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Exponential dichotomies in average for flows and admissibility

By Luis Barreira, Davor Dragicevi¢ and Claudia Valls

Abstract. For a measurable cocycle over a flow or a semiflow acting on L' func-
tions, we consider the general notion of an exponential dichotomy in average and we
characterize it in terms of an admissibility property. As a nontrivial application, we
establish in a simple manner the robustness of the notion under sufficiently small linear
perturbations, both for cocycles over a flow and a semiflow.

1. Introduction

1.1. Exponential behavior. The notion of an exponential dichotomy, essen-
tially introduced by Perron in [17], is central in several parts of the theory of
differential equations and dynamical systems. It essentially corresponds to as-
suming the existence of uniform contraction and uniform expansion along com-
plementary directions. In particular, the existence of an exponential dichotomy
implies that there are stable and unstable invariant manifolds for any sufficiently
small nonlinear perturbation. The consequent local instability of the trajectories,
together with the nontrivial recurrence caused by the presence of a finite invariant
measure, is one of the main mechanisms for the occurrence of stochastic behavior.
We refer the reader to the books [2, 4, 5, 11, 23] for details and further references.

On the other hand, the existence of an exponential dichotomy is a strong
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requirement and particularly in view of its central role in the theory, it is of
interest to look for more general types of hyperbolic behavior.

In this paper, for a measurable cocycle over a flow or a semiflow acting on
L' functions, we consider the more general notion of an exponential dichotomy in
average. As it happens with the classical notion of an exponential dichotomy and
some of its variants, it essentially corresponds to assuming the existence of uniform
contraction and uniform expansion along complementary directions but now in
average, with respect to a given probability measure. This includes as a special
case any (linear) cocycle over a measure-preserving flow with nonzero Lyapunov
exponents almost everywhere, by considering families of Lyapunov norms along
each trajectory (see [4] for details). Omn the other hand, the notion includes
many dynamics for which the exponential behavior is uniform on a set of positive
measure but which may even fail to be exponential on the complement of that
set (due to the presence of some parabolic behavior, such as in Example 3).

We emphasize that we do not require the measure p to be invariant and thus
we are not able to use results from ergodic theory.

1.2. Admissibility. Our main objective is to characterize the notion of an ex-
ponential dichotomy in average in terms of an admissibility property.

The study of admissibility goes back to pioneering work of Perron in [17] and
referred originally to the existence of bounded solutions of the equation

' = A(t)x + f(t) (1)

in R” for any bounded continuous function f: Rj — R™ (where R = [0, +00)).
This property can be used to deduce the stability or the conditional stability
under sufficiently small perturbations of a linear equation. More precisely, the
following result was establish by Perron in [17], for n x n matrices A(t) varying
continuously with ¢ > 0.

Theorem 1. If equation (1) has at least one bounded solution in Ry for each
bounded continuous function f and the equation 2’ = A(t)x has k < n bounded
linearly independent solutions, then for each r > 0 there exists § > 0 such that if
g Is a continuous function satisfying

lgt, )| <6 and |lg(t,x) — g(t,y)|| < dllz -y
fort > 0 and z,y € R™ with ||z||, ||y|| < r, then the equation
= A(t)xr + g(t,x)

has a k-parameter family of bounded solutions. If in addition ¢(t,0) = 0 for ¢t > 0,
then all these solutions tend to zero when t — 4oc0.
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The assumption in Theorem 1 is called the admissibility of the pair of spaces
in which we take the perturbation f and look for the solution x. The theorem is
probably the first step in the literature towards a study of the relation between
admissibility and the notions of stability and conditional stability. We note that
one can consider the admissibility of many other pairs of spaces, where we respec-
tively take the perturbation and look for the solution. For the same reason, in
order to refer to the type of relation studied in our paper we shall only use loosely
the expression “admissibility”, instead of introducing linear operators and then
using them only once.

There is an extensive literature concerning the relation between admissibility
and stability, also in infinite-dimensional spaces. For some of the most relevant
early contributions in the area we refer to the books by Massera and Schéffer [14]
(see also [13]) and by Dalec’kii and Krein [10]. For many related references we
refer the reader to [4, 5, 7).

In order to obtain a criterion for the existence of an exponential dichotomy
one can also use a Fredholm alternative for the nonlinear perturbations. In partic-
ular, related work is due to Palmer [16] for ordinary differential equations, Lin [12]
for functional equations, Bldzquez [6], Rodrigues and Silveira [21], Zeng [24] and
Zhang [25] for parabolic evolution equations, and Chow and Leiva [8], Sacker and
Sell [22] and Rodrigues and Ruas-Filho [20] for abstract evolution equations.

1.3. A nontrivial application: robustness. As a nontrivial application of the
characterization of the notion of an exponential dichotomy in average, we establish
in a simple manner its robustness under sufficiently small linear perturbations,
both for cocycles over a flow and a semiflow.

Due to the central role played by the notion of an exponential dichotomy, it
is crucial to understand whether it persists under linear perturbations. This is the
so-called robustness problem. An exponential dichotomy associated to a linear
equation ' = A(t)x is said to be robust in some class of linear perturbations if
for any arbitrarily small perturbation B(t) in that class, the equation

¥ =[A(t) + B(t)]z

still admits an exponential dichotomy. The study of robustness has a long his-
tory. In particular, it was discussed by Massera and Schéffer [13], Coppel [9] and
Dalec’kii and Krein [10]. For more recent works we refer the reader to [8, 15, 18, 19]
and the references therein. Moreover, we refer to [3] for related results in the case
of discrete time.
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2. Basic notions

2.1. Cocycles. Let 2 = (Q,u) be a probability space. A measurable map
o: R x Q — Q is said to be a semiflow on Q if:

(1) ¢(0,w) =w for w € £

(2) o(t+ s,w) = p(t,¢(s,w)) for t,s > 0 and w € Q.

We also consider the measurable maps ¢; = p(t, ). We shall always assume that
¢ is invertible for ¢ > 0.

Moreover, let X be a Banach space and let L(X) be the set of all invertible
bounded linear operators acting on X. A strongly measurable map ®: Rf x Q —
L(X) (this means that (¢t,w) — ®(¢,w)x is Bochner measurable for each x € X)
is said to be a cocycle over ¢ if:

(1) ®(0,w) = 1d for w €
(2) D(t+ s,w) = P(t, ps(w))P(s,w) for t,s > 0 and w € Q.

Example 1. In the particular case when the map t — ®(t,w)x is of class C*
for each w and x the cocycle can be described as follows. Let

Alw) = i@(t, w

- dt )’tzo'

One can easily verify that the unique solution of the problem
2’ = A(pr(w))z,  2(0) =9

is then given by z(t) = ®(¢,w)zo. Note that under the above assumption the map
t — A(pt(w))z is continuous for each w and z.

2.2. Exponential dichotomies in average. Let F be the Banach space of
all Bochner measurable functions, sometimes simply referred to as measurable
functions, z: Q — X such that

el == / () () < o,

identified if they are equal u-almost everywhere (we note that JF is simply the set of
all Bochner integrable functions identified if they are equal p-almost everywhere,
sometimes denoted by L}L(Q, X)). Given a cocycle @, we shall always assume in
the paper that there exist K,a > 0 such that

/ 1@ (t, 7)2(@)]] dp(w) < Fealt= / ()] du(w) )
Q Q
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for z € F and t, 7 > 0, where
D, (t,s) = O(t,w)P(s,w) L.

A cocycle @ is said to admit an exponential dichotomy in average if there exist
projections P.: & — F for 7 > 0 such that:

(1) for each t,7 > 0 and z,Z € F such that zZ(w) = P, (¢, 7)z(w) for p-almost
every w € (), we have

(Pi2)(w) = @y (t, 7)(Pr2)(w) 3)

for p-almost every w € €2;
(2) there exist constants D, A > 0 such that for each z € F, we have

/Q 1@ (t, ) (Poz) (@) du(w) < De 0= / (@) dulw) (4)

for t > s and

19 (2, 5)(Qs2) (W) | dpa(w) SDeA(t_S)/ 12(@)[ dpu(w) (5)
Q Q

for t < s, where Qs = Id — P;.

Example 2. Any uniformly hyperbolic cocycle admits an exponential di-
chotomy in average. We recall that a cocycle ® is uniformly hyperbolic if there
exist projections P;: X — X for ¢t € R such that:

(1) for each ¢,7 > 0 and w € ), we have
P, (t, 1) = D, (t, 7)Pr;
(2) there exist constants D, A > 0 such that for each w € Q, we have
H(I)w(taT)PT” < De M)
for t > 7 and
1@, (t, 7)Qr || < DT
for t < 7, where Q; = Id — P,.
Defining projections P;: ¥ — F for t € R by

(Piz)(w) = Pi(2(w)),

we find that each uniformly hyperbolic cocycle admits an exponential dichotomy
in average with respect to any probability measure p on Q.
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Ezxample 3. Now we describe examples of cocycles that admit an exponential
dichotomy in average but that are not uniformly hyperbolic. Consider a partition
Q = Uf;o Q; of Q (N may be finite or infinite) with u(£9) = 0 and numbers
Ao =0and A; > 0 for i € N with inf;cy A; > 0. We assume that

/||<I>w(t,8)(Psz)(w)Hdu(w)SDe‘MH)/ [[2(w)] dpp(w)
Q;

Q;

for t > s and

/ [P (2, 5)(Qs2) (w)]| dpp(w) < DeMFS)/ [2(w)]l dp(w)
Q;

i

fort < s, for all z € F and i € NgN[0, N]. Then the cocycle admits an exponential
dichotomy in average. If the set 2y is nonempty, then the cocycle is not uniformly
hyperbolic. For example, the set )y can contain parabolic fixed points or more
generally parabolic periodic points.

2.3. Auxiliary spaces. We will need two additional Banach spaces. Namely,
let Y = (Y, ||-||c) be the set of all functions z: Rj — F such that

[2lloc = supl|z(t)[l1 < +o0
t>0

and W = (W, |||l0) the set of all Bochner measurable functions y: R x Q — X
such that

[lloo = esssup / ly(t,w) | dp(w) < +oo,
t>0 Q

identified if they are equal (Lebesguex u)-almost everywhere.

3. Admissibility in RY

3.1. Characterization of exponential dichotomies. In this section we ob-
tain a complete characterization of the notion of an exponential dichotomy in
average in terms of an admissibility property.

Our first result shows that the existence of a exponential dichotomy in average
yields an admissibility property. For simplicity of the notation we shall write

z(t)(w) = z(t,w) = z(w).
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Theorem 2. Let ® be a cocycle over a semiflow. If & admits an exponential
dichotomy in average, then for each y € W there exists a unique x € Y with
o € Im Qg satisfying

t

21(w) = Do (b, ) () + / Bt 5)ys(w) ds (6)

-
for t > 7 > 0 and p-almost every w € €.

PROOF. Take y € W. We first show that the integral in (6) is well defined
for p-almost every w € 2. Indeed,

//||<I> (t, )y ()] ds dpu(w //ch (t, )y (@) | diu(w) di
< / K= [ )l ) s

t
< K||y|\oo/ e =3l ds < 4o0.
T

Therefore, f:H@w(t, $)ys(w)]| ds < 400 for p-almost every w € Q.
For ¢ > 0 and w € 2, we define

(W) = / Doty 7) (P ) () dr / " Bt ) Q) () dr
It follows from (4) and (5) that

/Q /O @ (t, 7) (Pry-) ()| dr dpu(w)
i /Q / 190 (8, 7) (Qryr) ()] dr dpa(w)

- / / 1®0 (b, 7)(Prr) (@) | dpw) dir
0 Q

+ / /Q 180 (£, 7) (Qryr) @) dulw) dr

t )
< D||yllso </0 e**“*f)dﬁu/ e“fﬂdT)
t
1 1
= D —_— —_— fo%S)
(5+5) 1ol
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for ¢t > 0. This shows that x; is well defined for every ¢ > 0 and it also follows
from (7) that x = (z4)i>0 € Y. Moreover, given ¢ > 7 > 0, we have

(W) = / Byt 5)ya(0) ds — / By (t, 5) (Paye) () ds
- / Dot 5)(Quys) () ds + / By (t,5)(Puye) () ds
T 0
_/t q)w(tvs)(sts)(w) dS
:/ D, (¢, 8)ys(w) ds—i—/OT D, (¢, 5)(Psys)(w) ds
_ / B (1, 5)(Quys) () ds

t

=®,(t, 7))z, (W) —|—/ D, (L, 8)ys(w) ds

for p-almost every w € §2. This establishes (6). Moreover, it follows from (7) that
z €Y. Finally, by (3), we have z¢ € Im Q.

Now we show that z is the unique function in Y with g € Im Qo and
satisfying (6). We note that it is sufficient to consider the case when y = 0. Take
x €Y with g € ImQp and let a¢(w) = O, (¢, 7)., (w) for ¢ > 7 > 0. It follows
from (3) and (5) that

/ 1(Qo0) )] duw) = / 100 (0, 8)(Que) ()] dia(e)
Q Q

< DN / e () | dpow)
< De_kt”xHoo

for ¢ > 0. Letting ¢ — oo we obtain g = Qozg = 0 and hence z = 0. This
completes the proof of the theorem. O

Now we establish the converse of Theorem 2.

Theorem 3. For a cocycle ® over a semiflow, assume that there exists a
closed subspace Z C J such that for each y € W there exists a unique x € Y with
xo € Z satistying (6). Then ® admits an exponential dichotomy in average.

PROOF. Let Yz be the set of all x € Y such that 2(0) € Z. Clearly, Yy is
a closed subspace of Y. Moreover, let H: D(H) — W be the linear operator
defined by Hz = y on the domain D(H) formed by all € Y for which there
exists y € W satisfying (6).
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Lemma 1. The operator H is well defined.

PROOF OF THE LEMMA. Assume that there exist + € Yy and y',y? € W
such that both pairs (z,y') and (z,y?) satisfy (6). For each t > 7 > 0, we have

t
[ 2t whw) - 2w =0 (®)
for p-almost every w € Q. Now take to > 0. Applying ®,(¢o,t) to (8), we obtain

1

T+
o[ Rt )0k @)~ @) =0 ©)

for 7 > 0 and p-almost every w € 2. We also show that for y-almost every w € €,
the map s — @, (to, s)(yl(w) — y2(w)) is locally integrable. Let I be any finite
interval containing to. It follows from (3) that

19t 9whw) = 52Dl dsdute)
— [ [19utta )02 @) — @) dute) s

I1JQ

ea\t0*8| 1 w) — 2 w w) ds
< [ Kett [ i) - Rl dulw)
<|ly' - ?JQHOO/IKe“'t“‘S'ds < 0.
Therefore,
J1att0, )02 @) = 2D s < o0

for tg > 0 and p-almost every w € Q. Finally, letting n — oo in identity (9) yields
that y! = y2. O

Lemma 2. The operator H: D(H) — W is closed.

PROOF OF THE LEMMA. Let (2™),en be a sequence in D(H) converging to
z € Yz such that y" = Hz" converges to y € W. For each t > 7 > 0, there exists
a subsequence p,, such that

o (w) = z(w) and Py (¢, 7)2E (W) = Py (t, T) 2 (W)
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when n — oo, for p-almost every w € 2. Moreover,

J

t
<k [ / = 4 (@) — ya(w)]| ds dp(w)

t

[ vty = [ ot e ds

T

dp(w)

t
< Ketlt=] / /Q 197 (w) — s ()] duw) ds
< Ke g™ — ylloo(t — 7).

Since y,, converges to y in W, there exists a subsequence g, of p, such that
t t
lim D, (¢, s)yl" (w)ds :/ D, (t, s)ys(w)ds
T

n— oo T
for p-almost every w € €. Therefore,

T (w) — Py (t, )z, (w) = lim (2" (w) — P (t, 7)2d" (w))

n— 00
t

— 3 dn
= lim : Do, (t, s)ydm (w) ds

_ / (1 8)ya(w) ds

for p-almost every w € £ and (6) holds. Hence, Hz =y and = € D(H). O

It follows from the closed graph theorem that the operator H has a bounded
inverse G: W — Y. For each 7 > 0, let

5= {s e 7 sw [ o, n)x@)l du(e) < +oo) (10)

>
and let ¥ be the set of all functions z € J for which there exists z € Z such that
z(w) = @,(7,0)Z(w) for w e
One can easily verify that J7 and J* are subspaces of J.

Lemma 3. For 7 > 0, we have I = J7 @ J.

PROOF OF THE LEMMA. Take z € F and 7 > 0. We define y: R x Q — X
by the formula

y(t,OJ) = X[r,7+1] (t)@w(t,r)z(w) (11)
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By (2) we have

esssup/”y t,w)|| du(w) = esssup /H<I> t,7)z(w)| du(w)
telr,7+1]

Sleﬁmmmmm<+w

and y € W. Hence, there exists ¢ € Y, such that Hz = y. It follows from (6)
that

zi(w) = Dy (t, 7)(2(w) + 2+ (W) (12)

for t > 7+ 1 and p-almost every w € 2. Similarly,
2(@) = Bu(t,7) (@) (13)
for 0 <t <7 and p-almost every w € 2. Now we define 21, z5 € F by
z1(w) =z, (w) and 29(w) = z(w) + 2, (W) (14)

for w € Q. Since xy € Z, it follows from (13) that z; € F*. Moreover, it follows
from (2) and (12) that zo € F2. Finally, since z = z3 — 21 we have z € F5 + F¥.

In order to show that the spaces form a direct sum, take z € 3 N F* and
let Z € Z be such that z(w) = @,(7,0)2(w) for w € Q. We define z = (x;)¢>0
by z:(w) = ®,(t,0)Z(w). It follows from (2) and (10) that x € Yz. Moreover,
Hzx = 0. Since H is invertible, we have x = 0 and thus z = 0. [l

Let P.: § — 3% and Q,: F — J* be the projections associated with the
decomposition F = J7 @ F*.

Lemma 4. The projections P, satisfy condition (3).
PROOF OF THE LEMMA. Take z,zZ € F and t > 7 such that
Z(w) = Pu(t,7)2(w)

for p-almost every w € . It follows directly from the definitions that w —
D, (t,7)(Prz)(w) belongs to F5 and w — P, (¢, 7)(Qrz)(w) belongs to F;*. This
readily implies that condition (3) is satisfied. O

Lemma 5. There exists M > 0 such that
LRl dute) < M [ () dute (15)

for z € F and T > 0.
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PROOF OF THE LEMMA. Using the notation in the proof of Lemma 3, it
follows from (2) that

/sz ) dps(w /|| w) + 27 (w)] dp(w)
§/||z(w)|\du(w)+ [

= [ 1)l i) + Gyl
/ 2@l duw) + 1G] - lyloo
< (14 K|Glle®) /QIIZ(w)IIdu(w)-

Hence, inequality (15) holds with M = 1 + K||G||e". O
Now we establish the exponential bounds.

Lemma 6. There exist constants D, \ > 0 such that

/ @0 (£, 7)(Pr) (@) | dpfw) < De =) / ()| duw) (16)
Q Q

forz€e Fandt>71>0.

PROOF OF THE LEMMA. Take z € F¢ and define a function ¢: R — R by

0, 0<t<,
<lp(t): t_T7 T§t§7+17
1, T+1< ¢t

Moreover, define x = (1;)¢>0 and y: Ry x Q — Y by

2 (w) = ()P (t, 7)2(w)  and  y(t,w) = X(rr41) (D) Pu(t, T)2(w).  (17)

One can easy verify that x € Yz, y € W and Hx = y. Moreover,
sup{/H(I) (£, 7)2(w) | d(w) : £ € [T+1,+oo)}
—Sup{/IIw (@ du(e) s € r+1,400) |
—sup{ [ Jae@)lau) e € [r+1.400)
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<lzlloo = 1GYllee < [1G1 - [yl

— |G sup { [tz dute) v € frr + 11}
< K||G]e” / () dplw

using (2) in the last inequality. Using again (2), we obtain

/||<I>w(t,7-) M dps(ew <C/H Wdpw) for ¢>r, (18)
Q
where C' = Ke® max{1, |G||}.

Now we show that there exists an integer NV € N such that for each 7 > 0
and z € J2, we have

/H%(t,r) ) ds(eo /|| Jdu(w) for t—7>N.  (19)
Q

Take tyg > 7 such that

/||¢> (t0, 7)2(@)]] dpu(w /u ) du(w

It follows from (18) that

56 LIl < [ 1906, n2) du@) <€ [ =@)dute)  (20)

for 7 < s < ty. Now we consider the functions

y(tv w) = X[7,to] (t)q)w (tv T)Z(w)

and
ve(w) = Dy (¢, T)z(w)/o Xr.to] (8) ds,

for t > 0 and w € Q. One can easily verify that v = (v;);>0 € Yz, y € W and
Hv = y. Therefore,

Gllsup{/QII%(tT)Z(w)IIdu(w) te [Tato]} > G- [19lloo = [|v]loo
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and it follows from (20) that

ClGH [ 1l due) 2 [ org )l i)

(to —7) /H@ (t0, 7)2(w) | duw)

S5t =7) /Qllz(w)lldu(w)~

Therefore, property (19) holds taking N > 2C?||G||. Now take ¢ > 7 and write
t—7=kN+r, with ke Nand 0 <r < N. By (15), (18) and (19), we obtain

/H<I> (1 7)(Pr2) (@) | dis(w /||<I> (r + EN + 1,7)(Pr2)(@)]| dp(w)

| V

Y

< op [ 1@ulr 4 nr)(Pr2) (@) due)
s (21)
< o [P dute)
Q
<20Me TN [ a(0) du(w),
Q
for z € X. Inequality (16) holds taking D = 2CM and A = log2/K. O

Lemma 7. There exist constants D, \ > 0 such that

[1#atn)@ @l dntw) < D0 [ a@)ldute) @22
Q

forreFand0<t<r.

PROOF OF THE LEMMA. We first show that there exists L > 0 such that
L1202 dute) < I [ [ (r.0)2(0) du(e) (23)

forr>t>0and z € Z. Given 7 > 0 and z € Z, for a sufficiently small A > 0 let
¥: Ry — R be a smooth function supported on [0, 7] such that 1) = 1 on [0, 7 — h]
and sup;o[¢’(t)| < 2. For t > 0 and w € Q, we define

wi(w) = Y(t)Pu(t,0)2(w) and  y(t,w) =¥/ (t)Du(t, 0)2(w).
One can easily verify that © = (x;)>0 € Yz, y € W and Hz = y. Hence,

sup{/”‘b (t,0)2(w)|| dpu(w) te[O,T—h]}
—sup{/w ()l dute) st € 0.7~ ]

—sup{ [l dute) s € om0}
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Slzlloe = 1GYlleo < G- 1Ylloo

=HG|wp{A;w%ﬂQALMAdeMw%teﬁr—mﬂ}
swcnwp{lﬂ@uum4wmmum:teh—hm@
fQKWWMAMAMMWWWWL

using (2) in the last inequality. Finally, letting h — 0, we conclude that (23)
holds taking L = 2K ||G||.

Now we show that there exists an integer NV € N such that for each 7 > 0
and z € Z, we have

/Hcp (,0)2(w)]| du(w >2/||¢> (1, 0)2(@) | dufw) for t—7>N. (24)

Take tg > 7 such that

[ 19 tt0,0)2() [ du(w) <2 [ 94 0)2(6)] dise).

It follows from (23) that

E/M (to, 0)2(w)]| dps(w t/m (5,0)2(w) | da(w)

<L/w¢tm (@)l dute)

for 7 < s < ty. Now we consider the functions

Y(t,w) = =Xrt) (1) P (£, 0)2(w)

and

v(w) = Dy (t,0)z(w) /too Xrto](8) ds,

for ¢ > 0 and w € €. One can easily verify that v = (v)i>0 € Yz, y € W and
Hv = y. Therefore, using (25) we obtain

[0llce = 1GYlloe < 1G] - lylloc <L||G||/H¢’ (o, 0)2(w)|| dps(w)-
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Hence,

LHGII/II<I> (0, 0)2(w)| dpp(w) = [|v]loo

| \%

o—r/ucb (7, 0)2(w) | dulw)
O—T/ch (t0,0)2(w)|| dpu(w)

| \/

and (24) holds taking N > 2L2||G||.
Now take t > 7 > 0 and write t — 7 = kN +r, with k e Nand 0 <r < N.
By (23) and (24), we obtain

/||<I> £,0)2(w) | dis(w /||¢> (r + EN + 7, 0)2(w)]| du(w)
> of / @0 + 7, 0)2(w)]| duw)
>—/||<1> (7,0)2(w) | ds(w)

for z € Z. Hence,

[ 1902l due) < 226002 [ 0)z(0)] ) (26)

for 0 <t < 7andz € Z. Writing Q(7)z in the form ®,,(7, 0)z, it follows from (15)
and (26) that inequality (22) holds taking D = 2(1 + M)L and A = log2/N. O

It follows readily from Lemmas 4, 6 and 7 that the cocycle ® admits an
exponential dichotomy in average. O

2. Robustness as an application. As a nontrivial application, in this section
we establish the robustness of the notion of an exponential dichotomy in average
using the characterization given in the former section.

Given a cocycle ® over a semiflow ¢ and an essentially bounded strongly
measurable function B: Q@ — L(X), we consider a strongly measurable map
U: R x Q — L(X) satisfying

t
U, (t,s) = Du(t,s) +/ D, (t, 7)B(pr (W) ¥y (T, s)dr (27)
for ¢t,s > 0 and p-almost every w € €2, where

U, (t,s) = U(t,w)¥(s,w) t.
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We shall always assume that ® is such that equation (27) has a unique solution ¥
for any such B. In particular, if the cocycle ® is continuous in ¢, then W is unique
and is also a cocycle over ¢ (see for example [1]). This provides a large class of
examples.

Ezxample 4. 1t turns out that there are many examples even under much
more restrictive assumptions, although natural in the context of the theory of
differential equations. Namely, assume in addition that:

(1) the map t — ®(¢,w)x is of class C! for each w and z;
(2) the map t — B(¢;(w))z is continuous for each w and .

Using also Example 1, one can then easily verify that the unique solution of the
problem

o' = [A(pe(w)) + Blpi(w))]z,  x(0) =0
is given by z(t) = ¥, (¢, 0)xo, with ¥, (¢, s) specified (uniquely) by (27).

Now we establish the robustness of the notion of an exponential dichotomy
in average. In comparison to proofs of the robustness for other notions in the
literature, the present proof must be considered simple. This is made possible
precisely by the characterization of the notion of an exponential dichotomy in
average in terms of an admissibility property.

Theorem 4. Assume that the cocycle ® admits an exponential dichotomy
in average. If

¢ := esssup||B(w)]| (28)
weN

is sufficiently small, then the cocycle ¥ defined by (27) also admits an exponential
dichotomy in average.

ProOF. We first show that there exist K’,a’ > 0 such that
[ rz@)ldnte) < K171 [ )] dute) (29)
for z € F and t,7 > 0. By (2), we have

/Q 19t 7)2() | ()

),

t
< Ke® | 2||y + Ke / ) / 10 (5, 7)2(w) | dps(w) ds
Q

T

@w(t,r)z(u})—&—/ D, (t,8)B(ps(w))¥,(s,7)z(w) ds

T

dp(w)

t
SKe“(tf'r)HzHl +CK/ e“(tfs)/H\I/w(t,T)z(w)Hdu(w) ds
T Q
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for z € ¥ and t > 7. Hence, the function

)= [ It due)
satisfies .
U(t) < Ko(r) + ek / U(s)ds
and it follows from Gronwall’s lemma that ’

W(t) < Kup(r)e )
for ¢t > 7. This establishes property (29) for ¢ > 7. A similar argument can be
used for ¢ < 7 and so property (2) holds for the cocycle W.

Since the cocycle ® admits an exponential dichotomy in average, by Theo-
rem 2 there exists a closed subspace Z C JF such that for each y € W there exists
a unique x € Yz such that (6) holds. Let L be the linear operator associated to
the cocycle ¥, defined by Lx = y on the domain D(L) formed by all x € Y for

which there exists y € W such that
t

xp(w) = Uy (t, 7z, (w) +/ U, (t, 8)ys(w)ds

-
for t > 7 > 0 and p-almost every w € ). Proceeding in a similar manner to
that in the proof of Lemma 1, one can show that L is well defined. For each
z = (z¢)i>0 € Yz and y € W such that Lz = y, we have

t

xt(w) =", (t,’l‘)fET(w) +/ \Ilw(tv S)ys(w) ds

T

=®,(t, 1)z, (W) +/ D, (L, 8)B(ps(w)) Uy, (s, 7)) (w) ds
+/ @w(t,s)ys(w)ds+/ / D, (t, ) B(pp(w)) W, (1, s)ys(w) dr ds
= B (7)) + [ Bt Bl ) Wolr T () dr

T / Dot 8)ya(w) ds + / / 0 () W (1, 5)y () s dir

— B (17 () + / B, (¢, 5)ys (w) ds

+/Tt <I>w(t,r)B(sorT(W))<\Ifw(r,T)a:T(w)+/TT U, (r, 8)ys(w) ds) dr

t

= @t m)or ) + [ Bl (0r() + Bl () (w) dr

T
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that is,

t

xt(w)=¢’w(t,7)w7(w)+/ O (t,7) (yr (W) + Blor(W))zr (W) dr - (30)

T

for t > 7. Now we introduce a linear operator R: Y; — W by
(Rz)(t,w) = Blpy(w))zi(w).

It follows from (28) that

/IIB(%(M))xt(w)II dp(w) < C/ (W)l dp(w) < efjz]lo (31)
Q Q

for t > 0 and so the operator R is well defined and bounded. Moreover, it follows
from (30) that D(H) = D(L) and H = L+ R. For x € D(H) we consider the
graph norm

Izl = llzllos + [1H 2| oo-

Clearly, the operator
H: (D(H),|IlI) = (¥, [l]o)

is bounded and for simplicity we denote it simply by H. Since H is closed,
(D(H),|I"ll%) is a Banach space. By (31) we have

I(H = L)allo = Rzl < cllzlloe < cllzllS (32)

for x € D(H). On the other hand, by Theorem 2, the operator H is invertible and
hence, it follows from (32) that if ¢ is sufficiently small, then L is also invertible.
Applying Theorem 3 yields that the cocycle ¥ admits an exponential dichotomy
in average. (I

4. Admissibility in R

4.1. Preliminaries. Again let (2, ) be a probability space. A measurable map
p: R x Q — Qis said to be a flow on € if:

(1) ¢(0,w) =w for w € £
(2) ot +s,w) = @(t,p(s,w)) for t,s € R and w € Q.

Now let X be a Banach space. A strongly measurable map ®: R x Q — L(X) is
said to be a cocycle over ¢ if:
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(1) ®(0,w) =1d for w €
(2) ®(t+ s,w) =D(t, ps(w))P(s,w) for t,s € R and w € .
We shall always assume that there exist K,a > 0 such that (2) holds for z € F

and t,7 € R. A cocycle ® is said to admit an exponential dichotomy in average
if there exist projections P;: F — F for 7 € R such that:

(1) for each t,7 € R and 2,z € F such that Z(w) = (¢, 7)z(w) for p-almost
every w € Q, property (3) holds;

(2) there exist constants D, A > 0 such that for every z € F properties (4) and
(5) hold, respectively, for ¢t > s and ¢t < s.

4.2. Characterization of exponential dichotomies. Let Y = (Y, ]|'||«) be
the set of all functions z: R — J such that

[2]loc = supllz(t)][1 < +o0
teR

and W = (W, ||||o) the set of all Bochner measurable functions y: R x @ — X
such that

MMZ%WW/M@MWW@<%
teR Q

identified if they are equal (Lebesguexp)-almost everywhere. One can easily
verify that both Y and W are Banach spaces.

We first show that the existence of an exponential dichotomy in average yields
an admissibility property.

Theorem 5. Let ® be a cocycle over a flow. If & admits an exponential
dichotomy in average, then for each y € W there exists a unique x € Y such
that (6) holds for t > 7 and p-almost every w € €Q.

PRrROOF. We proceed in a similar manner to that in the proof of Theorem 2.
Take y € W. For t € R and w € 2, we define

nw = [ %@ﬂwwmwmzm%wﬂ@wmmm.

— 00

As in the proof of Theorem 2, one can show that x = (z;):cr € Y satisfies (6) for
t > 7 and p-almost every w € €.

In order to establish the uniqueness of z, take = (z)tcr such that z;(w) =
D, (t, 7)xr(w) for t > 7 and p-almost every w € Q. It follows from (3) and (4)
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that

[Pz |1 :/QH%(M)(Ptzt)(W)IIdu(W)

< De A0 / izt (@) | ()
Q
< DNz e

for t < 7. Letting t — —oo yields that Pra, = 0. Similarly, Q,z, = 0 and hence
x, = 0. Since 7 € R is arbitrary, we conclude that = = 0. (|

Now we establish the converse of Theorem 5.

Theorem 6. For a cocycle ® over a flow, if for each y € W there exists a
unique x € Y satisfying (6), then ® admits an exponential dichotomy in average.

PROOF. Let H be the linear operator defined by Hz = y on the domain D(H)
formed by all z € Y for which there exists y € W satisfying (6). Proceeding as in
the proofs of Lemmas 1 and 2, one can show that H is a well defined closed linear
operator. Hence, by the closed graph theorem, the operator H has a bounded
inverse G: W — Y.

For each 7 € R, let

5= {z e 7 sw [ o, n)s@)l du(e) < +oo)

t>T1
and
Fi= {z S Sup/ |®., (¢, T)2(w)] du(w) < +oo}.
t<t JQ

Clearly, 37 and J are subspaces of F.
Lemma 8. For 7 € R, we have J = J7 @ .

PROOF OF THE LEMMA. Take z € F and 7 € R. We define y: R x Q@ — X
by (11). Proceeding as in the proof of Lemma 3, one can show that y € W.
Hence, there exists € Y such that Hz = y and proceeding as in (14) yields that
z e F3+ T8

Now take z € F2 N F¥. We define = (24)1er by 2t(w) = @y, (¢, 7)2(w). One
can easily verify that x € Y and Hz = 0. Since H is invertible, we have z = 0
and thus z = 0. (]

Let P.: § — 32 and Q,: F — J* be the projections associated to the
decomposition F = F2 @ F¥. Again property (3) holds and proceeding as in the
proof of Lemma 5 we find that there exists M > 0 such that (15) holds for z € F
and 7 € R. It remains to establish the exponential bounds.



22 Luis Barreira, Davor Dragicevi¢ and Claudia Valls

Lemma 9. There exist constants D, \ > 0 such that (16) holds for z € F
andt > 7.

ProOOF OF THE LEMMA. Take z € 7 and define a function ¢: R — R by

0, t<m,
pt)=Rt—7, T<t<T+1,
1, T+1< ¢

Moreover, let © = (24)tcr and y: R x Q@ — Y be as in (17). One can verify that
z €Y, ye W and Hxr = y. Proceeding as in the proof of Lemma 6 yields that
(18) holds, where C' = Ke® max{1, |G||}.

Now we show that there exists an integer N € N such that property (19)
holds for each 7 € R and z € F7. We define

y(tv w) = X[r,to] (t)(I)w (tv T)Z(w)

and
t

ve(w) = @w(t,T)z(w)/ X[r.to] (8) ds.

— 00
One can verify that v = (v)ier € Y, y € W and Hv = y. Proceeding as in the
proof of Lemma 6 yields that

1
G [ ) du@) = 550 =) [ ()] dufw),
Q 2C Q
which implies that property (19) holds taking N > 2C?||G||. Proceeding as in (21)
yields inequality (16) taking D = 2CM and A = log2/K. O

Lemma 10. There exist constants D, A > 0 such that (22) holds for z € F
andt < 7.

PrOOF OF THE LEMMA. Take z € ¥ and define a function ¢: R — R by

1, t<71-—-1,
pt)y=¢7—-t, 7T—-1<t<T,
0, T <t.

Moreover, we define © = (x4)icr and y: R x Q@ — Y by

21 (w) = p(O)@u(t, 7)z(w)  and  y(t,w) = =X[r—1,7(8)Pu(t, 7)2(w).
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One can easily verify that x € Y, y € W and Hx = y. Hence,

sup{ [ (671200 dute) st € (00,7~ 1}
—Sup{/llw e du) : t € (=007 -1}
- sup{/gnxt(w)ndu(w) te(-oor -1}

< lzlloe = [1Gylloe < NG llylloo
= ||G|SHP{/Q||%(taT)Z(W)|du(w) telr- LT]}
< KIGle* [ ()] due).
using (2) in the last inequality. Therefore, using again (2), we obtain
JI@attnz@ldute) < € [ o)l du) or <

where C' = Ke® max{1, |G||}.

23

(33)

Now we show that there exists an integer N € N such that for each 7 € R

and z € J¥, we have

/H@w(t,T) )| dp(w /||z )| dp(w) for ¢ <7 —N.
Q

Take tg < 7 such that

/Qucbw(tom) ) dp(eo / ()] dps(e

Tt follows from (33) that

) <
56 | Iz@l ) < [ 1967 duw) < € [ ()] dute

for tg < s < 7. Now we consider the functions

y(tv w) = Xlto,7] (t)q)w (tv T)Z(w)

and

vi(w) = =Py (t,7)2(w) /too Xlto,r](8) ds.

(34)

(35)
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One can verify that v = (v¢)ier €Y, y € W and Hv = y. Therefore,

GIISHP{/QII%(M)Z(OJ)IIdu(w) te [to,T]} > 1G] - lylloo = [[v]]oo-

Hence, it follows from (35) that

cla| / ()| dp(ew / vt (@) | dp()

(r — to) /ﬂ\\%(to,ﬂmn dpu(w)

> 56— t0) [ =) du(e)

and property (34) holds taking N > 2C?||G]|.
Now take t < 7 and write 7 —t = kN 4+ r, with Kk € Nand 0 < r < N.
By (15), (33) and (35), we obtain

v

/||<1>w<m><c27 ) (@) | ds(e /||<1> (r — kN = 1,7)(Qr2) ()] dia(w)
Q

@r2) ()] dia(w)
<< / 1(Qr2) ()] da(e)

INA
Q g~
\

s

<201+ M) [ () dp),
for v € X. Taking D =2C(1+ M) and X =log2/K yields (22). O
This completes the proof of the theorem. ([

Let ® be a cocycle over a flow ¢ and let B: @ — L(X) be an essentially
bounded strongly measurable function. We consider the cocycle ¥ satisfying (27)

for t,s € R and p-almost every w €  (again we assume that it is uniquely
defined).

Theorem 7. Assume that the cocycle ® admits an exponential dichotomy
in average. If the constant c in (28) is sufficiently small, then the cocycle ¥ also
admits an exponential dichotomy in average.

The proof is analogous to the proof of Theorem 4 (using Theorems 5 and 6
instead of Theorems 2 and 3) and so it is omitted.
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