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Industrial problem Viscous regime Convective regime Concluding remarks

Pressurized Water Reactors (Generation II Nuclear Reactors)

Typical engineering problems for steam generators : at component scale design
of steam generators (GENEPI code at CEA) ; at system scale coupling with core
neutronics and thermohydraulics for safety analysis (CATHARE code at CEA)

Philippe Angot1, Michel Belliard2, Chady Zaza1,2

P. Angot, M. Belliard, C. Zaza A non-linear Beavers-Joseph interface condition derived from a kinetic energy balance 2/22



Industrial problem Viscous regime Convective regime Concluding remarks

Steam Generators for Pressurized Water Reactors
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(steam)
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(liquid)

Primary loop, inflow Primary loop, outflow

U−tubes (~3000)

3m

10m
Evaporator

Divider plate

Complex geometry and excessively fine scales involved in physics :

≈ 3000 U-tubes

Tube support plates

Anti-vibration bars
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Steam Generators for Pressurized Water Reactors

GENEPI code physical models coupling primary loop (core) and secondary loop
(steam generator) : homogeneous two-phase flow models with volume
averaging over the porous medium represented by the U-tubes

Primary fluid, energy balance :

ρP CP∂tTP + ρP CP uP · ∇TP −∇·(CPχT ∇TP ) = −γ0heq

βp0
(TP − TW )

Secondary fluid, mass balance

β∂tρ+∇·(βρu) = 0

Secondary fluid, momentum balance

βρ∂tu + βρu · ∇ u − div(β2µT (∇u +∇tu)) + β∇p = βρg − βΛ · ρu

− div(βx(1− x)ρuR ⊗ uR )

Secondary fluid, energy balance

βρ∂tH + βρu · ∇H −∇·(βχT ∇H) = τγ0heq(TP − TW )

−∇·(βx(1− x)ρLuR ) +���Dp/Dt
+ tabulated EOS for water
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Underlying fluid-porous model ?

In practice : incoherent behaviour at fluid-porous interface (upper-part)

Continuous porosity

M1 M2

M3

x

β

β0

1

Discontinuous porosity

Γ

M1 M2

M3

x

β

β0

1

Upper part (“chignon”)

Historically, GENEPI implements (w/ FEM) the continuous porosity
approach. Mesoscopic scale ⇒ need to compute the transition region.

Recent reflexions have favored the discontinuous porosity approach (w/
FVM). Macroscopic scale ⇒ transition modeled by transmission conditions.
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Industrial problem vs Academic macroscopic models

Industrial problem : inhomogeneous porous matrix (tube support plates,
anti-vibration bars), complex flow model (compressible two-phase flow
and coupling with primary loop), multi-dimensional flow w.r.t fluid-porous
interface (Cheissoux & al., 1986).

Models for the viscous regime : correct macroscopic modelling ; mainly
dedicated to homogeneous porous matrix, single-phase incompressible
Stokes, flow parallel to the fluid-porous interface (Beavers–Joseph, 1967)
(Ochoa-Tapia–Whitaker, 1995).

Towards the convective regime : numerical studies show the dependence
of Beavers-Joseph slip coefficient with the local Reynolds number at the
interface (Sahraoui–Kaviany, 1992) (Liu–Prosperetti, 2011).
Recent extension of Beavers-Joseph law through rigorous upscaling
(Marciniak-Czochra–Mikelić, 2013).

Objective of this work : existence of a generalized Beavers-Joseph law for
the convective regime ? find well-posed interface condition for coupling
Navier-Stokes/Forchheimer in the non-linear regime.
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Classical fluid-porous macroscopic models

Permeability K , porosity φ, fluid viscosity µ̃f = µ, effective viscosity µ̃p = µ/φ ; uf

free-fluid velocity (local), up Darcy velocity (volume average).
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Macroscopic

Model
fΩ

n

τ

Ωp

fΩ

n

τ

Ωp

porous
media

discontinuity
interface of

porous
media

y

Γ

x

transition

y

Γ

x

free fluid free fluid

Beavers–Joseph : Stokes/Darcy with slip
velocity (1967)

Ochoa-Tapia–Whitaker : Stokes/Brinkman
with stress jump (1995)

−µ∆u +∇p = f in Ωf

µK−1u +∇p = f in Ωp

∇· u = 0 in Ωf ∪ Ωp

µ∂nuτ =
µα
√

K
(uf
τ − up

τ ) on Γ

−µ∆u +∇p = f in Ωf

−µ̃∆u + µK−1u +∇p = f in Ωp

∇· u = 0 in Ωf ∪ Ωp

µ̃f ∂nuf
τ − µ̃p∂nup

τ =
µβ
√

K
uf
τ on Γ
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Multidomain formulation for the Stokes problem
nΩ

Ω

Find (u, p)∈H1(Ω)×L2(Ω),
−µ∆u +∇p = 0 in Ω
∇ · u = 0 in Ω
u = 0 on ∂Ω
p = 0 on ∂Ω

n1n2

Ω1 Ω2

Γ = Ω1 ∩ Ω2, n = n1

Find (ui , pi )∈H1(Ωi )×L2(Ωi ),

−µi ∆ui +∇pi = 0 in Ωi
∇ · ui = 0 in Ωi
ui = 0 on ∂Ωi ∩ ∂Ω
pi = 0 on ∂Ωi ∩ ∂Ω
(µi ∇ui − pi I ) · n = (µj ∇uj
−pj I ) · n on ∂Ωi ∩ ∂Ωj , j 6= i

Let v ∈ H1(Ω) :∫
Ω
−µ∆u · v +

∫
Ω
∇p · v = 0

⇔
∫
∂Ω
−µ(∇u · v) · nΩ +

∫
Ω
µ∇u : ∇v +

∫
∂Ω

pv · nΩ −
∫

Ω
p∇· v = 0

⇔
2∑

i=1

∫
∂Ωi∩∂Ω

−µi (∇ui · v) · ni +

∫
Ωi

µi ∇ui : ∇v +

∫
∂Ωi∩∂Ω

pi v · ni −
∫

Ωi

pi ∇· v = 0

⇔
∫

Ω
−µ∆u · v +

∫
Ω

p · v +
2∑

i=1

∫
∂Ωi∩Γ

µi (∇ui · v) · ni −
∫
∂Ωi∩Γ

pi v · ni = 0

⇔ [[µ∇u − pI ]]Γ · n = 0 with [[x]]Γ = x2|Γ − x1|Γ
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General JEBC mathematical model for Stokes

Jump Embedded Boundary Conditions (JEBC) : mathematical tool introduced
in (Angot, 2003) for modeling and analyzing problems featuring interfaces of
discontinuity, inferring fictitious domains and embedded boundary conditions.

Jump model, derived from the multidomain formulation :

Find (u, p)∈H1
0(Ω)×L2(Ω),

−µ∆u +∇p = 0 in Ω
∇ · u = 0 in Ω

[[(µ∇u − pI ) · n]]Γ = Mū|Γ − h on Γ

(µ∇u − pI ) · n|Γ = S [[u]]|Γ − g on Γ

Γ
n

Ω

[[x]]Γ = x|Γ+ − x|
Γ−

x̄|Γ = 1
2

(
x|Γ+ + x|

Γ−
) Γ− Γ+

Intended to represent an immersed interface between independent subdomains
or transmission conditions between coupled subdomains.

Example of coefficients pairs (Angot, 2005) :

M = 4S = 2αR I and h/2− g = gR ⇒(µ∇u − pI )|Γ− · n = αR u|Γ− − gR

M = 4S = 2/εI and h/2− g = uD/ε with ε→ 0 ⇒u|Γ− = uD

Well-posedness proved in (Angot, 2010) for the general JEBC jump model.
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Application to macroscopic fluid-porous models

Coefficient pairs with g = h = 0 (Angot, 2011) :

Beavers–Joseph Ochoa-Tapia–Whitaker

M = ετ ⊗ τ +
µβn√

Kn

n ⊗ n

S =
µατ√

Kτ
τ ⊗ τ +

1

ε
n ⊗ n

M =
µ̃βτ√

Kτ
τ ⊗ τ +

µ̃βn√
Kn

n ⊗ n

S =
1

ε
I

Embedded jump conditions in the limit ε→ 0 :

Beavers–Joseph Ochoa-Tapia–Whitaker

[[µ∂nuτ ]]Γ= 0

[[un]]Γ = 0

[[−µ∂nun + p]]Γ =
µβn√

Kn

un|Γ

(−µ∂nuτ )|Γ=
µατ√

Kτ
[[uτ ]]Γ

[[−µ̃∂nuτ ]]Γ =
µ̃βτ√

Kτ
uτ |Γ

[[un]]Γ = 0

[[−µ∂nun + p]]Γ =
µβn√

Kn

un|Γ

[[uτ ]]Γ = 0

Philippe Angot1, Michel Belliard2, Chady Zaza1,2

P. Angot, M. Belliard, C. Zaza A non-linear Beavers-Joseph interface condition derived from a kinetic energy balance 10/22



Industrial problem Viscous regime Convective regime Concluding remarks

Cell-centered Finite-Volume discretization

K− K +

Γ

dσ− n

τ

σ− σ+

(∂nu)σ = (uσ − uK )/dσ

[[u]]σ = uσ− − uσ+

ū|σ = (uσ− + uσ+ )/2



µ
σ−

d
σ−
−Mττ

2

µσ+

dσ+
−Mττ

2
−Mτn

2
−Mτn

2
0 0

µ
σ−

2d
σ−
−Sττ − µσ+

2dσ+
+ Sττ −Sτn −Sτn 0 0

−Mnτ
2

−Mnτ
2

µ
σ−

d
σ−
−Mnn

2

µσ+

dσ+
−Mnn

2
1 −1

−Snτ Snτ

µ
σ−

2d
σ−
−Snn − µσ+

2dσ+
+ Snn

1
2

1
2

×


(uτ )σ−
(uτ )σ+

(un)σ−
(un)σ+

pσ−
pσ+



=



µ
σ−

d
σ−

µσ+

dσ+
0 0

µ
σ−

2d
σ−

− µσ+

2dσ+
0 0

0 0
µ
σ−

d
σ−

µσ+

dσ+

0 0
µ
σ−

2d
σ−

− µσ+

2dσ+

×


(uτ )K−

(uτ )K +

(un)K−

(un)K +

−


hτ
gτ
hn

gn


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Numerical example

Analytic verification test from (Ochoa-Tapia–Whitaker, 1995). Assumptions :
pressure driven flow, steady-state, flow parallel to the fluid-porous interface.

Y

X

∂2Uf
X

∂Y 2 = −1

1
ε

∂2U
p
X

∂Y 2 − U
p
X

= −1

Uf
X

∣∣∣
Γ

= U
p
X

∣∣∣
Γ

1
φ

∂U
p
X

∂Y

∣∣∣∣∣
Γ

−
∂Uf

X
∂Y

∣∣∣∣∣
Γ

= βUX |Γ

Horizontal velocity profile ob-
tained using JEBC conditions
expressed as internal boundary
conditions on the horizontal ve-
locity on Γ.
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A jump model devised from a kinetic energy balance

Coupling Navier-Stokes/Forchheimer ?

On the physics side : discontinuity of uτ should yield to a jump of the
kinetic energy at the interface

On the maths side : in a previous work (Angot, 2013) proof of well
posedness of the Stokes problem with a non-linear interface condition

We attempt an extension of Beavers-Joseph law involving a jump of the
non-linear term at the interface :

µ∂nuf
τ =

µαkin

2|uf
τ |
√

K
(|uf

τ |2 − |up
τ |2)︸ ︷︷ ︸

kinetic energy jump at interface

Version 1

µ∂nuf
τ =

µαnl√
K

(uf
τ − up

τ )

with αnl =
αkin

2

(
1 +

up
τ

uf
τ

)
Version 2, parameter γ(φ) ≥ 1

µ∂nuf
τ =

µαnl√
K

(uf
τ − up

τ )

with αnl =
αkin

2

(
1 +

up
τ

uf
τ

)γ

Moreover for consitency with the viscous regime : limRe→0 αnl = αBJ
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Direct Numerical Simulation : problem definition

y

x

Σin Σout

Σwall

Σinf

Re = Ū·H
4ν

Rei =
Ū|Γ·a
ν

=
4a·u|Γ·Re

H

Non-dimensional problem : steady-state Navier-Stokes equations
on Ω = [−H/2,H/2]× [0, L] with H = 4 and L = 0.4

∇·(u ⊗ u)− 1

Re
∆u +∇p̃ +<∇p>︸ ︷︷ ︸

=1·ex

= 0 in Ω

∇ · u = 0 in Ω
u|Σin = u|Σout , p̃|Σin = p̃|Σout on ∂Ω
∂nux |Σinf = 0, uy |Σinf = 0, u|Σwall = 0

Porous inclusions : for a unit periodic cell w/ square inclusion,

a

a φ K

2/8 0.94 6.0e-2
4/8 0.75 1.4e-2
6/8 0.44 1.6e-3
7/8 0.23 2.1e-4

Numerical method : unsteady Navier-Stokes equations solved
using a 2nd order pressure-correction scheme with cell-centered
finite-volumes on a uniform Cartesian grid 64× 640
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DNS : post-processing the permeability

Local velocity : Stokes problem on Ω = [0, 1]× [0, 1] with square inclusion
−µ∆u +∇p̃ +<∇p>︸ ︷︷ ︸

given

= 1
ε

u in Ω

∇· u = 0 in Ω
u, p̃ periodic on ∂Ω

µ = 1

Ω

εsεf

a

εs → 0

εf →∞

Upscaling : Darcy’s law

<u>= − 1

µ

(
Kxx Kxy

Kyx Kyy

)
<∇p>︸ ︷︷ ︸

=1·ex

⇒ Kxx = −µ <u> · ex

Results : symmetry ⇒ Kxx = Kyy and Kxy = 0

Grid size a = 2/8 a = 4/8 a = 6/8 a = 7/8

32× 32 0.067500 0.016404 0.0021873 3.3775e-04
64× 64 0.063030 0.015031 0.0018600 2.6829e-04
128× 128 0.060865 0.014361 0.0017057 2.2860e-04
256× 256 0.059797 0.014029 0.0016308 2.0987e-04

horizontal velocity
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DNS : post-processing the normal derivative on Γ

Interface position : what relevant choice for interface of discontinuity w.r.t
free-fluid ? widely discussed in litterature but no clear optimal choice yet

−0.10 −0.08 −0.06 −0.04 −0.02 0.00

0.0

100.0

200.0

300.0

y

<
u
>

x

(a) (b)

(a) Γ tangent to inclusion, shifted by h

(b) Γ tangent to porous cell

Our choice : (a) so as to avoid considering
a too large free-fluid region as belonging to
the transition region

Normal derivative : which stencil and which order ?

−4.00 −3.50 −3.00 −2.50 −2.00 −1.50

·10−2

0.0

50.0

100.0

150.0

y

<
u
>

x

h

Γ (a) Three point finite difference across Γ

(b) Three point finite difference at right of Γ

Our choice : (b) in order to discard comple-
tely the transition region
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DNS : numerical results (1)

Velocity and pressure fields :
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DNS : numerical results (2)

Fitting of interface model, version 1

512

514

516

518

520

522

524

526

528

1.01425 1.0143 1.01435 1.0144 1.01445 1.0145 1.01455 1.0146 1.01465

∇
n
(U

)|
i/(

U
i-
U

D
)

1+UD/Ui

Inclusion: a=0.875, φ=0.23

Simulation
Linear least-squares fitting

Re Rei ui uD

10 7.0e-2 2.0e-2 2.9e-4
20 2.8e-1 4.0e-2 5.7e-4
30 6.3e-1 6.0e-2 8.6e-4
40 1.1 7.9e-2 1.1e-3
50 1.7 9.9e-2 1.4e-3
60 2.5 1.2e-1 1.7e-3
70 3.3 1.4e-1 2.0e-3
80 4.3 1.6e-1 2.3e-3

Philippe Angot1, Michel Belliard2, Chady Zaza1,2

P. Angot, M. Belliard, C. Zaza A non-linear Beavers-Joseph interface condition derived from a kinetic energy balance 18/22



Industrial problem Viscous regime Convective regime Concluding remarks

DNS : numerical results (2)

Fitting of interface model, version 1

330

340

350

360

370

380

390

1.07 1.072 1.074 1.076 1.078 1.08 1.082

∇
n
(U

)|
i/(

U
i-
U

D
)

1+UD/Ui

Inclusion: a=0.75, φ=0.44

Simulation
Linear least-squares fitting

Re Rei ui uD

1 1.0e-3 3.4e-3 2.4e-4
10 1.0e-1 3.3e-2 2.4e-3
20 3.9e-1 6.6e-2 4.7e-3
30 8.7e-1 9.7e-2 7.1e-3
40 1.5 1.3e-1 9.4e-3
50 2.3 1.5e-1 1.2e-2
60 3.3 1.8e-1 1.4e-2
70 4.4 2.1e-1 1.6e-2
80 5.6 2.3e-1 1.9e-2
90 7.0 2.6e-1 2.1e-2
100 8.6 2.9e-1 2.4e-2
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DNS : numerical results (2)

Fitting of interface model, version 1

150

160

170

180

190

200

210

220

230

240

1.23 1.24 1.25 1.26 1.27 1.28 1.29 1.3 1.31 1.32

∇
n
(U

)|
i/(

U
i-
U

D
)

1+UD/Ui

Inclusion: a=0.5, φ=0.75

Simulation
Linear least-squares fitting

Re Rei ui uD

1 1.9e-3 9.3e-3 2.1e-3
10 1.8e-1 9.0e-2 2.1e-2
20 6.9e-1 1.7e-1 4.2e-2
30 1.5 2.4e-1 6.3e-2
40 2.5 3.1e-1 8.4e-2
50 3.7 3.7e-1 1.1e-1
60 5.1 4.3e-1 1.3e-1
70 6.8 4.8e-1 1.5e-1
80 8.6 5.4e-1 1.7e-1
90 11 5.9e-1 1.9e-1
100 13 6.4e-1 2.1e-1
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DNS : numerical results (3)

Fitting of interface model, version 2 with parameter γ

100

120

140

160

180

200

220

240

40 60 80 100 120 140

∇
n
(U

)|
i/(

U
i-
U

D
)

(1+UD/Ui)
γ
, γ=10

Inclusion: a=0.25, φ=0.94

Simulation
Linear least-squares fitting

Re Rei ui uD

1 2.1e-3 2.1e-2 8.6e-3
10 2.0e-1 2.0e-1 8.5e-2
20 7.5e-1 3.8e-1 1.7e-1
30 1.6 5.2e-1 2.5e-1
40 2.6 6.5e-1 3.3e-1
50 3.9 7.7e-1 4.1e-1
60 5.2 8.7e-1 4.9e-1
70 6.7 9.6e-1 5.6e-1
80 8.3 1.0 6.3e-1
90 10 1.1 7.0e-1
100 12 1.2 7.7e-1
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DNS : numerical results (3)

Fitting of interface model, version 2 with parameter γ
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500 1000 1500 2000 2500

∇
n
(U

)|
i/(

U
i-
U

D
)

(1+UD/Ui)
γ
, γ=13

Inclusion: a=0.125, φ=0.98

Simulation
Linear least-squares fitting

Re Rei ui uD

1 1.7e-3 3.5e-2 1.7e-2
10 1.7e-1 3.3e-1 1.7e-1
20 6.1e-1 6.1e-1 3.3e-1
30 1.2 8.3e-1 4.9e-1
40 2.0 1.0 6.4e-1
50 2.9 1.1 7.7e-1
60 3.8 1.3 9.0e-1
70 4.8 1.4 1.0
80 5.9 1.5 1.1
90 7.0 1.6 1.3
100 8.2 1.6 1.4
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DNS : conclusion

The second model is necessary to match cases with high porosities :

µ∂nuf
τ =

µαnl√
K

(uf
τ − up

τ )

with αnl =
αkin

2

(
1 +

up
τ

uf
τ

)γ

assuming :

γ = 1 for φ < 0.75

γ ≥ 1 for φ ≥ 0.75

φ γ

0.75 1
0.94 10
0.98 13

Should rather consider an extension of Ochoa-Tapia–Whitaker law instead of

Beavers–Joseph law for high porosities ?
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Results and open problems

Current results :

JEBC applicable to classical interface models

Macroscopic interface condition for the non-linear regime

Verified for highly convective flows

Future work :

Proper JEBC model generalizing our interface condition

Investigate the pressure jump at interface for “true” 2D flows

DNS with compressible, two phase-phase flow

Questions ?
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