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Abstract The well-known theorem of Johnson, Palmer and Sell asserts that the endpoints
of the Sacker–Sell spectrum of a given cocycle A over a topological dynamical system
(M, f ) are realized as Lyapunov exponents with respect to some ergodic invariant probability
measure for f. The main purpose of this note is to give an alternative proof of this theorem
whichuses amore recent and independent result ofCaowhich formulates sufficient conditions
for the uniform hyperbolicity of a given cocyle A in terms of the nonvanishing of Lyapunov
exponents for A. We also discuss the possibility of obtaining positive results related to the
stability of the Sacker–Sell spectra under the perturbations of the cocycle A.
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1 Introduction

In their landmark paper [10], Sacker and Sell introduced the notion of (what is now called) the
Sacker–Sell spectrum for cocycles over topological dynamical systems and they described
all possible structures of the spectrum. Furthermore, they indicated a strong relationship
between their spectral theory and the theory of Lyapunov exponents which plays a central
role in the stability of dynamical systems. A deeper connection between those two theories
was discovered in a remarkable paper [7] where the authors proved that the endpoints of the
Sacker–Sell spectrum of a given cocycle are realized as Lyapunov exponents of the cocycle
with respect to some ergodic probability measure which is invariant for the base on which the
cocycle acts. The arguments in [7] heavily rely on the new proof of the celebrated Oseledets
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multiplicative ergodic theorem presented in the same paper and on the study of the induced
flow on the projective bundle.

The main purpose of this note is to derive the theorem of Johnson, Palmer and Sell
as a simple consequence of a more recent and independent result of Cao [5] who gave
a beautiful criterion for the uniform hyperbolicity of cocycles in terms of nonvanishing
Lyapunov exponents (see Theorem 3.1). We note that in general the cocycles with nonzero
Lyapunov exponents exibit only a weaker form of the hyperbolicity which is known in the
litrature as nonuniform hyperbolicity.We refer to [3] for the detailed exposition of this theory
which goes back to the landmark works of Oseledets [8] and Pesin [9].

Furthermore, using the recent results on the continuity of Lyapunov exponents, we obtain
some simple consequences regarding the stability of the Sacker–Sell spectrum with respect
to perturbations of the cocycle. Although those observations are far from satisfactory, we
hope that they could lead to new directions in the research on the stability of spectrum.

2 Sacker–Sell spectrum

Let M be a compact topological space and let f : M → M be a homeomorphism.We denote
by GLd the space of all invertible operators acting on R

d . A continuous map A : M × Z →
GLd is said to be a cocycle over f if:

1. A(x, 0) = Id for each x ∈ M ;
2. A(x, n + m) = A( f n(x),m)A(x, n) for every x ∈ M and n,m ∈ Z.

A map A : M → GLd given by A(x) = A(x, 1) is called a generator of a cocycle A.
Let A be a cocycle over f . We say that A is uniformly hyperbolic if:

1. There exists a family of projections P(x), x ∈ M satisfying

A(x)P(x) = P( f (x))A(x), x ∈ M; (2.1)

2. There exist D, λ > 0 such that for each x ∈ M and n ≥ 0

‖A(x, n)P(x)‖ ≤ De−λn (2.2)

and
‖A(x,−n)(Id − P(x))‖ ≤ De−λn . (2.3)

Let A be a cocycle over f and a ∈ R. We define a map Aa : X × Z → GLd by Aa(x, n) =
e−anA(x, n). Clearly, Aa is also a cocycle over f . For a cocycle A over f we recall that the
Sacker and Sell spectrum of A is given by

� = �(A) =
{
a ∈ R : the cocycle Aa is not uniformly hyperbolic

}
.

The following theorem was established in [10].

Theorem 2.1 There exist numbers

a1 ≤ b1 < a2 ≤ b2 < . . . ak ≤ bk, 1 ≤ k ≤ d

such that
� = [a1, b1] ∪ . . . ∪ [ak, bk]. (2.4)

Furthermore, for each i ∈ {1, . . . , k} there is a family Wi (x), x ∈ M of subspaces of Rd

such that:
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1. for each i ∈ {1, . . . , k} the map x �→ Wi (x) is continuous;
2. for each x ∈ M and i ∈ {1, . . . , k} we have that A(x)Wi (x) = Wi ( f (x));
3. for i 	= j we have that Wi (x) ∩ Wj (x) = {0} for each x ∈ M;
4. R

d = W1(x) + · · · + Wk(x) for each x ∈ M;
5. for every i ∈ {1, . . . , k} and v ∈ Wi (x) \ {0} we have that

lim sup
n→+∞

1

n
log‖A(x, n)v‖ ∈ [ai , bi ].

We note that in [2], the authors have developed a version of Sacker–Sell theory with
respect to a much weaker notion of hyperbolicity.

3 Nonvanishing of Lyapunov exponents and uniform hyperbolicity

We recall that a Borel measurable set B ⊂ M has total probability if μ(B) = 1 for every
f -invariant Borel probability measure μ. The following theorem is due to Cao [5].

Theorem 3.1 Let A be a cocycle over f and assume that there exist families of subspaces
Es(x), x ∈ M and Eu(x), x ∈ M such that:

1. the mappings x �→ Es(x) and x �→ Eu(x) are continuous;
2. R

d = Es(x) ⊕ Eu(x) for each x ∈ M and this splitting is A-invariant;
3. A has negative Lyapunov exponents in the Es(x) direction and positive Lyapunov expo-

nents in the Eu(x) direction on a set of total probability.

Then, the cocycle A is uniformly hyperbolic.

Wenote that the above theorem is proved in [5] in the particular case whenA is a derivative
cocycle. However, by repeating the same arguments one can easily obtain the version stated
here.

4 Theorem of Johnson, Palmer and Sell

The following theorem is due to Johnson et al. l [7]. We give a short proof that uses Theo-
rem 3.1.

Theorem 4.1 Let A be a cocycle over f . Then, each boundary point of � is a Lyapunov
exponent of a cocycle A with respect to some f -invariant ergodic probability measure.

Proof Let � be given by (2.4) for the cocycle A. We are going to prove that b j for j ∈
{1, . . . , k} is a Lyapunov exponent of a cocycleAwith respect to some f -invariant probability
measure μ (the argument for a j is similar). Then the standard argument using the ergodic
decomposition of μ shows that μ can be chosen to be ergodic (see [7]).

Assume the opposite, that is that b j is not a Lyapunov exponent of a cocycleAwith respect
to f -invariant probability measure. We consider the cocycle Ab j . Obviously, the Lyapunov
exponents of the cocycle Ab j with respect to some f -invariant probability measure μ are
given by −b j + λ, where λ is a Lyapunov exponent of A with respect to μ.

Let

Es(x) = W1(x) + · · · + Wj (x) and Eu(x) = Wj+1(x) + · · · + Wk(x),
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whereWi (x) are given by Theorem 2.1 applied to the cocycleA. It follows from Theorem 2.1
that subspaces Es(x) and Eu(x) depend continuously on x and that they form anA-invariant
splitting ofRd . Moreover, the last assertion in Theorem 2.1 together with our assumption that
b j is not a Lyapunov exponent of a cocycle A with respect to some f -invariant probability
measure, implies that the cocycleAb j has negativeLyapunov exponents in the E

s(x) direction
and positive Lyapunov exponents in the Eu(x) direction on a set of total probability given
by the Oseledets multiplicative ergodic theorem (see [3,7,8]). By Theorem 3.1, we have that
Ab j is uniformly hyperbolic and hence b j /∈ � which yields a contradiction. ��

5 A small step towards stability of spectrum

In the Sect. 2, we have described the spectrum of a cocycle A over the whole base M .
On the other hand, one can associate a spectrum to each cocycle over some f -invariant
subset � ⊂ M . In [10], Sacker and Sell have studied the stability of the spectrum under the
perturbations of �. In this section, we are interested in the behaviour of the spectrum under
the perturbations of the cocycle.

The famous theorem of Mañé and Bochi [4] asserts that in an arbitrary C0-neighborhood
of every cocycle which is not uniformly hyperbolic one can find a cocycle whose Lyapunov
exponents are all zero. Together with Theorem 4.1 we conclude that even in a simple setting
when the dynamical system (M, f ) is uniquely ergodic, we don’t have any positive stability
result for the Sacker and Sell spectrum under C0-perturbations. Indeed, by perturbing the
original cocycle the spectrum can reduce to a single point.

On the other hand, recent results dealing with the continuity of Lyapunov exponents
(see [6] and the references therein) indicate a possibility that there might exist positive
results regarding the stability of the Sacker and Sell spectrum. The point of the departure
from the discussion in the previous paragraph would be that we require additional regularity
conditions (both for the original cocycle and the perturbation) as well as relatively simple
base (M, f ).

We now describe the setting in [6]. Let M = T be a circle and let ω ∈ R \ Q satisfies a
strong Diophantine condition (see [6]). Furthermore, let f : M → M be given by f (x) =
(x + ω)(mod 1). Finally, by Cω we denote the space of all analytic cocycles over f with
values in GLd (identifying the cocycle with its generator). The main result of [6] states that
in this setting the Lyapunov exponents are continuous functions of a cocycle.

Corollary 5.1 Let A ∈ Cω, ε > 0 and assume that a is a boundary point of �(A) . Then,
there exists a neighborhood U of A in Cω such that for each B ∈ U there exists a point
b ∈ �(B) such that |a − b| < ε.

Proof Let μ be the Lebesgue measure on M which is the unique invariant measure for f . It
follows from Theorem 4.1 that a is a Lyapunov exponent of A with respect to μ. Let U be
a neighborhood of A such that for each cocycle B ∈ U there exists a Lyapunov exponent b
of B with respect to μ such that |b − a| < ε. The existence of such neighborhood U of A
follows from the results in [6]. Then, the last statement of Theorem 2.1 implies that b belongs
to �(B). ��

For some weaker results on the stability of Lyapunov exponents, we refer to [1].
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