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LENGTH OF «-NEIGHBORHOODS OF ORBITS OF DULAC
MAPS
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ABsTRACT. By Dulac maps we mean first return maps of hyperbolic polycycles
of analytic planar vector fields. We study the fractal properties of the orbits
of a parabolic Dulac map. To this end, we prove that it admits a Fatou
coordinate with an asympotic expansion in terms of power-iterated logarithm
transseries. This allows to introduce a new notion, the continuous time length
of e-neighborhoods of orbits, and to prove that this function of ¢ admits an
asymptotic expansion in the same scale. We show that, under some hypotheses,
this expansion determines the class of formal conjugacy of the Dulac map.
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1. INTRODUCTION

The present work is a continuation of the study of one-dimensional discrete
dynamical systems, based on the fractal properties of their orbits ([13} [15] 16} 20]).
Recall that the fractal properties of a bounded subset U of R or C reflect the
asymptotic behavior at 0 of the function ¢ — A (U.), for € > 0, where A (U.)
denotes the Lebesgue measure of the e-neighborhood of U. In particular, the box
dimension of U (see [8] for a precise definition) describes the growth of A, (U) when
¢ tends to 0.

Consider a germ f in one variable which admits a fixed point a, and a point zq
close to a. We denote by Ay (zg,e) the Lebesgue mesure of the e-neighborhood
of the orbit of z¢ (or a directed version of it in the complex case, see [15]). It is
proved in [7] that, for a differentiable germ with an attracting fixed point a, the
multiplicity of a is determined by the box dimension of any attracted orbit. This
result has been generalized to a class of non differentiable germs in [I3]|, where the
asymptotic behavior of Ay(xo,e) is given as an explicit function of e.

In the same spirit, it is proved in [I5] that the class of formal conjugacy of a
(real or complex) parabolic analytic germ is determined by an initial part of the
asymptotic expansion of Ay (zg,¢) in power-log monomials. Describing the class
of analytic conjugacy of f would certainly require not only an initial part, but a
full asymptotic expansion of Ay (x¢,€) in power-log monomials. Unfortunately, it
is also proved in [I5] that such a complete expansion does not exist. The reason
is that the computation of Af (x¢,c) needs the determination of an appropriate
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critical iterate f"< of f, where n. is obtained with the help of the integer part
function. One goal of the present paper is to correct this defect by proposing a
convenient modification of the definition of Af (xg,€). That is, to involve, if they
exist, fractional iterates f* of f, for t € R, instead of usual integer iterates of f.
We call this new function the continuous time length of e-neighborhoods of orbits
of f, and denote it by A$(zo,e). For the germs considered, it generalizes the
classical, discrete time length Ay (z9,¢) of the e-neighborhood of the orbits of f
in the following sense: for any orbit, the beginning of its asymptotic expansion
coincides with the beginning of the asymptotic expansion of Ay(xzg,¢).

We intend to work with a class of germs not considered yet in the aforementioned
articles, the germs of Dulac maps (or Dulac germs for short). By Dulac map we
mean the first return map of a hyperbolic polycycle of an analytic vector field of the
real plane. Such a map is analytic on an open interval (0, b), and admits a power-log
asymptotic expansion of Dulac type at the origin, see e.g. [9]. We introduced in
[14] an algebra £ (here denoted by Z, for formal) of formal power-log transseries
which contains the Dulac asymptotic expansions of Dulac maps. We proved that
the elements of £ which are parabolic (that is, tangent to the identity) embed into
flows of formal vector fields, and hence admit fractional iterates. We will restrict
to this parabolic situation: given a parabolic element fe EA, using this embedding,
we can define a formal continuous time length of e-neighborhoods of orbits, denoted

by ch(g).

We work in a class of transseries £ with well-ordered support in power-iterated
logarithm monomials of finite depth in iterated logarithms (see Definition for
details). Our study of parabolic power-log transseries and Dulac germs leads us to
two main results. In Theorem A, we show that, for a parabolic transseries fe E,
the formal continuous time length /Al%(a) is a transseries with a well-ordered support
of monomials of the type:

I 1 2
¢ ( ) ,OtZO,"ﬂ,’YQGR.
—logx log(—log )

On the other hand, we prove that a parabolic Dulac germ f embeds in a flow (f?),
which allows to consider the function € — A$(zo,€). Denote by f the Dulac ex-
pansion of f. In Theorem B, we show that a particular type of a (trans)asymptotic
expansion of A‘;(Io,é‘) in € is unique and equal to the formal length /Ali(a), up

to a term Ce, C € R. It is worth noticing that we use in this construction the
quasianalyticity result of [9], which states that if a parabolic Dulac germ f is not
equal to the identity, then its Dulac asymptotic expansion is different from x. This
non trivial asymptotic expansion is a crucial feature in our proofs. We see that the
situation considered here is very different from the one studied in [18], in which the
author proves the embedding in a flow of a smooth parabolic germ with a flat con-
tact with the identity. The methods used in [I8] would allow to define the function
A (x0,€), but, unlike ours, would not lead to an asymptotic expansion in £ of this
function.

Having ensured the existence of a complete (trans)asymptotic expansion for the
function € — Afc(:vo, g), we plan in the future to obtain sectorially analytic func-
tions in €. Comparing sectorial functions, our goal is to be able to read the analytic
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class of parabolic Dulac germs. See Example [ for the computation of the (formal)
continuous time length of e-neighborhoods of orbits in the case of analytic parabolic
germs on R.

This paper is organized as follows.

In Section 2, we introduce the notion of the continuous time length A$ (zo,¢)
of e-neighborhoods of orbits for a germ, and of its formal analogue for power-
log transseries. We also recall the notion of Fatou coordinate for a germ f, which
essentially conjugates f to the translation by 1. It allows to give an explicit formula
for the A§ (xo,¢) for a germ f which embeds as the time-one map of a flow {f*}.
We also state our two main theorems. R

In Section[] we notice that (trans)asymptotic expansions in £ of germs following
the method of Poincaré are not unique in general. To ensure uniqueness, we intro-
duce the notion of sectional asymptotic expansions and define one particular type
of sectional asymptotic expansions adapted to Dulac germs and their A?(a:o, £).

In Section @, we recall the classical notion of “embedding as the time-one map
of a flow”. We state the equivalence between the existence of a Fatou coordinate
and an embedding in a flow, for analytic germs on open intervals and for parabolic
transseries (the proof of these facts is postponed to Section [I0).

In Section Bl we give some examples of sectional asymptotic expansions.

Sections[Gland [[ are dedicated to description of the formal inverse and the formal
Fatou coordinate for parabolic Dulac transseries f, needed in the formula for formal
length EC? (). Moreover, we prove that the power-iterated logarithm sectional

(trans)asymptotic expansions in € of the Fatou coordinate and the inverse for a
parabolic Dulac map correspond to their formal counterparts. It is worth noticing
that the proofs of these sections rely on the particular form of Dulac transseries.
Although the proof that the inverse of a transseries is also a transseries is given in
full generality in [I], in our framework we need an explicit description of monomials.
In particular, in Section [6] we give a precise description of the formal inverse of a
Dulac transseries. Part of the proof of the existence and description of the Fatou
coordinate for Dulac germs in Section [7] is inspired by the similar classical result
for parabolic analytic germs which is explained, for example, in [12].

All these results finally allow to prove Theorem A in Section [}l and Theorem
B in Section [@ Finally, the Appendix (Section [I0) is dedicated to more technical
proofs and definitions.

2. CONTINUOUS TIME LENGTH OF &-NEIGHBORHOODS OF ORBITS AND MAIN
RESULTS

2.1. The continuous time length of e-neighborhoods of orbits of germs.
Suppose that a germ f is analytic on (0,d), d > 0, has zero as a fixed point, and
that id — f > 0 and increasing. Let x belong to the attracting basin of 0, so that
the orbit Of (z9) = {f°"(20) : n € Np} tends to zero. Recall that the function

e — As(zg,e)

denotes the 1-dimensional Lebesgue measure of the e-neighborhood of the orbit. By
[19], A¢(xo,€) is calculated by decomposing the e-neighborhood of O/ (z¢) in two
parts: the nucleus N(xo,¢), and the tail T(xo,€). The nucleus is the overlapping
part of the e-neighborhood, and the tail is the union of the disjoint intervals of
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length 2e. They are determined in function of the discrete critical time n.(xo),
which is described by the condition:

{f nele0) () — frele0 L (z) < 2,

(2.1) f"i(xf’)*l(xo) . fna(zo)(xo) > 2¢.

Then
(2.2)  Ag(wo,e) = |N(zo,)| +|T(x0,2)| = (f") (o) + 2€) + ne(ao) - 2.

Now suppose additionally that f can be embedded as time-one map in a flow {ft},
ft analytic on (0, d), of class C! in t € R (see Section @ for the precise definition).
We show in the next definition how an embedding in a flow allows us to define
the continuous critical time with respect to the flow {f'}, denoted by 7., and,
accordingly, what we call the continuous time length of the e-neighborhood of orbit
O (z0) with respect to the flow {f'}. As will be shown in Proposition [Z4] it turns
out that the discrete critical time n.(zo) in the standard definition ([22) is the
ceiling function of the continuous critical time 7.(xg) (the smallest integer bigger
than or equal to 7. (x¢)).

It will be proven, as a consequence of the forthcoming Proposition [Z.I], that a
parabolic Dulac germ embeds as the time one in a unique (up to a translation) flow
whose corresponding Fatou coordinate admits a sectional asymptotic expansion in
£. Hence, for Dulac germs, we will get rid of the precision with respect to a given

flow.

Definition 2.1 (The continuous time length of e-neighborhoods of orbits). Assume
that f embeds as the time-one map in a flow {f'}, f* analytic on (0,d). The
continuous time length of the e-neighborhood of orbit Of (x() with respect to the
flow {ft} is defined as:

(2.3) A (wo,€) = (fTE(””O)(:vo) + 25) + 7 (x0) - 2e.

Here, 7.(x¢) is the continuous e-critical time for the e-neighborhood of orbit Of (zg),
defined by the equality:

(2.4) fTE(zO)(IO) _ fTE(m0)+1($O) — %.

It turns out, as we will show in Proposition 4] that the embedding in a flow
is closely related to the existence of a Fatou coordinate for f, which is defined as
follows:

Definition 2.2 (Fatou coordinate).
1. Let f be an analytic germ on (0,d), d > 0. We say that a strictly monotone
analytic germ ¥ on (0,d) is a Fatou coordinate for f if

(2.5) U(f(x)) —W(z) =1, z € (0,d), d>0.

2. Let fe L be parabolic. We say that U € € is a formal Fatou coordinate for
[ if the following equation is satisfied formally in £ :

(2.6) U(f) =0 =1.

We reformulate definition ([2.3) of A% (zo,¢) in the following corollary.
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Proposition 2.3. Assume that the germ f embeds as the time-one map in a C*-
flow {ft}, ft analytic on (0,d). Let the germ & := %ft
the sense from Proposition[{.4 Let g =1id — f. Then

(2.7) AG(zo,e) = (97(26) +2¢) +2e- [¥ (g (2¢)) — ¥(xo)]-

We actually prove in Proposition 4] that the embedding of f as the time-one
map of an analytic C'-flow with non-oscillatory ¢ implies the existence of an an-
alytic Fatou coordinate for f. Therefore ¥ in (7)) exists by the assumptions of
Proposition The monotonicity of ¥ is equivalent to the non-oscillatority at 0
of the vector field ¢ for the flow {f!} (see the proof of Proposition 4.

‘t:O be non-oscillatory in

Proof. Using g =id — f and g strictly increasing, (Z4]) simplifies to
g(F™ (20)) = 2¢, F76) (ag) = g7 (2).
The equation (L2) for the Fatou coordinate now gives:
7e(20) = W(f7 ) (20)) — U(wo) = V(9" (2¢)) — U(z0).
Putting this into definition (23)), we get the desired formula. O

Proposition 2.4. Let f and O7(zo) be as above. Let {f'} and ¥ be as in Propo-
sition [Z23. Then:

ne(xo) = [1e(z0)], € > 0.
Here, we denote by [a] :=min{k € Z: a <k}, a € R.

Proof. Let g = id. The relations (21]) and (24)) which define n., 7. give:
g(f7=) (o)) < 2¢, g(f7")) (w0) = 2¢, g(f™ )" (wo)) > 2.
Since ¢ is a strictly increasing germ (since f is such), we get that
£ (@) < 7400 (ag) < 745007 ),
By monotonicity of ¥, we get:
ne(zo) > 7e(w0) > ne(z0) — 1,
which proves the result. ([

2.2. The formal continuous time length of c-neighborhoods of orbits. We
define here an analogue of the continuous time length of e-neighborhoods of orbits
in the formal setting.

We introduce the necessary classes of transseries. We put £y := z, £ := £; :=
and define inductively £;.1 = £ o0 £;, j € N, as symbols for iterated loga-

1
—logax’
rithms.

Definition 2.5 (The classes EJ"O and f}) Denote by E‘J’o, j € Ny, the set of all
transseries of the type:

oo o0
(28) f(l‘) = Z Z Z ig...i; T o g0 .--E.m K y Qg ER, x>0,
i0=0i1=0  i;=0
where (.. Zk)zkEN is an increasing sequence of real numbers tending to +oo, for
every k=0,...,7. If moreover o > 0 (the infinitesimal cases), we denote the class
by E The subset of El resp. £°° of transseries with only integer powers of £ will
be denoted by L resp. L.
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Put R
= U L
J€ENo
for the class of all power-iterated logarithm transseries of finite depth in iterated
logarithms.

Note that the classes Zj‘x’, 7 € Ny, are the sub-classes of power-iterated logarithm
transseries, whose support is any well-ordered subset of R7*! (for the lexicographical
order). We restrict only to the subclass with strictly increasing exponents. In this
paper, we work with Dulac germs and their expansions, for which this restriction
is sufficient. R R

Notice that x = £y. The classes £y or L3° are made of formal power series:

x) = Zaix"”, a; €ER, >0,
i€N
such that (a;) is a strictly increasing real sequence tending to +oo.

For f € E , we denote by Lt(f) its leading term (ORI L) ALY ACEERY S
The tuple (a,ﬂyl,...,%) is called the order of f, and is denoted by ord(fA) =

~

(a,71,...,7;). The transseries f € EJ, j € Ny, is called parabolic if ord(f) =
(1,0,...,0).

Let fA € L be parabolic. Unlike a germ, a transseries does not have orbits.
Indeed, evaluating a transseries f at a point is meaningless. Therefore, the initial
Definition [21] of the continuous time length of e-neighborhoods of orbits cannot be
directly transported to the formal setting. Fortunately, we can exploit the equivalent
definition ([2Z7) from Proposition[2Z3l Note that all the functions used in ([27]) have
their direct formal analogues.

On the other hand, we have shown in [14] and we recall in Sectlon@that any par-
abolic transseries f € £ can be embedded in a unique Cl-flow { It tier of elements
of L. That i is, its formal Fatou coordinate T in £2 , as defined in Definition 2.2] is
unique in £ (up to an additive constant) (see Proposition ). Therefore, unlike
a germ, the definition of the formal continuous time length in the formal setting is
unambiguous (it does not depend on the chosen flow). Also, the formal definition
is independent of the orbit.

Definition 2.6 (The formal continuous time length of e-neighborhoods of orbits).
Let f € L be parabolic. Letg = id— f. We define the formal continuous time length
of e-neighborhoods of orbits of f by:

(2.9) A;;(g) =G 1(2¢) + 2 - V(37 1(2¢)).

Here, g=' denotes the formal inverse of g, U s the formal Fatou coordinate for f,
which exists by Proposition [{.3

Note that /Al%(e) defined by (23] is unique up to a term K -e, K € R, due to the

fact that the formal Fatou coordinate U is unique up to an additive constant.

Theorem A. Let f € L be parabolic. Let § = id — f Then A\;(S) is well-defined
and belongs to the class L.
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Note that well-defined means that the formal Fatou coordinate U and the formal
inverse g~ exist in €. The proof of Theorem A and more precise form of transseries
/Alj(a) will be given in Section [8

In particular, it will be proved that, if the leading term of § does not involve a
logarithm, then there exists at most one term of g;(a) which contains a “double
logarithm”.

2.3. Continuous and discrete time length of e-neighborhoods of orbits
for Dulac germs. By G we denote the set of all one-dimensional germs defined
on some positive open neighborhood of the origin. Furthermore, by Gay C G we
denote the set of all germs which are moreover analytic on some positive open
neighborhood of the origin.

Let f € Gan be a parabolic Dulac germ and let O/ (x() be an orbit of f accu-
mulating at 0. Let f € £ be its Dulac expansion.

Theorem B is twofold. On one hand, it expresses an equality, up to a certain
order, between the classical (discrete time) length of the e-neighborhood of the
orbit O7(xy) and its continuous time length as defined in Definition 21l On the
other hand, it states that the continuous time length of the e-neighborhood of the
orbit O/ (x() admits the sectional asymptotic expansion (unique, with respect to
an integral section, see Section B]) in power-iterated logarithm scale (in E) equal to
the formal continuous length of e-neighborhoods of orbits for f, up to a term e K,
where K is an arbitrary constant.

Let us explain shortly the importance of Theorem B. It was shown in [I6] that
for analytic parabolic germs at 0, which form a subclass of the class of parabolic
Dulac germs, the classical length of the e-neighborhood of orbit Of (z¢), the germ
e — Ayr(zg,e), does not have a complete asymptotic expansion in ¢ in power-
logarithm scale. Moreover, the germ & — As(x¢,€) does not belong to Gan (there
is an accumulation of singularities at € = 0). This is due to the discontinuity of the
integer part function, which is involved in the definition of the discrete critical time
ne. Theorem B shows that the continuous length of the e-neighborhood of orbit
Of(z0), which is an analytic generalization of the standard length and belongs to
Gan, gives a continuation of the asymptotic expansion of the classical length from
the moment where the former expansion ceases to exist. On the other hand, both
asymptotic expansions coincide in the first finitely many terms which characterize
the germ formally. See [I5] for formal recognition of germs from finitely many
terms in the asymptotic expansion of the length of e-neighborhoods of their orbits.
Therefore we expect that our new notion of the continuous length, admitting a
complete asymptotic expansion, will let us recognize the analytic class of the germ.

For a Dulac germ f € Gan, we consider a function € +— A‘Ji(azo, €) € Gan defined
in (21). As already stressed before Definition 2] it is implicitely assumed that
A;(:CO, ¢) is defined with respect to the flow whose corresponding Fatou coordinate

admits a sectional asymptotic expansion in €. We show later in Proposition [T
that such a Fatou coordinate is unique up to an additive constant. Consequently,
€ > A;(:CO, €) is unique up to an additive term ¢ - K, K € R, depending on the
choice of the constant in the Fatou coordinate.
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We notice in Remark B.1] and in Example [Il in Section B] that the asymptotic
expansion of germs in £isnot unique, and thus, not well-defined. This is due to the
presence of limit ordinals in € and to exponentially small terms (z = e_%, L=c %
etc). To ensure uniqueness of the asymptotic expansion in E, we introduce in
Section [3] the notion of sectional asymptotic expansions, see Definition B3 We
describe a transfinite Poincaré algorithm for this expansion. In particular, we define
sectional asymptotic expansions with respect to integral sections (Definition B14)),
adapted to the function € — A%(z9,¢) € Gan for Dulac germs f.

Theorem B. Let f € Gan be a parabolic Dulac germ and f € L its Dulac ex-
pansion. Let O (xq) be any orbit of f. Let Aj(xo,e) € G and AG(xo,€) € Gan as
above. Then:

1. A(}A(E) € Ls.

2. The sectional asymptotic expansions of A?(xo,a) with respect to different
integral sections s are unique up to a term e K, K € R, where different choices of
constant K correspond to different choices of the integral section. Moreover, up to
eK, they are equal to A\c?(a)

3. A% (wo,€) — Ap(xg,e) = 0(e), € —>9. ~
That is, the formal continuous length A‘}A(s) € Lo extends the beginning of the

sectional asymptotic expansion (with respect to any integral section) of function
e — Ar(zo,e) after the order O(e).

Theorem B claims the following commutative diagram (Figure 2.3). In the dia-
gram, U € G4y denotes the Fatou coordinate of the germ f used in the definition
of A;»($0, 6).

f Dulac expansion }:
. ‘( asymptotic expansion -~ -~
in Gan () : : (0 in £
L w.r.t. an integral section l/
asymptotic expansion -~
A§ (z0,¢) : — A% (¢e)
w.r.t. an integral section f

FIGURE 2.1. The commutative diagram for a Dulac germ f € Gan.

It will be proven in Proposition [[.I] that a Dulac germ f € Gan admits a unique
(up to a constant) Fatou coordinate ¥ € Gan that admits a sectional asymptotic
expansion in g. Moreover, that the (unique) sectional asymptotic expansion of ¥
in £ with respect to an integral section is equal to the formal Fatou coordinate
U e EgO, up to a constant term. It is implicitely understood in Theorem B that
A;»(,To, e) is taken with respect to the flow that corresponds to this coordinate W.

The proof of Theorem B is given in Section@ Moreover, we show in Corollary[@.2]
that the formal class of a simple Dulac germ f (i.e. the formal class of its Dulac
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expansion f) deduced in [I4, Theorem A] can be read from two terms in the initial
part of the sectional asymptotic expansion in € of the function of the length of the
e-neighborhood of any orbit with respect to any integral section.

3. SECTIONAL ASYMPTOTIC EXPANSIONS

This paper is dedicated to the study of Dulac germs (see Definition [B:9) and their
continuous-time lengths of epsilon-neighborhoods of orbits. The Dulac asymptotic
expansions involve monomials of the form z%log? z, @ € R, p € N. However, it
turns out that the asymptotic expansions of the germs which are necessary to state
and prove our results are transfinite and involve also iterated logarithms. Hence,
first we have to explain what it means for a germ to have a power-log transseries
as an asymptotic expansion.

Let the classes EA‘J"’, j €N, and € be as in Definition

Remark 3.1 (Non-uniqueness of asymptotic expansions in 2;’0 of germs from G).
Recall the standard Poincaré method for deducing the asymptotic expansion of or-
der type w of a germ f € G term-by-term in some scale, if the expansion exists.
We describe here a generalization of the Poincaré method to transfinite asymptotic
expansions, which we call the transfinite Poincaré algorithm. In particular, we con-
sider germs with asymptotic expansions in the class £ (Definition [Z1]), consisting
of all power-log transseries of finite depth in iterated logarithms, with strictly in-
creasing exponents. If the transfinite Poincaré algorithm applied to f gives the
asymptotic expansion in the class € of order type w, the asymptotic expansion of
fin € will be unique. In general, the asymptotic expansion in € is not unique, due
to presence of limit ordinals in the algorithm and exponentially small corrections.

The transfinite Poincaré algorithm.

Let f € G. We construct an asymptotic expansion of f in € of order type 6 € On,
following the algorithm of Poincaré. To this end, we construct a transfinite series of
partial expansions (ﬁ,),,<9 and a transfinite series of auxiliary cut-off germs (f,),<g,
following the algorithm:

First, put f,, = f, fyo = 0, where 1 is the smallest ordinal. The step of the
algorithm at step v is:

1. Find the leading term of f,, that is, allo€%" ... 0%

7 )
that:
im fu(x) _
z—0 azﬁogﬁl . _EB]' o
o £1 §

a €R,j€Ny, such

Denote Lt(f,) := alloed .. -Efj.

2. We distinguish two cases:
(i) The successor ordinal case. If v+ 1 is a successor ordinal, put

fl/+1 = ﬁ/ +Lt(fo); for1 = fu — Lt(fo).

(ii) The limit ordinal case. If & =lim, <, v is a limit ordinal, put:

fo = lim £,
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implicitely assuming that (ﬁ,)l,<a converge in some of the formal topologies
introduced in [I4]. Let g, € G be a germ admitting the transfinite Poincaré

expansion f,. Then put:
Jo=T[— 9ga-

Finally, we say that f:: fg efisa transfinite Poincaré asymptotic expansion
of f. Note that the successor ordinal step 2.(¢) of the algorithm is well-defined
by the Poincaré method. However, the limit-ordinal step 2.(i7) of the algorithm is
not well-defined, due to non-unique choice of germ g,. Since £; are exponentially
small with respect to €;+1, k € Ny (efﬁ = £;), different choices of germs g, in
step 2.(4%) in general lead to different asymptotic expansions. This is illustrated in
Example [ below.

To make the limit-ordinal step well-defined and unique, we introduce section
functions and the notion of sectional asymptotic expansions in Definition 3.2 below.

Example 1.
(1) f(z) = z(£+ £2) + 22. We can also write it as f(z) = z(£ + £% + ¢~ %). By
the algorithm described in Remark [3.1]
flz) = 2(£+£%) + 2*, and f(z) = z(£ + £7),

are its (equally good) asymptotic expansions in LcCZ

(2) f(z) = z£ + 2%£5. Obviously, f admits an asymptotic expansion fA € 22,
fz x€ + 12€,. However, equally legitimate asymptotic expansions by the
transfinite Poincaré algorithm from Remark 3] are, for example:

f(@) =2l +als) = 2(£+e Vo) = [ =zt € Ly,
f(@) = 2l + 278y + 228y — 2703 = 2 (€ + e /¥ Ly + £3)) — 2743
= fz ol — 2%ls € 23, etc.

In this manner, we can easily generate non-unique asymptotic expansions of f € G
in £. Moreover, they can belong to any £;, j € N.

The step toward well-defined expansions is to restrict the class of germs to some
subclass of G which admit asymptotic expansions in E, but with additional requests
on the choice of germs on limit ordinal levels of the transfinite Poincaré algorithm.
We will call such expansions sectional asymptotic expansions, with in advance fixed
section function (function which attributes unique germs to expansions on limit
ordinal steps of the algorithm).

The definition of section function is inductive. First, let So C G be the set of all
germs from G that admit the power asymptotic expansion in 280 This expansion
is obviously unique. That is, f € Sy if there exists a strictly increasing sequence
(avi)ien C R tending to +00 and a sequence of reals (a;), such that

flz)— Zaixo‘i =o(z®"), n € N.
i=1

Equivalently, f € Sy if it admits the Poincaré asymptotic expansion

fla) = Zaixo‘i €Ly, x—0.
ieN
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Denote by §0 - 280 the set of all power asymptotic expansions of germs from Sy.

Definition 3.2 (Section function). A section function is a function s defined on
some subset of £ which attributes germs to transseries, where its domain of the
definition, as well as the section function itself, is inductively defined on increasing

subsets ofE as follows:
(1) For fe 30, ] S (f) is a uniquely chosen germ f € G that admits fe §0 as
0

its Poincaré asymptotic expansion. Let

S5 = s(S).
(2) The induction step (j € N). Assume that the sets g’z, S;, and the restriction
& k < j, are already defined. Then we define the the sets g‘j, S5, and

k

S

the restriction s|__ as follows:
S5
(2.1) S'\Js C E‘J’o is a set of all transseries fe EJ"O of the form:
Fla) = Z fi(e(x))z™,
i€N
such that (a;) is a strictly increasing sequence of real numbers tending

to +oo and ﬁ €85y (resp. So if 7 =1), i € N, for which there exists
(at least one) germ f € G such that:

(3.1) f— Z fi(€(x))z* = o(z®"), n €N,

where f; := s(ﬁ)
(2.2) For f e gjs as in (2.1), define S’A (f) € G as a germ f satisfying (31).
s
(2.3) Let
S5 = s(S5).
Note that, since EAJ‘” C EAJ‘??H, j € Ny, we have that
§jc§j+1 andgocgj-, 7 €N
Analogously,
S; C Sy and S C S5, jEN.
Just keep in mind that we are always interested in the smallest j € Ny such that
JeLse.
Obviously, by Definition 3.2] s : Sy U (UjeN g']s) ce— Ujen, S5 For a section
s, denote its domain by Ts C E,
?\-s = 3\0 @] (UjeN g]s)

Denote by 7 C £ the union of 7% over all section functions s:

'7' = Us%s.
Analogously, denote by T° C G the image of a section s:
TS - UjGN()S;'
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By T C G we denote the set of all germs that admit sectional asymptotic expansions
(with respect to all possible section functions) in £:

T =UsT".

Note that it is necessary to take the union over all possible section functions. Indeed,
there exist germs that admit sectional asymptotic expansions in £ with respect to
some section function, but which do not admit sectional asymptotic expansion in
£ with respect to some other section function. Take, for example, the germ
1 1
r)=z-|—— + 6772).
f@) =z (1=
. . 00 Y _ 1 .

Take any section function s such that s( Ekfo yr) = 17—~ Obviously, flx)—=

&,

1
‘12
does not admit asymptotic expansion in £. On the contrary, take any section

_a
function s such that s( Z;OZO y* ) = le +e v?. The sectional asymptotic expansion

of f with respect to the section s is then equal to f(x) =xY g o,

Definition 3.3 (Sectional asymptotic expansions). Let s : TS = T* be a section
function defined as in Definition[22. Let f € S7, j €N, or f € So. We say that
the germ f = s(f) € S5, j € No, is the s-sectional sum off. Equivalently, we say

that f is the s-sectional asymptotic expansion of f.

Remark 3.4 (Sectional asymptotic expansions and transfinite Poincaré algorithm).
Let s be a fixed section function and let f € T admit f € £ as its s-sectional
asymptotic expansion. Then f is obtained algorithmically, starting from f and
following the transfinite Poincaré algorithm described in Remark[3.1lin the following
manner:

1. In the successor ordinal case 2.(i), simply follow the Poincaré method.

2. In the limit ordinal case 2.(ii), the choice of germ g, is uniquely dictated by
the chosen section function s.

Proposition 3.5 (Uniqueness of the s-sectional asymptotic expansion). Every fized
section function s gives a bijective correspondence between TS and TS. Conse-
quently, the s-sectional asymptotic expansion of a germ, if it exists, is unique.

The proof is obvious by the construction of section function.

~

Definition 3.6. Let f € T. The leading term of f is the leading term Li(f) of its

(any) sectional asymptotic expansion ]?6 T (the leading term is independent of the
choice of section s by the Poincaré algorithm). In particular, f € T is parabolic

with if Li(f) = (1,0,...,0). We say that a Dulac germ f is parabolic if the order
of its Dulac expansion f € L is ord(f) = (1,0).

Definition 3.7. Let f € EE’O, j € No. We will say that f given by 23) is a conver-
gent transseries if (Z8) is a summable family of monomials (summable pointwise
on some open interval (0,d), d > 0). Equivalently, if there exists a d > 0 such that

(3.2) i i i |Qig...i, | @0 %00 707 <00,z € (0,d).

i0=0i1=0  i;=0
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In that case, by f € G we denote the sum off on (0,d) in the sense of summable
families:

0o 00
_ E E E + i igi Yig-ij
f(x)_ a/io...ijxaoea()l.”'ej J

i0=0i1=0 ;=0

(3.3) - = -
_ Z Z . Z a;omijxaiozaioil . .E-‘;‘zo,.nj, re (O,d)
0=08,=0  i;=0
where a;;mij i=max{a...i;, 0} >0, a;,_,; =max{—aj,.i;,0} > 0.

For definition and properties of summable families, see e.g. [3]. Note that, due
to positivity, the order of summation in (3:2) and in summands of (33) is not
important.

Definition 3.8 (Coherent sections). We say that a section function s is coherent
if it respects convergence. That is, if, for every convergent fe EJ‘”, 7 € N, it holds:
1. fe8, jeN,
2. s(f) = f, where f is the sum of f in the sense of Definition [T

Note that all convergent transseries from EO trivially belong to 30. Let f € G be
a sum of a convergent transseries fe Ejo, j €N, as in (33). Then obviously the
sectional asymptotic expansion of f with respect to any coherent section s is equal
to f (by the Poincaré algorithm with respect to the section s).

The notion of sectional asymptotic expansions is motivated by the well-known
definition of the Dulac asymptotic expansion:

Definition 3.9 (Dulac series, see [4], [9] or [17]).
1. We say that f € L1 is a Dulac series if it is of the form:

(34) F=3" P,

where ()i, a; > 0, is a strictly increasing, finitely generated sequence tending to
+oo (or finite), and P; is a sequence of polynomials.

2. We say that f € Gan is a Dulac germ if there exist a sequence of polynomials
and a strictly increasing, finitely generated sequence («;) tending to +oo, such that

f- Zpi(f)ﬂco” =o(z*"), n €N,
im1

If moreover P, = 1, ay = 1, and at least one of the polynomials P;, i > 1, is not
zero, then f is called a parabolic Dulac germ.

By the definition of sectional asymptotic expansions and the definition of co-
herent section functions, Dulac series are sectional asymptotic expansions of Dulac
germs with respect to any coherent choice of section. They are called the Dulac
expansions of f. Note that, unlike its asymptotic expansions in general, the Du-
lac expansion of a Dulac germ is unique, due to the additional request that P; be
polynomial. As was already mentioned in Section [T the germs of first return maps
of hyperbolic polycycles of planar analytic vector fields are Dulac germs, see e.g.
[4, @]. In particular, the quasianalyticity statement of [9] guarantees that such a
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first return map, if it is tangent to the identity, is a parabolic Dulac germ according
to Definition

For the purpose of Theorem B, we define here a particular family of coherent
sections s which we will call the integral sections. We will prove later in Sections [@]
[ and [@ that the sectional asymptotic expansions of the inverse g—', of the Fatou
coordinate ¥, and of A;(azo, ¢) for f Dulac with respect to an integral section are

unique and belong to Ego

Definition provides a way of attributing a unique sum to a divergent series
in Eg°, in the way adapted to the Fatou coordinate constructed in Section [ Fur-
thermore, Definition B.I3] provides a way of attributing a unique sum to a particular
transseries in £5°, as needed for function A¢(zg,e) in the proof of Theorem B in
Section

Definition 3.10 (Integrally summable series in £3°).
(1) By L € L we denote the set of all series

fly) = Z any” € LF, N €Z, a, € R,
n=N

satisfying the following:

1. f is a divergent power series, in the sense that the series does not converge
on any (0,d), d> 0.

2. There exists an o € R, o # 0, such that, formally in EAOO,
(35) () =2 R),
where R(y) is convergent Laurent series.

We call Eé the set of integrally summable series of ESO

(2) For fe 26, put g(y) := e_%R(y) € Gan. The germ f € Gan defined by:

Ji " ote) de=271)

(3.6) fly) = e o1/t
j'—””ygfgd( ), a <0, d>0.

e Y

a >0,

will be called the integral sum off.

Proposition 3.11. a € R in Definition [3.10 is unique. We call such o the expo-
nent of integration of f.

The proof is in the Appendix. Note that if (3.5]) was true for a = 0, it would imply

that f(y) was convergent, so we can suppose « # 0 in the definition. Note also that
by definition the convergent Laurent series are not a subset of L].

Remark 3.12. R

(1) Note that the integral sum as defined by [B.6) of f € £} with the exponent
of integration o > 0 is unique. On the other hand, for fE 26 with the exponent of
integration a < 0 it is unique only up to Cz~“, C' € R, due to the arbitrary choice

of d > 0 in (B.6]).
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roposition in the Appendix shows tha e Ll is the power asymptotic
2) P ition [0.3in the Appendix shows that f € £} is th ymptot
expansion of its integral sum f.

Definition 3.13 (Integrally summable series in L.
1. By EI C £°° we denote the set of all transseries F e EOO which can be
regrouped as:

(3.7) F(y) = G1(y)f(e(e” v h(y))) + Go(y),

where fe Eé, and éo, 61, h and their first derivatives @6, é’l, h are convergent
transseries in Ei’o in the sense of Definition[37, with the sums commuting with the
derivative. Moreover, T does not contain L(y) in the first term, v € R, v > 0.

We call the class ﬁI C £°° the class of integrally summable series in £°°

2. Let f be the integral sum of f from Deﬁmtzon (defined up to a certain
exponential factor), h, Go, Gy the sums ofh GO, G1 respectively. We call

(3.8) F(y) = Gi(y)f (£(e” 7 h(y))) + Gol(y)
the integral sum of F.

Note that Eé C EA{ (put @1 =1, vy=1, h= 1, @0 = 0). Note also that the set of
all convergent transseries from £5° is a subset of £ (put G; = 0).

Note that in general the decomposition [B7) of F e E{ is not unique, so its
integral sum F' is not well-defined. However we prove in Proposition [] in the
Appendix that the mtegral sum F of F is unique if a > 0 or umque up to an
additive factor cG1(y) - (e yh( )", ceRif a <0, where a, 7, h, Gy (o is the
exponent of integration of f ) are elements of an arbitrary decomposition [3.7) of
F.

Definition 3.14 (The integral sections). Every coherent section's : T — T whose
restriction to EA{ C Ei’o is given by S|Z{ (ﬁ) = F, where F is one integral sum ofﬁ

given in [B.8), is called an integral section.

The definition implies that the restrictions of integral sections s| _ : g’f — T are
St

coherent. Indeed, the set of all convergent transseries in Ei’o is trivially a subset of
L1 (just put G; =0). By ([B3.8), the integral section gives exactly their sum.

In particular, the restriction s|_ is coherent. Note that the integral sections in
So

Definition [3.14] are well-defined, since by Proposition [[0.4] in the Appendix EA{ C
ST CTs.

Remark 3.15. Let s; and s3 be two different integral sectons from Definition B.14]
Let F' € £I. Then I} :=s1(F) and F}, := so(F) differ by:

cGi(e vh(y)”, ceR, a<0,
0, a > 0.

Fi(y) — Fa(y) = {

Here, a, ~, iAL, Gh (c is the exponent of integration of f) are elements of an arbitrary
decomposition [B.1) of F.
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Let s be an integral section, as in Definition BI4l Obviously, if a germ f € G
admits a sectional asymptotic expansion in Ego with respect to the integral section
s, the expansion is unique.

Let f € Gan be a Dulac germ, as in Definition B9 Note that the (unique)
sectional asymptotic expansion of f with respect to any fixed integral section s
corresponds to its Dulac expansion, since the integral sections are coherent. We
will show in Section [0 that the (unique) sectional asymptotic expansion of the
inverse g~' € Gan, g = id — f, with respect to any fixed integral section s is
equal to the formal inverse g—! € Eg. Similarly, we will show in Section [ that the
(unique) sectional asymptotic expansion of the Fatou coordinate for a Dulac germ,
U € Gan, with respect to any fixed integral section s is, up to a constant, equal to
the formal Fatou coordinate ¥ € Zgo Finally, in Section [@ we prove Theorem B:
we show that the (unique) sectional asymptotic expansion of the continuous length
of e-neighborhoods of orbits for f Dulac, A;»(ZC(),E) € Gan, with respect to any
ﬁAxed integral section s is, up to a term Ce, C' € R, equal to the formal length
AC}\(E) € Lo.

Moreover, we will show that the sectional asymptotic expansions of ¥ resp.
A% (wo, €) with respect to different integral sections lead to different choices of con-
stants C' € R resp. Ce, C € R. This is in fact neglectible, since the Fatou coordi-
nate is defined only up to an additive constant term. As a consequence, Af(zo,¢)
is defined only up to Ce, C' € R, due to the term ¢ - ¥ o g~ 1(2¢) in its definition.
Therefore, any choice of the integral section for the sectional asymptotic expansions
is equally good.

4. EMBEDDING IN A ONE-PARAMETER FLOW

In this subsection (Propositions and [4) we discuss a close relation between

~

the existence of a (formal) Fatou coordinate for a germ f (resp. f) and of an
embedding of f (resp. f) in a (formal) one-parameter flow. The results of this
section are used in Section 2l For the explicit relation, consult also the constructive

proofs of propositions in the Appendix.

Definition 4.1 (One-parameter flow, standard definition). A family {f}ier of
germs defined on some interval (0,d) is called a one-parameter flow if:

(1) fO=id,
(2) firfe=flof* t,seR
We say that the one-parameter flow {ft} is a C'-flow if the mapping t — fi(x) is
of class C1(R), for every z € (0,d).
Let | be a germ defined on some interval (0,d). We say that f embeds as the
time-one map in a flow {f'} if f! = f.

Definition 4.2 (Formal one-parameter flow, see [14]). We say that a one-parameter
family {f'}ier, ft € L, is a C'-formal flow if:

(1) f=id f*=flof, s teR,

(2) S :=UerS(f?) is a well-ordered subset of R~ x Z,
(3) t = [f](a,m) is of the class C*(R), for every (a,m) € S.
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~

Here, [f'](a,m) denotes the coefficient (which is a function of t) of the monomial
x*e™ in ft Again, we say that fe L embeds in the flow {ft}teR as the time-one
map if f = f*.

In [14], we have proved that any parabolic transseries f € L can be embedded

as the time-one map in the unique C'-flow in L. The next proposition states that,
accordingly, the formal Fatou coordinate exists and is unique.

Proposition 4.3 (Existence and uniqueness of the formal Fatou coordinate). Let
]?E L parabolic. The formal Fatou coordinate U exists and is unique in f}, up to
an additive constant. Moreover, U € L. Let {ft} be the (unique) C-flow in L
in which f embeds as the time-one map. Then:

(4.1) V(i) —V(z)=t, t €R.

For preciser description of the formal Fatou coordinate of a parabolic fe EA, see
Remark [[0Iin the Appendix. If fis moreover parabolic Dulac, the description is
provided in Proposition [7.4

The next proposition establishes, for an analytic germ, the equivalence between
the existence of an analytic Fatou coordinate and the embedding of the germ in a
C'-flow of analytic germs:

Proposition 4.4. Let f be an analytic germ on (0,d). The following are equivalent:
1. there exists an analytic Fatou coordinate germ U for f on (0,d),
2. there exists a C'-flow {f'} of analytic germs on (0,d) in which f can be
embedded as the time one-map, and such that the germ & defined by

d .
€= Ef =0

s a non—oscz’llatorgﬂ germ on some open interval (0,d).
In this case, for the Fatou coordinate ¥ and for the corresponding flow {ft}, it
holds that:

(4.2) (ft(x)) — U(z) =t, z € (0,d), t €R.

The proofs of Propositions 3] and B4] are given in the Appendix. Also, see
Remark [10.6] in the Appendix for the explanation of the importance of the non-
oscillatority assumption in Proposition [£.41

In the particular case of a parabolic Dulac germ f, the existence, uniqueness and
description of the Fatou coordinate for f, as well as of the formal Fatou coordinate

for its Dulac expansion f, are given in Section[f] by mean of an explicit construction
(see Proposition [(1]in Section [7]).

5. EXAMPLES
Example 2 (Examples of sectional asymptotic expansions in E) Let s be a

coherent section function (see Definition B.g]).

1non—oscillatority means that there is no accumulation of zero points at 0
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(1) The sectional asymptotic expansion of a Dulac germ f € G4y with respect
to s is unique and equal to its Dulac expansion:

F=Y P €L,
=1

where («;);, a; > 0 is a strictly increasing, finitely generated sequence tending to
+oo (or finite), and P; is a sequence of polynomials. It is not really transfinite.

(2) Tt is not very difficult to check that the time-one map of the vector field
X =&)L, ¢(z) = 2%€(x)71, is a Dulac germ f € Gan. Its Dulac expansion
fe L is given by the formal exponential f(:v) =t

The Fatou coordinate ¥ € G4 of f can be computed, up to a constant, by

[ g [
\I/(x)—/w g(x)da:—/mx L(z)dx, d>0.

On the other hand, the formal Fatou coordinate of its Dulac expansion f can
be computed as the formal integral ¥(x) = % = [272€dx, see the proof of
Proposition [£3l By formal integration by parts,

U(z)=—a ! Z nle".
n=1

The above series f(f) =Y 02 nl€" is a divergent series in Lo. There are many

ways to find a germ 7" € Gan which admits T as its power asymptotic expansion.
We choose one particular sum. That is, we choose any section function s as defined
in Definition B.2] such that

T 9
~ x%0(x) dz
s(T) = 7fd — € gan.

—x

We put T' = s(f) as the unique sum with respect to this section. Then T is the
unique (up to a constant) sectional asymptotic expansion of ¥ € G4y with respect
to s, in the sense described in Definition [3.3]

(3) Let s be a coherent section as defined in Definition B.8 The following ex-
amples of germs in G4y admit trivially the sectional asymptotic expansions with
respect to s in £:

f(CL') = F(x7£7£2)7 g(ac) = g(ac, %)7

where F' is a germ of three variables analytic at (0,0,0) and G a germ of two
variables analytic at (0,0).

Let us show the statement for f (for g analogously). For y, 2z small enough, the
germ z — F(x,y, z) is analytic at 0. Therefore, for every n € N, we have:

F(.I, Y, Z) = Z gk(yv Z)Ik + Rn(I, Y, Z)v
k=0

where x — R, (z,y,2) is analytic, for fized small y,z. Take the Lagrange form of
the remainder Ry, (z,y,z), for y, z fixed:

Rt = [ e
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Since F is analytic in y, z, we get that R, is analytic in the three variables, and,
moreover, we get the following uniform bound in y, z:

InJrl
R'n, s Y < Cia
]
on some small ball around (0,0, 0). Since R, is analytic in y, z, n € N, we conclude
that gr(y, z) are also analytic in y, 2, for all k = 0,...,n, and we can repeat the

same procedure for their expansions at the next level. Finally, f admits the unique
sectional asymptotic expansion with respect to s equal to F(z, €, £€3) € Lo, where
F is the Taylor expansion of F' at (0,0,0).

As a simple example of this type of germ, take e.g.

1- 1—25

Its sectional asymptotic expansion in 22 with respect to s is given by the transseries:

I= ,i“‘k (-1 ez)_k SHHI (_lk> CZ) (1) Tateey,

k=0 [=0 r=0

Consider a formal Dulac series fe L. Itis proven in Proposition in Section
that, if the leading term of g = id — finvolves a logarithm, then its formal inverse
contains a double logarithm. This will imply that it is also the case for the formal
continuous time length g?(s) defined in Definition The following example

shows another possible cause of the presence of a double logarithm in /Al%(a) — the

existence of a nonzero residual invariant of f.

Example 3 (The ’residual’ double logarithm in the formal continuous time length
of a Dulac series). According to the results of [I4], every parabolic element f €
L admits a normal form which is the exponential of a simple vector field. It is
convenient to work with an example which is already given in this normal form.

Consider the vector field X = ¢ (z) &, where € () = — =27 with b € R\ {0}

Its formal time-one map fe L is given by the formula:
f(z)=Exp(X)-id=a+¢(z) + %g/ (z) € (z) + ho.t.
=2 — 22+ bzl +hot.
The coeflicient b € R is the residual invariant of f In order to compute the formal

continuous time length A‘;?(a) given by Definition 2.6 we need to compute the

formal Fatou coordinate ¥ (z) of f(x), and the formal inverse of g (z) = x — f(x)
By the proof of Proposition 1.3 we have:
~ 1 1 1

T (z) = S LA N
(=) (z) :102+:C+x10gx’ enee
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On the other hand:
§(2) = - J(a) =2 — ba%e + hot.
=20 (z),
for some parabolic element @ () € L of the form P(x) =z — %ng + h.o.t. Hence:

gl (@) =¢"" (wl/Q) =22 4 bal + hot.

belongs to £. In particular, by Proposition [6.1] (2), it does not contain any double
logarithm. Let us now compute the following component of A% (e):

1
V2e1/2(1 4 0(1))

T (571 (20)) = +log (V2=12(1 4 0(1))) +

+blog (— log (\/551/2(1 + o(l)))) —

1
5—1/2 + 5 IOgE + blog (— 10g E) “+ hOt

Here, o(1) € L is of order higher that 0 in ¢, and h.o.t. belongs to £ (no double
logarithms). Hence we observe the presence of a unique iterated logarithm in A% (e),

caused by the presence of a residual term bz®€ (that is, b # 0) in the formal normal
form of f.

Example 4 (The formal continuous time length is in general a transfinite series).
By [14], a parabolic transseries fe L can be reduced to its normal form fo by an
action of a parabolic change of Variables pE E whose support in general has the
order type strictly bigger than w. If \IJO is the (unique, up to a constant) formal
Fatou coordinate of fo in 2 then U = \IJQ o is  the formal Fatou coordinate of f
We deduce that the formal Fatou coordinate of f and, consequently, its continuous
time length g%(s) are transseries whose support has the order type strictly bigger
than w.

Consider for example the Dulac series f( )=z — 220" + x2. We have shown
in Example 1 in [14] that the change of variables reducmg f to its formal normal
form fo(z) = x— 22071 4 paPl is a transseries § € L whose support is indexed by a
transfinite ordinal (strictly bigger than w). Hence it applies also to U as described
here and then to the formal continuous area A\c?(a) by its definition.

Example 5 (The regular case: Theorem B for germs analytic at the origin). Let
flx) =2 — 2" faga®*2 4 ... k €N, a; € R, be a germ of a parabolic diffeomor-
phism on Ry (prenormalized for simplicity). Let Of(z¢) be its orbit with initial
point xg > 0 close to the origin. Put ¢g :=id — f.

The germ f can be considered as the restriction on the positive real axis of a
complex parabolic germ f(z) with real coefficients. It is known that there exist two
sectorial Fatou coordinates W4 (z), with the common asymptotic expansion:

(5.1) U(z) = (k1k+plogz)ogp, peR, §ez+ R[]
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The series W has real coefficients. Note that on the real line there exists an analytic
Fatou coordinate ¥ : Ry — Ry, with the asymptotic expansion \Tf(x), as x — 0,
which is the restriction to R+ of the complex sectorial ¥ .

Recall the definitions of the standard and of the continuous time length of the
e-neighborhood of O7(xg) (with respect to the flow corresponding to the Fatou
coordinate ¥):

Af(zo,€) = ne - 26 + < (x0) + 26 = (\I/(f”E (z0)) — \I/(xo)) -2e + f"(z0) + 2¢,
Af(20,8) = T - 26 + g (2e) +2e = (\I! (97'(2¢)) — \I!(:CO)) -2 + g (2e) + 2e.

Recall that f7=(zg) = g~ *(2¢). The asymptotic expansion of g~*(2¢), as ¢ — 0, is
given by (since g(z) = 21 0 ¢y (z), 1 €  + 2?R{z}):

(5:2) G (20) = 87" ((20)77), 31" € 2 +2°C[[a]).

As in the proof of Theorem B, point (3), we have f™<(zq) = ho (¢) + h(e), where
ho () is the sum of (finitely many) terms of g=! (2¢), up to the order O (¢), and
h(e) = O(e). We will show now that h(e) = O(e) in f™(xg) does not have an
asymptotic behavior in e (power-iterated logarithm scale), as € — 0. Suppose the
contrary, and consider the sequence ¢, = w — 0, as m — oco. We
will denote by n_y and h (g;},) (resp. n_- and h(e,,)) the limits of the critical index

ne and h (¢) when € — ¢, on the right (resp. on the left). We get:
Frem (o) = fem (wo) = U (ngy + W(xo)) — U H(n,, + (o))
~ (T (ne,, ) (ng —1.-)
(5.3) ~ g,k 1(n5% —n_)~em - (ng —n ), m— oo

The last row is deduced since n. ~ ¥(g=1(2¢)) ~ e see also [15].
On the other hand, if h(¢) = O(e) has asymptotic behavior in £, then h(e) =

Ce+o(g), e >0, C € R (possibly also 0). Then,
(5.4) fren (o) = frem (w0) = hle) — hiey,) = o(em), m — oo

Indeed, the first part ho(e) + Ce is finite sum of monomials, thus continuous at &,,,
and cancels.

From (5.3) and (B.4)) it follows that n_+ —n_- — 0 asm — co. But e = n. is a
step function at &,,, and therefore n_+ —n_- =1, for every m € N. This leads to

a contradiction. The asymptotic expansion in £ of A #(zo,€) from the term O(e)
onwards is therefore non-existent.

On the other hand, using (B.I)) and (5.2)) and Definition [Z.6] of 21\‘;?(5), we compute

the formal length g‘)}(a) for the formal Taylor expansion f € R[[z]] of f:
/Alj?(s) = bye T 4 boe T 4 -« f bpeFT + brrieloge + (bpia + U(wo))e+
(5.5) + byset TET 4 by e TR 4 € L.

Here, b; € R are real numbers depending only on the coeflicients of fand not on the
initial condition. Note that in this analytic case the formal series (5.3)) is not really

transfinite, but just a formal series indexed by w (since T and g~ ! are just series).
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By Theorem B 2., (.0) is in fact the asymptotic expansion in € of A (z0,€), up
to a term e K, K € R.
Finally, the expansion (B3] is by Theorem B 3. the continuation of the non-

existent asymptotic expansion in € of the standard length Aj(xg,¢), after O(e):
As(xg,€) = blsﬁ —l—bgaﬁ 4 -—i—bkak%l +birieloge+ (bk+2+\lf(xo))£+R(£, xo).

Here, the remainder R(e,z) = O(¢g), € — 0, cannot be further expanded in eIt
depends on the initial point o of the orbit. The similar expansion of Af(xo,¢)
was obtained before in [15], but for diffeomorphisms in C. In that case, the area is
computed instead of the length and the exponents are bigger by 1.

Note that in the analytic case it is sufficient to work with ordinary series in-
dexed by w and with standard asymptotic expansions. That is, the introduction
of transseries and of sectional (trans)asymptotic expansions from Section [3is not
needed to treat the analytic case.

6. THE FORMAL INVERSE OF A TRANSSERIES

We recall that £ is the class of transseries in 21 which involve only integer powers
of the variable £. Let g € L,

(6.1) g=azx*f™ +hot.,a€eR, a>0, meZ

Let us define the set 73% as the sub-semigroup of R>g x Z X Z, resp. of R>¢ X Z,
generated by:

(1) (B—a,£—m,0) for (8,¢) € S(g)\{(er,m)}, (0,1,—1) and (0,0, 1), if m # 0,
(2) (B—a,¥) for (B,0) € S(g) \ {(«,0)} and (0, 1), if m = 0.

Lot o — JRa+(1,0,0), m#0,
7\ R+ (1,0), m=0.

Proposition 6.1 (Inverse of a transseries from E) Let§ e L as in @I). Then
its formal inverse g—' belongs to Lo. If § moreover contains no logarithm in the
leading term (m = 0), then its formal inverse g~ belongs to L1. More precisely,

(1) m#0
77 (@) = (™) H @t ™) - (14 R

where R € Ly with ord(R) = (0,0,0) and its support S(R) is made of
monomials of the type

(2™ ™)a L0y, (v,7,8) € 73;.
(2) m=0
~ 1 1 =
i (@) =a vt (1+ R@)),
where R € L with ord(R) - (0,0) and S(R) is made of monomials of the
type
ol (y,r) € 73;.

Here, 7?@ is as above defined.
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Note that a similar theorem about the formal inverse in a more general setting
of transseries was proved in [I].

Outline of the proof. Write
(6.2) 9= ga,m © P,
where go,m(2) = az®€™ and @(x) = ¢ + h.o.t. If g(z) = ax + h.o.t. is parabolic or
hyperbolic, we simply have g1, = a - id. Therefore,
(6.3) G =0 00
Thus, in order to compute the formal inverse of the initial transseries g, one needs
to compute the formal inverse of the monomial g, ., and the formal inverse of the
parabolic transseries @. In the following three auxiliary lemmas, we control the

support in each step. The proof of Proposition is finally given at the end of the
section.

Lemma 6.2. Let gom(x) = az®€™, a € R, a >0, m € Z. Then:
g;ﬁn(a:) = (ao/”)*é pa W (1 + F

Gan(@) = (a0™) ™% 2% 7% (14 (e,
Here, F(t,s) is a germ of two variables analytic at (0,0), F(0,0) = 0, with Taylor
expansion F'.

In particular, if m =0, then

1
o

Q=

gao(®) =Goolx) =a =

Proof. First, we estimate the leading term of g}, Put
(6.4) y = ax®l(x)™.
Applying the logarithm function to both sides of this equality leads to:
logy = loga + alogx + mlog€(x).
It follows that logy ~ alogx when y — 0, and, consequently, that £(x) ~ «f(y).

From (6.4)),
x(y) ~ (aam)féyiﬁ(y)f%, y — 0.
Therefore,
(6.5) g;ﬁn(:v) = (aam)_éxéff% (1 + h(m)), h(z) =o(1), z — 0.

Putting (3] in the equation gu m(gq 1, (2)) = , after some simplification, we get

(o7 1 "
(L+h(@)"- (1 +log(aa™) - £ —mg — allog(l + h(x))>

=1

By the analytic implicit function theorem,

£ L .
h(z) = Fy (E, E) = F(EQ, E), Fy, F analytic germs at (0,0).

Since h(z) = o(1) and €3, é — 0, as z — 0, we conclude that F(0,0) = 0. O
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Lemma 6.3. Let @ be as defined in ([62). Then ¢ is parabolic and ¢ € Ly. In
particular, if m = 0, then ¢ € L. Moreover,

S(@ — id) - ’R@.
Proof. The case m # 0. By (6.2]),

~ o~

P =Gam o0
Let us write g(z) = az®€™ (1 + f(ac)) Then T € L, ord(T) = (0,0,0) and

ST) = {(8=a,t=m)| (8,0) € S(g) }.
We now compute
B(@) = G (7)) = Gatn (a2 (14 T(@)) ) =
(6.6) —z- (1 + Fy(ls, é,f)),

where F» is an analytic germ of three variables vanishing at 0.
In the computation we use the expansions:

(@) = e (1+ Fa(ta . T) ).

. £ =
(5(2) = & (1+ Fi (62, E,T)),
where F3, Fy are analytic germs of three variables vanishing at 0.

Obviously, §(@ —id) C Ry, with Ry defined at the beginning of the section. By
Neumann’s Lemma, the set S(P) is well-ordered. Therefore, ¢ € L.

The case m = 0. As the proof is similar and simpler, we omit it. (I

Lemma 6.4.

1. Let ¢ € Lo be parabolic. The formal inverse o~ is parabolic and belongs to
22. Moreover, let R C R>q X Z X Z be the semigroup generated by (8 —1,p,q) for
(8,p,q9) € S(p —id), (0,1,0) and (0,1,1). Then S(p~! —id) — (1,0,0) C R.

1

2. Let ¢ € L be parabolic. The formal inverse @' is parabolic and belongs

to L. Moreover, let R C R>q X Z be the semigroup generated by (8 — 1,p) for
(8,p) € S(p —id) and (0,1). Then S(p~! —id) — (1,0) C R.

Proof. We prove the statement 1. for an element of 22. The statement 2. for an
element of £ is handled in the same way.

Let $ € L be parabolic. Put h = @ — id. Then ord(h) = (1,0,0). Let us define
the Schrider’s operator @ : 22 — 22,

(6.7) - f=Fop, [eLs
Put ®; = Id+ Hy, H; : L> — Lo. By formal Taylor expansion (see [II, @
parabolic):
n P PO A R Fo 7
(6.8) Hg-fz@g-f—f:fogo—fth—i-?fh+---,f€£2.

o~

Since ord(h) > (1,0,0), the operator Hy is a small operator, see [I] or [14, Section
5.1] for definition and properties of small operators. Therefore, the inverse operator



LENGTH OF e-NEIGHBORHOODS OF ORBITS OF DULAC MAPS 25

@51 : Ly — Ly is well-defined by the series (formally convergent in the product
topology with respect to the discrete topology, see [14]) :

o0

(6.9) ' =(Id+ Hp) ' =) (-1)FHE
k=0

Consequently, 5! = @51 -id € 22.

We analyze now the support of the formal inverse $~* = &' -id more precisely.

Differentiating a monomial from a fAE 22, we get: i
(2707 =y Y+ ma) T 4 pa Y e Ty > 1 m, ne Z.

It is then easy to deduce from (6.8) that:

(6.10) S(Hz-f) S R+S(f), f € La,

where R C R>g X Z x Z is a sub-semigroup generated by (8 —1 P q) for (8,p,q) €

~

S(h) and (0,1,0) and (0, 1, 1). Iterating I0) we get that S(HZ-f) € R+S(f), n €
N. Consequently, by (6.9),

s(ez'-F-T7) S R+S(). Je Lo
Since p~1 = @51 -id, we get that S(p~! —id) — (1,0,0) C R. O

Corollary 6.5. Let 3 € Ly (resp. L, if m = 0) be as in (6.2). Let Rg be as defined
at the beginning of the section. Then $~1 € L (resp. L,ifm= 0) and

S(@ ! —id) C Ry
Proof. By (6.2), ¢ is parabolic. By Lemma 6.3, S(¢ —id) € Rj. By Lemma [6.4]

S(@E' —id) — (1,0,0) C R;. 0
Proof of Proposition [6.]l
The case m # 0. By (63), we have that
PO N R

g =¢ ogam

By Lemma [6:2 and Corollary 65, =1 € L». Let us analyse the support. We have,
using Lemma [6

(611) G ) = G (@) + (57— 1d) (o ul0) =
= (aa™) = (£~ m) (14 F(L, f )+
(@ i) (™) F (w14 Flla 1) ).
Let 27¢7€5 € S(3~! —id). By Corollary B3, (v,7,s) € Rz. We compute:

ol
o

(6.12) (27€7£35) 0 g;}n(x) = (aa™)" %o’ - (€)=~ 0785 (1 + F; (€2, ;2))
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where ﬁ5 is the Taylor expansion of an analytic germ F5 vanishing at the origin.
In the computation we use the following:

(Gh) =t (14 Folts, ),

£
_ .
(6.13) @) =t (1+Fr(te ).

where ﬁg, ﬁ7 are Taylor expansions of analytic germs Fg, Fr vanishing at the
origin. Combining (G.I1)) and ([E12), we get the statement in the case m # 0.

The case m = 0. Lemmas[6.2]- are simpler in this case. The proof is a simple
exercise. ]

6.1. The inverse of a Dulac series and of a Dulac germ. Let g € G4 be a
Dulac germ and g € £ its Dulac series. Put

g(z) = 2P (€77) + 0(z®),

where P, is a polynomial of degree m € Ny. Let Ac R>¢ be a sub-semigroup
generated by {8 —a: B € S,(9)}. Here, S, denotes the support of § with respect
only to powers of z. Put

(6.14) A={y+1: ye A} CRsy.
Note that A and thus A are countable, of order type w (in fact, finitely generated).

We compute in Proposition the formal inverse of a Dulac series g € L. We
refine the statement of Proposition in this special case, using the particular,
polynomial form of the coefficient functions in Dulac series.

We show further in Proposition [6.7 that the formal inverse g—* is the sectional
asymptotic expansion of the inverse of the Dulac germ g with respect to an integral
section in the sense of Definition

The results will be used in the proof of Theorem B.

1

Proposition 6.6 (A refinement of Proposition 611 for Dulac series). Let § € L be
a Dulac series.

1. m # 0. Then the formal inverse g~ € Ly. More precisely,

(@) =D _fa 0z

Bi
o, B; € A, with convergent (by Definition B.7) coefficients

- mB; ~ ~
(6.15) Fouly) =y~ 1075 G, (1), ﬁ) € £, Mp, € No.

Here, éﬁi are Taylor expansions of analytic germs Gpg, of two variables. In partic-
ular, the leading term of g~1(x) does not contain £ (the double logarithm,).

2. m=0. Then g ' € L is a Dulac series. In particular, the coefficients

ﬁ-;i (y) € 280 are polynomial in y~1.

Proof. Define go(z) := z*P,,(£"') as the leading block of g (unlike g4, (z) in
Proposition which represented only the leading term). Put

(6.16) J=gaop.
1. The case m # 0. Exactly as in the proof of Lemma [6.2] we get the following:
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(6.17) Gl (2) = (aa™™) "% -z 0% (1 + F (£, ef)
2

Here, F(t, s) is a germ of two variables analytic at (0,0), F(0,0) = 0, with Taylor
expansion F. Since g, ! is of the 'same’ form as was G from Lemma [6.2] by the

proof of Lemma [6:3] we immediately get that @ := g, ' o g belongs to Ly and is
parabolic. Moreover, that:

_ Ll 4
(6.18) Plz) =z (1+F1(£2,£—,T)>.
2
Here, ﬁl is the Taylor expansion of an analytic germ of three variables vanishing

at 0. The improvement of Lemma [6.3]in the Dulac case is the special form of T in
IR). Since g(z) = az®£~ ™" - (1 + T(x)), T(x) = o(1), is a Dulac series, we get:

1
m
1

(6.19) T(x) =L"Py(€ ")+ > a® 4" P,
i=1
Here, Py is a polynomial of degree strictly smaller than m, (F;) ;>1 Is a sequence of
polynomials, and o; > o, ¢ € N.
We now show that @ := g, ! o g is strictly parabolic: that the order of $ — id in
x is strictly bigger than 1. Indeed, suppose the contrary, that:

(x) =z + cal® + hoo.t.,

where ¢ # 0 and k € N. Computing the formal composition g, (x + cal® + h.o.t.),
we obtain

Go(z + cxl® + hoot.) = (x4 cxlt + h.o.t.)O‘Pm( —log (z + cat® + h.o.t.))

221+ cl* + o(€F))* . P, (e-l Ny o(zk)) -

= 2%(1 + ¥ + o(£F)) (Pm(ﬁfl) + P (7Y (cfF +hot.) + )

= 2P, (€71 + acz®l™ ™ + hoo.t.

Since by (6.16) this composition should equal §(z), which is the sum of P, (£~ ")
and the terms of strictly higher order than x® in x, it necessarily follows that ¢ = 0.

We now invert formally ¢ € Ez, which is strictly parabolic. By Lemma [6.4]
and Corollary [65], o~ € 22, and the support in z is inherited from more general
Corollary To estimate the precise form of coefficients in front of any power of

x in ¢! in the Dulac case, we use the Neumann inverse series formula (6.9), as in
the proof of Lemma 6.4}
7l =(ld+ Hp) ' id:= Y (-1)FHE id =
k=0
(6.20) :id—ﬁ+(ﬁo¢—ﬁ)+(@o@—ﬁ)o¢_ ho@—ﬁ))+...

Here, Hj - fA: fo P — f, fAE 22, and h 1= » — id. Due to the strict parabolicity
of ¢, the above series converges in the formal topology.
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It can be seen from (G.I8) and (6I9) that the coefficients in front of any power
of z in p(x), that is, in h(z), are finite sums of terms of the form:

(6.21) PGl ).
£

where P is a polynomial and G a Taylor expansion of an analytic germ G of two
variables. Consequently, by (6.20), computing formal compositions with @ strictly
parabolic, we conclude that the coefficient of a fixed power x? in 3~ —id is of the
same form:

ng
Zpl(E*l) : ﬁi(£27 ££)7 ﬁ Z 17 ng S Nu
i=1 2

Here, P; are polynomials and E are the Taylor expansions of analytic germs F; of
two variables. Putting Mg := mMax;=1...n, deg(Pj), the coefficient can be written in
a reduced form:

~ £
(6.22) Mo Gk, 7> Ms € No.
2
Here, G g is the Taylor expansion of an analytic germ Gg of two variables.
Finally,

Log =g+ (@' —id)og, .
1

g'=0
Note that, since @ and thus @' are strictly parabolic, the leading block of g~
is exactly g;'. The support in z of g=! — g, ! is inherited from more general
Proposition [6.Il We analyse the blocks in the particular Dulac case. Using (6.17]),
(6.22), and (6.13), we conclude that g—! — g, ! contains blocks the type:

m L

Vg (b, 1) (a87)F = MR (0, ) 0%, B A My e Ny,
2 2

1

Here, H s are Taylor expansions of analytic germs Hg of two variables. The expo-
nents 3 belong to the support of z in $~! —id, which is by Corollary [6.5 described
by A in (6.14).

Since the first block of g~ ! is g, ! given in (6.17), g~ * does not contain the double
logarithm in the leading term.

2. The case m = 0. We follow the same steps, but the computation is easier.
In this case, go(z) = az®, a € R, and { is strictly parabolic and Dulac. It follows
that @~! and consequently g—! = =1 o g, ! are also Dulac. (]

Proposition 6.7. Let g € Gan be a Dulac germ and g € L its Dulac eTpansion.
Then the formal inverse g~ ' € Ls from (GI8) is the (unique) sectional asymptotic
expansion of the inverse germ g~ € Gan with respect to any integral section. More
precisely, for everyn € N,

(623) fﬁi (y) = y_MBi—i_ma » Gﬁi (Z(y)a Tyy)) € Gan, Mﬁi € No,

where B; € A, i € N, are as in [©I8) and Gp, are analytic counterparts of 651.

from (6I5).
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Proof. The blocks of the formal inverse g—! are by (6.15) convergent transseries.
Since every integral section is coherent (respects convergence), it is sufficient to
prove that ! can be expanded in increasing powers in z in the form (6.23)), where
fs, are the sums of convergent fg Coarsely, this is proven by repeating the same
steps of construction as described in the proof of Proposition [6.6] but this time on
germs in Gaon.
Let go(z) = 2*P,,(£') as before be the first block in the Dulac expansion.
Then
g=gaop, g =¢ togyl.

Computing as in the formal case, we get:

(6.24) gt (z) = (acfm)fé e (1 + F (€2, é)),
(6:25) P0) = g (900) = o+ (14 Falle, 1, T@)))

Here, F, F» are analytic germs in two variables, with Taylor expansions F and ﬁg
from g, ! resp. @. The germ T € Gan is defined by g(z) = az®€™ ™ (1 + T(x)).
Since g is a Dulac germ with Dulac expansion g, it follows that:

(6.26) T(z) — £"Po(£™") =Y a® " P,(£7") = o(2®" %), ¥n €N,
i=1

with P; as in (G.19).
Putting ([626]) in ([©259]), and expanding F», we get immediately that:

. SN b oma A L
Pla) =) ale ‘”Gm(fz,g),

i=1

- Y4
6.27 ) =Y 2Piem5i Gy (8y, —) + o(xP), n €N,
(627 o) =3 G b, ) + e

where Gg, are analytic germs of two variables with Taylor expansion égi, 1€ N.

In particular, as was the case for @, the leading term of ¢(x) — x is of power
strictly bigger than 1 in = (¢ is strictly parabolic).

We now analyse the blocks in the expansion by increasing powers of = of ¢!,
using the Neumann inverse series. We prove that they are the sums of the corre-
sponding convergent blocks (see (6.21))) of 1. By coherence of integral sections,
this implies that @' is the sectional asymptotic expansion of ¢! with respect to
any integral section.

Recall the Schrider operator :134/, from Lemma [6.4] used for obtaining the formal
inverse ! of @. Define similarly here the linear operator ®, acting on Gan,
&, € L(Gan), by:

Py f=Ffop, feGan.

Denote here h = ¢ —id € Gan. Furthermore, let us introduce the linear operator
H,:=®,—1d € L(Gan),

Hy-f=fop—h, feGan.
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Let us consider the Neumann series:
(6.28) > (-1)FHE - id.
Denote its partial sums by

Sy, = Z(—l)kH’; ~id € Gan, n € N.
k=0

We prove that the Neumann partial sums S, approzimate ¢~ ', as n — oo. More

precisely, we prove that, for every v > 0, there exists a n, € N, such that
(6.29) Sp (2) = ¢ Hz) + O(z7), . — 0.
In other words, we prove that:

Sn, (p(z)) =2+ O(2"), z — 0.

Indeed,
(6:30) Si, (p(2)) = (Py - S, ) (@) = (Id+ Hy) - (D (-1)FHJ -id) =
k=0
=D (-DFHEid+ > (-)FHEET id =24 (1) HEP T
k=0 k=0

Since ¢ is strictly parabolic, there exists some § > 0 such that H, -id = o(z1*?).
Inductively, there exists a ny, € N such that Hg”“ -id = O(z7). Now (6.30)
transforms to:

Sn, (¢(z)) =z + O(7),
that is
(6.31) Sn, (@) =7 (@) + O((¢7 ' (2))7) = ¢ (2) + Oa").
By (6.31)) we have, for v — oo, the following expansion of ¢ ~*
powers of x:

in strictly increasing

(6.32)
o ! Zid—h—I—(hocp—h)+((hocp—h)ogp—(hogp—h))-i—...—i—O(;ﬂ),

as compared with its formal analogue (620). In ([6.32]), the number of summands
in the second line is finite (and equal to n. for a fixed v > 0). We now expand the
compositions in summands of ¢! by the increasing powers of x, using expansion
for ¢ given in ([G27) and the fact that ¢ is strictly parabolic. Since ¢ is strictly
parabolic, the order of = in the consecutive brackets of ¢! is strictly increasing.
Thus only finitely many terms contribute to a block with a fixed power of x. The
blocks in x of ¢! are the sums of the corresponding convergent blocks of 1.

Finally, we analyse the blocks with increasing powers of z in the composition
g7t = ¢t og,t, and show similarly using the expansion by blocks of ¢~ and
624) that they are the sums of the corresponding convergent blocks of g=1 =

o logyt. 0
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7. FATOU COORDINATE OF A DULAC GERM AND OF A DULAC SERIES

In this section, we prove simultaneously the three points of the following state-
ment:

Proposition 7.1. Let f € Gan be a parabolic Dulac germ and let f € L be its
Dulac expansion.

1. There exists a umque (up to an additive constant) formal Fatou coordinate 7
for f in €. It belongs to Loo

2. There exists a unique (up to an additive constant) Fatou coordinate ¥ € Gan
for the germ f which admits a sectional asymptotic expansion in the class € (in the
sense of Definition [32).

3. Let s be a fized integral section and Ve EASO the formal Fatou coordinate
(with a fized choice of the additive constant). Then there exists a choice of the
additive constant in W € Gan from 2. such that the formal Fatou coordinate 7
is the (unique) sectional asymptotic expansion of U € Gan with respect to s. The
Fatou coordinate ¥ is of the form:

U =", +R,

where ¥oo — 00 andR—o( ), as x — 0.
4. U = \I!OO + R where \I/ € £°° is the sectional asymptotic expansion of Vo,

with respect to s and R € L is the sectional asymptotic expansion of R with respect
to s.

Note that different choices of integral sections s in 3. lead to change in ¥ only
by an additive constant C € R.

Note that ¥, — o0, x — 0, is the infinite part, and R = o(1), x — 0, is the
infinitesimal part. We call ¥, the principal part of .

Remark 7.2. Let oy > 1 be such that ord(id — f) = (a1, m), m € Ny. The
function R from Proposition [(.1] satisfies the modified Abel difference equation:

(7.1) R(f(z)) = R(z) = 6(x).

Here, ¢ is an analytic germ at open 0+ and §(z) = O(z7), with v > a3 — 1.

Remark 7.3 (Non-uniqueness of the Fatou coordinate in G4y, without requesting
the existence of the expansion in €in Proposition [TT)).

Note that any strictly monotone ¥ € G4y whose inverse U=, as a germ at
infinity, satisfies U=1(w + 1) = f(¥~!(w)), is a Fatou coordinate for f. This gives
us freedom of choice of ¥~! on the fundamental domain [0, 1) and the rule for its
extension at the neighborhood of oo, thus, non-unicity of a Fatou coordinate for f.

In particular, let W7 € Gan be the Fatou coordlnate constructed in Proposi-
tion [Tl admitting a sectional expansion = EOO Let Wy € Gan defined by
Uy := Uy + T o ¥y, where T3 is any periodic function on R of period 1 whose
derivative T} is bounded in (—1,1) (e.g. Ti(z) = 4=sin(27xz), = € R). It can be
easily checked that Wy is also a Fatou coordinate for f (by Definition 22)). It does
not admit the expansion in f}, due to periodicity of T7.

The proof of Proposition [Z.]]is constructive, so in the course of the proof we also
prove the precise form of ¥ stated in Proposition [(.4l In addition, we prove that
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there is only one monomial in ¥ containing the double logarithm in Remark [0.1]
in the Appendix.

Proposition 7.4 (Formal Fatou coordinate for a parabolic Dulac germ). Let Ve
L3P be the (unique) formal Fatou coordinate for a parabolic Dulac germ f € Gan.
Then there exists p € R such that U — ply* € L, and

(7.2) U—plyt =2 fi(e)
i=1
Here,
1. a1 <0,

2. Qi is a strictly increasing real sequence tending to +00 (finitely generated),
3. fZ s a formal Laurent series such that, formally in £°°

gl T
(73) fig = LRl dr

T
where R; is a convergent series (more precisely, a power asymptotic expansion of a
rational function).

Note that, in general, ﬁ(y) is a divergent power series for every positive value
y > 0. Nevertheless, it is what we call integrally summable in Definition 3141 We

define its integral sum f; € Gan as:
a;—1

et/ e T R e~ /v
I 7021(11) d( )7 a; > 0,
fily) = . &t
e v i d(e~ /v
I R o

=T ’
e Y

Here, R;(y) is the sum of convergent R;(y). In the special case a; = 0, ﬁ(y) is
obviously convergent Laurent and we take simply its sum f;(y). Indeed, by (Z3)
fz’(y) = Ri(y)y~2 and R;(y) is convergent Laurent. It is proven in Proposition [0.3]
in the Appendix that ﬁ is the power asymptotic expansion of its integral sum f;.
These integral sums will be the building blocks in the parallel construction of the
Fatou coordinate germ ¥ € G4y from Proposition [L11

Before proving Propositions [[.]] and [[4] we give a motivating example illustrat-
ing the construction of the Fatou coordinate.

Example 6. Take, for example, a Dulac germ f € G4n with the expansion:
fla) =z — 227" + o(z?).

The algorithm which will be described in this section is a block-by-block construc-
tion the formal Fatou coordinate ¥ € £ satisfying formally the Fatou equation in
£

\/I\!(:v — 2207 +0(2%)) — U(z) = 1.
Let \/1\11 be the first block of \TJ, that is, U = \/1\11 + h.o.b. Here, h.o.b. stands for
blocks of strictly higher order (in x). Applying the formal Taylor expansion, the
lowest-order block on the left-hand side is the —¥) () - 2207 so it should equal 1
on the right-hand side. Therefore, ¥, is given as the formal integral:

~ dx
i (@) :/x210gx'
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To continue, put T = \Tll + R in the Fatou equation and repeat the procedure for
the following blocks.

We try the parallel construction of the Fatou coordinate ¥ € G4. By formal
integration by parts, we see that

(7.4) Uy(z) =a" Z nle".
n=1

o~

oo

For every £ € (0,d), f(£) := ), _,nl€" is obviously a divergent series (which is
Borel summable). However, following our construction, this series is uniquely real
summable in the natural way. Indeed, let

d
dt
Vi) = ‘/z Tlogl

be the analytic analogon of \Tll from (T4). Then ¥; € Gay. The germs z —
2V (z) and consequently f(£) := £ — e YT (e~1/%4) also belong to Gan. By
Proposition [[0.3] the power asymptotic expansion of f € Gan is equal to f This
procedure is formalized in Definition B.14]

The proof of Propositions [T and[74). The point (1) in Proposition[7-Ilhas already
been proven in Proposition.3l We now offer a constructive proof of the existence of
Ve Zgo from (1), that is, the proof of Proposition[.4l As illustrated in Example[d]
simultaneously with formal Fatou coordinate \ff, we construct the Fatou coordinate
U € Gan from point (2) and prove the relation (3) between ¥ and U. We follow in
large part the construction of the Fatou coordinate for parabolic diffeomorphisms
as explained, for example, in [IT].

We proceed in four steps:

Step 1. In Section [[.1] we construct the formal Fatou coordinate \TJ, by solving
block by block the formal Abel equation. By block, we mean the (formal) sum of
all the monomials of fwhich share a common power of x. We get the precise form
[T2) of U. Recall that the formal Fatou coordinate is unique by Proposition

Simultaneously, we provide the “block by block” construction of the Fatou coor-
dinate ¥ € G4y, where the germ for each block is represented by an integral. We
prove that each formal block is the asymptotic expansion of the appropriate corre-
sponding integrally defined germ, or at least up to a constant term (Remark B.12).

Additionally, we control the support of the formal Fatou coordinate, and prove
that the powers of z it contains belong to a finitely generated lattice.

Step 2. Section The control of the support obtained in the previous step
allows to conclude that the principal part \Tloo of the Fatou coordinate is obtained
after finitely many steps of the “block by block” algorithm. We prove also that
the principal part \TJOO (with a specific choice of the constant term) is the sectional
asymptotic expansion with respect to any integral section s in Ego of the principal
part U, (with the choice of the constant terms in integrals depending on the
constant term of ¥o, and on the choice of the integral section).

Step 3. In Section [[L3] we solve the modified Abel equation (1) for the re-
maining infinitesimal part of the Fatou coordinate R. The infinitesimal part R is
obtained directly from the equation in the form of a convergent series, following
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the method explained in [IT]. We prove in Section [(-4] that the formal infinitesimal
part R of U obtained blockwise (in countably many steps) is indeed the sectional
asymptotic expansion in L with respect to any integral section s of the infinitesimal
part R of W.

Step 4. Finally, in Section [C.5, we prove the uniqueness of the formal Fatou co-
ordinate U € € up to an additive constant. Furthermore, we prove the uniqueness,
up to an additive constant, of the Fatou coordinate ¥ € G4y admitting a sectional
asymptotic expansion in g. Moreover, for a fixed constant term in Ve 2‘2’0 and for
a fixed integral section s, we prove the uniqueness of the Fatou coordinate ¥ € Gan
admitting U as its sectional asymptotic expansion with respect to s.

To conclude, if we change the integral section s, the Fatou coordinate ¥ € Gan
admitting the same sectional asymptotic expansion U e Ego with respect to s
changes only by an additive constant. (I

7.1. The Fatou coordinate and the control of the support.

Let
fx) =z -z P ') —z2Py(£71) + o(z*2)
be a parabolic Dulac germ. Here, 1 < a3 < as < ... is a strictly increasing se-

quence tending to +00, whose elements belong toa ﬁnltely generated sub-semigroup
of R>0, and the P; are polynomials. Let f € L be its Dulac expansion.

We construct the formal Fatou coordinate ¥ satisfying the formal Abel equation
(7.5) U(f)-T=1

block by block and we control its support. By one block, we mean the sum of all
monomials sharing a common power of . We call the power of x of a block the
order of the block. In each step, we consider the construction from two sides:

1. the side of formal transseries, and

2. the side of analytic germs in G4 .
Let us now describe the induction step. Put

\/I) = \/I\Jl + ﬁl;
where \Tll represents the lowest-order block of . Since we search for a solution ¥

in £, and since f is parabolic, we can expand the Abel equation (3] using Taylor
expansions:

~ 1 ~
\IJ/~§+§\IJ”-§2—I—~-~:1,

where § = id— f = 21 P (£ ) + 222 Py(€~') + - -. The term (¥,) -2 Py (£71) is

the block of the strictly lowest order on the left-hand side, so it should equal 1 on

the right-hand side. Therefore,

(B1) = = =5 Qu(0).
Here, @1 is a rational function. We obtain the formal antiderivative \Tl‘fo € ESO by

expanding the integral formally, using integration by parts, see Proposition [[0.3] in
the Appendix.
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On the other hand, we define:

d
\Ifl(.f) = —/ tialQl(Z) dt, d > 0.

Obviouisly, ¥; € Gan. Note that a3 > 1 or (g =1, ord(Q1) < 1), so ¥y(z) — oo,
as ¢ — 0. Note that ¥, is unique only up to an additive constant (free choice of
d > 0). In the sequel, this will be the case infinite blocks. On the other hand,
infinitesimal blocks will give unique germs.

By Proposition in the Appendix, T, is the asymptotic expansion of Wy €
Gan in ZgO, up to an additive constant.

The Abel equation for R, becomes:

f(@)
(7.6)  Ri(f(2)) — Ri(e) =1 — (V1(f(z)) — Vi(2)) =1 —/ t7M Q1(£) di.

Let us denote by d1(z) := 1 — fmf(m) t~*1Q1(£) dt the new right-hand side of the
equation. Obviously, §; € Gan , as a difference of analytic germs.

On the other hand, the formal Abel equation becomes, applying Taylor expan-
sion:

~ o~ ~ ~ ~

Ri(f(x)) — Ri(x) =1 — (W1(f(x)) — ¥i(x)),

PO P
= 1= (W) - ()" +---,
I_al 1 fE_al / ~
-1- = G- —(—=——)3%+...= )
e’ 2 (Pl(efl)) g 1()

It can be checked from the above computation that the leading block in gl is of
order min{a; — 1,0 — a1 }. Similarly, whe have §; = O(g™ir{ez—on.a1=1}=) " for
every € > 0.

Furthermore, it can be seen that 51 consists of blocks of the type 2’ R(£™1),
where R is a rational function whose denominator can only be a positive integer
power of the polynomial Py (671), and [ belongs to the set:

Ry = {(0m + -+ 0y —K) — (o 1), ke N},

where «,,, > 1 are powers of z in . Since the sequence (av;); is finitely generated,
the set Ry belongs to a finitely generated lattice. In particular, it is well-ordered.

Now, we repeat the same procedure of elimination (on one hand for germs, and
on the other hand for formal series), but with the right-hand side d; (that is, 25\1)
instead of 1. We put ﬁl = g + }A%Q. To eliminate the first block from 31, say
PR, we take:

_ PR
(7.7) (Ua) = %ﬁf‘f)

where () is a rational function.
As a germ, we paralelly define
(7.8)
Tale) m {(1) — [T =By k() dt a1 — B> Lor (ar =B+ 1, ord(Q2) < 1),
(2) fom t_(o‘l_'@)Qg(f(t)) dt, ag—pf<lor(ag =641, ord(Qz) > 1).

= 2P71Qs(0),
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Obviously, ¥$° € G4n. Note that there are no new singularities created in Q2(£),

since the denominator of %:)) is just a positive integer power of P (£71).

Note here that, depending on the order of the right-hand side in (Z17) (that is,
on the step of the algorithm), in the case (1) in (L8) we get ¥a(xz) — oo (infinite
block), while in the case (2) we get Ua(z) = o(1) (infinitesimal block), as x — 0. In
(1), we may chose the constant in Uy arbitrarily (choosing any d > 0), while in (2)
we get the unique germ ¥,. We will show below that there are only finitely many
infinite steps, but at most countably many infinitesimal steps.

Repeating the same procedure, we conclude that the monomials from the support
of &, are of the form 2 R(£™1), where R is a rational function with same properties
as before, and

BGRQ I:{(Oénl—f—"'—FOan—k)—2(0[1—1), kEN, kZ2}UR1

At the r-th step of this procedure, the powers of z in gT are:

BER, = UpGN,pgr{(anl + ot ap, — k) _p(al - 1)a keN, k> p}'

Therefore, the monomials appearing in the algorithm on the right-hand side of the
modified Abel equation are always of the form z” R(£~'), where

BeR = J{(an ++an —k) —rla —1)|kEN, k>r}=
reN
:{(anl_al)+...+(anr_al)+(anT+1_1)+...+(ank_1)7 r <k, T7k€N}'

That is, the set R is the set of all finite sums of nonegative elements of the form
(; —aq) and (a; — 1), where ; > 1, 4 € N, is the sequence of powers of z in the
Dulac expansion f(:v) Since (o;); belong to a finitely generated lattice, it is the
same for the elements of R. In particular, R is well-ordered. Its order type is w,
and its elements form a sequence tending to +o0o. Since all the powers of x in the
common support of all the right-hand sides § in the course of the algorithm belong
to R, they can either be ordered in an infinite strictly increasing sequence tending
to +oo or there are only finitely many of them. In the latter case, the block by
block algorithm terminates in finitely many steps. Otherwise, it needs w steps to
terminate. In any case, the construction by blocks of the formal Fatou coordinate
is not transfinite, as it terminates in at most w steps.

Furthermore, thanks to the direct relation of \TIT and the leading block of S\T
described in (1), and by Proposition [[0.3] we also see that the support of T is
well-ordered.

7.2. The principal (infinite) part of the Fatou coordinate. Let a; > 1 be
such that ord(id — f) = (a1,m), m € Ny, as above. We have proved in Section [7.1]
that the orders of the blocks on the right-hand sides of the Fatou equation in
the course of eliminations belong to a finitely generated lattice. The order of the
leading block on the right-hand side in every step strictly increases. Therefore, it
follows that after finitely many steps of block by block eliminations, the order of
the right-hand side 8 becomes strictly bigger than a; — 1.

We denote by 19 € N the smallest number such that, after ro steps, the Abel
equation becomes:

Ry, (f(2)) = Ryy(x) = o(z 7).
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The ro-th step is the critical step between the infinite and the infinitesimal part
of the Fatou coordinate. That is:

Ry,—1(x) = 00, Ryy(xg) = 0, x — 0.
This is a direct consequence of the following Proposition

Proposition 7.5 (Order of the blocks in the algorithm). Let § € R be the order
of the first block of the right-hand side (5k el of the equation

R(f) = R =16y
Then the first block Uy, € ESO ofﬁ is a block of order 8 — (a1 — 1). Moreover,
a)if B>a1 —1, then\I/kEE
b)if B<a;—1, then\I/kEEOO
c)if f=a;—1, then\I/keﬁg.

Proof. By Taylor expansion, as described in the algorithm in Section [T.1]
Uy = /xf(o‘lfﬁ)@(ﬂ) dz

where @ is an asymptotic expansion of a rational function, and f denotes the formal
integral. The result now follows by Proposition [0.3 ([

It follows that there exists an index rg € N, called the critical indez, such that
all the infinite blocks of ¥ or ¥ are exactly those (finitely many) indexed by r < rq.
Hence we define the principal part of ¥ € Gany or ¥ € L3° by:

\I/OOZ\IJ1+"'+\IJT‘0;

U® =Ty 4+,
Note that, by the integral definition (Z8) (1) of infinite blocks ¥;, i = 1...r,
due to arbitrary choices of d > 0, U™ defined above is unique only up to an
additive constant. Therefore, by Proposition [I0.3] parallel construction and by the
definition of integral sections and sectional asymptotic expansions in Section [3 the
formal principal part U>° € L£5° obtained by the blockwise integration by parts is
the sectional asymptotic expansion of ¥ with respect to any integral section s,

up to appropriate choices of constant terms in both ¥ and oo, Also, the change
of the integral section s leads to the change in constant terms in W or in ¥,

7.3. The infinitesimal part of the Fatou coordinate. Let ry be the critical
inder defined at the end of Section The germ R = ¥ — U satisfies the
difference equation:

(7.9) R(f(z)) — R(z) = 0(z),
where §(z) = O(27) with v > oy — 1, § € Gan. Note that this is the first step of
the block by block algorithm for which we obtain an infinitesimal solution. That
is, R=0(1), as z — 0.

On one hand, we continue solving formally block by block (expanding integrals
by integration by parts). We have already proved at the end of Section [l that we
terminate the formal block by block algorithm in countably many steps:

(7.10) R= > Ry

€N
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By Proposition [7.5], ETDH € EA, i € N, are blocks of strictly increasing orders, so
RelL.

On the other hand, in each step we get a germ R, 4+; € Gan, ¢ € N, which is
defined by an appropriate integral, see (Z.8)) (2). Note that R,,4+; = o(1), as x — 0,
as a consequence of the fact that we do not allow adding arbitrary constant terms
in the definition (Z8) (2). Therefore, by Proposition [03, R,4; is exactly the
asymptotic expansion of R, 1, in L.

Instead of proving that the infinite series of analytic germs is an analytic germ,
once that we have reached the equation for the infinitesimal part (.9), we directly
construct a germ R € Gan, R(z) = o(1) and satisfying (7.9), by following the
classical construction explained in [I1]. We define:

o0

(7.11) R(x) = = 3 6(/4 ()

k=0
We prove that the above sum converges uniformly on (0,d) for sufficiently small
d > 0. Take € > 0 small enough such that a; + & — 1 < . By Proposition [.1]

_ 1
below, we see that 0 < f°%(x) < (g) e1te=1 ¢ € (0,d), for d sufficiently small. By
Weierstrass theorem, R € Gan. It is easy to check that R satisfies (T.9)).

Now, U = U>® 4+ R, ¥ € Gap, is a Fatou coordinate for f. Directly by Proposi-
tion [C.6] below, we get that R(x) = o(1), as  — 0.

Proposition 7.6. Let f be the Dulac germ as above. Let aq > 1 be the order of
the first block in the Dulac expansion of id — f. Let § be an analytic germ outside
0, satisfying 6(x) = O(x”), v > a1 — 1. Then h defined by the series

(7.12) h(z) ==Y 6(f"(x))
k=0

is an analytic germ on (0,d), d > 0. Moreover, for everye > 0, h(z) = O(z7~ (@1 —1+e))
as x — 0.

Proof. Let € > 0 such that v > a1 — 1 + ¢. By Proposition [[77] we get that there
exists d > 0 such that

@) < (57T ae 0.0)

By Weierstrass theorem, the function h defined on (0,d) by (ZI12) is analytic on
(0,d). The last point of the proposition follows from the following inequalities:

— k e
h(@)] = | = D8 @] £ €D a7 (14 Jam e TEEE
k=0 k>0
e t v
< Clzv'y/ (1+ 5;100‘1*571) st gt < Oz (7Y g s 04,
0

where C' > 0 and C7 > 0 are constants. O

Proposition 7.7. Let f be an analytic germ on (0,d) satisfying 0 < f(x) < =z,
x € (0,d). Let lim,_,o % — 0, for some a > 1 and for every € > 0. Then for
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every € > 0 there exist ng € N and di > 0, such that

1
ate—1

(7.13) 0< f™(x) < x(l + gxo""a_l) , € (0,d1), n>no.

Proof. Take € > 0 and fi(x) = x — 2z*T¢. We prove the proposition for f;, and
the statement for f follows. To prove the estimate, we use the change of variables

w= m, w € (M, 0), by which f; becomes:
Fi(w)=w+1+0(w™1).
It is now immediate to end the proof by working with Fj. (I

7.4. The sectional asymptotic expansions of the Fatou coordinate with
respect to integral sections.

We prove here that R € gA ~ defined in (TII) admits the formal infinitesimal
part of the Fatou coordinate R € L constructed in ([TI0)) as its sectional asymptotic
expansion with respect to any 1ntegra1 section s. We have already proven in Sub-
section [ that U™ € G4 admits U™ € L as its sectional asymptotic expansion
with respect to any integral section for an appropriate choice of constant terms in
pee, oo, Consequently, Fatou coordinate ¥ = U™ + R € Gan will admit formal
Fatou coordinate ¥ = U™ + R € £2 as its sectional asymptotic expansion with
respect to any integral section, but only with appropriate choice of constant terms
in U, oo, Finally, the dlfferent choice of integral section leads to different choice
in constants in ¥ or in \I/ if ¥ is to be the sectional asymptotic expansion of ¥
with respect to the new 1ntegra1 section.

Put hy, := R—>_"" | Rry4i, n € N. Obviously, h,, € Gan and h,, = o(1) (since
R =o0(1) and R, 4; = o(1), i € N). It can easily be checked that h,, satisfies the
difference equation with the right-hand side §,(z) = O(z"), where v, — oo and
On € Gan. Iterating the equation for h, and passing to limit as for R(x) before,
we get that h,, is necessarily given by the formula:

_ Z 6n(fok
k=0

By Prop081t10n [C6 we get that h, = O(2P"), where 8, — oco. Together with
the fact that Rm+z € L is the asymptotic expansion of R, ,1; € gAN, i € N (see

Proposition [[0.3)), this proves that R € Gan, R = o(1l), admits R € L as the
sectional asymptotic expansion with respect to any integral section.

7.5. Uniqueness of the Fatou coordmate

The formal Fatou coordinate ¥ € £°° is unique in 2 up to an additive constant,
by Proposition 3l

Fix the integral section s and the formal coordinate ¥ € 280 In Subsections [TI}
[(4] we have constructed a Fatou coordinate ¥ € G4n which admits T as its
sectional asymptotic expansion with respect to s. We prove here the uniqueness
(up to an additive constant) of the Fatou coordinate in G4y which admits a sectional
asymptotic expansion in the class g. Suppose that there exists some other Teg AN
(differring from ¥ € G4 obtained in our construction by more than a constant)
which satisfies the Abel equation and admits a sectional asymptotic expansion in L.
Let U™ be the infinite part of ¥ from the construction. Put R=U_y> € G. The
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germ R satisfies ([C39) and has the power-iterated logarithm asymptotic behavior.
Therefore, possibly after substracting an additive constant, R =o0(1), as x — 0.
But under the assumption R = o(1), the solution R of the equation (Z:3) is unique.
Indeed, by summing the equation (Z.9) for the iterates f°* and taking the limit as
k — oo, we get that any solution R = o(1) is necessarily given by the series (Z.11).

Therefore, R= R, up to an additive constant and, consequently, U= W, up to an
additive constant.

8. PROOF OF THEOREM A

Proof of Theorem A. Let g =id - f The formal continuous time length of the
e-neighborhood of orbits for f is given by the formula:

(8.1) Al(e) =G 1 (2e) +2¢- W(7(2¢)).

By Proposition 6.1, we have that g—! € L> and does not contain a double logarithm
in the leading term.

By Proposition 3] the formal Fatou coordinate T of f exists in 230 and is
unique (up to an additive constant) in e Furthermore, by Remark [I0.I] there
exists p € R such that

U — plyt € L.
By formal composition it now easily follows that Vo g le Ego The conclusion of
Theorem A follows. O

The following remark provides preciser information on A\;(a)

Remark 8.1. Let fe L parabolic, § = id — f Let
g(x) = az®™ 4+ h.o.t., a #0, (a,m) > (1,0).
(1) (The residual term of g;( )) If g does not contain a logarithm in the leading

term, then by Proposition G.1g~' € El, Wlthout 1ogar1thm in the leading term. By
Remark [T}, there exists p € R such that ¥ — plyt e L£°°. Consequently, by B,

2;(5) —p-2ely(e)t € L.

We will call p - 2el2(e)~1 the residual term of 2;(5)

Notice that, in the general case where ¢ contains logarithm in the leading term,
9! € L5 and there may be other terms with double logarithm in A‘}(E). See also
Example [Blin Section

(2) (The leading term of /Alj(a)) Inverting formally as in Proposition [6.1], we get

G H(2e) = (2/a) ™/t () ™™/ ¥ L hoo.t.
By Remark [[01] in the Appendix (or simply directly finding the first term of the
Fatou coordinate ¥ from the Abel equation):

{—l— 7T f hot., a#1,

al-—a

a(m+1)£_m1—|—hot a=1, meN.
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Therefore, by (81,

1 1/ap—m/a,—1/a  1/a —m/a
Ao = (1 + 7)) 2 7104 a el/ag(e) +hot., a#l,
f a(m+1 yeb(e)™™ ! +hot., a=1 meN
9. PROOF OF THEOREM B
In the proof we will use the following definition:

Definition 9.1. (1) We say that a transseries fe E?O s a Laurent transseries in
L if its terms can be regrouped in the form:

(9.1) Fz) = ;ﬂﬁ(m), Ef—:v))

where v € R and F is the Taylor expansion of an analytic germ F' of two variables
at (0,0).

(2) We say that a transseries fe E‘fo 1s a generalized Laurent transseries in E‘fo
if it can be written as a finite sum of Laurent transseries.

Note that generalized Laurent transseries are convergent transseries in LA‘fo in the
sense of Definition 3.7l The sum of Laurent transseries ffrom @) is thus unique
and equal to f(x) = :C"YF(E(:E), ﬁ) € Gan. The sum of a generalized Laurent
transseries is analogously the sum of its Laurent summands, thus unique.

Note further that all derivatives of the generalized Laurent transseries are again
generalized Laurent, therefore convergent. Moreover, the sums and the derivatives
commute.

Proof of Theorem B.

(1) was already proven in even more generality (for all parabolic transseries in
L) in Theorem A.

(2) Recall that

A(e) =G ' (2e) +2¢- ¥(77(2¢)).

Here, U e EASO is the formal Fatou coordinate for the Dulac expansion f of f,
unique up to a constant term K € R by Proposition [[.Il Therefore, AC( ) is

uniquely defined up to eK, K € R, due to the choice of the constant in 0. By
Theorem A, AC( ) e L5, so it can be written in the form:

(9.2) Fo(e) = Y Fy(8(e))e”
JjEN

where 8; > 0, j € N, form a strictly increasing sequence tending to +oo, and
ﬁj € LA‘fo The proof of Theorem B is organized as follows:

Step 1. We show that ﬁj are integrally summable in the sense of Definition B.14
That is, that ﬁj € EA{ C 2‘1’0

Step 2. We show that every A$(wo,e) € Gan defined by (Z.7)) satisfies, up to an
additive term e K, K € R (stemming from the choice of the additive constant in ¥)
the following asymptotics in powers of &:

(9.3) (o, ZF )ePi 4 o(ePm), n €N, € — 0,
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where F; € Gan are any integral sums of ﬁj.

Step 3. Different choices of integral sums by Definition B14] correspond to dif-
ferent choices of the integral section s. Thus, in (2) we have implicitely shown the
following. Let (03] hold for a particular A¢(zo,e) with the choice of the integral

sums Fj of ﬁj dictated by the integral section s. Then (1.3 means that A% (zo,¢)
admits A%(e) from (@2) as its s-sectional asymptotic expansion. On the other

hand, if we choose a different integral section s1, then there exists K € R such that
AS(z0,€) + Ke admits A;A(s) as its s1-sectional asymptotic expansion.

Proof of Step 1. We prove that ﬁj € E{ in ([@2)). We have shown in Subsection[6.1]
in Proposition that

(9-4) 7 (@) =) G,

€N

with §; € £3° Laurent (see Definition [I1) and the first coefficient gy (€) without
double logarithm in the leading term. Put

(9.5) Ty =0 — ply L.

We have shown in Section [l Proposition [ZI] that
9.6) Ui(x) =Y fi(0)z, f; € Lg.
J

From the proof of Theorem A,

(9.7) Tog'(2e) = > h;(b(e))e € L5°, e ~0.
J

We prove now that ﬁj € LA{ by analysing the form of these coefficients.

By Proposition 6.6, §~!(2¢) = 7 - g1 (£(e)) + O(°0), 8> 0,6 >0, g1 € L3
Laurent with no double logarithm in the first term:

~ ~ £
(9.8) 91(£) = al? (1 + R(£, E_))’ v eR,
2

where R is the Taylor expansion of an analytic germ R at (0,0). Note that O(£°) €
Ly with Laurent coefficients in £°.
Put

Hi(z) := fi(£)z™, i € N.
Then H!(z) = R;(€)a* ", with R; convergent Laurent in £ (i.e. R;(£) =£ ™.

T(£), T the Taylor expansion of an analytic germ of one variable). Also, all other
(formal) derivatives are of the form:

(9.9) Al-(k) () = §i7k(£)xo‘ﬁk, k> 2, }A%Lk convergent Laurent in £

Now

)

(9.10) Uy (g71(2e)) = Hi(G7(2¢)) + Ha(G71(2¢)) + Hs (371 (2¢)) + . ..
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By the Taylor expansion,
(9.11)
Hi(g " (22)) = Hi(=" g (8(e)) - (1 + O(=")) =
= H,(eg1(£(c))) + H{(P g1 (£(c))) - O™+ + %Er (c%51(€(e))) - OET) + ..
We have:
(012)  Hi(eGi(6())) = Fi(e("a1(€(0)) ("5 (£()) ™,

~

H® (°51(€(2))) = Rir (€(%51(£(2)))) (%51 (£()) ", k €N,

}A%Lk convergent Laurent. Note using ([@.8) that g)(£)® " is a Laurent transseries
in € £3° . By a similar argument that R;  (€(”°g1(£))) is a Laurent transseries in
L5e.

By (@3), since U = Uy + ply ", it is left to analyse the formal composition
ot (§_1(25)). By the formal Taylor expansion, we have:

61971 (20) = &1 (°51(8e) + (651) (£° 51 (8(e))) - OEH)+

(9.13) + %(Zg_l)” (eg1(€(e))) - O T20) + ..

Using (€5 ")) () = 27 %P, (£), where P, is a polynomial of degree k, k € N, we get:

(914) £ (PREE) = &6 + R (€e), é%)

()P (751 (E(e))) = Pu(E(e°51(€(2))) - (Pqn(8(e)) ", ke N.
Here, Ry isa Taylor expansion of an analytic germ of two variables at (0,0). Note

that £;" (:Eﬁ’g\l(ﬁ)) is also generalized Laurent in LA‘fo Therefore, concluding as
in (IIZ) above, the coefficients in front of every power of € in £5 (g~ (2¢)) are

generalized Laurent transseries in £9°.

Finally, putting (@I2) in (@II) and then in (@I0) and @I4) in (@I3) and

regrouping the terms in el (/g\_l (8)) with the same power of €, we get the summands

in A € Ez of two possible types, with respect to the power of «:
(9.15)
{61+5°‘i (’g\l (L(e))x - ﬁ(f(eﬁﬁl (£(e)))) + ﬁ(ﬁ(s))), for a; exponents of W,
eG(L(e)), if v # Bay, for every i € N,

where @, He Ei’o are generalized Laurent transseries, «; is the exponent of inte-
gration of ﬁ € 26

The ’coefficients’ Z?'J from ([@2) obviously belong to LA{ as defined in Defini-
tion 313 and one decomposition [B.7) is given in ([@.13]).

Proof of Steps 2. and 3. We now show the asymptotics from (@3).
The construction of ¥ € G4y from Proposition [(1] follows the same term-by-
term algorithm as formal construction of ¥. Let ¥; = U — ply !, We have by the
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proof of Proposition [Tl in Section [7] that:
(9.16) Uy(x) = Y % f;(€) = o(z*"), n €N,
j=1

where f; € Gan is an integral sum (in the sense of Definition BI0, unique up to a
constant) of f] € 26 from ([@.6), j € N, and «,, strictly increasing to +oo, the same
as in ([@6). Put H;(x) := 2% f;(€), i € N. Then H; € Gan, H/(z) = 2% 1R;(£),
and

H® () = Ry g (€)a®*, k> 2,

where R, R;} are the sums of convergent Laurent series ﬁ, }Aﬁk S 280 from the
formal construction (@.9).

On the other hand, we have proven in Proposition in Section [6] the following
expansion:

k
(9.17) 971 2e) = > gi(k(e))e” = o(c™), k€N,

=1

where g; € Gan are the sums of Laurent transseries g; € EA‘fo from (@4).
Use ([@.I6]) and (@.IT) and repeat, as in the formal counterpart above, the Taylor
expansion of

n

Ui(g7'(2) = S H(g7' () + ol(97 (29))°),

j=1

n sufficiently big. We repeat the Taylor expansion also for £2(g~1(2¢)). By the
correspondence of the procedure with the formal one above, we finally get:

n

U(g 1 (2)) — Z hj(£(e))eY = o(e¥), n e N.
j=1
where 7, are strictly increasing to +oo, as in ([@.7) and h; are exactly the integral
sums of iALj € £! from ([@7), as in Definition B14l The asymptotics ([@3) now
follows. IR
By the precise form of the coefficients F; € £ given in (@.I5]), we see that their
integral sums F}; are non-unique by the following terms:

1. In front of the power ¢°% +1 for a; < 0, the integral sum F; € G4y is unique
only up to an additive term (see Definition B.I3] and Proposition [0.5]):

c(gn (E(a)))aieaaﬁg?e(s))) =c(g1(£()" - (Pgil(e))) " = ce P, ceR.

For a; > 0, the sum Fj in front of the power £ + 1 is unique.

2. In front of all other powers of ¢, ﬁj € EA{ are generalized Laurent, therefore
convergent, and have thus unique sums F; € Gan.

Note that in the formal Fatou coordinate there are only finitely many «; such
that a;; < 0 (see (@.0]) and construction of the formal Fatou coordinate in Section [7]).
Therefore, depending on the choice of the integral sums, that is, on the choice of the
section s, a fixed A?(xo, ¢) admits a fixed EC? as its sectional asymptotic expansion

with respect to s only up to a term ce, ¢ € R.



LENGTH OF e-NEIGHBORHOODS OF ORBITS OF DULAC MAPS 45

(3) Let O/ (x9) be an orbit of f. Then:
As(e, o) = f"f(wo)(xo) + 2e - ne(xo) + 2e,
A?(a, ro) =G 1(2¢) + 2¢ - 7o (20) + 2¢.

We now prove the following:
(a) |f7=(®0) — g=1(2¢)] = O(e), € — 0,
(b) |ne(z0) — 7=(20)| = O(1), € — 0.

Proof of (a). We have by (21 that
g(fns(%)_l(fﬂo)) > 2e, g(fns(mo)(fﬂo)) < 2,

Fo /e M ) > g7 (2), £ (ag) < g (22),
freol(ao) > fg7'(2e) = g7 (2) = 2e, ") (wo) < g7 (20),
= 0< g 1(2) — @) (z0) < 2e.

We conclude that [g=1(2¢) — f™=(#0)(z0)| = O(e), € — 0.

Proof of (b). Let ¥ € Gan be the Fatou coordinate for f (up to an additive
constant) with the formal Fatou coordinate ¥ € L£3° as its sectional asymptotic
expansion with respect to an integral section. Then:

ne(wo) = W(f=70) (29)) — W(xo), 7=(x0) = V(g™ "(2¢)) — ¥(xo).
Now, by (a), we get

7= (20) — ne(wo) = V(g (2)) — T (F"*) ()
= (g7 (2)) — (97 (2¢) + O(e))
~T(G71(20) — B (7 (2e) + Oe))
~ U (G(2))-0() =0(1), e >0

The last line is deduced by the formal Taylor expansion of W(z + §) — U = 1
(providing ¥’ ~ 1/9), since ord(g) = (1,0). O

9.1. Application of Theorem B to recognizing a Dulac germ from fractal
properties of its orbits. We finish the section with one immediate application of
Theorem B: to read the formal class of a Dulac germ f € Gan from an asymptotic
expansion of the length of the epsilon-neighborhood of its one orbit. This is a
generalization of the result from [15] for regular parabolic germs belonging to R{z}.

It was proved in [14, Theorem A| that a formal normal form in £ for a (normal-
ized) parabolic Dulac germ f € Gan of the form

(9.18) fl@)=z—2%+o0(z%), a €R, a>1,
is given by
fo(z) =z — %+ p2®*~ 17t peR.

The formal invariants are («, p).
Using Theorem B and Remark 8] we have proved the following corollary:
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Corollary 9.2 (Formal normal form of Dulac germ from fractal properties of or-
bits). Let f = x — x® + o(x®) be a normalized parabolic Dulac germ, without loga-
rithm in the second term. Let s be an integral section. The function of the length of
the e-neighborhood of any orbit, e — Ayr(e,x0), € € (0,d), has the sectional asymp-
totic expanson in 22 with respect to s, up to the order O(g). Moreover, the formal
invariants (o, p) of f can be read from two terms of the expansion: the first and
the residual term (the only one containing the double logarithm). More precisely, o
is the order of the first monomial in the expansion, and p is the coefficient of the
monomial e;ﬁ'

10. APPENDIX

The following remark is used in the proof of Theorem A in Section B and of
Proposition [(4] in Section [7l

Remark 10.1 (Description of the formal Fatou coordinate for parabolic transseries).
We explain here another way of deducing that the formal Fatou coordinate Ved
of a parabolic fe L belongs to the class Zgo and its precise form.

Recall the formal normal form ﬁ) of fin L deduced in [14], given as the formal
time-one map of a simple vector field:

f: z+azx®™ 4+ hot., witha>1, ora=1and m €N,

o) = Bxp(@(e) ) -id,
Eo(a) = e Lper

1+ oo g7 — (2 D)ge g7 da

By the existence part of Proposition 3], we search for a Fatou coordinate of fo as

the formal antiderivative of Ei:
0

~ 1 —ap—m Q@ m b dx
\IIO—E/:E £ dt+210gx+(2+a2)/xlogx

1 a, g m
—ah(x) 22 +(2

Here, h € L is obtained by repeated formal integration by parts:
L —a+lp—m _m_ —a p—m+1 d 1
(10.1) / —ag mdx_{ A = L @ afl,

b\,
+¥)£2 +C, CeR.

m+1£m1+c CER a=1 meN.

In particular, in the case when m € N, h contains only finitely many monomials.

Now put V= \IJO o, where ¢ € L parabolic is the formal change of variables
reducing f to fo It is easy to check that the composition T belongs to ﬁg". It
is obviously a Fatou coordinate for f , since \IJQ satlsﬁes the Abel equation for fo
By Proposition [£.3] the formal Fatou coordinate of f is unique (up to a constant
term).

Therefore, at most one term with double logarithm £5 ! appears in the formal
Fatou coordinate ¥ of f It corresponds to the residual term bz2*~ 102" in the
normal form fo(z) = 2 + az®€™ + ba2*~ 102" 4 ho.t.
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10.1. Propositions for Section Bl Proof of Proposition [T11.
Suppose there are two such, a # 5. Then

%(z“f(ﬁ)) =271 Ry (8), %(azﬁf(f)) = 2P 1Ry (0).

Therefore,

(@ F0) = (P 2 F(O) = (o~ B Fll) + 27 (2 Fle) =
= (o= Bz f(8) + 2! Ry(£)
= 2° 'Ry (€) = (o — B)z* L F(£) + 2* " Ry(£).

Since R 2(y) are both convergent Laurent series and a — 3 # 0, this is a contra-

-~

diction with divergence of f(y). O
Proposition 10.2. Let a € R, m € Z. Let
o) = {fzjt_o‘ﬂmdt, a>lor(a=1 m<1), d>0,
Joteemdt, a<lor(a=1, m>1).
Then a € Gan. Additionally, in the second case, a(0) = 0. Moreover,
O(x=oe™), x — 0+, a#1,

emfl

— + C, C €R, a=1, m<1,
a(xz) =q m7t

b, +C, CeR, a=1, m=1,

%, a=1 m>1.

The proof is based on basic calculus (see e.g. the chapter on the asymptotic
expansion of a primitive in [2]).

The following proposition is an easy consequence of Proposition [[0.2] and inte-
gration by parts:

Proposition 10.3. Let R € Gan admit the integer power asymptotic exrpansion
R e Ly. Let ng := ord(R), ng € Z. Let h € Gan be the germ defined by:

(10.2) h(z) = {_mfxd_taR(f(t)) dt, a>1or(a=1, ng<1),
fo tTOR(L(1)) dt, a<lor(a=1, ng>1),

Leth € Ego be the formal primitive of x’o‘ﬁ(f) m 230, defined up to an additive
constant:

Then: L
a) If a # 1, then h € L™, of the form:

h(z) =z~ Z an™*" a, € R.

n=0

b) If « = 1, then he Ego of the form:

By = | Znspan™ b T  F gant”, mo <1,
ZZOZO an£n0_1+n, ng > 1.
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In both cases, the formal integral T is the asymptotic expansion of h € Gan defined
The following proposition is necessary for Definition [B.14] of integral sections.

Proposition 10.4. Let s be any section such thats|_ s coherent. Then E{ C gf

0

Proof. Take Fe EI and let F' € G be its one integral sum, as in ([.8). It is sufficient
to verify that the algorithm of Poincaré apphed to I’ with respect to any section s
coherent on 80 gives the asymptotic expansion F.

Due to coherence of s on SO, it is sufficient to prove the following:

1. That the terms of F € E{ from (B7) can be re-grouped as:

(10.3) Fly) =Y "gi(e))y™,
=1

where (a;) are strictly increasing real numbers and tending to +o0o and g; are
convergent,
2. At the same time, that the integral sum F of F given in (3.8) satisfies:

(10.4) F(y) — Zgi (e)y* =o(y*"), y =0, n €N,

where g; are the sums of the convergent g; and a; the same as in 1.
First, by Fubini’s theorem and absolute convergence for convergent G;, ¢ = 0, 1,
and h from (B7), we have that:

Gily) = _Gi(ew))y™, i=0,1,

(10.5) iAL(y) =ay” + Z/f\z] (€()y", a €R.

Here, (3}); and (v;); are strictly increasing and tending to +oc, and g7, i = 0,1,

and ﬁj, 7 € N, are convergent with the sums gf , h; respectively, such that for the
sums G; € G, i =0,1, and h € G from (B.8) it holds that:

- Zgﬁ‘ (£(y))y" = o(z®), n €N, i=0,1,

(10.6) —ay™ Z hj( Yy =o(y™), y—0, neN.

It is easy to see, with h and h as above, that:
(10.7) e hiy) =L+ k(y),

as well as that
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where k € 21 is a convergent transseries with the sum k£ € G. In particular,
k(y) = ey’ + > ki(€(y)y™, k(y) — cy™ Z ki =o(y’), n€N,
i=2

where (§;); are strictly increasing to 400, dg > 1, ¢ € R, and k; are (convergent)
power asymptotic expasions of k; € G, i € N.

Now suppose that f(y) =Y yary® € 26 from (B37)) with integral factor a and
Re Ego convergent Laurent series, see (3.3)):

d%(y“f(f(y)) =y R(€(y)).

Let f be its sum as in [B.6). Then, by Proposition [0.3] f admits fas its power
asympotic expansion. Moreover, differentiating (B.5) and (8) and since Risa
convergent Laurent series, inductively it follows that f(*) admits the formal deriv-
ative f (k) keN, as its power asymptotic expansion. Indeed, mductlvely, f FR) s g
finite comblnatlon of f ; R and the formal derivatves R’ R(k D,k €N, and
the same combination holds for the formal counterparts.

Therefore, using (I0.7), we have the following Taylor expansions (formal and on
germs):

108 flee ) = FE) + 7Ok + 7 (Dhw? ..
(10.9) Pl hw) = 1) + 7 Gk + 1f”( Ve(y)? + ...

Combining (I03]) with (I0]), as well as on the other hand ([I0%6) with (I09),
we conclude ([0:3) formally for F' € £! and analogously ([04) for its sum F. Here,
gi € G are exactly the sums of convergent g;, i € N, since they are given as the
same finite combinations of convergent series, respectively their sums.

The integral sections are coherent and the convergent g; are trivially the power
asymptotic expansions of g;. Therefore, using the Poincaré algorithm and the
coherence of integral sections to uniquely surpass the limit ordinals, it easily follows
that F' is the asymptotic expansion of F' with respect to any integral section. [J

Proposition 10.5 (Uniqueness of the integral sum of integrally summable transseries
in £1). Let F € £I. Let

(10.10) Fy) = Gi(y) - J(£(e™ VI (y))) + Goly)

be its one decomposition of the form B1) (not necessarily unique). Let « € R, o #

0, be the exponent of integration of f If a < 0, then the integral sum F' correspond-

ing to this decomposition is unique up to an additive term ¢G1(y) - (67%h1 (y) .

c € R. Here, hy is the sum of/f\zl. If a > 0, the integral sum F is unique.
Morever, let

(10.11) F(y) = Hi(y) - (€(e T haly))) + Ho(y)

be another decomposition [B.1) of the same F, with B # 0 the exponent of integration
of g (not necessarily equal to «). Then its sum is again equal to F', up to the same

additive term ¢G(y) - (" vhi(y)) ", c € R.
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Proof of Proposition [10.0
The first statement of the proposition follows directly from Definition [3.13] of
the integral sum and Remark B.12] Therefore, the integral sum corresponding to

decomposition (I0I0) is unique up to c¢Gi(y) - (e_%hl(y)) ~“ ¢ € R (supposing
a < 0), and the integral sum corresponding to decomposition ([(IIIT]) is unique up

to dHi (y) - (efghg(y)) P deRr (supposing 3 < 0). We show below that if (I0.10)
and (I0.I1) are two decompositions of the same F, then formally in ZgO:

Hy(6) (x7hi(£))°
Gi(£)  (x°ha(£))”
RO a0 _ s oon
Gi(€) (h2(£))°

It follows that ya = §3. Moreover, since f[l, CAv'l, ?Ll, /};2 € Ei’o are convergent,
their sums are unique, and it follows that:

(10.12)

=C, CeR,

Hi(y) (h(y)®
(10.13) Crily) . (hg(y))'@ =C, CeR.

Consequently, the additive term in the integral sum of Fe E{ is the same for all
decompositions of F.
Now, since both decompositions (I0.I0) and (IO represent the same F and

since Hy(£) = CG, (2)%, we get:
xYhy @

g («%ha(8)® ) 57 Ho(£) — Go(£)
( ) (z7ha (€))* ( ) G1(6)
Multiply (I0.I4) by (w”ﬁl 0)" € L3 and differentiate formally by L (in L3).
By Definition BI0, 4 (z*f(€)) = 2 'R1(€), and L (zPG(e)) = xf*lfzz) (£), where
Ri, Ry € L§° are convergent Laurent series. We get formally in £5°:

(2771 (0)) " Ry (€(27 7y (£))) - %ewﬁl(@)—

(e Ta(0) " Ra (2R ())) - %e(xéﬁz(e)) _ 4 (H‘)(%l;(gm (@ha(e)°)

dx
That is, differentiating and grouping the terms and using the fact that ya = 08:
gt (ﬁl(oa*l - Ri(£(27h1(0))) - (7R (£)) - (vha () + R (£)€2) —

—Da(0) - Ro (62" (6))) - €(2"Ra(£) - (Ba(£) + By (£)€%) ) =

— pra-l (ﬁl(g)a 22
- ~ ~ Ho(£) — Go(e
+ ahi(£)°7 - (vhi(£) + W (£) - £2) - M)

G1(€)
Since /ﬁl)g, 60,1, ﬁo and their first derivatives are convergent in E‘fo and their
derivatives commute with the sums, the terms in brackets on both sides are con-
vergent transseries in £3°. We may remove the hats and get the following analogon
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of ([014) in Gan:
(10.15)
o— d
(2771 (€))7 Ry (€271 (£))) - " (0)

d 0) — Gt o
= @(HO(A(@)O( L (@(e)").

Now integrate (I0.I5) in Gan with respect to [ d(z7hq(€)). Note that w _
2V (vh1(£) + h1 (£)€2). By Definition B0,

— C(2°hs(€))" " Ro (€2 ha(£))) - %e(xéhz(e))

e )@ ) = ([ 2 (F0a*) o)
tlah)(*e)? = ([ 5 (3000 o)

and the integral sums f and g are unique up to an additive constant of integration.
Since DG (x7h1)® = Hy(z°hs)?, D € R, for any two integral sums f and g of 7
resp. ¢ it holds that:

(10.16)

f(z7hy)) = C

z:m“*hl(l)7

z=x%ho(£) ’

(Iéhg)ﬁ
(x7hy)e

By ([0.10), (I0II) and (I0I6), the integral sum of F' is obviously unique up to
DG1(£)(x"h1(€))*, D € R. Note that this term is not dependent on decomposition,

and that G, «, v, hy are elements of an arbitrary chosen decomposition. Q.E.D.

Hy(€) — Go(€)

o) = =

+D(27h1(€))", D eR.

It is only left to prove (I0I2). We have (formally in E‘fo)
F(8) = G1(€) - F(L(x"h1(£)))) + Go(£) = Hi(€) - G(€(x°h2(£)))) + Ho(L).

First we prove that it is not possible that @1 = 0 and ﬁl # 0. In that case, we
would have that g(€(z°hs(£))) is convergent in £3° as a quotient of convergent
transseries in £$° (where we denote the convergent transseries without hats):

_ Go(®) — Ho(8)

(10.17) g(£@"ha(0)) H,(£)

Note that g is divergent close to 0. Take £ sufficiently small so that the convergent
transseries on the right-hand side, as well as ?LQ (£), evaluated at £, converge. On the
other hand, since £(x°h(£)) = £(1 + o(1)), £ — 0 , by taking £ sufficiently small,
we may ensure that § evaluated at £(x°hq(£)) diverges. This is a contradiction
with the equality (I0I7). Therefore, either both Gy and H; are zero or both are
different from zero. In the first case it trivially follows that Gy = Hy (both are
convergent) and the decompositions (I0.10) and (I0IT) are exactly the same.

Suppose now without loss of generality that @1 # 0. In the rest of the proof,
without hats we will denote convergent transseries in E?O Dividing both sides of
the equality by G1, we get (formally in EgO)

B Hy(e) .

5 Hy(€) — Go(£)
G1(£)

Fle(@ ha ()
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Multiplying by (z7h1(£))* € £5° and differentiating formally by £ we get (in
EASO)

i (e Tl ) - 7 (st o) e’ ZgEes)

dcfc (HO(ZC)TVI_(EC;O(Z) ({E'yhl (f))a) '

Differentiating and dividing by £®Y~! and re-grouping the convergent transseries,
similarly as above, we get that

Hi(£) (z"hi(€)” )
G1(€) (z°h2(£))P

rya—1-68

a
9(€(x"ha(0))) ha(€)” - £

is a convergent transseries in E?O If the derivative in the brackets is different
from 0, it follows that G(€(z°h2(£))) is a convergent transseries in E?O This is a
contradiction, as already explained in detail above. Therefore, it necessarily holds
that the derivative is 0, that is, that:
Hy(€) (27 (€))"
G1(€) (x°ha(£))P

=C, C eR.

10.2. Proofs of propositions from Section [4l

Proof of Proposition[{.3

The chain rule. As a prerequisite for the proof, we prove that the chain rule is
valid in our formal setting. That is, if U € £ and {f'}, f' € L is a C'-flow as
defined in [T4] Def.1.2], then:

dcom o d
G (V@) =¥ (@) -

t
holds formally in 230 Here, 4 @
ficient by coefficient. Since f(z) = z + h.o.t. with coefficients in C*(R), it stems
from Neuman’s Lemma (see [I]) that the coefficients of \TJ(fAt (z)) also belong to
C! (R).
It is sufficient to prove the equality in Ego for a single monomial m(z) from S (\T/)

(P = m'(F(@) - ST (@),

The both sides share the common well-ordered support. Take any monomial from
this support. By Neumann’s lemma, on both sides only ﬁnltely many monomials
from ft contribute to it. Now the equality holds if we replace f ft by the finite sum
of its terms corresponding to these first monomials. Therefore, the coefficients of
every monomial on both sides coincide.

fl ()

applied to a transseries means the derivation coef-

The existence. Take U to be the formal antiderivative of 1 / E, where
~d g
=g/ =0

We prove that U satisfies the equation [25) for the formal Fatou coordinate. Inte-

grating formally 1/£ (every monomial is formally integrated by parts), we conclude
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that U € EAS" Indeed, since {A € EA, we get that 1/2 € L. In the integration
process, the double logarithm £5 ! is generated integrating the monomial 2~ 1.

Using %ft = §A (ft), by the chain rule proved above, we get that
LT =0 (P Lrm = L da
(V@) =V (@) '@ = 2z gl @ =1

Integrating this equality from 0 to ¢ gives the equality (I). In particular, ¥(f(z))—
(z) = 1.

The uniqueness. Suppose that there ex1st two formal Fatou coordinates \Ill, \Ilg €
€ Let ¥ := \Ill—\Ilg Then ¥ € 2 that is, T c £°° for some j € Ny, and it satisfies:

U(f(2) = ¥(2) =0.
Since fe EA, by Taylor expansion in Z}x’, we get:
1~
g i+ -G 4 =0
If W # 0 in L , since ord(g) > (1,0), the leading term of the left-hand side is

the non-zero leadlng term of W’ - g, which is a contradiction. Therefore, = 0, so
v=C, CekR |

Proof of Proposition[{.4} We prove both directions.

1. Suppose that an analytic Fatou coordinate ¥ for f exists and is strictly mono-
tone on (0, d). Then one easily sees that the family {f*} of analytic germs on (0, d),
d > 0, defined by:

(10.18) fiz) =0 (U(z) +1t), t R,
form a C!'-flow in which f embeds as the time-one map.
Furthermore,
d d_ 4 1
= — = —U \\J t = —.
A e e GO I 7

Since ¥ is a strictly monotone germ, either ¥/ > 0 or ¥’ < 0 in some interval (0, d),
so ¢ is non-oscillatory in (0, d).

2. The vector field whose flow is given by the C*-family {f'}, t € R, of analytic
germs on (0,d), is given by the formula:
X = 5(1:)%, where £ := %ft o
Obviously, ¢ is also analytic on (0,d). Take ¥ to be the antiderivative of 1/£. That
is, U/ = % We prove that U is a Fatou coordinate for f, that is, satisfies (Z3). We
solve the differential equation for the flow:

i = ¢(z)
dx
@ = dt,

() ds
’f—L €)
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We get that
U(fi(x)) —¥(z)=t, t €R.
In particular, ¥(f(z)) — ¥(x) = 1.
Moreover, since ¥/ = %, and ¢ does not change sign in some interval (0,d), VU is
strictly monotone in the same interval. (|

Remark 10.6 (The importance of non-oscillatority in Proposition [4)). Consider
the flow {f'}, of an analytic vector field X = ¢ on (0,d). Take a non-singular
point 29 > 0 of the vector field ({(zg) # 0). Then, by [#2), the Fatou coordinate
U, is defined at a point x as the time ¢ € R such that f*(z¢) = z. In particular,
U, (zg) = 0. Obviously, ¥, cannot be defined at any singular (equilibrium) point
of vector field &.

For example, the flow {f'}, . of the analytic vector field £ = sin(l/x)% on
(0,d) consists of analytic maps on (0, d). But, as the vector field £ admits infinitely
many singular points which accumulate at the origin, we cannot define a Fatou
coordinate on any interval (0,dy).
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