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We establish a Perron-type result for the perturbations of a linear cocycle in the context
of ergodic theory. More precisely, we show that the Lyapunov exponents of a linear cocy-
cle are preserved under sufficiently small nonautonomous perturbations. Our approach
is based on the Lyapunov theory of regularity.
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1. Introduction

Our main aim is to establish a Perron-type result for the perturbations of a linear
cocycle. This means showing that the Lyapunov exponents of the cocycle are pre-
served under sufficiently small nonautonomous perturbations. For example, for a
linear cocycle over a measure-preserving transformation satisfying a natural inte-
grability assumption, it follows from the Multiplicative Ergodic Theorem that the
dynamics admits what is sometimes called a tempered exponential dichotomy if
and only if all Lyapunov exponents are nonzero almost everywhere. In this par-
ticular case, our Perron-type result implies that all Lyapunov exponents are also
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nonzero under sufficiently small nonautonomous perturbations. We refer to [1] for
a detailed exposition of the smooth ergodic theory, which goes back to Oseledets [9]
and particularly Pesin [11]. More recently, Lian and Lu [7] considered cocycles with
values on the set of bounded linear operators acting on a separable Banach space.

In order to simplify the exposition, in the introduction we mention only the case
of ordinary differential equations. Consider the linear equation

¥ = At) (1.1)
and its perturbations
¥ = A(t)x + f(t, z). (1.2)
It is shown in [2] that if the perturbation is so small that
RPN 4 ) [
t=too pzo |2

for some § > 0 and all the Lyapunov exponents of the linear equation in (1.1)
are limits, then for any solution z(¢) of the nonlinear equation in (1.2) that is not
eventually zero, the limit

. 1
A= lim —logllz(t)]
exists and coincides with a Lyapunov exponent of Eq. (1.1). In the particular case
of perturbations of a differential equation ' = Ax with constant coefficients, the
corresponding result can be found in Coppel’s book [4]. Earlier work is due to
Perron [10], Lettenmeyer [6] and Hartman and Wintner [5]. Corresponding results
for perturbations of autonomous delay equations were obtained by Pituk [12, 13]
(for values in C™ and finite delay) and Matsui, Matsunaga and Murakami [8] (for
values in a Banach space and infinite delay). Related results for perturbations of
autonomous difference equations were first obtained by Coffman [3].

Our approach is based on the Lyapunov theory of regularity (see [1]), which
allows one to obtain exponential bounds for an evolution operator in terms of the
Lyapunov exponents and of the Lyapunov regularity coefficient. The remaining part
of the argument is inspired in work of Pituk [12] where he established a correspond-
ing result for perturbations of linear delay equations.

2. Basic Notions

We first introduce some basic notions. Let 6 : 2 —  be a measurable map with
measurable inverse preserving a probability measure p on . Then pu(0(A)) = p(A)
for any measurable set A C €. Moreover, let GL,4 be the set of all invertible d x d
matrices. A measurable map ® : Z x Q — GLg is called a cocycle over 6 or simply
a cocycle if:

(1) ®(0,w) = 1Id for w € Q;
(2) ®(n+m,w) = P(n,0™(w))P(m,w) for m,n € Z and w € Q.
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The measurable map A : Q — GL4 defined by A(w) = ®(1,w) is called the generator
of ®. On the other hand, given a measurable map A : Q@ — GLg, we obtain a cocycle
by letting
A0 H(w)) - A(w), n >0,
O(n,w) =< 1d, n =0,
AWM (w)L A0 N w)TY, n<O
forn € Z and w € Z.
We say that a cocycle ® admits a tempered exponential dichotomy if there

exist projections P(w) for w € € and measurable functions a : @ — (0,400)
and K :  — [1,+00) such that for y-almost every w € €

(1) a(f(w)) = a(w) and

lim sup L log K (6" (w)) = 0; (2.1)
n—oo [N
(2)
P(0"(w))®(n,w) = ®(n,w)P(w) forn € Z; (2.2)
(3)
1®(n, w)P(w)|| < K(w)e *@" forn >0
and

[®(n,w)(Id — P(w))| < K(w)e*“™  for n < 0.

We note that the notion of a tempered exponential dichotomy occurs naturally
in the context of ergodic theory. Namely, assume that the generator A of a cocycle
® satisfies the integrability condition

log | A}, log™[|AT"| € L'(Q, p), (2.3)

where log™ = max{logz,0} and L'(Q, x) is the set of all y-integrable functions
on 2. Then the Multiplicative Ergodic Theorem (see, for example, [1]) tells us that
p-almost every point is Lyapunov regular. This means that for g-almost every w € 2
there exist numbers A\; (w) < A2(w) < -+ < Ay (w), for some integer s(w) € [1,d],
and a decomposition

R = E(w) ® Ea(w) ® -+ @ By (w)
such that

% log]|®(n, w)v]| = As(w) (2.4)

lim
n—=+o0o | |
for v € Fj(w)\{0} and i =1,..., s(w), and
1 s(w)
11111 — log|det ®(n,w)| = Z Ai(w) (2.5)

n— oo |’n,| im1
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(that is, the limits in (2.4) and (2.5) exist and are given by the respective right-
hand sides). The numbers Ay (w), ..., Ayw)(w) are called the Lyapunov exponents.
We notice that

s(0(w)) = s(w) and N (O(w)) = N\ (w)

fori=1,...,s(w) and for w in a set of full y-measure (that can be assumed to be
f-invariant). The following well-known result shows that the notion of a tempered
exponential dichotomy occurs naturally (see, for example, [1]).

Proposition 2.1. Let ® be a cocycle whose generator satisfies condition (2.3).
If for p-almost every w € Q the Lyapunov exponents are monzero, that is, if
Ai(w) #0 for i = 1,...,s(w), then the cocycle ® admits a tempered exponen-
tial dichotomy with the projections P(w) obtained from the decomposition R =
Ef(w) ® E*(w), where

Ew)= P Eiw) and E"(w)= P Eiw).

)\1(‘*})<0 Ai(o.))>0
3. The Case of Discrete Time

3.1. Mawn result

This section contains our main result showing that under certain mild additional

assumptions the exponential growth rate of any solution of a nonlinear perturbation

of a cocycle @ is a limit whose value is in fact a Lyapunov exponent of the cocycle. In

other words, the only possible exponential growth rates for a nonlinear perturbation

of a cocycle are those of the original linear dynamics determined by the cocycle.
More precisely, for each w € Q, we consider the dynamics

Tnt1 = A0 (w))zy, + fr(w, ), n€Z, (3.1)
for some continuous maps f,(w,-) : R — R, The following is our main result.

Theorem 3.1. Let ® be a cocycle whose generator satisfies condition (2.3) and let
Jn(w, ) be continuous functions such that

1 n(W,
lim sup — log sup 7”f , 2)]

<0 3.2

for p-almost every w € Q. Then, for p-almost every w € Q, each solution (x,)nez
of (3.1) satisfies one of the following alternatives:

(1) z, =0 for any sufficiently large n;
(2) there exists i € {1,...,s(w)} such that

1
li —1 nll = \i(w). .
Jm = loglza|l = Ai(w) (3.3)
The proof of Theorem 3.1 is given in Sec. 5.
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3.2. Further results

In this section we obtain further results related to Theorem 3.1. We start by showing
that not only the Lyapunov exponents of a nonlinear perturbation are Lyapunov
exponents of the linear system, but also the components along the directions other
than the one selected by the perturbation are asymptotically smaller, in some pre-
cise sense. Namely, assume that (3.3) holds and consider the projections P(w), Q(w)
and R(w) associated to the decomposition

RY = F(w) ® G(w) ® Ei(w),
where

Fw)= P Ejw) and Gw)= P Ejw).

Aj<Ai Aj> A
For each n € N, we write x,, = y,, + 2z, + Wy, where
yn = P(0" (w))xn, zn=Q0O"(w))x, and w, = R(O"(w))x,.
Theorem 3.2. Under the assumptions of Theorem 3.1, for p-almost every w € €Q,
each solution (Tm)mez of (3.1) satisfying (3.3) also satisfies
lyallon o)

lim (3.4)
n—+0oo ||wﬂ||9"(w)
and
lim znllonw) _ (3.5)

n=+eo [|wn flon(w)

The proof of Theorem 3.2 is given in Sec. 6.
By reversing the time direction we obtain similar results to those in Theorems 3.1
and 3.2 when the time goes backwards.

Theorem 3.3. Let ® be a cocycle whose generator satisfies condition (2.3) and let
fnlw, ) be continuous functions such that

1 n(w,
lim sup — log sup M <0

for p-almost every w € Q. Then, for p-almost every w € Q, each solution (xy)nez
of (3.1) satisfies one of the following alternatives:

(1) @, =0 for any sufficiently small n;
(2) there exists i € {1,...,s(w)} such that

. 1
lim —
n=oe ]

log[|zn[| = Ai(w).

Moreover, if the second alternative holds, then

”ZﬂHO"(w) o

lim ||yn||9"(w) =0 and lim =0.

n——00 |lwy, | gn () n——=00 |lwy, | gn ()
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Now we describe a consequence of Theorem 3.1 for linear perturbations. One
could also obtain a corresponding result for negative time. For each w € €2, consider
the dynamics

Tp+1 = [A(0"w) + B(6"w)|xy, (3.6)
for some measurable map B : 2 — My, where My is the set of all d x d matrices.

This induces a cocycle ¥ whose generator is A + B.

Theorem 3.4. Let ® be a cocycle whose generator satisfies condition (2.3) and let
B be a measurable map such that

1
lim sup — log||B(6™(w))|| < 0

n—+oco N

for p-almost every w € Q. Then, for p-almost every w € Q) the Lyapunov exponents
of the cocycles ® and ¥V are the same.

Proof. The statement follows from the fact that the dynamics x,41 = A(0"w)z,
can also be seen as a perturbation of (3.6), satisfying the same hypotheses. O

In particular, if the dynamics defined by ® admits a tempered exponential
dichotomy, then it follows from Theorem 3.4 that the same happens to the dynamics
defined by W.

4. The Case of Continuous Time

In this section we describe how one can obtain corresponding results to those in
the former sections for a dynamics with continuous time.
A measurable map ¢ : R x Q — Q is said to be a flow on € if:

(1) ¢(0,w) =w for w € Q;
(2) p(t+s,w) =p(t, ¢(s,w)) for t,s € R and w € Q.

We also consider the maps p; = ¢(t,). A measurable map ® : R x Q — GL, is
said to be a cocycle over ¢ or simply a cocycle if:

(1) ®(0,w) = 1d for w € Q;
(2) ®(t+ s,w) = D(t, ps(w))P(s,w) for t,s € R and w € 2.

One can easily verify that ® is a cocycle over ¢ if and only if the map
(t, W, CE) = (th (x), (I)(t7 w)‘r)

is a flow on 2 x X.
We say that a cocycle ® admits a tempered exponential dichotomy if there
exist projections P(w) for w € Q and measurable functions « : Q — (0, +00) and

1550058-6



Commun. Contemp. Math. Downloaded from www.worldscientific.com
by THE UNIVERSITY OF NEW SOUTH WALES on 05/05/16. For personal use only.

Tempered exponential dichotomies and Lyapunov exponents for perturbations

K : Q — [1,4+00) such that for p-almost every w € Q:
(1) a(f(w)) = a(w) and

lim sup 1 log K (¢¢(w)) = 0;
t—too [t]
(2)
P(or(w))®@(t,w) = ®(t,w)P(w) for t € R;
(3)
[®(t,w)P(w)| < K(w)e™ @t for t >0
and

|®(t, w)(Id — P(w))|| < K (w)e®“)™  for ¢ < 0.
By the Multiplicative Ergodic Theorem for flows (see, for example, [1]), if

log™ sup [|®(,-)] € L'(2, ), (4.1)
—1<t<1
then for p-almost every w € §2 there exist numbers A\ (w) < Ag(w) < -+ < Ay (W),
for some integer s(w) € [1,d], and a decomposition

R = E1(w) @ Bz (w) @ -+ - & By (w)

such that
1
lim — log||®(t, w)v|| = X\ (w) (4.2)

t—too |t|
for v e Ej(w)\{0} and i = 1,..., s(w), and

s(w)
log|det ®(t,w)| = Y Ai(w). (4.3)
i=1
Again we notice that s(f(w)) = s(w) and \;(#(w)) = A\;(w) for i = 1,...,s(w) and
for w in a set of full y-measure (that can be assumed to be -invariant).

Using the information given by (4.2) and (4.3) we can obtain a version of The-
orem 3.1 for flows. Namely, for each w € €, given a cocycle ® over a flow ¢ and a
function f: R x Q x R? — R?, with (t,2) — f(t,w,z) continuous for each w € €,
consider the unique map ¥ : R x Q — R? such that

. 1
lim —
t—+oo |t|

t
W (t,5) = ultis) + [ Bu(t ) (e, Bl s)dr
for w € Q and t, s € R, where
B, (t,s) = O(t,w)P(s,w)™! and U, (t,s) = VU(t,w)V(s,w)" .

The following result is a continuous time version of Theorem 3.1. The proof
follows along the same lines and thus it is omitted.

1550058-7
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Theorem 4.1. Let ® be a cocycle over a flow satisfying condition (4.1) and let f
be a function such that

1 t
lim = logsup RG] |

<0
totoo b Cozo ]

for p-almost every w € Q. Then, for u almost every w € Q, the function z(t) =
U, (t,0)x satisfies one of the following alternatives:

(1) z(t) =0 for any sufficiently large t;

(2) there exists i € {1,...,s(w)} such that

1
lim i log||z(t)]] = Ai(w).

t——+o0

5. Proof of Theorem 3.1

We define
n(w,x
) = sup L)
a#0 ||
Then
I fr(w, 2)|| <n(w)|z|| forn e€Z and z € X. (5.1)

Moreover, it follows from (3.2) that for p-almost every w € € there exists §(w) > 0
such that

lim @)y, (w) = 0. (5.2)

n—-+o0o

We denote by Q C € the set of full pu-measure formed by all points w € Q for which
properties (2.4), (2.5) and (5.2) hold. For simplicity of the notation, from now on we
shall always write s(w) = s, \i(w) = i, T = Yn(w), 0 = §(w) and K,, = K(6™(w)).

Lemma 5.1. For each w € Q, we have

1
lim sup P log[|zxll < As.

k— o0

Proof. Take d > A,. Then there exists a measurable function K : Q@ — [1,+00)
satisfying (2.1) such that

[®(n, 0™ (w))| < K(0™(w))e™ forn >0 and m € Z. (5.3)
It follows from (3.1) that

m—1
Ty = ®(m —n, 0™ (W) 2y + Z d(m —k — 1,0 (W) fr(w, zx)
k=n
for m > n. By (5.1) and (5.3), we obtain
m—1
| < K™ 2| + Y Kppr e Dyl (5-4)
k=n

1550058-8
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for m > n. On the other hand, by (2.1), given ¢ < J, there exists a constant
D = D(w) > 0 such that
K, =K(0"(w)) < De*™  for n > 0. (5.5)
It follows from (5.1), (5.4) and (5.5) that
m—1
o | < D=t Mgy || 4Dy 7 eI Dy |
k=n

m—1
= Deldtm=mFen|jg, || 4. Dletm=n) H 7 emdlkmm ek g, |

k=n
and so,
m—1
e | < D | + D3 e |
k=n
for m > n, where D' = De~%. One can now use induction to show that
m—1 D/esk

| < DetmmmHem |, [l 2imn P (5.6)

for m > n. By (5.2), given n > 0, there exists n € N such that D’e*~, < n for
k > n. Hence,

lml| < Deltrmim=rten g, |

for m > n and so,
1
limsup — log||zp, || < d+ 1.
m—4oo TN

Letting n — 0 and d \, \s, we obtain the desired result. O

Lemma 5.2. For each w € Q and any solution (&, )nez of (3.1) not satisfying the
first alternative in the theorem, we have

1
N -\
lim inf = log|ll = As
Proof. We first note that x1 # 0, since otherwise it would follow from (5.6) that

r, = 0 for all n € N. Take d < A{. Then there exists a measurable function
K : Q — [1,400) satisfying (2.1) such that

[®(n, 0™ (w))| < K(0™(w))e™ for n<0 and m € Z.
Proceeding in a similar manner to that in the proof of Lemma 5.1, we find that

l|zm || < D||xn||e_d(”—m)+snezg;ln D' ety

for m < n, where D' = D'(w) > 0 is a constant. Given n > 0, there exists m € N
such that D'e‘skwC < n for kK > m. Hence,

1
lim inf = log|lay|| = d —e —1.
Letting n,e — 0 and d /" A1, we obtain the desired result. O
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Now take ¢ = ¢(w) # \i(w) for i € {1,...,s} and w € Q. It follows from Propo-
sition 2.1 that the cocycle ¥(n,w) = e~ ¢“)"®(n,w) admits a tempered exponential
dichotomy with projections

Pw):R* - @ Ei(w) and Q(w):R*— P Ei(w)

Ai<c Ai>c

satisfying P(w) + Q(w) = Id. Hence, there exist @ = a(w) > 0 and a measurable
function K : Q — [1,4+00) satisfying (2.1) such that

[®(n,w)P(w)]| < K(w)e“™™"  n >0, (5.7)
and
12(n,0)Q)] < K(w)er", n <o, (5.8)
for w € Q. For each w € Q, we consider the norm |-, on R? defined by
]l = ililg(ll@(mW)P(W)lle_(c_a)") +sup([[@(n, W)QW)[Ne~Fm) - (5.9)
(writing ¢ = ¢(w) and a = a(w) for simplicity of the notation).
It follows from (5.7) and (5.8) that
lz]| < ||z|lo < 2K (w)||z|| for w e Q and x e RY (5.10)
Lemma 5.3. For each w € Q and x € R, we have
@ (n, w)P(w)z|[onw) < e(cfo‘)”||:c||w forn>0 (5.11)
and

1@(n,0)Q()xlgn () < eF |zl for n <O. (5.12)

Proof. We have
[®(m, w)P(w)z|gm(w) = i‘i{’,(”@(”’ 0™ ()P (0™ (w))®(m, w) P(w)z]| e~ (=™

= e sup([B(n -+ m, )P

< elem™ |z,

for x € R% and so (5.11) holds. One can establish (5.12) in a similar manner. O

Now let
yr = P(0"(w))zx  and 2z, = Q0" (w))an
for k € Z. It follows from (2.2) and (3.1) that
ki1 = A0 (W)yk + P0"F (w)) fi(w, )
and

2ra1 = A0 (W))z + QO™ (W) fu(w, )

1550058-10
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for k € Z and w € Q. Hence, by (5.1), (5.7), (5.10) and (5.11), we obtain
Ikt llorrw) < € “lyrllorwy + PO (W) fr(w, zk)lor+1(w)
e Nlykllor w) + 2K g1 [ POFT (@) fr(w, z1) |

e Nywllor(wy + 2K 7 41 | fr(w, zx) |

INIA

IN

e Nyllor(wy + 2K 117k |k

IN

e yelloriey + 2K (ellor ) + 12ellor)  (5.13)
for k € Z and w € Q. Similarly, it follows from (5.1), (5.8), (5.10) and (5.12) that
lzs1llonsr(wy > €T Nzullonw) — 2EK5 1m (lyrllorw) + l2nllorwy)  (5.14)
for k € Z and w € Q.
Lemma 5.4. For each w € §~27 we have either
12k llor(w) < llyrllorw) for all sufficiently large k (5.15)
or

lykllorwy < lI2kllorw) for all sufficiently large k. (5.16)

Proof. It follows from (5.13) and (5.14) that

lyksilloerrwy < (€7 4+ 2K7 1 ve) lykllor ) + 2K7 vkl zellory  (5.17)

and
l2rgllorr(wy = (€ = 2K7 )2k llor ) — 2Kk lwkllory-  (5.18)
Now we assume that (5.15) does not hold. Take kg € N arbitrarily large such that
1Yo loko () < N2k lgo () -

We prove by induction on k that if ko is sufficiently large, then [y [|gx () < [I25[lo% ()
for k > ko. So, let us assume that ||y |lgx () < ||2kllgr (0 for some k > ko. It follows
from (5.17) and (5.18) that

lyksilloerrwy < (€7 + 4KE 1 7k) |2kl ok ()
and

2kt llorsr(wy = (€™ — AKE )l 2k llon () -
Combining these inequalities, we obtain

eC—o 4K,%+1’}/k

m [2k+1llgr+1(0)-

lYk+1llort1(wy <

1550058-11
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It follows from (2.1) and (5.2) that 4K7, 7, — 0 when k — oo and thus,

ec—a 4 4K}%+17k e

— < 1.
ecta — 4K,%+1’yk ecta

Hence, if kg is sufficiently large, then
lykt1llor+1w) < lzrt1llor+1(0)-

This completes the proof of the lemma. |

Lemma 5.5. Assume that the first alternative in the theorem does not hold. Then
one of the following alternatives holds:

(1)
. 1
lim sup — log||xk|| < ¢ (5.19)
k—+o00 k
and
im 7”Zk||9k(w) =0; (5.20)
k—-+oo [[yklor (@)
(2)
lim inf E log||zk| > ¢ (5.21)
k—+4o00 k 8llTk '
and
im WElere) _ g (5.22)
k—~+o00 || 2kl gr ()
Proof. Assume first that (5.15) holds and let
2k llo% ()

S = limsup .
k— o0 ||yk||9k(o.))

It follows from (5.15) that 0 < S < 1. On the other hand, by (5.13) and (5.15), we
have
[yt llorsr(wy < (€57 + 4KE 1) lynllok ) (5.23)
for all sufficiently large k € N. It follows from (5.14) that
lzesallostiwy _ e 2K v lzkllorw) 2K ame
lrrillonsiwy — e @ +4K0 e Nukllorwy e +4K7
for all sufficiently large k € N. On the other hand, by (2.1) and (5.2) we have

ecta o2 cta 2K2
- ETk €0 o1 and — bt TR
ec—a +4Kk+17k ec™ ec™ +4Kk+177€
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when k — oo and so, S = 0. This establishes (5.20). In order to prove (5.19), take
ko such that (5.23) holds for all k > ko. By (5.23), we obtain

k
lyllonw) < Iymolloro )R TT (1 +4K3, 1 75e77)
J=ko

for k > ko. It follows from (2.1) and (5.2) that

k k
1 1
% E log(1 + 4K]2+17jeo‘ E E +1% — 0
j=ko j=ko

when k — oo and so,

1
lim sup % log|lykllor () S c—a <e.

— 400

Finally, by (5.10) and (5.15), we obtain

lim sup — v log||a:k|| < hmbup v log(2||yk||9;c ) = limsup — log||yk||9;c

k—+4o00 —+00 k——+4o00

and so inequality (5.19) holds.
Now assume that (5.16) holds. Let

S — limsu ||yk||9k(w)
k—too l|2kllor(w)

y (5.16), we have 0 < S < 1. It follows from (5.14) and (5.16) that
leteallonss) 2 (€4 — 4KZ, 1) llov o) (5.24)
for all sufficiently large k¥ € N. By (5.13) and (5.24), we have

lynillorriw) _ e + 2K 07 yellore) 2K 1 vk
lzrgillorsrwy — et —4KZ m llzllor) et —4KZ

for all sufficiently large k € N. It follows from (2.1) and (5.2) that

_ 2 — 2
e + 2Kk _ et 2K 1k
ecta — 4K,§+1’yk ecta ecta — 4K,%+1’yk

when k£ — oo and so, S = 0. This establishes (5.22). Now take ko such that (5.24)
holds for all k& > ko. Iterating (5.24), we conclude that

— 0,

k
lz&llo () = ||Zko||9ko(w)€(c+a)(k_k°) H (1-4K7 1vie )
j=ko

for k > ko. It follows from (2.1) and (5.2) that

1 +1'7J
log c—a — c—a 0
]Zko 1 —4KZ, vje” kakol—élKH%e

1550058-13
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when k — oo and so,

|

lklg-il-rg E lOgHZk”gk(w) >c+a>c.
Finally, by (2.1) and (5.10), we obtain

1 1 1
lklglilgof T log||zk|| = lklglf;f T log (2—&”%”9"‘(«‘:)) = c

and so inequality (5.21) holds. |
In order to complete the proof of the theorem, assume that the first alternative
does not hold. Take
co <A < << < A < cs.
It follows from Lemma 5.5 that for each i € {0,..., s}, we have
1
k

Together with Lemmas 5.1 and 5.2, this implies that there exists ¢ € {1,..., s} such
that

1
limsup — log||zk|| < ¢; or liminf = log|lz| > ¢;.
k k—+o0

——+00 k

1 1
1]1623_1;})) z log||lzk| < ¢; and lklglfg z log|| @kl > ¢i—1.
Finally, letting ¢;—1 ' A\; and ¢; \, \;, we conclude that
1
li =1 =\
L m - log|zll

The proof of the theorem is complete.

6. Proof of Theorem 3.2

Take numbers a < ¢ such that [a,¢] C (Ai—1,A;). Then

1 a+c
li —1 mll =\
lim —logllam| =X > —
and it follows from Lemma 5.5 that
loellorr  _ o

k—+4o00 ||Zk + UJk”gk(w) N

with the norms ||-||; defined as in (5.9) but with the numbers ¢ — o and ¢ + «
replaced, respectively, by a and c.
Now take numbers a’ < ¢’ such that [a’, ¢'] C (A, Aix1). Then

1 a +c
lim —1 m| =X < ——
lim — log|zm| <
and it follows from Lemma 5.5 that
25 lpx (o
fle) ), (6.2)

m
e—eo Ty + wellps)

1550058-14
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with the norms [|-||}, defined as in (5.9) but with the numbers c—a and e+« replaced,
respectively, by @’ and ¢’. Given ¢ > 0, take n € (0, 1) such that 4K (w)n/(1—n) < 4.
By (6.2), for all sufficiently large k, we have

Izl ) < nllye + wellge - (6.3)
Similarly, by (6.1), for all sufficiently large & we have
lykllor(wy < nllze + willor w)- (6.4)

On the other hand, by (5.9) (with ¢ — « replaced by a and ¢ + « replaced by c),
since a’ > a we obtain

lyrllorw) = Sg(ll‘l)(n =k, 0" (W) P(0" (@))ar e ")

= S‘ilz@‘(a—a’)<"—k)e—a’<"—k> 1®(n — k, 6% (w))P(6* )k )

> Slig(e_a,(”_k)H‘I)(n =k, 0° (W) PO (@)ar]l) = lyxllpe - (6:5)

Analogously, by (5.9) since ¢’ > ¢ we obtain
Izllon ) = sup((n = k, 0°(w)Q(O* (W) fle™" )

= sup(e~ (=R D o — k() Q(* ()l

< sup(e™ @0 — b, 0 @)QE* (Wael) = iy (66

Using (6.5) and (6.6), we deduce from (6.4) that
19k llr ) < lykllorwy < nllze + willor )
< nllzkllgr ) + nllwelloxw)- (6.7)
Therefore, it follows from (6.3) together with (6.7) that
2k lx () < 772||Zk||/9k-(w) + 0P| w [l gx ) + 1l wil|gr o)
and
zkllpr ) < 1L = 7*) " (llwrllgr ) + [lwrllfe o))-
Hence, using (5.10),
2k llor ) < N2rllgry < 4K O @)n(L +m)(1 =) wrllor(w)
< Olwllorw)-
Since 4 is arbitrary, we obtain

lim ||Zk||0k(w)

p— 0’
k—-o0 ||wk||9k(w)

which establishes identity (3.5). Identity (3.4) can be obtained in a similar manner
interchanging the roles of y, and zj.
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