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Overview

Objectives

@ Numerical models can help to:
e Understand the hydrodynamics budget

o Predict the morphodynamics and sediment transport
e Minimize the environmental damages

@ Numerical models need:
e A mathematical model for hydrodynamics
(Navier-Stokes equations, shallow water equations ...)

e A mathematical model for morphodynamics
(Exner, advection-diffusion equations, ...)

o A mathematical model for erosion and deposition of sediments
(Empirical equations, particles, ...)

e A numerical method for solution procedure
(Finite element method, finite volume method, LBM ...)

7

e Saptial and temporal scales !
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QOutline

e Mathematical Models

e Equations for water flow

e Equations for sediment transport
@ Numerical Method

o Finite volume discretization

e Formulation of the method

@ Numerical Results

e Verification and validation results

o Dam-break over erodible sediment beds
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Depth-averaged equations

Free surface under gravty

Flow

Suspended sedimert
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Shallow Water Equations

Oth + Ox(hu) + 0, (hv) =

1
O¢(hu) + Ox (hu2 + 2gh2) + 0y (huv) = y((?x (hOxu) + 0y (h@,u))
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Equations for Sediment Transport

> Sediment Transport
d¢(he) + By (huc) + 8y, (hvc) = H(ax (hdkc) + 8, (hayc)) +E-D,

> Bed-load morphodynamics
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Empirical Equations

Here, p and po are respectively, the density of the water- sediment mixture and the
density of the saturated bed

p=pw(l —c)+psc, po = pwp + ps(1 — p).

> Deposition of non-cohesive sediments
D=w(l-GC)"C,,
where w is the settling velocity of a single particle in tranquil water
/(36v/d)2 + 7.5psgd — 36v/d
2.8 ’

with v is the kinematic viscosity of the water, d the averaged diameter of the
sediment particle, m an exponent indicating the effects of hindered settling due
to high sediment concentrations, C, the near-bed volumetric sediment
concentration, C; = acc, where ac is a coefficient larger than unity. To ensure
that the near-bed concentration does not exceed (1 — p), the coefficient ac is

computed by
1—
ac = min (27 p) .
c
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Empirical Equations

> For the entrainment of a cohesive material the following relation is used

0 — 0. .
p——/u2 +v2d=%2  ifo> 0.,

E = h (1)
0, otherwise,

where ¢ is a coefficient to control the erosion forces, 6. is a critical value of
Shields parameter for the initiation of sediment motion and 0 is the Shields

coefficient defined by

2
0=—=, (2)
sgd

with u. is the friction velocity defined using the Darcy-Weisbach friction factor

f as
u? = \/2\/ u? + v2.

In (2), s is the submerged specific gravity of sediment given by

s:p—sfl.

Pw
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Grass versus Peyer-Peter and Miiller Models

Grass fluxes:

Qpx = Agl (u2 I v2)mT_1 ,

m—1

Qpy = Agv (u2 4= v2)T .

Peyer-Peter and Miiller fluxes:

3

2,0 /112 2 2

Qox = Ap u —0.047 |
(S — 1)d50h5

3

20 /12 2 2

Quy = A, [ BV g 0a7)
(S = 1)d50h§

where A, =8 gsdg’o, with dsg is the median diameter of the

sediment and the grain specific gravity s = 5—; =1
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Scaling procedures

We consider the one-dimensional sediment transport equations
Oth + 0x(hu) = 0,
1 - FPw
e (hu) + Oy (mﬂ + 2gh2> - _ghd,B— (pszpp)gh2<9xc,

0r(hc) + Ox(huc) =
(1—p)0:B + O (Aulu|™ 1)

)

The associated eigenvalues are

A =2 —Qcos(i@)—i—iu, Ay =2 Qcos( 9+27r> —u,
A3 = 2v/—Q cos (;(9+47r)> Aa = U,
where d = =, ) =Am|u|™! and 6—arc0s< ) with
Q——l(u +3g(h+d)), ( (2h — d) — 2u7).
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Scaling procedures

Scaling the time and space using special reference values for water
height, water velocity and bed-load, the governing sediment
transport equations can be reformulated in dimensionless as:

Gath+6 (hu) = O7

2 2y = _ L pgp (P pw)y
€0t (hu) + Ox <hu + 55 2/7 > = ~3F2 hoxB 1pFr2 h*0xc,
€d¢(hc) + Ox(huc) = 0,

(1 — p)cB + By (ulu]™?) =

—1
where _ Alurer]” Fr = e
— T = .
href V ghref

> > Typical values of € are 1073 to 107°.
> > Typical values of Fr are 0.9 to 0.01.
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Equations in Conservative Form

hu hv 0
hu? + %gh2 huv vy (hu)
F(W) = huv ,G(W) = hv2 + 1 gh? ,GW) = | wa, (hv)
huc hve K0y (hc)
m—1 m—1
Au (u? +v2) 2 Av (u® +v2) 2, {0y B
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Formulation of the Method

The integral form of the shallow water equations over a fixed volume V is given by
/ W dv +/ F(W - F(W)) ( (W) — G(W) ) dv = / S(W) dV
v
that, using divergence theorem for the second integral leads to

at/ W dv +/ F(W;n) do —/ F(W;n) do = / S(W) dv,
v av av v
where
F(W;n) = F(W)ne + G(W)n,,  F(W;n) = F(W)n, + G(W)n,.
and AV is the surface surrounding the volume V. Here, n = (nx,n,)7T denotes the
unit outward normal to the surface OV.
The SRNH scheme uses:
Finite volume method for spatial discretization
Two-step Runge-Kutta scheme for time integration
Well-balanced treatment of the source terms

Second-order MUSCL reconstruction with slope limiters

v VvV VvV VvV V

Centered-vertex method for diffusion operators
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Finite Volume Discretization

wpt = wp - Z/]—'(W" ) e
| | iéne)
ITI 3 / F(W";n) do —
JEN()

i L S

/r F(W;n) do = & (W;, W;, S;,n;) [T -
The SRNH Scheme consists of a predictor"jand corrector stages given as:

1 al ol
wp o= o (w7 +wy) - o (7 (Wping) = F (Wfing)) + s Sh
7] uy
wrt = wp - \?’t\ Z (W, Wj, S, ng) || + AtS?,
jen(i
with (O] (W;7 j,S,-j,n,-j) =93 (W'I’""j> , SI = max(‘AP, 8 )‘;,j )
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Time Integration

To deal with the source terms Q, a standard splitting procedure is
employed for the discrete system as

wy — l(wuw-")—;sgn[A <W>} (wy —ws).

W: — W7

1 I

JGN(
W = Wi+ AQ (W),

where the sign matrix is defined as
sgn [AT7 (W)} = R(W)sgn [/\(W)} RYW),

with A(W) is the diagonal matrix of eigenvalues, R(W) is the right
eigenvector matrix and W is the Roe's average state.
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Adaptation Procedure

Level O Level 2

In our simulations, the adaption criterion is based on the normalized bed-load,
and is evaluated as
B(T7i)

mﬁx B(T;)’

Crit"(T7) =

where B(7T;) is the bed-load on cell 7;. Hence, an adaptation procedure can be
performed as follows:

Given a sequence of three real numbers {rm} such that

0=ro<rn <r<r<r =1 If amacro-element 7; satisfies the condition

rmgcritn(ﬁ)grmﬁ»l, m:0,...,3.

then 7; is divided into 4™ triangles.
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Verification of C-property

Minmod limiter

| TN
e //Ii/ﬁgjﬁ}\

N
SIL

VanAlbada limiter

Mesh t=02s t=1s t=10s t=02s t=1s t=10s
25 x 10 0E-00 5.148E-19 1.243E-17 1.210E-18 7.780E-18 4.101E-17
50 x 20 1.050E-19 3.560E-19 1.180E-17 7.681E-19 5.666E-18 3.170E-17
100 x 40 1.380E-20 3.050E-19 6.541E-18 5.871E-19 4.520E-18 3.050E-17
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Verification of Mesh Adaptation
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Verification of Mesh Adaptation

~ - SRNHwith Minviod on coarse mesh
SRNH with VanAlbada on coarse mesh
& STNH with Miniiod on adapive mosn

—— Exact solution L

# of elements  # of nodes Maximum of h  Deflection angle CPU time

Coarse 2521 1329 1.50048 9.661° 0.80
Adaptive 16269 8234 1.50273 9.011° 7.50
Fine 40864 20705 1.50246 9.031° 17.30
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Comparison to Experiments

Numerical water level
Numerical bed level
Experimental water level

Experimental bed level 4 Experimental bed level
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Single-layer versus multi-layer beds

Dubrovnik, October 2, 2014



Mathematica del
Numerical Metho
Numerical Results

Grass versus Peyer-Peter and Miiller Models

Grass fluxes:

m—1

Qpx = Agu (u2 + v2)T ,
m—1

Qpy = Agv (u2 + v2)T .

Peyer-Peter and Miiller fluxes:

o
~
)
o N
=
c
o
q
<
N
\
O
[e]
=
\‘
~_
I

3
2. /2 2 2
Qby = Ap (nbv vy - 0-047> s

where A, = 84/g(s — 1)dg,, with dsg is the median diameter of the

sediment and the grain specific gravity s = 5—:/.
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Numerical Results

X[m]

X[m]

X[m]

400 v
S g
RO >200
, A
o 500 1000 1500 2000
X[m]

2 320-277-235-1.92-149-1.07-064-021 021 054 107 143 152 235 277 320

5

0 500 1000 1500 2000
X[m]

2 -3.40.295-249-204-159-1.13-068-023 023 0.69 1.13 159 204 249 295 340

0 500 1000 1500 2000




Numerical Results
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Grass versus Peyer-Peter and Miiller Models

Grass model Meyer-Peter and Miiller model

t=25ht=50ht=100h t=25ht=50h t=100h

# of elements 22125 25772 29284 21490 25895 30029
# of nodes 11309 13144 14913 10991 13203 15288

Maximum of Z 4.08 4.20 4.50 3.20 4.05 4.20
Minimum of Z -3.71 -5.59 -7.46 -2.80 -4.55 -6.30
CPU time 309 646 870 397 730 1273
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Dam-break over Erodible Bed
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Partial Dam-break over Fixed Bed




Numerical Results

Partial Dam-break over Erodible Bed
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Numerical Results

Suspended sediment in the Nador lagoon
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Suspended sediment in the Nador
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Numerical Results

Suspended sediment in the Nador lagoon
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Numerical Results

Outlook

@ It has been shown that combining shallow water equations and sediment
transport is an accurate mathematical tools for modeling
morphodynamical problems. The combined model accurately resolves the
space scales formed in both the hydrodynamic and the morphodynamics.

@ Concerning the numerical method, the proposed finite volume scheme has
exhibited many desirable properties for morphodynamical problems such
as: (i) Accurate prediction of both, the free surface and the bed-load with
correct C-property, (ii) stable representation of free surface response to
the movable bed, and (iii) good convergence behaviors with respect to
computational refinement and high efficiency compared with
computations on fixed meshes.

@ Open questions:
> Reconstruction of asymptotic-preserving schemes to resolve
different time scales.

> Development of an efficient criteria for mesh adaptation.
> Quantifying the uncertainty in the inputs parameters.
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Thank you.
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