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‘ -I- INTRODUCTION '

We consider ion transport in a charged porous medium.

[1 Coupled model:

[1 Poisson equation for the electrostatic potential W¢,

[1 Stokes equations for the fluid velocity and pressure (u€, p¢),

[0 Nernst-Planck (convection-diffusion) equations for the N

species concentrations n

€
j

Non-ideal model for the ion diffusion: activity coefficients given by the
MSA model.

Our goal is to homogenize this model and compare the effective properties
in the ideal and MSA cases.

Small pores: Debye length of the order of the pore size.

We choose a scaling of the model for which all unknowns are varying at
the pore scale (similar to Looker and Carnie 2006).
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[Assumptions and notations]

Rigid solid part of the porous medium.

Saturated incompressible single phase flow containing N dilute charged

specles with valence z; and same ion radius o.

For each species: diffusion coefficient D;’, Péclet number Pe;, diffusive

flux j5.
Surface charge —>* on the pore walls.

Small hydrostatic force f* and external potential We*t*,
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Small parameter ¢ = ratio between the period and a macroscopic lengthscale.

Periodic porous medium €2: fluid part €, solid part Q \ Q°.
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Adimensionalized equations (Poisson + Stokes + Nernst-Planck):

N
— e AV€ = 5szn§- ' Q°,

N

e2Auf — Vp = f* + sznjv\lfe ' Q°,
j=1

diva® =0

div (Jf + Pefm'?ue) =0

ZLE VM and M =ln (nfyes ),

J
. kgT
Lz'j — (523 + DO Qij) (1 + Rij)

Boundary conditions on the pore walls:

eVU© . v = j;-v=0 on
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[Non—ideality: MSA modelJ

vs = activity coeflicient
Ideal case: 7§ =1, Q;; =0 and Ry; = 0 (= L§; = n§dy;).

Non-ideal case:

LBFGF Z nkzk

HS
d
1+ T, )} o (1+T.I<0)

Vi =17 eXp{—(

where I'¢ is the screening parameter and v* is the hard-sphere term

_ 2 . <Y
V1S —exp(p©) with  ple) = ¢Sy and € I

Complicated formulas for €2;; and R;; (but the Onsager tensor Lf; is

symmetric).
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(External boundary conditionsj

For simplicity we choose a cube domain Q = (0, L)¢ with d = 2, 3.
On the outer boundary 0€2¢ N 0§ we can thus impose periodic boundary

conditions.

€

y are

[0 The fluid velocity and pressure (u€, p¢) and the concentrations n
L-periodic.

Given an external potential ¥***(z), the total electrokinetic potential
We + wert* ig [-periodic.

The forcing is caused by W¢*** the surface charge density —X* and the

hydrodynamic force f*.
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(Strategy for the homogenization processj

[1 Find so-called equilibrium solutions in the absence of exterior forcing. In
the ideal case it yields the (non-linear) Poisson-Boltzmann equation.

[0 For small exterior forcing f* and ¥*** (but large surface charge X*),

linearize the transport model.

[1 Homogenize the linear model on a non-linear electrostatic background.
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‘-II- PARTIAL LINEARIZATION OF THE MODEL'

Following the lead of O’Brien and White (1978) we perform a (partial)

linearization.

In the ideal case, this is the same as in Looker and Carnie (2006).

We assume that the forcing terms Wé*"* and f* are small, but not the
surface charge density X* which can still be large.

We denote by n?’e, WO ube p€ the equilibrium quantities for £* = 0 and
\Ijext,* — 0.

At equilibrium we look for a solution with vanishing fluxes
u’“ =0 and j°=0

and an e-periodic electrostatic potential

U0 (z) = W)

€
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(Equilibrium Solution]

.. .0,
Consequence of the zero ionic flux j,”* = 0:

J

€ __ . € __ € €,2;U°
VM =0 with M =1In(ny5es ™)

0,€
V5

where n(co) are constants (called infinite dilution concentrations) and 7 (co)

are the constant activity coefficients for zero potential.
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[Poisson—Boltzmann equation at equilibrium]

N
n? (y) in Y,

on JYr \ 0Y,
is 1 — periodic,
- o) (o) A= W)
\ 73 (y)
with the activity coefficient defined by
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[Poisson—Boltzmann equation at equilibrium]

We impose the bulk electroneutrality condition, i.e., for U9 = 0,

Z zjng(oo) = 0.

N

j=1
Theorem. Assuming that the ion radius ¢ is not too small and that the
characteristic concentration n. is not too large, there exists a solution ¥ of

the Poisson-Boltzmann equation.

Remark. In the ideal case, ’y?(g) = 1, the Poisson-Boltzmann equation has
always a unique solution since it corresponds to the minimization of a convex

energy. The MSA model destroys this convexity property.
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Linearization

ns(@) = 0 (@) + ns(a), (@) = VO () + 6 (),
u‘(z) = u”(z) + 0u(z), p(z)=p"(z)+p°(2),
Trick (O’Brien and White): introduce the ionic potential ®¢ defined by
n§(2)7f (z) = 1 (00) exp{ 2 (¥*(z) + ®f(x) + ¥ (2))}.

In the ideal case, this trick is useful because it yields the following change of

variables

o () = —zin(2) (5% (2) + @ (2) + T ()

However, in the non-ideal case the algebra is much more complex !

In particular, each on§ involves all @ .
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After linearization (and some algebra !) we obtain the problem we want to

homogenize:

( N

e2Auf — VP = f* — Z zjng’ev ((I>§ -+ \I!e"’t’*) in €,
j=1

divu®* =0 in Q°, u®=0 on 00°\ 01,

N
divn?’€<ZKszjV(¢j + Pt 4 Peiu€> =0 inQ.,i=1,...,N,
j=1

) kT
= (5234—%9%]) <1+Rij), ,7=1,..., N,

V(P54 ¥"") . v =0 on 9N\ 99,

u, PG, ®% are L—periodic.
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0,
J
equilibrium (by solving the non-linear Poisson-Boltzmann equation).

In the previous equations, n

“ and K, are e-periodic coefficients evaluated at

%), nl 0 K& (z) = Kij(©)

€

U (z) = U

€

The linearization is thus partial because ¥ is solution of a (highly)

non-linear equation.
Lemma. The linearized problem admits a unique solution.

Remark. It is a crucial assumption that all ions have the same diameter.
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-ITI- HOMOGENIZATION AND TWO-SCALE LIMIT'

[1 We assume that the porous medium is periodic.

0 Periodic unit cell Y = (0,1)" = Y U XY with fluid part Y.
[1 Fast variable y = L :
€

[1 Two-scale asymptotic expansions:

u ()

u’(z,x/e) + eu'(z,z/e) + .. .,
P(x) = p°(x) + ep' (z,2/€) + ...,

L P5(2) @?(x) + e@}(x,x/e) + ...,
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Theorem.

The solution satisfies

v,=), Pa)~p@) + el (2,2), @) ~ D) (a)

€

where (u’, p?,p', {®Y, ®;}) is the solution of the two-scale homogenized
problem (which admits a unique solution).

Remark.

The difficulty is to extract from the two-scale homogenized problem a
macroscopic homogenized model and to study its Onsager properties.

Remark.

The (oscillating) concentrations are recovered from the ionic potentials by

IS exp{—zi (WD) + B0 (x) + U (1))
’7@'(6 ¢
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[Two—scale homogenized problemj

—Ayu’(z,y) + Vypl(w y) = =V’ (z) — £ (2)
+sz ) (Vy @i (z,y) + V,2(z) + E*(z)) in Qx Yp,
div,u’(z,y) =0 in Q x Yp, div, (/ u’ dy) =0 in €,
Y

N
— d1vy (ZKUZJ V <I> (x,y) + Vs cI>0( )—|—E*(x)) —I—Pe@'uO(aj)y)) =0
j=1

N
— divm/ (ZKZJZJ V <I> (x,y) + V., cI>0( )+E*(x)) +Peiu0(gg,y))dy =0
71=1

N
u’(x,9) =0 on Q x Y, ZKz‘ij (VyCI)} + VQ;CI);? +E*)-v=0 on Qx dYr.
j=1

The macroscopic forcing terms are in red and blue.
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Factorization of the two-scale functions

We want to separate the slow z and fast y variables. Our approach is

different from that of Looker and Carnie.

We decompose

) <x>>

Ty <x>>
232: o)
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[Deﬁnition of effective (or homogenized) quantities}

We define the following effective hydrodynamic velocity:

u(z) = ——

0
u’(z,y) dy.
Yr| Jy.

We also introduce the effective electrochemical potential of the jth species

(@) = —2 (8 (@) + 0 (a) ).

and the effective ionic flux of the jth species

. 1 0 * 0
i) = o [ (ZKJZ (v, o} y>+v<1><>+E<x>>+u)dy

We are now able to write the homogenized equations for the above effective
fields.
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(Theorem (homogenized equations)J

The macroscopic equations in () are

div,u=0 and div,j; =0, fori=1,...

[ K

vO_,’_f* Ll
R RV B and M =

{Ji} {Vi}

Dvi Dww

\ LN 21 ZN

Furthermore the tensor M is symmetric positive definite (Onsager properties).
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The matrices J;, K, D;; and IL; are defined by their entries
1

Yr| Jy,

| 1
viE(y)-eldy, {Kly = vl /. vOE(y) - el dy,
F

{Jitwe =

1 . N

{Djitik = L (y) (Vi’k(y) + Z ij;—: (0ime” + Vyef;f(y))) e dy,

Y|

m=1 J
N

Zm
n9) (VF ) + D Ky, 055 () - € dy,
Cj

1

{Lj hie =
’ 1Yr| Jy,

m=1
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[First cell problem: imposed pressure gradient]

— A,V (y) + V70 (y) = e —|—sz 92’k(y) in Yr
in Yz, O‘C( ):0 on OYp,

(Z Kij(y ZgVyQ?’k(y) + PeiVO’k(y)> =0 inYp

Z Ki; (y)zjvyeg’k(y) -v=0 on dYp.

j=1
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[Second cell problem: imposed electrostatic ﬁeldJ

AV (y) + VyrF (y) = D 2md(y) (0€" + V,0,"(y)) in Vi,
J
div,v" (y) =0 inYp, v (y)=0 on dYp,
N
— ley (ZK’U Y)z; (5l]e +V, 9l k( )) +Peivl’k(y)) =0 in Yp,

N
Z Kij(y)z; (015€" + Vyeék(y)) v =0 on 9Yp.

j=1
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-IV- NUMERICAL RESULTS'

All computations are done with FreeFem—++.

Aqueous solution of NaC'l at 298° K.
Cation Na™t with diffusivity D} = 13.33e—10m?/s.
Anion C1~ with diffusivity DY = 20.32e—10m?/s.

The concentrations of the species in the bulk are considered equal :

nY(c0) = ny(c0) = 0.1mole/l.

The dynamic viscosity 7 is equal to 0.89e—3 kg/(m sec).
The pore size is £ = 5.e — 8m = 50nm.
The ion radius is 0 = 2nm.

The surface charge density is (minus) X* = 0.129C/m?.
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case: cation concentration (left), anion concentration

right

FTEEYETT
14/07/11

Y2D. fidi
Concentrationi.bb
Triangles 2D P1
noeuds: 42468
élémts: 82940

ss dom: 0

20 isovaleurs

84.4039
.55076
. 69761
.844a7
.99133
.13818
.28504
.43189
.57875
. 72561
.87245
.01832
.16617
.31303
.45988
.60674
22.7536
18.90045
15.04731
11.19416
7.34102

T
14/07/11

¥2Dp. fidi
Cencentration2.bb
Triangles 2D P1
noeuds: 42468
élémts: 82940

ss dom: 0

20 isovaleurs

.136221
.1300023
.1237837
. 117565
.1113464
1051277
. 098808
.09269
.086472
. 080253
. 074034
.067816
. 061597
.055378
. 04916

. 042941
.036722

. 030504

. 024285

. 018066
.011848
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[Averaged ion concentration as a function

&—& Nl_mean (MSA)
@& N2_mean (VISA)
N1_mean ([deal)
N2_mean (Ideal)
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[Coupling tensors LL; : variation of nf(c0) = ng(oo)]
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[Permeability tensor : variation of the pore size (nm)]

|1TI1|T1IT|1TIT|T1IF|

&—& K_22 (M5A)
- K_11 {1deal}
h_22 (1deal}

-t
=
=
=
2=y
=]
=]

Ln
=
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[Averaged cell concentration : variation of the pore size (nm). Donnan effect]

L] ] ¥

& N1 _mean (MSA)
| #——8 N2_mean (MSA)
N1_mean (Ideal)
N2 mean (Ideal)
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[Variation of porosity:

0.19, 0.51 and 0.75)
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[Variation of porosity: permeabilityj

o—a K_11 (M5A)
*— k_22 (MSA)
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[Diffusion versus porosity: cation (left), anion (right)]
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