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Abstract. For a one-sided nonautonomous dynamics defined by a se-
quence of linear operators, we obtain a complete characterization of
(strong) nonuniform exponential contractions and (strong) nonuniform
exponential expansions in terms of admissibility of certain pairs of se-
quence spaces. We allow asymptotic rates of the form e’ determined
by an arbitrary increasing sequence p(n) that tends to infinity. For ex-
ample, the usual exponential behavior with p(n) = n is included as a
very special case. As a nontrivial application of our work, we estab-
lish the robustness of (strong) nonuniform exponential contractions and
(strong) nonuniform exponential expansions, that is, the persistence of
those notions under sufficiently small linear perturbations.
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1. Introduction

Given a sequence (A4, )., of bounded operators on Banach space, we consider
the nonautonomous dynamics:

Tma1l = AmTm, meN. (1)

The main objective of our paper is to give a complete characterization of
the notions of (strong) nonuniform exponential contraction and of (strong)
nonuniform exponential expansion for (1) in terms of the admissibility of
certain pairs of sequence spaces. We emphasize that in a strong contrast to
the existing results:
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1. We consider a nonuniform exponential behavior of the contraction and
expansion which includes the usual (uniform) exponential contraction
and expansion, but it also allows a “spoiling” of the contraction and
expansion along each trajectory as the initial time increases.

2. We allow asymptotic rates of the form e“?(") determined by an arbitrary
increasing sequence p(n) that tends to infinity, and not only the usual
exponential behavior when p(n) = n.

3. We study strong contractions and expansions, which means that we
assume a lower contraction and upper expansion bounds for the expo-
nential behavior.

To the best of our knowledge, we here for the first time establish a character-
ization, in terms of admissibility, of certain classes of a nonuniform behavior
with arbitrary growth rates.

As described in the previous paragraph, the notions studied in this paper
include the classical notions of (uniform) exponential contraction and (uni-
form) exponential expansions as very particular cases. Much of the work in
the literature has been devoted to the study of the relationship between (uni-
form) exponential behavior and the so-called admissibility property. Indeed,
the study of the admissibility property goes back to the work of Perron [11]
and referred originally to the existence of bounded solutions of the equation

¥ = A(t)x + f(t)

in R™ for any bounded continuous perturbation f: R — R". For some of the
most relevant early contributions in the area, we refer to the books by Massera
and Schéffer [10] (see also [9]), Dalec’kii and Krein [5], and Coppel [4]. We
also refer to [8] for some early results in infinite-dimensional spaces. For more
recent work, see [3,6,7,12,13] and the references therein.

Certainly, there exist many classes of dynamical systems with a uniform
exponential behavior. On the other hand, the requirement of uniformity for
the asymptotic behavior is often too stringent for the dynamics. It turns
out that the nonuniform exponential behavior, which allows a nonuniform
bound on the initial time, is much more typical. In particular, this behavior
is ubiquitous in the context of ergodic theory. More precisely, let f: M — M
be a diffeomorphism on a smooth manifold and let p be an f-invariant finite
measure on M. This means that u(f~'A) = u(A) for any measurable set
A C M. In particular, provided that log™||df|| is u-integrable, one can show
that for p-almost all x € M if the Lyapunov exponents

Az, v) = lim sup 1 log||d. f™v]|
n—0o0 n

are negative for all v # 0, then the sequence A,(x) = dn(y) [ admits a

nonuniform exponential contraction. In fact, the sequence even admits a

strong nonuniform exponential contraction.

As mentioned, we also allow asymptotic rates of the form e®(") deter-
mined by an arbitrary increasing sequence p(n) that tends to infinity. Thus,
the standard exponential behavior when p(n) = n as well as the polynomial
behavior when p(n) = logn are included as a very particular case. The main



Vol. 13 (2016) Characterization of nonuniform contractions 4267

motivation are those linear equations for which all Lyapunov exponents are
infinite (either +00 or —o0), and thus to which one is not able, at least with-
out further modifications, to apply the existing stability theory. This gives
rise to the notions of (strong) p-nonuniform exponential contractions and
expansions, which also turn out to be rather common (see [2]).

Hence, taking into account the ubiquity of a nonuniform behavior and
the extensive study of the relationship between uniform behavior and admis-
sibility, it is certainly both interesting and important to study the connection
between nonuniform behavior and admissibility, and this is precisely the main
contribution of our paper. As a nontrivial application of our characterization
of (strong) nonuniform contractions and expansions, we establish the robust-
ness of those notions, that is, their stability under sufficiently small linear
perturbations.

2. Nonuniform Contractions

Throughout this paper p: N — R™T is an increasing function satisfying

lim p(n) =400 (2)

n—-+4oo

and X = (X,||-]]) is an arbitrary Banach space. We say that the sequence
(An)men of bounded operators on X admits a p-nonuniform exponential

contraction if there exist constants D, A > 0, € > 0, such that
[A(m,n)| < De~Mp(m)=p(n))+ep(n) for m > n, (3)

where

Am—_1--+An if m>n,
A(m,n) =" L
1d if m=n.

Given a sequence of norms |||, » € Non X and A € R, we define

Y, = {x = (Zn)nen ¢ |[X]loo = sup (l|lznllne*™) < -l—oo}
ne

and

oo
= {x = (adaen i = D llea e < oo .
n=1
It is straightforward to verify that (Y, ||||coc) and (Y7, |-]]1) are Banach
spaces. Furthermore, Y2 will denote the closed subspace of Y., that con-
sists of all sequences x = (zp)nen € Yoo, such that x; = 0. Similarly, we
introduce Y.
The following is our first result.

Theorem 1. The sequence (Ay,)men of bounded operators on X admits a p-
nonuniform exponential contraction if and only if there exists a sequence of
norms ||-||n, n € N, and X\ > 0, such that:

1. For each y = (yn)nen € Y, there exists & = (xp)nen € Y2, such that:

Tpt1 — AnTp = Yng1, foreverymn € N. (4)
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2. There exist C >0 and § > 0 such that
|| < ||z|[m < CeP™||z||, forz € X and m € N. (5)

Proof. Assume that the sequence (A,,)men admits a p-nonuniform exponen-
tial contraction. For m € N and = € X, let

”sz = sup (H.A(n,m)zHe)‘(P(")*P(m)))'
n>m

It follows directly from (3) that (5) holds with C' = D and § = e. Furthermore,
we have

A, n)a|lm = sup (A(k,m)A(m, n)z]|ePE=rm))
k>m

— ¢~ Mp(m)—p(n)) sup (HA(k,n)zHe’\(P(k)*”(”)))
k>m

< e—/\(p(m)—p(n)) [ (6)

for m > n. Take now an arbitrary y = (y,)nen € Y7) and define a sequence
X = (xn)neN by
mn:ZA(n,k)yk, n € N.
k=1
It follows from (6) that

||z, |, < X0 Ze_k("(")_p(k)) lyille <D~ e lyille = Iy,
k=1 k=1
for each n € N. Since 21 = 0, we conclude that x € Y. Finally, it is easy to
show that (4) holds.
Now, we establish the converse. We define a linear operator T': D(T') —
Yy by
(Tx)1 =0 and (TX)pt1 = Tni1 — AnTn (7)
on the domain D(T') that consists of all x € Y2, such that Tx € Y. O

Lemma 1. The linear operator T: D(T) — Y is closed.

Proof of the lemma. Assume that (x¥),en is a sequence in D(T') converging
to x € Y2 and such that y* = T'x* converges to y € Y;". Obviously
k

Ty, = lim =z,

: k
and = lim
k—+o00 Yn k—+4oo Yn>

for each n € N. Hence, using the continuity of operators A,,, we obtain

: k k : k
Tpt1 — AnTpn = kEI-ir-loo(anrl - Anxn) = kETw(TX )n-i-l = Yn+1,

for n € N. We conclude that x € D(T') and Tx = y. Therefore, the operator
T is closed.
For x € D(T), we consider the graph norm

1x[l% = I1xlloc + [1T7]1- (8)
Clearly, the operator
T: (D(T), |lI%) — (Y7, ]I-111)
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is bounded, and for simplicity, we denote it simply by 7. Moreover, since 7' is
closed, (D(T), ||||%,) is a Banach space. Furthermore, it follows from (4) that
T is invertible. Let G be the inverse of T

Take an arbitrary k > 1, z € X and define a sequence y = (Y, )nen by
yr = o and y,, = 0 for n # k. Obviously, y € Y;°. Let x = Gy. Then

A(n, k)x if n >k,
Ty =
0 ifn <k

Therefore
sup (A, k)elne) =[xl < IG1 - Iyl = G - e

and consequently

A (n, k)|l < [|Gle” NP =P 2|, forn>k>1.

Furthermore, it follows from (5) and the continuity of A; that there exists
B > 0, such that [|A;z|y < Be AP =rW)]||z||; for each 2 € X. Hence,

IA(n, k)z ]l < |Gl max{1, Bye A= gl forn >k (9)
Finally, it follows from (5) and (9) that
[A(n, k)z|| < C||G|| max{1, BYe AP =pk))+p(k) || for n > k.
We conclude that the sequence (A,,)men admits a p-nonuniform exponential

contraction and the proof of the theorem is complete. O

Now, we establish the robustness of a nonuniform contractions under
sufficiently small linear perturbations.
Theorem 2. Assume that p satisfies:

(a) There exists k > 0, such that for each ¢ > Kk

o0

Z e~ ") < 4oo. (10)
k=1

(b) There exists a > 0, such that
p(k+1)—p(k) <a, foreachkeN. (11)

Let (Ap)men and (Bm)men be sequences of bounded operators on X, such
that:

1. (Am)men admits a p-nonuniform exponential contraction.
2. There exist constants ¢ > 0 and n — e > k such that

| A — B || < ce™mFD e N. (12)

If ¢ is sufficiently small, then the sequence (Bp)men admits a p-nonuniform
exponential contraction.
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Proof. Tt follows from Theorem 1 that there exists a sequence of norms |||/,
m € Non X and A > 0, such that for each y = (y,)nen € Y,, there exists
T = (Tp)nen € Y2, so that (4) holds, and such that (5) holds [with D = C
and 6 = ¢, as in (3)]. Furthermore, let operator T be defined as in the proof
of Theorem 1. We also consider the operator L: D(L) — Y by

(Lx)1 =0 and (LX)p+1 = Tpt1 — By (13)

on the domain D(L) that consists of all x € Y2, such that Lx € Y. For any
x € Y2, using (5), (11), and (12), we have

1@ = Dxlh = SN (Ak = Bo)aellsre )
k=1

00
< Czesp(kJrl)H(Ak _ Bk)xk”ekp(k+1)
k=1

< cCle Z ecP(k+1) o —np(k+1) kaerAp(k)
k=1

< cCe X oo Z ele=mp(k+1)
k=1

Hence, it follows from (10) that D(T") = D(L) and
(T = L)x|h < eK|[x[|5 (14)

for any x € D(T') with some constant K > 0. Since T is invertible, it fol-
lows from (14) that for sufficiently small ¢, the operator L is invertible. By
Theorem 1, the sequence (B, )men admits a p-nonuniform exponential con-
traction. O

We would like to comment on the conditions (a) and (b) in the statement
of Theorem 2. We note that the condition (a) is satisfied with x = 0, whenever
p takes values in N. Indeed, if p: N — N, then we have

Ze_cf’(k) < Z e~k < oo,
k=1 k=p(1)

for each ¢ > 0. Furthermore, we note that (a) holds for polynomial growth
rates p(n) = logn with k = 1. The condition (b) is a bit more restrictive.
However, it is again satisfied both for standard and polynomial growth rates
among many others.

3. Nonuniform Expansions

We say that the sequence (A4,,)men of invertible bounded operators on X
admits a p-nonuniform exponential expansion if there exist constants D, A >
0 and £ > 0, such that

[A(m,n)|| < De=API=plm)tern)  for m < p, (15)
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where A(m,n) = A(n,m)~L.
Given a sequence of norms |[|-||,, » € Non X and A € R, let

Zoo = {X = (@n)nen ¢ [Xlloo = sup(||z,[[ne™ ™) < +OO}
neN

and

7y = {x = (@n)nen : X[t = _[lznllne ™ < +oo}.

n=1
Then, it is easy to verify that (Z, ||'||) and (Z1,||-]1) are Banach spaces.
Furthermore, Z2, will denote the closed subspace of Z., that consists of all
sequences X = (& )nen € Zoo, such that

lim ([|@n].e ™) = 0.

Finally, Z9 will be the closed subspace of Z; that consists of all sequences
X = (xn)nen € Z1, such that zy = 0.

Theorem 3. The sequence (An)men of bounded invertible operators on X
admits a p-nonuniform exponential expansion if and only if there exists a
sequence of norms ||-||n, n € N and A > 0, such that:

1. For each y = (yn)nen € Z3, there exists a unique x = (r,)nen € Z9,,
such that (4) holds.
2. There exist C >0 and § > 0, such that (5) holds.

Proof. For m € N and x € X, let
]l = sup (|4 (n, m)z||eXem=r)),
n<m

It follows directly from (15) that (5) holds with C' = D and § = e. Further-

more, we have

||A(m,n)x||m = sup (H.A(k,m)./q(m,H)I”G)\(p(m)ip(k)))
k<m
= ¢~ Mp(n)—p(m)) sup (Hfl(k,n)x\\ek(p(”)_p(k»)
k<m

< 6_M"(n)_p(m))||$|\m (16)

for m < n. For an arbitrary ¥y = (Yn)nen € ZY, we define a sequence x =
(xn)nEN by

(oo}
Tp = — Z A(n, k)Y, n € N.
k=n-+1

It follows from (16) that

e*’\P(")Hann < emAr(n) Z e*/\(p(k)fp(n))Hkak
k=n-+1

<3 e @yl =y, (17)
k=1
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for each n € N. Hence, x € Z,. Furthermore, it follows from the first in-
equality in (17) that

lim (||:vn||ne_’\”(")) =0,

and therefore, x € Z% . Finally, one can easily verify that (4) holds.

Now, we establish the uniqueness of x. It is sufficient to consider the case
when y = 0. Thus, suppose that x = (z,,)nen € Z%, satisfies 2,411 = Apz,
for each n € N. By (16)

1l = AL 2)znln
< e A=Wz |0,

for each n € N. Letting n — oo yields (see (2)) z; = 0 and, therefore, 2, =0
for every n € N.

We now prove the converse. Let T': D(T') — Y{ be the linear operator
defined by (7) on the domain D(T) that consists of all x € ZJ , such that
Tx € Z9Y. Proceeding as in the proof of Lemma 1, one can easily prove
that T is closed. Consequently, D(T') becomes a Banach space with respect
to the norm ||-||’, defined as in (8). It follows from the assumptions of the
theorem that the operator T': (D(T),|-|.,) — Y is well-defined, bounded,
and invertible. Let G be the inverse of T'.

Take an arbitrary k > 1, x € X and define a sequence y = (yp,)nen by
yr = x and y,, = 0 for n # k. Obviously, y € Y. Let x = Gy. Then

—A(n, k)z ifn <k,
Ty =
0 ifn>k.
Therefore
sup (A, K)zlne™") = [xlloo < G- iyl = G- e

and consequently

[A(n, k)z|, <max{||G][,1}ePE=P(D)]|z|,, for n < k.
It follows from (5) that
| A(n, k)z| < max{||G|), 1} e MR =ptr)+op(k)) 4| for n < k.

We conclude that the sequence (A, )men admits a p-nonuniform exponential
expansion. O

The following is a version of Theorem 2 for nonuniform expansions.

Theorem 4. Assume that there exists k > 0, such that (10) holds for each
¢ > k. Furthermore, let (Ap)men and (By)men be sequences of bounded
invertible operators on X such that:

1. (Am)men admits a p-nonuniform exponential expansion.
2. There exist constants ¢ > 0 and n — € > K, such that (12) holds.

If ¢ is sufficiently small, then the sequence (Bp)men admits a p-nonuniform
exponential expansion.
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Proof. Tt follows from Theorem 3 that there exists a sequence of norms |||,
m € Non X and A > 0, such that for each y = (y,)nen € Z7, there exists
T = (Tp)nen € 22, so that (4) holds, and such that (5) holds [with C = D
and § = ¢, as in (15)]. Furthermore, let operator T be defined as in the proof
of Theorem 3. We also consider the operator L: D(L) — Y, defined by (13)
on the domain D(L) that consists of all x € Z2,, such that Lx € Z}. For any
x € Y2 using (5) and (12), we have

o0

T = Lyxlh = Y _lI(Ax = Bi)ay[reae
k=1

00
< Czesp(k+1)”(14k _ Bk)xklle—kp(k—kl)
k=1

oo
< cC Z ecP(k+1) o —np(k+1) |2k ||ke—/\p(k)
k=1

< O] s Z ele=mp(k+1)
k=1

Hence, we have that D(T) = D(L) and (14) holds for any x € D(T) with
some constant K > 0. Since T is invertible, it follows from (14) that for
sufficiently small ¢, the operator L is invertible. By Theorem 3, the sequence
(Bm)men admits a p-nonuniform exponential expansion. O

4. Strong Nonuniform Contractions

We now consider the stronger notion of a p-exponential contraction. We say
that the sequence (A,,)men of invertible bounded operators on X admits a
strong p-nonuniform exponential contraction if there exist constants

D>0, pu>A>0 ande>0
such that (3) holds and such that
[A(m,n)|| < Detem)=p(m))tep(n)  for myy < (18)

where A(m,n) = A(n,m)~1. We refer to [1] for some explicit examples of
strong nonuniform contractions as well as for nonuniform contractions which
are not strong for the usual exponential behavior when p(n) = n.

Theorem 5. The sequence (An)men of bounded invertible operators on X
admits a strong p-nonuniform exponential contraction if and only if there
exists a sequence of norms ||-||n, n € N and A > 0 such that:

1. For each y = (yn)nen € Y7, there exists ¥ = (x,)nen € Y2 such
that (4) holds.
2. There exist C >0 and § > 0 such that (5) holds.
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3. There exist K,b > 0, such that
O o] < Az, (19)
for everyn € N and x € X.

Proof. For m € Nand r € X, let
]l = sup (J[A(n, m)a[err=rm))

n>m

+ sup (|| A(n, m)a e P =e00)),

n<m

It follows from (3) and (18) that (5) holds with C' = 2D and ¢ = €. Moreover,
using A < p, we have

A G, n)alm = sup (|A(k, n)z]|erPE=rtm))
k>m

+ sup (A (K, n)z|le#m=r(k))
k<m

< sup ([[A(k, n)al|AE=e0m))
k>m
+sup (|[A(k, n)a|jerPm=r()
k<n
+ sup (|Ak, n)a|j PP
n<k<m
< 2¢~Melm)=p(n)) sup(||.A(k, n)z‘|€)‘(p(k)7p(”)))
k>n
+ e~ #p(m)—p(n)) sup(|lA(k, n)x”e*/_t(p(n)fp(k)))
k<n
< 2720 a,,

for m > n. Similarly,
A (m, n)z||m < sup(||A(k, n)z||lerrF=rm))
k>n

+ sup (||A(k,n)z|erPtR)=rlm))

m<k<n

+ sup (|| A(k, n)z|e~#Plm)=rk)))
k<m

< eMp(n)—p(m)) sup (|| A(, n>m|‘e/\(p(k)—p(n)))
k>n
+ 2etlp(n)=p(m)) sup (|| A(, n)xHe—u(p(n)—p(k)))
k<n
< Qeu(ﬂ(”)*P(m))”me

for m < n. We conclude that
[lA(m, n)z||m < 267)‘(”("1)7"("))||a:||n, form>n (20)

and
[[A(m, n)x|, < 26“(p(”)7"(m))||:z:\|n, for m < n. (21)
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Proceeding as in the proof of Theorem 1, one can prove that (20) implies the
first assertion of the theorem. Finally, it follows from (21) that

%eu(pm)—p(nﬂ)) |2l < [[An ]|t

for every n € N and # € X. We conclude that (19) holds with K = 2 and
b= p.

To prove the converse, we note that it follows directly from Theorem 1
that the sequence (A,,)men admits a p-nonuniform exponential contraction.
Furthermore, it follows from (19) that

H‘A(man)x”m S Keb(l’(n)—p(m))Han’ for m S nand r € X.
By (5), we have
[A(m,n)|| < KebPm=pm)+dn(n)

for m < n. We conclude that the sequence (A, )men admits a strong p-
nonuniform exponential contraction. O

Now, we establish the robustness of strong nonuniform contractions un-
der sufficiently small linear perturbations.

Theorem 6. Assume that there exist k > 0, such that (10) holds for ¢ > K
and that (11) holds for some a > 0. Let (Am)men and (B )men be sequences
of bounded invertible operators on X, such that:

1. (An)men admits a strong p-nonuniform exponential contraction.
2. There exist constants ¢ > 0 and 1 > 0 such that (12) holds.

If ¢ is sufficiently small and 1 is sufficiently large, then the sequence (B, )men
admits a strong p-nonuniform exponential contraction.

Proof. In view of Theorem 2 and the characterization of strong p-nonuniform
contractions given by Theorem 5, it is sufficient to show that there exist
K’ b > 0, such that

L oo
e =D ), < | Bualn, (22)
for every n € N and = € X, where |||, is a sequence of norms given by
Theorem 5. Indeed, it follows from (5), (12) and (19) that

IBrzllnt1 > [[Anzllnt1 — [[(Bn — An)zllnsa
1
K
> %eb(p(n)—pmH))”an — cCem=O e =pnt )|

> e PP D, — cCelemP D] ja,

for every n € N and = € X. Taking n sufficiently large so that n —e > b
and ¢ sufficiently small, we conclude that (22) holds with b = b and some
K’ >0. a
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5. Strong Nonuniform Expansions

We say that the sequence (A, )men of invertible bounded operators on X
admits a strong p-nonuniform exponential expansion if there exist constants

D>0, pu>A>0 ande>0
such that (15) holds and such that
[A(m,n)|| < Dettetm)=pm)+er(n) for oy > p, (23)

Theorem 7. The sequence (Apm)men of bounded invertible operators on X
admits a strong p-nonuniform exponential expansion if and only if there exists
a sequence of norms ||-||n, n € N, and A > 0 such that:

1. For each y = (yn)nen € ZY, there exists x = (Tp)nen € ZO, such
that (4) holds.

2. There exist C > 0 and § > 0 such that (5) holds.

3. There exist K,b > 0 such that

[An|ln1 < K COHD=D g, (24)
for everyn € N and x € X.
Proof. For m € N and x € X, let
|zl = sup (|l A(n, m)a|le”rPm=r(m))

n>m

+ sup (||A(n,m)m||ek(”(m)_P("))).
n<m

It follows from (15) and (23) that (5) holds with C' = 2D and § = e. Fur-
thermore, using A < pu, we have

IA(m, n)z|lm = sup (|| Ak, n)z|eCE=r0m)
k>m

+ sup ([[A(k, n)a|jer Pt =r))
k<m

IN

sup ([[A(k, n)z|jeHPkI=p(m))y

+ sup ([[A(K, n)z||erP0m)=rD))
k<n

+ sup (||A(]€,n)xHeN(P(m)—p(k)))

n<k<m

2eH(P(m)=p(M) qup (||A(k, n)xnew(p(k)fp(n)))
k>n

IA

+ eMPm)=p(0) gup (A, n)xHe’\(ﬂ(")*P(k)))
k<n

IN

2ePm) =P (1)) || ||,
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for m > n. Moreover

lAGm, )zl < sup (A, n)z|er @R =rm))
k>n

+ sup (”'A(k7 n)l‘”e*/\(f’(k)*p(m)))

m<k<n
+ sup (|[A(k, n)z||N P —r(D)
k<m

< e~ #p(m)=p(m) gyp (||.A(k,n)x||e_“(”(k)_p(")))
k>n

+ 2e AP =p(M) gup (||A(k7 n)m”ex\(p(n)—p(k)))
k<n

IN

2= M) =p(m) ||

for m < n. We conclude that
[A(m, )|y < 2ePEI=PED 12| for m > n (25)
and
[A(m, n)z||m < 26_)‘(”(")_"(’”))”%””, for m < n. (26)

Proceeding as in the proof of Theorem 3, one can prove that (26) implies the
first assertion of the theorem. Finally, it follows from (25) that (24) holds
with K =2 and b = p.

To prove the converse, we note that it follows directly from Theorem 3
that the sequence (A,;)men admits a p-nonuniform exponential expansion.
Furthermore, it follows from (19) that

1A(m, n)|| < KeP®®=20m) |2l for m < n and « € X.
By (5), we have
[A(m,n)|| < Kebetm=pn)+op(n)

for m > n. We conclude that the sequence (A;;)men admits a strong p-
nonuniform exponential expansion. O

The following is a version of Theorem 6 for strong nonuniform expan-
sions.

Theorem 8. Assume that there exist k > 0, such that (10) holds for ¢ > k.
Let (Ap)men and (By,)men be sequences of bounded invertible operators on
X, such that:

1. (Am)men admits a strong p-nonuniform exponential expansion.
2. There exist constants ¢ > 0 and n > & such that (12) holds.

If ¢ is sufficiently small, then the sequence (By,)men admits a strong p-
nonuniform exponential contraction.

Proof. In view of Theorem 4 and the characterization of strong p-nonuniform
expansions given by Theorem 7, it is sufficient to show that there exist
K’V > 0, such that

1Bnal|ngr < K'e? POHD=] ), (27)
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for every n € N and # € X, where [-||,, is a sequence of norms given by
Theorem 5. Indeed, it follows from (5), (12), and (24) that

| Brnzllnt1 < [[An|lns1 + [[(Bn — An)x|lngs
< Keblp(nt1)=p(n) |z + Cele—mp(n+1) (£

< Keblp(nt1)—p(n) 2|l + cCee=m(p(n+1)—p(n)) 2|,

for every n € N and x € X. We conclude that (27) holds with ¥’ = b and
some K' = K + cC. O
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