving closure theorems,
various properties and modified Hadamard products of several functions
belonging to above classes are also mentioned.

1. INTRODUCTION AND PRELIMINARIES

Denote by A, the class of functions defined by
(1'1) f(Z) = 2P - Z ap+nzp+n7 (ap+n >0;pe N)a
n=1

which are analytic and p-valent in the unit disk U = {z : |z| < 1}. A function
f(z) € Ap is said to be in the class Hj , ,(a, b, po) if and only if

Gi,u,nf(z) -1
(12) W < o, (ZEU),

(-1<a<b<1l; 0<b<1l; 0<o<1; A>0
p<p+1l; n>max(A\u)—p—1, Vp€N)

where G unf (2) denotes Saigo’s modified (normalized) operator defined by

(1.3) GY 0 F(2) = dp( A )2 P I £(2),
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with

T —pu+p)PA 47— A+p)
(1.4) Pp(A 1) = TA+pT(l+n—p+p)

Further, f(z) € A, is said to be in the class Ky , ,(a,b,po) if and only if

(1.5) %}Z) S H/\,u,n(aabapo—)'

The Saigo fractional integral operator of a function f(z) is defined by ([17])
Z—k—u

i t
AT S —_m: X1l == .
o) /(2 t) 2 1(>\+u, mA; Z)dt
0

The operator J&’Z“’" occurring in R.H.S. of (1.3) is the Saigo fractional deriv-
ative operator defined as follows [17] (see also [8], [11]):

(1.6)  Iptf(z) =

1 am m—\,u—m,n—m
Tl f(z) = dz—m(lo,zA” )
am ZA7# r m—A—1
- dz—m{l’(m—)\)/(Zt) 2
0
4
(1.7) o F (u—)\,m—n;m—)\;l—;) f(t)dt}.

(m—1<X<m; meN; pneR)

where the function f(z) is analytic in a simply-connected region of the z-plane
containing the origin, with the order

(1.8) f(z)=0o(z]") (2—0),
for
(1.9) r > max(0,u—n) — 1.

It being understood that (z—t)™~*~1, (m € N) denotes the principal value for
0 < arg(z —t) < 2m. The operator Jj"’Z“’" includes the well known Riemann-
Liouville and Erdélyi-Kober operators of fractional calculus ([13]; see also
[10]). Indeed, we have

(1.10) JME() = (DMf(2), (A2 0),

and

(1.11) PAEnS() = (B (2))
) Zm )

(m—1<X<m; meN; neR).
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We shall denote by (\),, the factorial function defined by

_PA+n) [ AA+1D--(A+n—-1), neN;
(1.12) W = () { 1, n=0 }
(A#0,-1,-2,...).

For A= p =0 =1, we have

(1.13) Hi1y(a,b,p,1)=1"(p,a,b),
and
(1.14) Ki1(a,b,p,1) = C(p,a,b),

where 7*(p, a, b) is the subclass of functions f(z) € A, satisfying the condition:

w19 (£8) (22 )"

(-1<a<b<1;0<b<1;peN; zel).

<1

The classes 7*(p, a, b) and C(p, a,b) were studied by Shukla and Dashrath [14]
and Owa and Srivastava [2]. Similarly the subclasses Hy , ,(a,b,p,0) of A,
for u =X\, a=2a—1, b= 1 reduces to

(1.16) HA,/\JI(QO‘* L,1,p,0) :TP(OL,O', A,

where T),(c, 0, ) is the subclass of functions satisfying the condition:

QM f(z) -1

<o
QM f(2) +1 - 2a

(1.17)

(zeU; 0<a<1l;0<0<1; A>0; peN).

The class of functions T),(c, 0, A) was studied recently by Srivastava and Aouf
([15] and [16]), under rather restricted condition for A, viz. 0 < A < 1. The
Saigo operators (1.3), (1.6) and (1.7) have been invoked in several recent
papers devoting to the study of certain classes of univalent (or multivalent)
functions. One may refer to the papers [1] — [12], and [15] — [17].

Our purpose in the present paper is to obtain coefficient bounds and
distortion properties for the functions belonging to the subclasses Hy ;. ,(a, b, p, o)
and K ,,(a,b,p,0). Further results include distortion theorems (involving
generalized fractional derivative operators), extremal properties, closure
theorems, several properties of subclasses, and results involving modified
Hadamard products of two functions belonging to the above classes of
functions.
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2. THE CLASS Hy ., (a,b,p, o)

Before stating and proving our first main result, we mention the following
known result which shall be used in the sequel ([17]; see also [11]):

LEMMA 2.1. Let A\, i, € R such that A > 0; k > max(0,u—n) — 1, then
(2.1) Sk _ FA+E)T(1+k—p+n) ;
' 0.2 T4k —pD(1+k—X+n)

We now prove the following result giving the coefficient bounds for a
function f(z) belonging to the class Hy ,n(a,b,p, o).

THEOREM 2.2. Let the function f(z) be defined by (1.1). Then f(z) €
Hj in(a,b,p,0) if and only if

k—p

(2.2) Z (A, 1,1, 0) (1 + bo)apyn < (b—a)o,

n=1
where

Pp(A, 11,m) A+pn(+n—p+ph
2.3 o )\,/.//777,]7 = = ?
(23) nl ) Gpan( X)) (L= p+p)n(l+7—A+p)n
and m, (A, 1, m) is given by (1.4).
The condition (2.2) is sharp.

PROOF. Let f(z) € Hy up(a,b,p,0). Then in view of (1.2), we have

Z 5”()‘7 s 777p)ap+n2"
n=1
= = < 0.
(b—a)-b Zl n (A, 1, P)apin 2™

G’;\’#’nf(z) -1

(2.4) bG’/{mef(z) —a

Since |R(2)| < |#|, we get from (2.4) that

Z 5”()‘7 s 777p)ap+n2"
(255) R =L <o.
(b - a’) —b Z 6"()‘7 Map)a’p-l-nzn

n=1

Choosing values of z on the real axis, and letting z — 1_ through real values,
we arrive at the assertion (2.2).
Conversely, let the inequality (2.2) hold true. Then

G nf (2) = 1| =0 bG8, F(2) ~a
<Y u (A D)1+ bo)apy, — (b= a)o <0,

n=1

by the assumption. This implies that f(z) € Hx ,5(a,b,p,0).
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We note that the assertion (2.2) of Theorem 2.2 is sharp, and the extremal
function is given by
b—
(2.6) flz)=2* (b—a)o

p+n.
(14 b0)d, (N, 1, p)

o
THEOREM 2.3. Let the function f(z) be defined by (1.1). Then f(z) €
K un(a,b,p, o) if and only if
(2.7) > 6u (A, )1+ b0)(p + n)apin < (b— a)po.
n=1

The condition (2.7) is sharp.

PROOF. The desired assertion (2.7) follows easily on using (1.5) and (2.2).
The result (2.7) is sharp, and the extremal function is given by

2) = 2P (b —a)po 2Pt
(2.8) f(z) = (p+n) A +b0)0, (N o1, p)

3. DISTORTION PROPERTIES

We prove two results giving distortion properties of f(z) belonging to the
classes Hy . n(a,b,p,0) and Ky, »(a,b,p,0).
THEOREM 3.1. Let A\, u,n € R satisfy the inequalities
Ap—2—p)
"

(3.1) A0, p<p+1;m> ; peEN.

Also, let the function f(z) defined by (1.1) be in the class H ,n(a,b,p,0).
Then

(3.2) |f(2)] > [2F —
and

33) <[P+

olb—a)l+p—p)(d+p+n-2N)

|2|PT,
(I+bo)A+p)A+p+n—p)

ob—a)(1+p—p)(1 +p+n—>\)|zlp+1
(1+bo)(1+p)L+p+n—p) ’
for z € U, provided that -1 <a<b<1;0<b0<1;0<0< 1.

PROOF. We observe that 0,(X\, 1, 1,p) < dpt1(A g, n,p), (n € N) is
satisfied when n > W where d,, (A, , 1, p) is defined by (2.3). Thus,

under the conditions stated in (3.1), it is observed that 4, (A, u, 7, p) is non-
decreasing for n > 1, and we have
(3.4)

0< (1+p) (A +p+n—p)

I+p—pw)(I+p+n—2A)

- 61()\,/_1/77’],])) S 6n()\7/j/5777p)) Vn e N.
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Since f(z) € Hx uy(a,b,p,0), therefore, in view of Theorem 2.2 and (3.4), we
have

o0

(3.5) (1+b0)d1 (A, pym,p Z Z (A, 1,0, 0)(14b0)aptn < (b—a)o.

This implies that

o (b—a)o
(3.6) ;azﬁn < (14 b0)d1(\, 1, p)

On using (1.1), (3.4) and (3.6), we easily arrive at the desired results (3.2)
and (3.3). O

COROLLARY 3.2. Under the hypothesis of Theorem 3.1, f(z) is included
in a disc with centre at the origin and radius r given by

ob—a)d+p—p)dt+p+tn—2)

(3.7) e T E T )

Similarly, we can prove the following:

THEOREM 3.3. Let A\, u,n € R satisfy the inequalities A > 0; p < p+1;
n > w; p € N. Also, let the function f(z) defined by (1.1) be in the
class Ky ,.n(a,b,p,0). Then

p Pob—o)l+p—p)A+p+n—N) 4
e e R

and

pob—o)A+p—p)A+p+n—A) 1
3.9 > 2P + P+l
39) 7@ 2 e+ T e R
for z € U, provided that -1 <a<b<1;0<b0<1;0<0< 1.

COROLLARY 3.4. Under the hypothesis of Theorem 3.3, f(z) is included
in a disc with centre at the origin and radius v’ given by
pob—a)l+p—p)(d+p+n—2X)

(L+bo)1+p)?(L+p+n—p)

(3.10) =1+

For convenience sake, we denote
(3.11) ML, f(2) = 2PGE |, f(2) = dp(A, p,m) 2 IO f(2),

Apm
involving the generalized fractional derivative operator (1.7), where ¢, (A, 4, 1)
is defined by (1.4).
Using Lemma 2.1 and [1, Theorem 1, pp. 28-29], we can easily prove the
following result:



ON CERTAIN SUBCLASSES OF p-VALENT FUNCTIONS 65

THEOREM 3.5. Let A > 0; p < p+1; n > max(A\,u) —p—1,Vp € N.
Then, the generalized fractional derivative operator Mf,um maps the class Ap
into itself, and the image of a power series (1.1) has the form

oo

(3.12) Mfyﬂmf(z) =P - Z Sn (N 11,1, D) apn 22T,

n=1

and belongs to Ay, where 6, (X, p,n,p) (> 0) is given by (2.3).

4. FURTHER DISTORTION PROPERTIES

We next prove two further distortion theorems involving generalized
fractional derivative operator M f’ o

THEOREM 4.1. Let A > 0; p < p+1; n > max(A\,u) —p—1, Vp € N,
and let the function f(z) defined by (1.1) belong to the class Hy ;. n(a,b,p, o).
Then

b—a)o
(a1) M ) 2 el = D,
and

b—a)o
42) M, ) < el + e,

for z € U, where M, | f(2) is defined by (3.12).

wen

PRrROOF. Using Theorem 2.2 and (3.12), we can easily obtain the desired
results (4.1) and (4.2). We omit further details. O

Similarly we can establish the following result:

THEOREM 4.2. Let A > 0; p < p+1; n > max(A\,u) —p—1, Vp € N,
and let the function f(z) defined by (1.1) belong to the class K, n(a,b,p, o).
Then

op(b—a) 1
(4.3) |MZ o f(2)] > 12]P = mwﬁ ;
and

op(b—a) 1
(4.4) |MY o f(2)] < 2P + mMH ;

for z € U, where Mfwmf(z) is defined by (3.12).
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5. PROPERTIES OF CLASSES H) , ,(a,b,p,0) AND Ky, ,(a,b,p,0)

The proofs of the following assertions are analogous to the similar results
proved in [2], and we omit details involved.

THEOREM 5.1. Let A > 0; p < p+1; n > max(A\,u) —p—1, Vp € N,
—1<a1<a2<1;0<b; <by<1;a3<b;;0<0<1. Then
(51) HA,u,n(ahb%p;U) D) H/\,p,,n(a%blapao—)'

THEOREM 5.2. Let A > 0; p < p+1; n > max(A\,u) —p—1,Vp € N,
—1<a1<a2<1;0<b; <by<1;a3<b;;0<0<1. Then
(5-2) K)\,u,n(a17b27an) D K/\,;t,n(a%blvpao')-

THEOREM 5.3. Under constraints stated with (1.2), let the function f(z)
defined by (1.1) be in the class Ky, n(a,b,p,0). Then

bp+a
63) 1) € o (P2 00 )

6. CLOSURE THEOREMS

Let the functions f;(z) be defined for ¢ = 1,...,m by

(61) fz(z) = 2P - Z ai,eranJrna (ai,ern 2 07 p S N)v
n=1

for z € U.

Now, we state some results for the closure under ”arithmetic mean” of
functions in the classes Hy ., (a,b,p,0) and K , ,(a,b,p,o). The proofs run
parallel to similar such assertions proved in [2] and [14], and we omit details.

THEOREM 6.1. Let the functions fi(z) defined by (6.1) be in the class
Hy ;n(ai, bi,p,0) for each i =1,...,m. Then the function h(z) defined by

(6.2) h(z) = 2P — % Z (Z ai,p+n> 2Pt

n=1 \i=1
is in the class Hy ., (a,b,p,0), where

(6.3) a= 1I§I;1§nm(ai), b= 1%%}%(bj)'

THEOREM 6.2. Let the functions fi(z) defined by (6.1) be in the class
K un(ai,bi,p,0) for each i = 1,...,m. Then the function h(z) defined by
(6.2) is in the class K, 5(a,b,p,0), where a and b are defined by (6.3).

THEOREM 6.3. Let the function f(z) defined by (1.1) and the function
g(z) defined by

(6'4) g(z) = 2P - Z prranJrna (bp+n >0, pe N)a
n=1
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be in the classes Hy  n(a,b,p,0) and Ky, ,(a,b,p,0), respectively. Then the
function F(z) defined by

+1 n
(6.5) F(z)=2 - <21;+ 1> Z Apin + bpn)2Pt

is in the class Hx ,pn(a,b,p,0).

7. MODIFIED HADAMARD PRODUCTS

Let the function f(z) be defined by (1.1) and the function g(z) be defined
by (6.4). Define the usual modified Hadamard product of two functions f(z)
and g(z) by

oo

(7.1) frg(z) =2 - Z Ap4nbpin2? T

n=1

The proofs of the following assertions are analogous to the corresponding
similar results proved in [2], and we omit details involved.

THEOREM 7.1. Under constraints stated with (1.2), let the function
f(z) defined by (1.1) be in the class Hx ,n(a1,b1,p,0) and let the function
g(2) defined by (6.4) be in the class Hy ,,(az2,b2,p,0). Then, the modified
Hadamard product f * g(z) defined by (7.1) is in the class Hx ,n(a(20 —
a),b?, p,o), where

(7.2) a = min(ay,az) and b= max(by,bs).

THEOREM 7.2. Under constraints stated with (1.2), let the function
f(z) defined by (1.1) be in the class Ky ,n(a1,b1,p,0), and let the function
g(2) defined by (6.4) be in the class K . n(a2,b2,p,0). Then, the modified
Hadamard product f x g(z) defined by (7.1) is in the class Ky ,n(a(2b —
a),b?,p, o), where

(7.3) a = min(ay,az) and b= max(by,bs).

THEOREM 7.3. Under constraints stated with (1.2), let the function f(z)
defined by (1.1) and the function g(z) defined by (6.4) be in the same class
H un(a,b,p,0). Then, the modified Hadamard product f * g(z) defined by
(7.1) is in the class K u,(a(2b — a),b%,p, o).

THEOREM 7.4. Under constraints stated with (1.2), let the function f(z)
defined by (1.1) and the function g(z) defined by (6.4) be in the same class
H un(a,b,p,0). Then, the modified Hadamard product f = g(z) defined by

(7.1) is in the class K . (%,b,p,d)-
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8. EXTREMAL PROPERTIES

Let the function f(z) defined by (1.1), and the function g(z) defined by
(6.4) be in the class A, then the class A, is said to be convex if
(8.1) af(z)+ (1 —a)g(z) € 4,,

where 0 < o < 1.
Now, we prove the convexity of the classes H) ,,(a,b,p,0) and
K/\Mtﬂ?(a’bvpaa)'

THEOREM 8.1. The class Hy ,(a,b,p,0) is convex.

PROOF. Let the function f(z) defined by (1.1) and the function g¢(z)
defined by (6.4) be in the class Hy 5 (a,b,p,0), then

o

(82) af(z) + (1 —a)g(z) = 2" — Z {a@pin + (1 = Q)bnip} 2710,

n=1

Applying Theorem 2.2 for the functions f(z) and g(z), we get

(oo}
Z(l +b0)0n (A, s, p) {aapin + (1 = @)bpin} < (b —a)o.
n=1
This implies that the class Hy , ,(a,b,p, o) is convex. O

Similarly, we can prove the following result:
THEOREM 8.2. The class Ky ;. ,(a,b,p, o) is conves.

THEOREM 8.3. Let

(8.3) Up(z) = 2", (peN),
and
(8.4) Ypan(z) = 2P — (b=a)o 2t (n € N).

(L +b0)d5 (A, 11,7, )
Then f(z) € Hx pn(a,b,p,o) if and only if it can be expressed in the form

[ee]
(8.5) f(z) = Z O‘p+n¢p+n(z)7
n=0
where
(8.6) ptn >0 and Z Qptn = 1.
n=0
PRrROOF. Let f(z) € Hx un(a,b,p,0). Then
(b—a)o
< . (neN).
o S by EN
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By taking
(1 +b0)0n (A, 11,1, p)
(8'7) Qpin = (b —a)o p+ns (n € N)a
and
o0
(8.8) ap=1-> apin,
n=1

then from (8.3), (8.4), (8.7) and (8.8), we get the desired assertion (8.5).
Conversely, let

(8.9) f(2) = Z ApintPpin(z) = 2P — Z ( @ o ptn,

1+ b0)0, (M, po,p) P57

n=0
Then, we have (in view of (8.6))
> (b—a)o }
14 b0)dn, (A, 7, n
n:l( 7)on (%t 1:) { 1+ b0)3(h ) F

— (b= )5S apin = (b—a)o(l — ay)
n=1
(8.10) < (b—a)o.
It follows therefore from Theorem 2.2 that f(z) € Hy ,,(a,b,p,0). O

COROLLARY 8.4. The extreme points of the class Hy , n(a,b,p, o) are the
functions ¥pyn(z), (n € NU{0}) given by Theorem 8.3.

Similarly, we can prove the following result:

THEOREM 8.5. Let

(8.11) Up(z) = 2%, (peN),
and
(8.12) Ypin(z) = 2P — (b—a)po 2Pt (n € N).

(p+ 1)1+ b0)0n (A, 1,1, p)
Then f(z) € Kx un(a,b,p,0) if and only if it can be expressed in the form

(8.13) F(2) = apinthpin(2),
n=0
where
o0
(8.14) Opyn >0 and Z Opyn = 1.
n=0

COROLLARY 8.6. The extreme points of the class Kx ; n(a,b,p, o) are the
functions ¥pyn(z), (n € NU{0}) given by Theorem 8.5.
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We conclude this paper by remarking that several new (and known) results
be deduced from those incorporated in this paper by assigning appropriate

special values to the parameters A, i, 1, a, b, p, 0. In particular, in view of the
relationship (1.10), the results of [2] and [14] follow from those given above.

(1]
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