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Nonuniform exponential dichotomies and Fredholm operators
for flows
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Abstract. For the flow determined by a nonautonomous linear differential equation, we char-
acterize the existence of a strong nonuniform exponential dichotomy in terms of the Fredholm
property of a certain linear operator. We consider both cases of one-sided and two-sided ex-
ponential dichotomies. Moreover, we use the characterizations to establish the robustness of
the notion of a strong nonuniform exponential dichotomy in a simple manner.
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1. Introduction

For the flow determined by a nonautonomous linear differential equation z’ =
A(t)z in a finite-dimensional space, we describe the relation between the exis-
tence of a strong nonuniform exponential dichotomy and the Fredholm prop-
erty of the linear operator R defined by

(Ra)(t) = 2'(t) — A(t)z(t), =0,

between certain Banach spaces (see Sect. 3 for the details). In particular, we
show that the equation ' = A(t)z admits a strong nonuniform exponential
dichotomy on Ré‘ if and only if R is a Fredholm operator and the dynamics
satisfies a certain bounded growth property (see (8)).

Related results were first obtained by Palmer [13,14]. Further results were
obtained by Lin [10] for functional differential equations, by Bldzquez [6], Ro-
drigues and Silveira [18], Zeng [20] and Zhang [21] for parabolic evolution
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equations, and by Chow and Leiva [7], Sacker and Sell [19] and Rodrigues and
Ruas-Filho [17] for abstract evolution equations. All these works consider only
uniform exponential dichotomies.

On the other hand, in the context of ergodic theory almost all linear varia-
tional equations with nonzero Lyapunov exponents of a measure-preserving
flow admit a strong nonuniform exponential dichotomy (see [3]). The ter-
m “nonuniform” means that the stability or conditional stability need not
be uniform, with a deviation from the uniform case that may grow expo-
nentially with the initial time. The term “strong” refers to the fact that be-
sides having upper bounds along the stable direction when the time increases
and along the unstable direction when the time decreases, one has also lower
bounds. As noted above, both situations are typical in the context of ergodic
theory.

We use the characterization of the existence of a strong nonuniform expo-
nential dichotomy, both for one-sided and two-sided exponential dichotomies,
to establish the robustness of the notion. In the case of uniform exponential
dichotomies, early related works are due to Massera and Schéffer [11], Cop-
pel [8], and in the case of Banach spaces to Dalec’kii and Krein [9]. For more
recent works we refer to [4,12,15,16] and the references therein.

2. Preliminaries

Let I € {R{, Ry, R}, where
Ry ={r€R:2>0} and R, ={zeR:x<0}.
We consider a linear nonautonomous differential equation
' = A(t)x, (1)

where A: I — M, is a continuous function with values on the set M, of all
d x d matrices. Let T'(t,7), for t,7 € I, be the associated evolution family such
that z(t) = T(t,7)x(7) for any solution x of Eq. (1). Now we consider a family
of norms ||-||¢, for ¢ € I, such that:

1. there exist constants C' > 0 and € > 0 such that

lzll < llzll- < Ce™ ]

for every v € X and 7 € I;
2. the map t +— ||z||; is continuous on I for each z € X.
We say that Eq. (1) admits a strong exponential dichotomy on I with respect
to the family of norms |-||; if there exist projections P;: R — R?, for ¢ € I,
satisfying
PT(t,7)=T(t,7)P; fort,7el (2)
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and constants -
A<A<O0<p<m and D >0 (3)

such that for each x € X we have

I7(t, 7)Pralle < D7z,

IT(7,6)Quzllr < De 27|z, (4)
for t > 7 and

IT(t,7) Pralls < DX |,

|T(7, )Quxll> < De Pz, (5)

for t < 7, where Q. = Id — P,. Moreover, we say that Eq. (1) admits a strong
nonuniform exponential dichotomy on I if:

1. there exist projections P;: R? — R, for ¢ € I, satisfying (2);
2. there exist constants as in (3) and € > 0 such that

IT(t,7) Py || < DeX=m¥elm],
|T(7,6)Q:l| < Demtet=m)Hell
for t > 7 and
Tt )Py < l)eA(t—T)+e\T|7
IT(7,)Q¢|| < DemF=T)*el
for t < 7, where Q, =1d — P;.
The two notions are related as follows.

Proposition 1. Equation (1) admits a strong nonuniform exponential dichoto-
my on I if and only if it admits a strong exponential dichotomy on I with
respect to a family of norms ||-||+ satisfying conditions 1 and 2.

3. One-sided exponential dichotomies

In this section we consider exponential dichotomies on R{. Let Y be the set
of all continuous functions x: R — R? such that

[2]loc = supl|z(@)][; < +oc.
>0
It is easy to verify that Y is a Banach space with the norm ||| .

Given a continuous function A: R — My, let R be the linear operator
defined by

(Rx)(t) = 2'(t) — A(t)z(t), t=0,

in the domain D(R) formed by all € Y such that Rz € Y (this includes the
requirement that z’(¢) exists and is continuous).



304 L. BARREIRA ET AL. AEM

Proposition 2. The operator R: D(R) — Y 1is closed.

Proof. Let (xp)ren be a sequence in D(R) converging to z € Y such that
yr = Rxy, converges to y € Y. For each 7 > 0, we have

2(t) = a(r) = lim (2x(t) = 2x(7))

= lim [ z(s)ds
k—oo J .

= lim (yi(s) + A(s)zi(s)) ds

k—oo /.

for t > 7. Moreover, we have

H[%@“—ZE@“

< [ lyk(s) —y(s)l ds
< | lyk(s) —y(s)ls ds

T

< (t=1)|lyk = Ylloo-

Since yr — y in Y, we obtain

t t
klim yk(S)ds:/ y(s)ds.

Similarly,

”lu@“@“—[A@WMSSM[mmwmmm

<Mt = 7)llyk — ylloo,

where
M =sup{||A(s)|| : s € [1,1]} < +o0.

Since yr — y in Y, we obtain

lim A(s)xg(s)ds = / A(s)x(s) ds.

k—oo ),
Therefore,
t
o(t) - a(r) = [ (A()a(s) +9(5) ds
which implies that Rz = y and = € D(R). O

For z € D(R) we consider the graph norm
[2llr = llz]loo + [ Rixloo- (6)

Since R is closed, (D(R), ||-||r) is a Banach space. Moreover, the operator
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R: (D(R), [-lr) = Y (7)
is bounded and from now on we denote it simply by R.

Theorem 3. If equation (1) admits a strong exponential dichotomy on Rg‘ with
respect to a family of norms |||+, then R is a Fredholm operator with

ind R=dimIm P, fort>0
and there exist a, K > 0 such that
| T(t, s)z||, < Ke®'=sl||z||, fort,s >0 and x € R (8)

Proof. We first show that R is onto. Take y € Y and extend it to a function
y: R — X by letting y(t) = 0 for t < 0. For ¢t > 0, we define

t +oo
o(t) = / T(t, 7)P(r)y(r) dr - / T(t, 7)Q(r)y(r) dr.
It follows from (4) that
17

t +oo
/ IT (¢, 7)P(r)y(r) | dr + / 1T (¢, D)Q(r )y (7|« dr
0 t

t +oo
< Dllyllo (/ ex(t_T)dT—&-/ e_“(T_t)dT>
0 t
1 1
=D (-5+3) Il
It

for ¢ > 0 and thus, z(t) is well defined and = € Y. Moreover, for each tg > 0
we have

2(t) = / T(t, )y () dr — / T(t, 1) P()y(7) dr

to to
t

- / T(t, 7)Q(r)y(r) dr + / T(t, 7)P(r)y(r) dr

to 0

+oo
- / T(t, 7)Q(r)y(r) dr

_ / Tt 1)y(r) dr + / T Py () dr

to 0

“+oo
- / T(t, 7)Q(r)y(r) dr

:/t T(t,)y(r)dr + T(t,to)z(to)
and hence,
z(t) = T(t,to)z(to) + / Tt r)y(r)dr (9)

to
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for ¢ > 0. It follows from (9) that the function z: R — X is differentiable and
that Rz = y. On the other hand, one can verify that S: Ker R — R defined
by Sz = z(0) is a bijection onto Im Py and thus dim Ker R < 4o00. Finally,
property (8) is a direct consequence of (4) and (5). O

Now we establish the converse of Theorem 3.

Theorem 4. If R is a Fredholm operator and there exist a, K > 0 satisfying (8),
then Eq. (1) admits a strong exponential dichotomy on RS‘ with respect to a
family of norms |||+

Proof. We start with an auxiliary result. O

Lemma 1. Given a continuous function y: Rar — R with bounded support,
there exists a continuous function x: R(T — R with bounded support such that
Rx =y.

Proof of the lemma. Take ty > 0 such that y(t) = 0 for ¢t > ¢y and let

v = —/ OT(O,s)y(s) ds.
0

We define
2(t) = T(t,0)v + [3 T(t,s)y(s)ds if 0 <t < to,
)0 if t > t.
The function x satisfies the desired properties. O

Now let Yy be the closed subspace of all functions x € Y such that
limy oo ||z(t)|s = 0 and let E = R™1Yy. We write S = R|g: E — Yj and we
denote by S*: Yy — E* the adjoint operator.

Lemma 2. We have Ker S* = {0}.

Proof of the lemma. Take ¢ € Ker S* and y € Yy with bounded support. By
Lemma 1, there exists x € Y such that Rx = y and thus Sz = y. We have

o(y) = ¢(Sz) = (S"¢)z =0
for y € Yy with bounded support. Since the continuous functions with bounded
support are dense in Yy, we conclude that ¢ = 0. g

Lemma 3. For each y € Yy, there exists x € Y such that Rx = y.

Proof of the lemma. Since R is a Fredholm operator, its image and so also
Im S are closed. On the other hand, we have

{Im S}° :={¢ € Yy : ¢(x) = 0 for v € Yy} = Ker S*.

It follows from Lemma 2 that {Im S}° = {0} and hence, by the Hahn-Banach
theorem we have Im S = Yj, which yields the statement in the lemma. O
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Lemma 4. There exists a subspace Z of R such that for each y € Yy, there
exists a unique x € Y with (0) € Z and Rx = y.

Proof of the lemma. Let Z be the subspace of R? consisting of all vectors
x € R% such that

sup||T(t,0)z||; = 0.
>0

Moreover, let Z’ be any subspace of R? such that R = Z @ Z'. Given y € Y,
by Lemma 3 there exists x € Y such that Rx = y. Write ¢ = yo + 29, where
Yo € Z and zg € Z'. Now we consider the function

2*(t) = z(t) — T(t,0)y(0).

Then z € Y, 2(0)* € Z' and Rz* = y. Now assume that for some y € Y there
exist functions ' € Y satisfying Ra? = y and 2%(0) € Z' for i = 1,2. We have

wl(t) — a?(t) = T(t,0)(x"(0) — 2%(0))

for t > 0 and x'(0) — 22(0) € Z. Hence, z(0) — 22(0) € Z N Z' and so
21(0) = 2%(0). Therefore, z!(t) = 22(t) for t > 0, that is, z! = 2% O

It follows from Lemma 4 and results in [2] that Eq. (1) admits an expo-
nential dichotomy on Ry with respect to a family of norms |-||; (although [2]
considers a certain space Y7 instead of Y, all goes through for the new space
exactly with the same proof). In view of condition (8) this is in fact a strong
exponential dichotomy. O

As an application of Theorems 3 and 4, we establish the robustness of
one-sided exponential dichotomies.

Theorem 5. Assume that Eq. (1) admits a strong nonuniform exponential di-
chotomy on ]RE)Ir and that B: R} — My is a continuous function satisfying

1B(t) — A@t)|| < de™ (10)
for allt > 0 and some 6 > 0. If § is sufficiently small, then the equation
' = B(t)z (11)

admits a strong nonuniform exponential dichotomy on Rsr with projections P}
such that dim P/ = dim P; for t > 0.

Proof. By Proposition 1, there exists a family of norms ||-||;, for ¢ > 0, satisfy-
ing conditions 1 and 2 such that Eq. (1) admits a strong exponential dichotomy
on R with respect to this family. We consider the operator R defined by (7).
By Theorem 3, R is Fredholm and property (8) holds.
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For the evolution facility S(¢, s) associated to Eq. (11), it follows from (8)
and (10) that

IS (¢, s)x||: = HT(t,s)z +/ T(t,7)[B(1) — A(7)]S(T, s)x dT

t

< Ket=9)||g, + K / 0D [B(r) — A(n)S(r, )z dr

¢
< Kett=9 g, +5CK/ 7)1 (r, 8)2 |, dr
for ¢ > s. This shows that the function ¢(t) = e~ || S(¢, s)z||; satisfies

o0) < Kos) + 90K [ o) an
for t > s. Using Gronwall’s lemma, we obtain
() < Kop(s)e? K (=)
or, equivalently,
1S(t, 8)alle < KeleHOORE=| g
for t > s. A similar argument applies to the case when ¢ < s and so,
S(t, s)x|; < Kel@toCKIt=sl|z|l, for t,s > 0.
Now let U be the linear operator associated to Eq. (11), defined by
(Uz)(t) =2'(t) — B(t)z(t), t>0,
in the domain D(U) formed by all z € Y for which Uz € Y. Moreover, let
P:Y — Y be the linear operator defined by
(Pz)(t) = (B(t) — A(t))x(t).
By (10) we have
(B = A®)(0)l: < Ce(B() — A@)(0)]
< 6C ()] < 6C||l= ()]
for t > 0. Hence,
sup|[(Pz)(B)]le < 0C 2 ]loo < 0C]|2]|

for ¢ > 0 and P is bounded. Since a sufficiently small perturbation of a Fred-
holm operator is a Fredholm operator with the same index, if § is sufficiently
small, then, by Theorem 4, Eq. (11) admits a strong exponential dichoto-
my on R with respect to a family of norms |-||;, with projections P such
that dim P/ = dim P;. Hence, by Proposition 1, the equation admits a strong
nonuniform exponential dichotomy on RS‘ . O
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4. Two-sided exponential dichotomies

In this section we consider exponential dichotomies on R. We shall always
assume that each norm ||-||¢ is induced by a scalar product (-, -);. We emphasize
that there is no loss of generality in this assumption, since one can always
consider norms in Proposition 1 that are induced by scalar products. Then
there exists invertible d x d matrices D;, for t € R, such that

(x,y)¢ = (Dz,y) fort € R and x,y € R%.
Let Y be the set of all continuous functions z: R — R? such that

[2]loo := supllz(t)]|; < +oo.
teR

It is easy to verify that Y is a Banach space with the norm ||-||o. Moreover,
let R be the linear operator defined by

(Rz)(t) =2'(t) — A(t)z(t), tEeR,

in the domain D(R) formed by all z € Y such that Rx € Y. Proceeding as in
the proof of Proposition 2, we find that R is a closed operator. We can now
define a norm ||-||g as in (6) and from now on we denote by R the operator
in (7). We also consider the adjoint equation

= —At) . (12)
One can easily verify that its evolution family is T7(t, s) = T'(s,t)*.

Theorem 6. If Fq. (1) admits a strong exponential dichotomy on R with respect
to a family of norms ||-||¢, then R is a Fredholm operator and there exist a, K >
0 such that

|T(t,s)z|; < Ke®t*l||z||s fort,s € R and x € R% (13)

Proof. Let P;r and P, be, respectively, the projections associated to the ex-
ponential dichotomies on Rf and R, . Under the assumption in the theorem,
it is proved in [1] that the operator R is onto. Moreover, Ker R consists of
all functions = € Y such that x(¢t) = R(¢,0)x(0) for ¢ € R. This implies that
2(0) € Im Py” N Ker P, and so dimKer R < +oc0. Property (13) is a direct
consequence of (4) and (5). O

The following is a partial converse to Theorem 6 (see also Theorem 8).

Theorem 7. If R is a Fredholm operator and there exist a, K > 0 satisfy-
ing (13), then Eq. (1) admits strong exponential dichotomies on Ry and Ry
with respect to a family of norms |||

Proof. We begin with the following statement. 0
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Lemma 5. Given y € Y with bounded support, there exists x € Y with bounded
support such that Rx =y if and only if

/OO T(0,s)y(s)ds = 0. (14)

— 00

Proof of the lemma. Assume that x € Y satisfies Rx = y. Since y has bounded
support, for all sufficiently large ¢ we have

x(t) =T(t,0) (m(O) + /000 T(0,s)y(s) ds). (15)

Similarly, for sufficiently small ¢t we have

0
x(t) =T(t,0) (m(O) - / T(0, s)y(s) ds>. (16)
It follows from (15) and (16) that = has bounded support if and only if
o0 0
m@+/‘T@QM$@:d®—/ (0, 8)y(s) ds = 0,
0 —o00

which implies that (14) holds. Now assume that (14) holds and define

o(t) = T(t,0)z + fot T(t,s)y(s)ds ift >0,
T\ T(0)z0 — [ Tt s)y(s)ds ift <0,

where
To = — /000 T(0, s)y(s) ds.
Then the function = has bounded support and Rz = y. O
Now let

%:{xEY:hm|x@m=O}
|t] —+o0

and F = R~ 'cy. We consider the operator S = R|p: E — Y, and its adjoint
S* Yy — B

Lemma 6. Ker S* consists of all o € Yy for which there exists a function y
solving (12) such that:

1.
/ Dy dt < 400 and  swpl| D y(®)] < 400 (17)
e teR
2.
alz) = / <D;1y(t),x(t)>t dt  for x €Y. (18)
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Proof of the lemma. Take a € Ker S and = € Y with bounded support. Let
¢: R — RT be a continuous function with bounded support such that ffooo o(t)
dt = 1. Finally, let

Z(t) = x(t) — qS(t)/ T(t,s)x(s) ds. (19)

— 00

Then 7 is a continuous function with bounded support and

/OO T(0,5)Z(s)ds = /_OO T(0, s)x(s) ds

- io/_o; o(t) dt /_O; (0, s)a(s) ds = 0.

It follows from Lemma 5 that £ € Im R and so & € Im S. Therefore, T = Sz
for some z € E and

a(Z) = a(Sz) = (S"a)z = 0.
Hence, it follows from (19) that a(z) = a(¢), where

w(t) = /_ Z 6(t) dt /_ O; (0, 8)(s) ds.

Let

y(t) =Y ale)T(0,) e,

i=1

where {e1,...,eq} is the canonical basis of R? and ¢;(t) = ¢(¢t)T(¢,0)e;. We
note that y is a solution of (12). We have

/ D7y (8. 2(t))e di = / " (e), () di

— 0o — 00
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In particular,

‘L/wo<l?[1y(ﬂ7$(ﬂ>tdt = |a()] < fla]| - [J]] (21)

for any = with bounded support. Now take 7" > 0 and consider a continuous
function ¢: R — R with bounded support such that ¢(t) =1 for t € [T, T]
and ¢(t) < 2 for t € R. Taking

a(t) = o(t) ==

it follows from (21) that

T
/wamwﬁéﬂML

Letting T — +oo yields the first inequality in (17).

Now take s € R and for each h > 0, consider a continuous function g: R —
R vanishing outside [s — h,s + h] such that g(t) = 1 for t € [s, s + h/2] and
[7_ g(t)dt = h. Let

D 'y(t)

2t D fort € R.
1Dy ()]

x(t) = g(t)

Clearly, « € Yy. Applying (21) yields the inequality

2

s+h/2 .
2 [ I a <2l
S

Letting h — 0, we obtain ||D;1y(s)||s < 2|/, which yields the second in-
equality in (17).
We define : Yy — R by

ﬁ@):/m<m%mmx@%ﬁ for 2 € Yo.

— 00

Tt follows from the first inequality in (17) that 5 is a bounded linear functional
on Yy. Moreover, by (20), 5 and « coincide on the dense set of functions with
bounded support. Hence, o = 8 and (18) holds.
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Now assume that « is given by (18) with y satisfying all the conditions in
the lemma. For each x € Yy we have

(S*a)(z) = a(Sx)
- / (D Yy(t). 2 (1) — A(tya(t)), dt

_ [ T lyt), 2 (1) — Al () dt

= e O — [ (0 + AO" (0. a(0) i

— (D7 (), 20| / (o () + A y(t), 2(t)) dt = 0.
Therefore, a € Ker S* and the proof of the lemma is complete. O

We continue with the proof of the theorem. We have
ImS = {z €Yy:a(x)=0for « € Ker 5*}.

Let y1,...,Ym be a basis of the space of solutions of (12) satisfying (17). For
each i =1,...,m, we define o; € Y| by

0
a;(x) = / (D yi(t), z(t)) dt - for z € Y.

— 00

Moreover, for each j =1,...,d, we define g8; € Y by
B;(x) = 27(0) for z € Yy,
where x = (z1,..., 2%).
Lemma 7. The set {aq,...,am,B1,..., B4} is linearly independent.

Proof of the lemma. Assume that > " \;a; = Z?Zl ;35 for some constants
Ais pij € R. This implies that

0
| oo, Zwﬂ (22)
for each € Yy, where y = > " | A\;y;. Assume that y(¢) # 0 for some ¢t < 0.
Take z € Yy of the form

2(t) = D;y(t)
) =0Ty

where ¢: R — R{ is a continuous function with ¢(0) = 0. Then the left-hand
side of (22) is positive and z(0) = 0, thus leading to a contradiction. Hence,
y = 0, which implies that \y = --- = \,, = 0. Moreover, the functionals
081, ..., 04 are clearly independent and so p1 = --- = pug = 0. 0
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Now take z € Y. By Lemma 7, there exists x € Yj such that

a;(z) = — /OOO<Dt_1y¢(t),Z(t)>t dt fori=1,...,m (23)
and
Bj(w) = 27(0) = 27(0)

for j =1,...,d. We define a function & by Z(t) = x(¢) for t <0 and Z(t) = 2(¢t)
for t > 0. Clearly, & € Yj. It follows from (23) that

/ (D7 My (1), 2(t))ydt =0 fori=1,...,m

and thus, it follows from Lemma 6 that a(z) = 0 for o € Ker S*. We conclude
that Z € Im S. Therefore, there exists a function w € Y such that Sw = & and
hence,

w'(t) — A(t)w(t) = £(t) = (1)

for t > 0. Tt follows from results in [2] (see also [5]) that Eq. (1) admits an

exponential dichotomy on RJ with respect to a family of norms |-||;. One

establishes similarly the existence of an exponential dichotomy on R, with

respect to a family of norms |[|-||;. In view of condition (13) these are in fact

strong exponential dichotomies. 0
We also have the following stronger statement.

Theorem 8. If R is a Fredholm operator and R? = Im Py" @ Ker P, then
Eq. (1) admits a strong exponential dichotomy on R with respect to a family
of norms ||-||¢.

Proof. Tt follows from Theorem 7 that Eq. (1) admits strong exponential
dichotomies on Ry and R; with respect to a family of norms ||-|;. Since
RY = Im P @ Ker Py, it follows from results in [1] that Eq. (1) admits a
strong exponential dichotomy on R with respect to a family of norms ||-|;. O

The following result is a version of Theorem 5 for exponential dichotomies
on R.

Theorem 9. Assume that Eq. (1) admits a strong nonuniform exponential di-
chotomy on R and that B: R — My is a continuous function such that

|B(t) — A(t)]| < del!

for all t € R and some & > 0. If ¢ is sufficiently small, then either Eq. (11)
admits a strong nonuniform exponential dichotomy on R or there exists a con-
tinuous nonzero function x: R — R such that 2'(t) = B(t)x(t) fort € R and
sup,erllz(t)|ls < +oo, where ||-||¢ are norms associated to the strong nonuni-
form exponential dichotomy of Eq. (1) as in Proposition 1.
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Proof. Tt follows from Theorem 5 that Eq. (11) admits strong exponential di-
chotomies on Ry and R, with respect to a family of norms |-, say with
projections, P;" and P, , respectively. Let U(t,7) be the evolution family as-
sociated to Eq. (11). It is proved in [1] that

Im Pt = {v eR?: §1>118||U(t70)v\|t < +oo} fort >0

and
Ker P, = {v e R4 : sup||U(t,0)v||, < —|—oo} for t <0.
<0
Moreover,
dimIm P, = dimIm P;*  for t > 0
and

dimIm P, = dimIm P for ¢t <0.

Now assume that there exists a nonzero vector v € Im P;" N Ker P, and
define a function x: R — R? by z(t) = U(t,0)v for t € R. Clearly, x is
continuous, solves (11) and sup,cp|/2(t)||s < +oco. If Im Py N Ker P, = {0},
then

dim Im P0+ +dimKer Py =dimIm Fy +d —dimIm Py =d

and so R? = Im P;" @Ker P; . It follows from results in [1] that Eq. (11) admits
a strong exponential dichotomy on R with respect to a family of norms ||-||;.
Hence, by Proposition 1, the equation admits a strong nonuniform exponential
dichotomy on R. O
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