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ABSTRACT. We obtain necessary and sufficient conditions for the existence of two-
sided nonuniform exponential dichotomies with arbitrary growth rates in terms of
the existence of one-sided nonuniform exponential dichotomies on the past and on
the future. We consider both linear nonautonomous dynamics with discrete and
continuous time, on an arbitrary Banach space.
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1. Introduction. Our main objective is to formulate necessary and sufficient
conditions for the existence of two-sided nonuniform exponential dichotomies with
arbitrary growth rates in terms of the existence of one-sided nonuniform exponential
dichotomies on the past and on the future. We consider both a nonautonomous
dynamics with discrete time defined by a sequence of linear operators A,, acting
on a Banach space and a nonautonomous dynamics with continuous time induced
by a linear equation 2’ = A(t)x on a Banach space.

Results of this type were first established by Coppel [3], for uniform exponential
dichotomies on a finite-dimensional space. Recently, in [1] we obtained an extension
to nonuniform exponential dichotomies on a Banach space that are not necessarily
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invertible. For example, in the case of discrete time we showed that a sequence of
linear operators admitting nonuniform exponential dichotomies on Z(J{ and Z, also
admits a nonuniform exponential dichotomy on Z if and only if the ambient space
is the direct sum of the stable space of ZS‘ at the origin and the unstable space
of Z at the origin. We emphasize that the arguments heavily rely on the relation
to an admissibility property.

The main difficulty in adapting the approach in [1] to nonuniform exponential
dichotomies with arbitrary growth rates is that, to the best of our knowledge, there
exists no characterization in the literature in terms of an admissibility property
(even in the particular case of uniform exponential dichotomies). This complica-
tion forced us to use a different approach: after using Lyapunov norms to transform
the nonuniform behavior into an uniform one, we study the kernels of the projec-
tions on the future and the ranges of the projections on the past. Unsurprisingly,
the condition ensuring that one-sided exponential dichotomies on future and past
induce a two-sided exponential dichotomy on Z is the same as in the exponential
case. Since (uniform and nonuniform) exponential dichotomies are particular cases
of the dichotomies studied in the paper, our results give much shorter proofs of the
corresponding results in [1], although at the expense of not being able to consider
the general case of a noninvertible dynamics.

The main motivation for considering exponential dichotomies with arbitrary
growth rates comes from results in [2]; that paper gives sufficient conditions for
the existence of those exponential dichotomies when some associated Lyapunov
exponents are nonzero. We note that with this general notion of an exponential
dichotomy one is able to consider dynamics for which all classical Lyapunov expo-
nents are zero or infinite.

Our results should be compared with work of Pliss [4] for a nonautonomous
dynamics with discrete time on a finite-dimensional space, in which the condition
“the ambient space is the direct sum of the stable space of Zg at the origin and
the unstable space of Z;, at the origin” is replaced by “the stable space of Zg at
the origin and the unstable space of Z, at the origin generate the ambient space”.
Under the latter condition, the existence of exponential dichotomies on Za' and Zg
in general does not guarantee the existence of an exponential dichotomy on Z, but
instead only a property that is weaker than admissibility. In this property, “exis-
tence and uniqueness of bounded solutions” is replaced by “existence of bounded
solutions” (2, )nez of the equation

Tpt1 — ApTp =yYnp1 forneZ

for each bounded perturbation (y,)nez-

2. Discrete time. Let B(X) be the set of all bounded linear operators acting
on a Banach space X = (X, ||-||). Given a sequence (A, )mez of invertible linear
operators in B(X), we define

Ap_1--- A, ifn>m,
A(n,m) =< Id if n =m,
AV AL ifm<n

n m
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for n,m € Z. Now let I € {Z,Z$,Z; }, where
Z&={n€Z:n>0} and Zy ={n€Z:n<0}.

Given an increasing function p: Z — Z with p(0) = 0, we say that (A,,)mez has a
p-nonuniform (exponential) dichotomy on I if:

1. there exist projections P, € B(X) for m € I satisfying

A(n,m)P,, = P,A(n,m) for n,m € I; (1)

2. there exist A\, D > 0 and ¢ > 0 such that for n,m € I we have
| A(n, m) P < DeMe(m)=p(m)telptm)l for 5 > m (2)
and
A, m)Qm| < DeAMetm)=pm)telp(m)l - for n <, (3)
where Q,, =1d — P,,.
One can easily verify that
1

o) log|lA(n, m)v|, < O}

Im P, \ {0} = {U € X\ {0} : limsup
n— oo
for m > 0 (whenever Z$ C I) and
o 1
Im @, \ {0} = {v e X\ {0}: lér_r}_u;of o) log||A(n, m)v||, > 0}
for m < 0 (whenever Z; C I).

THEOREM 1. A sequence A = (A,,)mez of invertible linear operators in B(X) has
a p-nonuniform dichotomy on Z if and only if there exists projections P} for m > 0
and projections P, for m < 0 such that:

1. A has a p-nonuniform dichotomy on ZS’ with projections P,f;
2. A has a p-nonuniform dichotomy on Zy with projections P, ;
3. X =ImP; ®KerP; .

Proof.  Clearly, properties 1-3 hold if the sequence (A;,)mez has a p-nonuniform
dichotomy on Z.

Now assume that properties 1-3 hold. In particular, there exist A, D > 0 and
€ > 0 such that

[A(n,m)PE|| < De ANe)=ptm))Fep(m)  for > m > 0,
[ A(n, m)Q: || < De=Metm)=pm))+ep(m)  for 0 < p < m,

|A(n, m) P || < DeNe=ptm)Feletml for 0 > pn > m,
| A(n, m)Qr, || < De=Aptm)=pmD+elotm)l for 1 < m <0,
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where Q) =1d — P} and Q,, = Id — P,,. For each m € Z, we define a norm ||-||,,
on X by

x|t ifm >0,
el = { Il (5)

=], if m <O,

where

||gg||;l = sup (||A(n, m)p$x||ek(p(n)—p(m))) + sup (||A(n,m)Q;x||e>‘(p(m)_”(")))

n>m 0<n<m
and

x|, = sup (||A(n,m)pﬂ—lx”ek(p(n)—p(m))) + sup (HA(n,m)Q;xHe’\(”(m)_”(”))).
> n<m

0>n>m

By (4), for each x € X we have

lz| < llzl} < DesP™ ||| for m >0 (6)
and
|z|| < |zl < DeflP™l||z||  for m < 0. (7)
Hence,
||| < |[z]lm < Defle™|z]|  for m € Z, x € X. (8)

Moreover, for each x € X we have

|A(n, m)Plx||f < eiA(p(")f’)(m))HxH; forn >m >0,
A, m)Q |l < e Pt =PtM)|ig| b for 0 <n < m,

A, m) Py [l < e 2O =P 0 |20 for 0> n > m,
[A(n, m)Qnal, < e XM=t = for n < m < 0.

On the other hand, it follows from (1) and property 3 that
X =Im P} ® A(m,0)Ker Py for m > 0. (10)

Let Pt: X — Im P and Q1 X — A(m,0) Ker P, be the projections associated
with the decomposition in (10).

LEMMA 1. There exist X', D’ > 0 such that for each x € X we have
IA(n, m) Pzl < D'e X =2t |12+ forn >m >0 (11)

and
|A(n, m)Qf x|} < D'e ' PmM=p) ||+ for 0 < n < m.
Proof of the lemma. Since Im P = Im P, we have

m

=Pt and PIPf=PF.
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Hence, R . ~
P, = Pl =P(Py = Py) = (P}, — P)Q,,
and it follows from (6) and (9) that
1A(n, 0)(Py" = Py ol = A (n, 0) By (P — By ol
< e OB — B llg
= e MM|(FF - FNHQi T
< De | Bf — B |- Q5 vllg
= De” M M|BF — B |- |A0, m)A(m, 0)QF v]|§
= De || P — B || - [|A(0, m) Q7 A(m, 0)u]l§
< De XD BE — B - || A(m, 0)vll,

for m,n € Z§ and v € X. Since

A(n,m)(P; — BY) = A(n,m)(P; — BLQ,
= (P} = PH)A(n,m)Q;,
= (P} — P})A(n,0)Q3 A(0,m)Q,

(n,0)(P — P )QFA0,m)Q,

(n,0)(Py" — B )A0,m)Q;,

m?

we obtain
1A, m) Pl < [|A(n,m)Pio|| + [A(n,m)(P = Bl
= [|A(n, m)P o} + [A(n, 0)(Fy — PH)AQ0,m)Q vl
< e A=) [y 4 Dem M= | B — B - Qo
= D'~ Mem)=plm)) ||y +

for n > m, v € X and some constant D’ > 0. Similarly,

1A, m) QR ol < A, m)QLvlld + A, m)(Pf — Pl
= [[A(n, m)Quuvlly + A, 0)(Py™ — P )A(0,m)Q vl
< e AP |fy|[E 4 Dem MR BE — B - 1|Q7 vl

— Dfef/\(p(m)fp(n))uwm
forn<mandwve X. O
It follows also from property 3 that
X = A(m,0)Im P} @ Ker P,, for m < 0. (12)

Let }5; and Q;l be the projections associated with this decomposition. Finally,
the following version of Lemma 1 can be obtained using similar arguments.
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LEMMA 2. There exist A, D" > 0 such that for each x € X we have
[A(n, m) P, < D"e N 0=z~ for m <n <0 (13)

and
[ A(n, m)Q x|l < D"e= " (Ptm=p()|| 2|~ forn < m < 0.

It follows from (10) and (12) that " = Py and Qf = Q; . Now let
P, = F:)J lf "=
P ifn <0,

and @, = Id — P,. For m,n € Z with n > 0 > m, it follows from (6), (7), (11)
and (13) that

[A(m, 1) Pozlm = [|A(m, 0) Py A(0,n) Py ||},
< D'e NP A0, n) Py
< DD'e= P A(0,n) Py x|
< DD'e ¥*™ | A(0,n) Py xlg
< DD'D" e Mo A |||~
< Ke—a(p(m)—p(n))|‘x||m

for x € X, where K = DD'D"” > 0 and a = max{)\, X"} > 0. Together with (11)
and (13), this shows that there exist b, N > 0 such that

[ A(m, n) Pot||m < Ne b=z for z € X, m >n

and it follows from (8) that

| A(m,n)Pyz| < DNebetm=p)Fele@l| 2| for 2 € X, m > n. (14)
One can show in a similar manner that

| A(m, n)Pyx| < DNe=tem=pmD+elemzl| for z € X, m < n. (15)
By (14) and (15), the sequence (A, )mez has a p-nonuniform dichotomy. a

Now we consider the case of strong nonuniform exponential dichotomies. Given
I ={Z,Z{,7;} and an increasing function p: Z — Z with p(0) = 0, we say that a
sequence (A, )mez of invertible linear operators in B(X) has a p-strong nonuniform
(exponential) dichotomy on I if:

1. there exist projections P, € B(X) for m € I satisfying (1);

2. there exist A\, u, D > 0 and € > 0 such that, in addition to inequalities (2)
and (3), for n,m € I we have

lA(n, m) Py, < De#pm)—plm)telp(ml for p < m

and
A (7, m)Qm|| < De~Hp(m)=p(m)+elp(m)l for p > m.
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THEOREM 2. A sequence A = (A,,)mez of invertible linear operators in B(X) has
a p-strong nonuniform dichotomy on Z if and only if there exists projections P
for m > 0 and projections P,, for m < 0 such that:

1. A has a p-strong nonuniform dichotomy on Zo+ with projections P ;
2. A has a p-strong nonuniform dichotomy on Z; with projections Py, ;

3. X:ImPJ'@KerPO_.

The proof of Theorem 2 is entirely analogous to the proof of Theorem 1, by
defining norms |||/, on X as in (5), where

el = max{ sup (JlA(n, m) Ptz A —rtm)),
n>m

sup (Hﬂ(m m)P;,tx||e“(p(")_”(m))) }

0<n<m

+max{ sup (||A(n,m)@jnzHe/\(p(m)*p(n)))7
0<n<m

sup (||A(n, m)QLx”eu(p(m)*p(n))) }

n>m

and

||m|m:max{ sup (IlA(n, m) Pl Xem—rtm))
0>n>m

Sgp (||‘A(n7 m)P;';xHe“(P(”)—p(m))) }

n

+ max{ sup (||A(n7m)QT—nm”ez\(p(m)—p(n)))7

n<m

sup (lﬂ(n,m)Pm;c|eu(ﬂ<m>p(n)))}.
0>n>m

3. Continuous time. In this section we obtain corresponding results to those
in Section 2 for continuous time. We continue to denote by B(X) the set of all
bounded linear operators acting on a Banach space X. A family T =
(T'(t, 7))t rer, t>- of invertible linear operators in B(X) is said to be an evolution
family if:

1. T(t,t) =1d for t € R;
2. T(t,s)T(s,7) =T(t,7) for t,s,7 € R.

Given I € {R,Ry,R; } and an increasing function p: R — R with p(0) = 0, we say
that an evolution family T has a p-nonuniform (exzponential) dichotomy on I if:
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1. there exist projections P, € B(X) for t € I satisfying

PT(t,7)=T(t )P, fort>r;

2. there exist A\, D > 0 and ¢ > 0 such that for ¢,7 € I we have

|T(t,7)P.|| < DeMeO=pM)Fele(I - for ¢ > 7

and

T, 7)Q.| < De Mo =p)telo(Dl - for ¢ < 7,

where @, =1d — P;.

THEOREM 3. An evolution family T of invertible linear operators in B(X) has a
p-nonuniform dichotomy on R if and only if there exist projections P;" for t > 0

and projections P, for t < 0 such that:

1. T has a p-nonuniform dichotomy on Rg with projections P ;

2. T has a p-nonuniform dichotomy on Ry with projections P/ ;

3. X:ImPJ@KerPof.

Proof.  As in the proof of Theorem 1, it is sufficient to show that if properties
1-3 hold, then the evolution family has a p-nonuniform dichotomy on R. Namely,
taking the same constants A, D and ¢ for the dichotomies on Rj and on R, we

define

[l = sup (| T(7,t) B 2[|XPD =) 4 sup (|| T(7, ) Q7 ||+
T>t

0<r<t

fort >0and z € X, and

|zll; = sup (|T(r, )P, ]| =PO)) 4 sup (| T(r, £)Qy e}t =())
<t

0>71>t
for t <0 and x € X. Finally, let

o = {lalli it =0,
lzll; ift <o.

As in the proof of Theorem 1, one can show that for each z € X,
|z < ||lz|li < DesP®||z|| for t >0

and
||| < [lzll; < D@z for t < 0.

Hence,
]| < llzlle < DelP@l|jz|| for t € R.
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Moreover, for each x € X we have

T, 7)Pra||f < e eO=O)|z|F fort>r >0,
T, 7)Pra|f < e 2PO—rO)|g||+ for ¢t > 1 >0,
|T(t, 7)P-ally <e APO=,)|z|7 for0>t> T,
1Tt 7)Q x|y <e PM=PW|z]|= for 0>t > .

Now we observe that it follows from property 3 that
X =Im P ®T(t,0)Ker P, fort>0. (20)

Let 15t+ and Q? be the projections associated with this decomposition. Proceeding
as in the proof of Lemma 1 and using the former inequalities, we obtain the following
statement.

LEMMA 3. There exist D', X' > 0 such that for each v € X we have
IT(r 0B ot < DYe N D=2 |ulF forr >t >0

and
I7(r, 0)QF e[t < DIe POz foro<r<t.

It follows also from property 3 that
X =T(t,0)Im P @ Ker P fort <0. (21)

Denoting by }5[ and Q; the projections associated with this decomposition, we
have the following version of Lemma 3.

LEMMA 4. There exist D", X’ > 0 such that for each x € X we have
T (r, )Py || < D"e™ " POl = for t <7 <0

and
|T(1,4)Q; z|[F < D" PO=,)|z||7 for T <t <0,

It follows from (20) and (21) that Py” = Py and Qf = Qp . Now let

P — f:’j ?f >0,
P if T <O,
and @), = Id — P,. Now one can proceed as in the proof of Theorem 1 to show
that the evolution family T has a p-nonuniform dichotomy. a

We also consider the case of strong nonuniform exponential dichotomies. We
say that an evolution family T of invertible linear operators in B(X) has a p-strong
nonuniform (exponential) dichotomy on I if:



10 L. BARREIRA, D. DRAGICEVIC AND C. VALLS

1. there exist projections P, € B(X) for ¢ € I satisfying (16);

2. there exist A\, yu, D > 0 and € > 0 such that, in addition to inequalities (17)
and (18), for 7,t € I we have

|T(,t) || < De HeM=pM)teleMl for + < ¢
and
T (7, 8)Q]| < De— e =p(r)tele®l for 7 > ¢,
where Q; =1d — P;.
THEOREM 4. An evolution family T of invertible linear operators in B(X) has a

p-strong nonuniform dichotomy on R if and only if there exist projections P;" for
t > 0 and projections P, for t < 0 such that:

1. T has a p-strong nonuniform dichotomy on Rg with projections P ;
2. T has a p-strong nonuniform dichotomy on R, with projections P; ;
3. X =Im P} @ Ker Py .

The proof of Theorem 4 is entirely analogous to the proof of Theorem 3, by
defining norms ||-||; on X as in (19), where

”th+ — max{sup(HT(T, t)PterHe’\(p(T)_p(t))), sup (||T(T7 t)PterHe”(p(T)_p(t)))}
T>t

0<r<t

+maX{sup(llT(T,t)Q?fﬂlle“(p(””(T)))7 sup (IIT(T,t)QfxlleM”(t)p(”))}
T>t 0<r<t
and

lll; = maX{ (IT(r, ) B (| =P O)) sup (| T (7, t) Py |l P =PD) }
<t

sup
0>1>t

+ max{ sup (||T(T, t)Q[xHe“("(t)_”(T))),sup(HT(T, t)Qt_xHeA(p(t)_”(T)))}.
0>71>t <t
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