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Abstract. We describe two approaches to study the robustness of the
exponential stability of an arbitrary difference equation with finite delay
on a Banach space. The first approach is based on a characterization of
Perron-type of the exponential stability in terms of the invertibility of a
certain linear operator between spaces of bounded sequences. The second
approach is based on looking at the dynamics on a higher-dimensional
space without delay and so for which one has the cocycle property. We
emphasize that none of the results obtained with the two approaches
implies the other. More precisely, the second approach allows to obtain the
robustness of a weaker notion although also with a stronger hypothesis.
We consider the general case of nonuniform exponential stability.
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1. Introduction

Our main aim is to describe two approaches to study the robustness of the
exponential stability of an arbitrary difference equation with finite delay on
a Banach space. We say that a given type of stability is robust when it per-
sists under sufficiently small perturbations in some appropriate class. We shall
consider the class of the linear difference equations with finite delay.
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1.1. Preliminaries
Consider a linear difference equation

n

z(n+1)= Z A(n,k)z(k), n>0, (1)

where each A(n, k) is a bounded linear operator acting on a Banach space. We
say that Eq. (1) has a finite delay if there exists r € Z; such that A(n,k) =0
for n > k — r, that is, if the equation can be written in the form

z(n+1)= Z A(n,k)z(k), n>0.
k=max{0,n+r}

Since Eq. (1) is linear, the type of stability of its solutions depends only
on the stability of the zero solution. However, there is an important difference
between the cases = 0 and r < 0. In the first case, writing A,, = A(n,n), the
equation becomes

z(n+1)=A,z(n), n>0.
Hence,

x(n) = S(n,k)x(k), n >k, (2)
where

S(TL, ]{) = An_lAn_Q [N Ak-,

and so any type of stability of Eq. (1) can be described in terms of these
operators. For example, when r = 0 we say that Eq. (1) is nonuniformly
exponentially stable if there exist constants D, A, e > 0 such that

IS(n, k)| < De™Xn=h+ek 5 > > 0. (3)

Moreover, we say that Eq. (1) is uniformly exponentially stable if (3) holds
with € = 0. The notion of nonuniform exponential stability goes back to sem-
inal work of Pesin in [5,6] (see [1,3] for detailed descriptions of the theory
and for many examples). It turns out that the classical uniform exponential
stability is a considerable restriction for the dynamics. On the other hand,
essentially guided by ergodic theory, one can introduce the much weaker no-
tion of nonuniform exponential stability. For example, any nonautonomous
linear differential equation with negative Lyapunov exponents is nonuniformly
exponentially stable (see for example [3]).

On the other hand, when r < 0 there exist no linear operators S(n, k)
satisfying (2). This leads naturally to two types of approaches.
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1.2. First Approach

We first consider a notion of exponential stability that tries to imitate as
much as possible the one in (3), based on the observation that given an initial
condition z(k) at time k there exists a unique solution z(n), for n > k, of
Eq. (1) such that z(I) = 0 for [ < k. Hence, for these initial conditions one can
define corresponding operators S(n, k) and introduce a notion of nonuniform
exponential stability that relates to (3) (and that is equivalent to (3) when
r=0).

The study of the robustness of the notion is based on a characterization
of Perron-type of the nonuniform exponential stability in terms of the invert-
ibility of a certain linear operator between spaces of bounded sequences. More
precisely, writing x = (z(n)),>0, we consider the operator

n—1

(Rx)(n) = x(n) — Z A(n—1,k)x(k), n >0,

k=0

between certain spaces of bounded sequences (see Sect. 2 for details). Up to
some technical aspects, we show in Theorems 3 and 4 that R is invertible if and
only if the dynamics defined by Eq. (1) is nonuniformly exponentially stable.

This characterization is then used in Theorem 5 to show that the notion
of nonuniform exponential stability is robust. See [4] for a related approach in
the simpler case of uniform exponential stability.

1.3. Second Approach

The other approach is based on looking at the dynamics in a higher-dimensional
space, with the advantage of having the cocycle property. More precisely, a
natural strategy (that is widely used for continuous time) corresponds to view
the problem in a higher-dimensional space in which the delay r becomes zero.
Namely, considering the (|r| + 1)-vectors

y(n) = (z(n),z(n—1),...,z(n—1)),

there exist linear operators T'(n, k) such that y(n) = T'(n, k)y(k) for n > k.
This allows one to recover the cocycle property

T(n,)T(l, k) = T(n, k)

and so it is natural to introduce a notion of nonuniform exponential stability
for Eq. (1) as in (3) with S(n, k) replaced by T'(n, k). Using this notion we
obtain a second robustness result in Theorem 6.

We emphasize that none of the robustness results in Theorems 5 and 6
implies the other. More precisely, the second approach allows one to obtain
the robustness of a weaker notion although also with a stronger hypothesis.
The details are given at the end of Sect. 4.
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2. Characterization of Stability

Consider the general linear difference Eq. (1), where each A(n, k), for n > k >
0, is a bounded linear operator acting on a Banach space X = (X, ||-||). Given
n >k > 0, we denote by F'(n, k) the linear operator such that

x(n) = F(n,k)x(k)

for all sequences (x(n))n>0 with z(l) = 0 for I < k that satisfy (1). Let |||,
for n > 0, be a sequence of norms on X such that ||-||,, is equivalent to |-|| for
each n. We say that Eq. (1) is exponentially stable with respect to the norms
|||l if there exist constants D, A > 0 such that

|F(n, k)|, < De M |z]ly, zeX, n>k>0. (4)
The purpose of the norms ||-||,, is illustrated with the following example.
Ezample 1. Take r = 0 and let
A, = 6a+€(n+1) cos(n+1)—en cosn
Then
F(m,n) _ ea(mfn)Jrem cosm—en cosn
< ea(mfn)+€m+sn

— e(aJrs)(mfn)Jr%n (5)

for all m > n. Now let
[2]lm = sup (|| F(k, m)a|e (@) k=m)

k>m
= sup (e_a(k_m)+EkCOSk_smcosm||$H). (6)
k>m
Clearly,
2] < l|2llm < 2™ (|]]. (7)

Taking z,,, = F(m,n)x,, we obtain

[Zm|lm = sup (1E(k, m)F(m, n)a, ||~ (eTe)h=m))
_ 6(aJrs)(mfn) sup (HF(k, n)wn||67(a+5)(k7n))
k>m
< elate)(m—n) sup(||F(/<:, n)anef(aqu)(kfn)) _ plate)(m—n) Zn]lns
k>n

thus allowing to erase the nonuniform term 2" in the right-hand side of (5).
Hence, when a+¢ < 0 Eq. (1) is exponentially stable with respect to the norms
I ||l introduced in (6).

Moreover, we say that Eq. (1) is nonuniformly exponentially stable if
there exist constants D, \,e > 0 such that

|F(n,k)|| < De2n=ktek > | > 0.
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Example 1 shows that some nonuniformly exponentially stable equations are
exponentially stable with respect to certain norms ||||,, satisfying (7). It turns
out that the converse always holds.

Proposition 1. Let |||, for n >0, be a sequence of norms on X such that
Izl < |lz|l, < Ce™||z|, z€X, n>0 (8)

for some constants C,e > 0. If Eq. (1) is exponentially stable with respect to
the norms |||, then Eq. (1) is nonuniformly exponentially stable.

Proof. We have
1F(n, k)| < |F(n,k)all, < ez,
< Cef)\(nfk)Jrek”I”
and so Eq. (1) is nonuniformly exponentially stable. O

Now we consider the vector space
[* = {x = (z(n))n>0 C X :sup|lz(n)], < +oo},
n>0

which is a Banach space when equipped with the norm [|x|| = sup,,~q [[z(n)]]5-
We define a linear operator R: D(R) — [*° by

(Rx)(n) = z(n) — Z_: A(n—1,k)x(k), n>0, (9)
k=0

on the domain D(R) formed by all x = (2(n)),>0 € [* such that Rx € {*°.
Proposition 2. The operator R: D(R) — > is closed.

Proof. Let x* be a sequence in D(R) converging to x € [* such that the
sequence Rx* converges to some y € [*°. Since the norms |-, are equivalent
to the original norm |-||, we conclude that

klirrgo 2¥(n) = z(n) and leI&(ka)(n) =y(n)

on X, for n > 0. Moreover, since the linear operators A(n, k) are bounded, it
follows from (9) that

n—1
V(o) = i (Rx)(0) = () = 3 Aln = 1. K)o (8),
for n > 0. Hence, x € D(R) and Rx =y. O
For each x € D(R), let
%l = [[%[loc + [ 2X]|oo-

Tt follows from Proposition 2 that (D(R), ||x||r) is a Banach space. Moreover,
the linear operator

R: (D(R), [[x[|r) — 1%
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is clearly bounded. From now on we denote it simply by R.

Theorem 3. Let A(n,k), for n > k > 0, be bounded linear operators on X.
If Eq. (1) is exponentially stable with respect to some norms ||-||n, then the
operator R is invertible.

Proof. Clearly, R is one-to-one (simply from solving Rx = 0, where 0 is the
zero sequence). For the surjectivity, take y = (y(n))n>0 € [*° and let

z(n) =Y _ F(n,k)y(k), n>0.

k=0

n

It follows from (4) that

13 lloo

o)l < ey bl < =
k=0

for n > 0. Hence, x € [*® and one can easily verify that Rx = y. Therefore, R
is onto and so it is invertible. O

The following result is a partial converse to the previous theorem, with
appropriate assumptions on the linear operators A(n, k).

Theorem 4. Let A(n, k), forn >k > 0, be bounded linear operators on X such
that

An,k)=0, n>k—r (10)
and
|A(n, k)x|, < D||z||k, z€X, n>k>0, (11)
for some numbers r € Zy and D,e > 0. If the operator R is invertible, then
Eq. (1) is exponentially stable with respect to the norms ||||n-

Proof. Given X\ > 0 and n > 0, we define a linear operator by

(B(\)x)(m) = 2(m) — S eMn=ml=AIn=k+1l g (1, — 1 k)2 (k)
k=0

for x = (z(n))n>0 € I*°. In order to estimate the norm of B(\) — R we need
the following result.

Lemma 1. We have
’1 _ eA|n—m|—>\\n—k+1| < e—Ar 1 (12)
whenever |k —m — 1| < —r.

Proof of the lemma. We first note that
Aln—m| _ e)\|n7k:+1\|

|1 o e)\\nfm\f)\|n7k+1\’ _ ‘6 S (13)
eMn—
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Now we consider two possibilities. Assume first that e > eAln—k+1l ¢
follows from (13) and the triangle inequality that

6)\|n7m| _ e)\\nfk+1|

Aln—m|—A|n—k+1]| _
1-e =
’ | e)\|n—k+1\

e)\|n7k+1|+)\|k717m| _ e)\\nfk+1|
<

eAn—k+1]|
— 6)\|k—1—1ﬂ| —1,

which shows that (12) holds whenever |k —m — 1| < —r.

Now we assume that eMn—ml < eAln=k+1l Using again (13) and the
triangle inequality, we obtain
Aln—k+1] _ Aln—m|

_ Aln—m|=An—k+1[| _
’1 € An—k+1]
6A|n—k+1| _ e)\\n—m\
<

eAln—m|
6)\|n7m|+)\|mfk+1| _ e)\\nfm|

<
- eAln—m|

— e)\|k:717m\ —1,
which again shows that (12) holds whenever |k —m — 1| < —r. O

Now take x = (z(n))n>0 € D(R). We have

m—1

((B(A\) — R)x)(m) = Z (1 — ekln_m|_>“"_k+1|)A(m —1,k)x(k)
k=0
for m > 0. By (10), (11) and (12), we have
H((B(/\) *R)X)(m)Hm < Z_ |1 - e)\|nfm|*)\\nfk+1||
k=m+r—1

A(m =1, k) (k) [lm—1

< D(e™ =) (=7 + Vx|

<D =) (=r +1)|x|r
for m > 0. Consequently,

I(BOY) = B)xlloe < D(e™ = 1)(=r + 1) x| (14)
for each x € D(R). Taking A > 0 such that
D™ — 1)(=r +1) < R,

it follows from (14) that B()) is invertible and that

1

IBOTN < K= pemm = e - s 1)
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We note that K does not depend on n. Now take v € X and define y =
(y(m))m>0 by y(n) = v and y(m) = 0 for m # n. Since B(\) is invertible,
there exists z = (2(m))m>0 € [ such that B(A\)z =y. Let

z(m) = e Nl (m),  m > 0.

Clearly, x = (z(m))m>0 € I°° and

mz m—1,k)z(k)

m—1
= e An—mly Z e An— kH‘A —1,k)z(k)
k=0

= ¢ Aln=m ( mzl M=M=k A (m, — 1, k)z(k))
k=0
= el (B(N)z) (m)
= ey (m) = y(m)
for m > 0 (since y(m) = 0 for m # n), that is, Rx = y. Moreover,
()l = €A™ 2 (m) [l
< e Mo
= e B) Tl
< Ke M|yl
= Ke 2m=mljy]l,..
Again since y(m) = 0 for m # n, we have z(m) = F(m,n)v for m > n and so
1E(m, n)ollm < Ke A" joll,,  m > n,
which shows that Eq. (1) is nonuniformly exponentially stable. O
Note that if (8) holds and there exist constants D,e > 0 satisfying
|A(n, k)| < De™", n>k>0,
then condition (11) holds (with D replaced by CD).

3. Robustness: Method I

In this section we use Theorems 3 and 4 to establish the robustness of the
notion of nonuniform exponential stability.
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Theorem 5. Assume that Eq. (1) is exponentially stable with respect to some
norms ||-||ln for some bounded linear operators A(n, k), for n >k >0, satisfy-
ing (10) and (11) for some numbers r € Zy and D > 0. Moreover, let B(n, k),
forn >k >0, be bounded linear operators on X such that

B(n,k)=0, n>k—r (15)
and
I(B(n,k) — A(n, k))x||n < c|lz|lx, z€X, n>k>0, (16)

for some constant ¢ > 0. If ¢ is sufficiently small, then the equation
z(n+1)= Z B(n, k)xz(k) (17)
k=0

is exponentially stable with respect to the norms |||, .
Proof. By Theorem 3, the operator R defined by (9) is invertible. Now we
define a linear operator S: D(R) — [*° by

(5%)(n ZBn—lk (k), n>0.

It follows from (10), (15) and (16) that

I((R n)ln < ZII (n = 1,k) = Aln = 1, k)2 (k)[|ln

< (—7’ + Dx[loo
<c(=r+Dlxlr
for n > 0 and x = (z(n))n>0 € D(R). Hence,

IR =S|l <e(=r+1)

and so, for any sufficiently small ¢ the operator S is invertible (since R is
invertible). On the other hand, by (11) and (16), we have

IB(n,k)z||, < (c+ D)|z|lk, z€X, n>k>0.

Hence, it follows from Theorem 4 that Eq. (17) is exponentially stable with
respect to the norms ||-||,. O

Note that if (8) holds and there exist constants D, e > 0 satisfying
I(B(n,k) — A(n, k)| <ce™"™ n>k>0,

then condition (16) holds (with ¢ replaced by c¢C).
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4. Robustness: Method I1

In this section we give a different perspective of the robustness problem as well
as an alternative robustness result.

Given r € Z , let Y be the Banach space of all functions ¢: [r,0|NZ — X
equipped with the norm

lelly = max{{lo(k)|| : v < k < 0}.

Moreover, given a function z: C — X on aset C C Z withn+r,...,n € C,
we define z,, € Y by x,(k) =x(n+ k) for k=r,...,0.
We consider linear maps L,,: Y — X, for m > 0, defined by

> A(m, k)p(k —m)
k=m+r
for some linear operators A(m, k) and the dynamics
x(m+1) = L&y, m>0. (18)
Note that Eq. (18) can be written in the form

x(m+1) ZAmk m > 0.
k=m+r

Moreover, when (10) holds, the equation becomes Eq. (1) for m > —r.

Givenn > 0 and ¢ € Y, there is a unique function z: [n+r, +00)NZ — X
with z,, = ¢ satisfying (18) for m > n. We define linear evolution operators
T(m,n) onY by

T(m,n)x, = Ty, m>n.
Clearly, T'(m, m) = Id and
T(,m)T(m,n)=T(,n), >m>n.

We say that Eq. (18) admits a nonuniform exponentially contraction if there
exist D, A\, e > 0 such that

|T(m,n)|| < De MNm=m+en iy >, (19)
Now we consider the dynamics
x(m+1) = Mpam, (20)
for some linear operators M,,: Y — X, for m > 0, defined by
Mpp = Z B(m’ k)so(k - m)
k=m+r

for some linear operators B(m, k).
The following is our alternative robustness result.
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Theorem 6. Assume that Eq. (18) admits a nonuniform exponential contrac-
tion. If
| My, — Lo || < ce %™, m >0, (21)

for some constant § > 1, then for any sufficiently small ¢ > 0, Eq. (20) admits
a nonuniform exponential contraction. Moreover, the solution of Eq. (20) with
initial condition x, = ¢ satisfies

lzmlly < 2De” e Xm=WH R gy, m > n, (22)
Proof. Let Gy, = My, — Ly,,. We need the following result (see [2, Lemma 1]).

Lemma 2. The solution of Eq. (20) with x,, = ¢ satisfies

m—1
T =T (m,n)p + Z T(m,j+1)(I'Gjz;), m>n, (23)
j=n
where
. I =
(PGja;)(1) = Gt N
0, 1 #£0.

In view of (23), we consider the operator U defined by

m—1

(Uz)m =T(m,n)o+ Y T(m,k+1)(CGrai), m>n, (24)
k=n
in the space

F={z:[n+r+00)NZ— X :|z] < 2De_’\T||g0||y}7
equipped with the norm
|z]| = sup{[|zm|[ye 7™ im > n}, (m,n)=—-Nm—n)+en. (25)

One can easily verify that F' is a complete metric space.
Note that

T(m,n)e(j) = T(m +j,n)e(0)
for j =r,...,0. Therefore, for j =r,...,0 it follows from (24) that

m—1
(Uz)(m+ j) = [T(m+j,n)@](0) + Y T(m+j,k+1)(TGrax)(0)  (26)
k=n
and thus,
m4j—1
[Uz)(m + ) < T m+G.n)elly + D T (m+ ok + 1) - [|Grall
k=n

On the other hand,

1G]l < NGl lemlly < ce™*™ |amlly. (27)
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By (19) and (27), we have
1Uz)(m + j)I| < De A =m*en| ]y

m—1
+ Z Dce_A(m+j_k_1)+6(k+1)6_66k||Z‘k||y.
k=n

Moreover, since

lzxlly < 2De e ®m]jg||y

we obtain
[(Uz)(m + j)|| < De  mti=mten| gy
m—1
+ 2D2€_)\7,C||(,0||y Z e—)\(m-i-j—k—1)+6(k+1)—k(k—n)+an—55k
k=n
< D™ Me N gy
m—1
+ 2D26—)\rc||90||Ye—>\(m+j—n—1)+enea Z ee(l—5)k
k=n
) 2D2e—k7'+ec
y(m,n) ,—Aj vy(m,n)
< DM gl + 2 e
< De e ||y (14 ep)
where

B 2De"
W= T ec=o)"

Hence, in view of (25) we have
IUz[| < De*"[lplly (1 + ep) < 2De™*|lolly,

taking ¢ sufficiently small so that ey < 1. Therefore, U(F) C F. Now we show
that U is a contraction. By (26) we have

m—1
[(Uz)(m + 5) — Uy)(m+ )| < Y NT(m+ 5,k +1)|| - | Grar — Grysl
k=n
m—1 )
<D Z e—A(m+J—k—1)+6(k+1)HGkH New = villy
k=n
m—1 )
< DC”:L' _ y” Z 67(k,n)67/\(m+37k71)+5(k+1)6755k
k=n
m—1
< DC€€H$ _ y”e'y(m,n) Z e(lfé)sk
k=n
Dce® e
Tz — g,

— 1 —e(1=0)e
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which shows that

Dce®

Iz = Uyl < T— q=g: e —vll

Therefore, U is a contraction in the complete metric space F'. Hence, U has a
unique fixed point in F', which thus satisfying (22). This completes the proof
of the theorem. O

Now we compare Theorems 5 and 6. As we already observed, when (10)
holds, Egs. (1) and (18) coincide for m > —r. In fact, under that assump-
tion, for any initial condition ¢ € Y with (k) for k # 0, the two equations
coincide for m > 0. On the other hand, one can easily verify that if Eq. (1)
is nonuniformly exponentially stable, then Eq. (18) admits a nonuniform ex-
ponential contraction. When r = 0 the converse also holds. However, when
r > 0, the converse may not hold (see Example 2 below), but still Theorem 6
shows that for the weaker notion of a nonuniform exponential contraction, if
condition (21) holds, then one can still obtain a robustness result. We note
that condition (21) is stronger than condition (16). Indeed, if the latter holds,
then

1Mo = L)l <3 IAGn, B - ok —m)|
k=m-+r

< (=r+1)De"[lelly,

while condition (21) requires an exponential decay e~%*™ for some § > 1. In
other words, we require more in Theorem 6 although for a weaker notion. This
causes that none of the Theorems 5 and 6 implies the other one.

Example 2. An example of a nonuniform exponential contraction whose dy-
namics is not nonuniformly exponentially stable is the following. Take r = 1,

em(m=1), k=2m,

and A(k,l) =0 for I < k. Then xz(k + 1) = ¢xx(0), where

e ™, k =2m,
Cp = 2
e ™, k=2m—1.
One can easily verify that

e k2 < max{cg,cp_1} < e1=k)/2

and so the dynamics admits a nonuniform exponential contraction. On the
other hand, com/com—1 = e™(m=1) which shows that the dynamics is not
nonuniformly exponentially stable.
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