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0 Introduction
e Two-phase flow with a change of rock type

© Two-phase flow with a fracture
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Modeling flow in media with fractures

A problem requiring multi-scale modelling

@ Fractures represent heterogeneities in porous media.

o Usually of much higher permeability than surrounding medium
e May be of much lower permeability so that they act as a barrier

@ Fracture width much smaller than any reasonable parameter
of spatial discretization.

The models that we consider

@ Discrete fracture models, where the fracture locations are given.

@ Models that allow an interchange between the fractures and the
matrix rock.

@ Reduced models where fracture f is reduced to a 2-D interface ~.
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e Two-phase flow with a change of rock type
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Incompressible two-phase flow
Saturation equation

gb%eriqu =0, uy=r+f,
r= —KVa(s) ,f=Dbr(s)ur + by(s)Kug.
N— N

cap. diffusion advé?:tion

Pressure equation

divu=0, u=-Kki(s)(Vp-—p(s)ug),
u = uy + Uy, total Darcy flow ,

p= %(pw + pnw) + /(S), global pressure (not physical) .

Functions o, 7 depend on capillary pressure and mobilities
Functions k7, by, by, p depend on mobilities
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a(s) = m Zg),a(O)—aU)—O, u(s)—/osa(a)da,

_ kW _ _ _ kanW
b(s) = Ko+ ko’ b(0) =0,6(1) = 1,bg.(3) = kot ko knw(pw — Pnw)
a 6! b by
S S S S

kr(S) = Ky + knw > k7 > 0

S) _ knwpnw + Kwpw 3 bT _ 1 d“
2
(case ) >0)
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Transmission conditions between rock types

Rock type L ‘ Rock type R
¢L KL kL 7.rL ¢Ff KFI. kR 7TFI
aL’ BL? k7L—’ b%—’ bé’ pL aH’ /BR7 kR? bR? bg? pR

Transmission conditions across o

e Conservation of phases
ut - nt+uf-nfi=0¢=wnw = ult-nt+uf.nf=0

e Continuity of phase pressures
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Continuity of phase pressures across o

e Discontinuous saturation st # s/

wt(st) = =fi(sF)

« Discontinuous global pressure p- # pf  (p= 1(,DW + Pow) + B(8))

2
pt = B(sH) = pf = (")
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© Two-phase flow with a fracture
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Three rock types for Q4, Q¢, Qo

Q=Q;UQrUQ CR"

Q Q,
Y1l 2
Q¢
Q Q QO
04| Y2
o1, Kq, Kpr, 71, or, K, Ko, ¢ @2, Ko, Ko, 2,

a1, B1,Kt1, br1, bg1,p1 | s, Bt, Krt, B1r, bgr, pr | a2, B2, K12, bT2, bg2, p2
Natural idea: e Use local grid refinement

Alternative: » Model € as an interface -
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From physical model to reduced model

1. Shrink Qf to an interface hyperplane ~.

3 155
: :

N I i - It}
PN : J S

l"l Ql N/\F\I)\p\\: no % l‘1 3 Ql ng = H; = —Ngy

SRR W\ U VI S (i [ IS, S S
’ d B
Physical model Reduced model
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From physical model to reduced model

1. Shrink Qf to an interface hyperplane ~.

3 155
: :
N I i - It}
PN : J S
I‘l Ql N/\F\IY\J\\\: no % l‘1 3 QJ ng = H; = —Ngy
SRR W\ U VI S (i [ IS, S S
’ d B !
Physical model Reduced model

2. On ~ introduce tangential and normal components:
Kr = (K7, Kn),  Ur = (Ur, Usp).
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Pressure equation on ~

3. Average conservation equation and tangential component of
Darcy’s law across the fracture:

diVTU,y = 07 +U;-Ny+Uzx-N2, U, = —KfdeVTPA/

d d 1 d
with ufy:/o us . do, QAY:/O gr do, Pfy:d/o prdo.

4. Integrate normal component of Darcy’s law across the fracture:
— Darcy’s law across the interface ~:

1 .
eyt o= Als)) = (Py = B(S)), i=1.2
e i(s)) = 2Kfndkf(37)
« Note that when d(s,) — oo, then (p; — §i(si)) = (P, — 1(S,)).
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Saturation equation on ~

5. Average conservation equation and tangential component of
Darcy’s law for the wetting phase across the fracture:

0s, :
(bryai; + d|V7—uW’y = Qwry +Up1-Ny +Uyo-No,
Uy, = _K'y A\ af(s”/) + f(s”/)7

d d
with waz/ Uyr,do, Qu, = qwfda, o= d/ S¢do.
0
6. Integrate normal component of Darcys law (phase w) across the

fracture:

— Darcy’s law for the wetting phase across the interface ~:

1 o [P () — £(sy)
(5W(S~/)UWI n; + 7TI(SI) = 71'7(37) + 5W(S’y)

® dw(sy) = Km Kwn(sr)/d,
e Note that if dw(s,) — oo, then m;(s;) — m(s,) — 0.
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Reduced model
Model in Q;

0S; .
¢i87tl +divuy = qui, Uw = —KiVa(s)) + fi(si),
divu; = q;, u; = —Kiki(s;)(Vpi — pi(siugi),

¢7 8t Y 4 divuy, = Qu, + Zuw, n;, uy,, = K, Va(s,) +,(s,),

i=1
2
divu, = Q, + Zui ‘N, Uy = —Kyky(5,)(VP, — py(sy)ugy),
i=1
1 N e f,(sy) _
(5w(5v)uvw 1“1 - WI(SI) - 7T7(S,y) + (5W(SW)UI i
—mui -n+p; =P, —[B(8)],-
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Schur method: Pressure equation

Robin-to-Neumann operator

LN(p,,ug, g) = —(u; - Ny,

where (p;, u;) is the solution of

divu;
u;
Pi

= —Ki(Vp; — pi(si) ug)

ai

.
TRV Mt =Py - [B(S)],i

o(sy
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in Q; X (0, T),
in Q; x (0, T),
on 9Q; N9 x (0, T),

onvy x (0, 7).
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Schur method: Pressure equation

Robin-to-Neumann operator

LN(p,,ug, g) = —(u; - Ny,

where (p;, u;) is the solution of

divu, = g in Q; x (0, T),
u; = —Ki(Vp; —pi(sij)ug) inQ;x(0,T),
D =0 on 8Q; N 9Q x (0, T),
1
—T&y)ui N+ pi =py—[B(8)], on~yx (0, T).

Interface problem

2 [RIN — = '
2121 [’I (p’Y7 uGu q) Hz — _k'y k'y(sfy) vp,y IH % § 28: Fg:
divu, =0 invy x (0, T),
p, =0 on 9y x (0, T),
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Schur method: Saturation problem

Robin-to-Neumann operator

EﬁfN(va So, qwi) = —Uy; - ni|%

where (s;,uy,) is the solution

0S; . 3
QS,-a—t' +divuy, = qui in Q; < (0, T),
uy = —KVai(s) +fi(s)  inQ;x(0,T),
§ = 0 in 89/ N o x (0; T)a
£(s,)

Uy - N +mi(s;) =my(8y) + u;-n; onvyx(0,T).

1
Ow(Sy) Sw(Sy)
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Schur method: Saturation problem

Robin-to-Neumann operator

EﬁfN(va So, qu) = —Uy; - ni|%

where (s;,uy,) is the solution

¢i% +divuy, = qui in Q; > (0, T),
u, = _Kivai(si) -+ f,‘(Si) in Qi X (07 T)7
§ = 0 in 89/ N o x (0; T)a
1 f(sy)

——— Uy - N+ m(s) =my(Sy) + =5uU;-n; onyx(0,T).

Ga(ey e M mE) =S g e on e (0T)
Interface problem

0s i
Oy =L Uy = Quy + 3504 LEN(s,, qw) iny x (0, T),

Y .
2 Upy = _vaav(sv) +1,(s,) invyx(0,T),
s, =0 in 9y x (0, T),
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Numerical methods

e Splitting diffusion and advection

o Mixed finite elements for 2nd order terms

e Cell-centered finite volumes and Godunov’s method for advection
e Implicit Euler for diffusion, explicit Euler for advection

e Different time steps for diffusion and advection

e Domain decomposition solution
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Schur method: preconditioner

« Local preconditioner for the pressure: (div,)™"

Efficiency of the CG
. preconditioner

Relative Residual

25 30

10 15 20
Number of Iterations
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Interface GMRES-Newton convergence

—e— Unprecondioned GMRE:
——o— Precondioned GMRES

o 10 g 10
. —=o— Precond

-2 L i NO Precond I L 1 2 4 6 18 1‘0 1‘2 1‘4 1‘6 1‘8 20

° 2 6 8 10 12 14 Newton Iterations

GMRES lterations

GMRES- Relatif residual Inexact Newton- Relatif Residual
@ Unpreconditioned GMRES-Newton
@ Preconditioned GMRES-Newton Effect of preconditioner on interface Newton

convergence,

15 GMRES iterations
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Numerical experiment with a high transmissivity fracture

Outflow
20 (m)
(O 0, 20 (m)
el
Inflow A conforming mesh with
Domain of calculation 72088 tetrahedra

van Genuchten Capillary Pressure

fracture

— matrix

ure

Capillary pressure curves

Capillary Press

0 o1 0z 03 04 05 05
Saturation
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Numerical experiment with a high transmissivity fracture

Saturation at two different
times

- -o- - 2D fracture.

\\\\ Along the fracture

© Length(m) *Length(m)

e

| Along a line orthogonal to
/ﬂ\ p the fracture

Saturation

B T T i)
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Numerical experiment with intersecting fractures

Outflow
25 (m)

T o jsm
Qp
REITEE
Inflow A conforming mesh with
Domain of calculation 65104 tetrahedra

Domain 23 has a larger permeability.
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Numerical experiment with a fra

Outflow
25 (m)

T o 25 (m)
2
EEITEE ~
Inflow A conforming mesh with
Domain of calculation 65104 tetrahedra

o iS Now a barrier.
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Things to do

@ Simulate actual 3-D examples
@ Consider fractures which do not extend up to the boundary
@ Use nonconforming meshes

@ Use different time steps in fractures and in matrix rock
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