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Stable Algorithm for Calculating with g—Splines*

Tina Bosner' and Mladen Roginat

Abstract. We are using a technique to calculate with Chebyshevian splines of order < 4,
based on the known derivative formula for Chebyshevian splines and an Oslo type algorithm,
to produce simple formulee for gB-splines developed by Kulkarni and Laurent. Starting with
the known fact that local basis for g-splines of order 3 and 4 can be evaluated by making
positive linear combinations of less smooth, one order higher polynomial B-splines, we deduce
a simple and stable algorithm for such splines.

It is an interesting fact in itself, that the coefficients in such linear combinations are
discrete Chebyshevian splines, and therefore make a partition of unity. The same is true for
gB-splines themselves.
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1. Introduction

The notion of g-spline has an origin in the beam theory. Consider a simply
supported beam with supports {(z;, fl)}fiol, then the deflection of the beam between
successive supports is the solution s(z) to the differential equation [E - I - D%]s = M.
Here E denotes Young’s modulus of elasticity, I is the cross-sectional moment of
inertia, and M is the bending moment. We suppose that E-I = 1/q, ¢ > 0, where ¢
and, under assumption of weightlessness, M, are piecewise linear continuous functions
with break points at the supports. Differentiating the above equation twice, we arrive

at the two-point boundary value problem on [z;, z;41], for i = 0,..., k:
1
D2§D25 =0, s(xl) = fi, S(xi—i-l) = fit1, Sll(xi) _ 52,7 S(xi_H) _ 3;’+17

where s/ and s}, are chosen so as to ensure that s € C?[zg, z41]. Such a function s
is called a g-spline.

The aim is to construct a stable algorithm for calculating with ¢-splines, based on
the known derivative formula for Chebyshevian splines and an Oslo type algorithm. To
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this end, we will use one special Canonical Complete Chebyshev (CCT)-system, and
some general techniques from the Chebyshevian Spline Theory. Instead of calculating
directly with g¢-splines, we propose to write such splines as linear combinations of
locally supported ones, which can be expressed as linear combinations of ordinary
polynomial B-splines.

Since their introduction by Kulkarni and Laurent [2], g-splines have been used in
various applications in computer aided geometric design.

2. Chebyshev theory preliminaries

Let t1 <ty <t3 <a=1 <t5 < <tpgs = b < tpge < topr < trys be
an extended partition of the interval [a, b], and let ¢ be a continuous, piecewise linear

function defined by
di+1 — qi
q(l‘) [ti,tis1] = hz

where h; = t;41 — t;, and ¢; > 0. Consider the CCT—system {u1, ua, us, uq}:

T
; ug(x)=/ dsa,

a

xr S2 T S2 S3
us(x) = dSQ/ q(s3) dss, U4(:c):/ dSQ/ q(53)d53/ dsa.

We wish to construct a local basis for the spline space spanned piecewisely by these
functions, that is, B-splines in §(4,m,do,A), where m is the multiplicity vector,
m = (1,...,1)7, do := (ds2, q(s3) ds3,dss)" is the measure vector, and A = {t;}+8
(see [5] for details of the notation). An important role is played by the associated
generalized derivatives:

(l‘ - tz) + qis

up(z) =1

1 1 1
Ll,dcr = D; L2,do‘ = ED27 L3,dcr =D ED27 L4,dcr = D25D2-

To begin with, we focus on the reduced system {ui 1,u12,u1,3}, spanning the space
S3,m,do™ A), do) = (q(s3)dss,dss)”, on each interval. The CCT-system is:

S3

ura(z) =1, wio(z) = /: q(s3)dss, wuiz(x)= /: Q(S3)d53/a dsg. (1)

Next consider less smooth B-splines Tf from the space 8(3,171,6[0'(1), A), with the
multiplicity vector m = (2,...,2)7 on the same knot sequence. For the fixed index
i, we denote the points in the new extended partition as ¢;, = t,—1 = ¢, < tp41,
and polynomial B-splines on this partition simply as E;L It is easily seen from the

definition of the basis (1) that we can write Tf as

TP y(x)= Y ar1;Bi(), 2)

j=s—3
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s+3
T3(x) = Z a,«,jB;1 (2), (3)
j=s—3
with E;l € S(4,m,d\,A), where m = (3,...,3)7 on the same knot sequence A,
and dA is the measure vector determined by Lebesgue measures only. Points in this
partition will be denoted as t; =ts_o =ts_1 =15 < {tsy1.
We will use the following general theorem, which is a generalization to Chebyshe-
vian splines of the derivative formula for polynomial B-splines [1, 4]:

Theorem 1. Let L 4o be the first generalized derivative with respect to CCT-system
S(n,do), and let the multiplicity vector m = (mq,...,my)T satisfy m; < n—1 for
i=1,...,k. Then for x € [a,b] and i =1,...,n+ Zle m;, the following derivative
formula holds:

n—1 n—1
Liao TPy (2) = Ti,do-(l)(x) 7 Ti+1,do-(1)(z) ()
Lo Lide T T0 TG0 Cua (i 1)

where

titn—1
Cn_l(i) = / T:C;O.I(U dos, (5)
t

i

with measure vectors
do = (doa(6),...,do,(6)T e R" L, doW) = (do3(d),...,do,(0))" e R"72,

for all measurable 9.

3. Construction of the local basis for g-spline spaces

It is obvious from (1) and Theorem 1 that
L () — B?_|(z) _ Bi(x)
Cao(r—1)  Cy(r)
where L; := Ly goy = %D is the generalized derivative for the reduced CCT-system,
and

Ga(j) = / B gl

tj
In particular,

Cz(rfl):w, CQ(T)ZM.
6 6
From the simple properties of B-splines:
. o ]
T i(t:) =0, LT3 (1) = = 7
e Tl = E 0T
. o - 1
T ((tiy1) =0, LT3 () = —=—,
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we get the coefficients in (2):

Ar—1,5—3 = Ar—-1,5s = 0,

. R o
e 2¢; +qiv1’ ¢ +2¢i1’
whence ) )
st qi B4 di+1  H4
T3 ()= —"2B* (2)+ —2= _B* (). 6
20) = gt Bl y(a) + B () ©)

To calculate i:g, we use the equations

T3(t;) = LiT3(t:) = T3 (tisa) = LT (tiya) = 0,

T3

T

o~ 1 -~ 1
(tiv1) =1, Lng(t;+1) == Lng(t;rH) BT
CQ(T’)

to get the coefficients in (3):

Ar s—3 = Ar s—2 = Ar s42 = Ar 543 = 0,

_ _ qi _ di+2
Ar s = ]-; Qrs—1 = 5 Qrs4l = 5 >
2¢i41 + G 2¢i41 + Qig2
and, finally
Ti(x) = — 2Bl | (2) + Bl(x) + =— 2 B!, (a). (7)

i +2¢i 2¢i+1 + Qit2

By integrating (4) in Theorem 1, we can further calculate splines of higher order. We
start with the equation

T4 _ 1 ° s o1 * 8
MW=z /ETIT,«_l(t) e / (1) . )

It is easy to see from (6) and (7) that

Ca(r —1) = b { 20 + 20i1 }
412¢i+ Giv1 G +2qi11 ]’

1 { qih;

Cs(r) = =

1 +hi+hi+1+u}.

q; + 2qit1 2¢i+1 + Git2

From (8), by using (6), (7), and the well known recurrence for integrals of the poly-
nomial B-splines
i+n—1

® t; —t;
/ Br(tydt = TS gy
. 2

n
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where {t;} is now any extended partition, we obtain (by looking separately at z from
each of the subintervals [t;, t;+1] and [t; 11, t;42]), that
1 2q;  hi 55

T () = = — B 5(z
T 1() C3(T—1)2Qi+Qi+14 2()

1 hi + h; ; h; ~
b ( + Niy1 n qi42 +1)B§1(ac)
Cs(r) 4 2¢it1 + qiv2 4
1 e hi s
+ = Git2 L B (x).
C3(r) 2¢i+1 + itz 4
In the same way,
. 1 o 1 C hi bt hin\ &
T = st BB o (o P Bl
Cs(r) @i +2qit1 4 C3(r) \ @ +2¢i1 4 4
1 2¢iv2 hiy1 5
§+1($)-

+ =
Cs(r+1) ¢it1 +2giy2 4

The following lemma and theorem are connecting general T-splines of orders 3
and 4 with less smooth ones, which are simpler to calculate, and (in the case of ¢-
splines) have already been constructed by the explicit formulee. Proofs are omitted
and may be found in [4].

Lemma 1. Let dea(l) € 8(3,m, do™), A) be a Chebyshevian B-spline of order 3 as-

sociated with the multiplicity vector m = (1,...,1)T, and let us assume that dea(l) €
S(3,m,do™M), A) are B-splines associated with multiplicity vector m = (2,...,2)7
on the same knot sequence. If {t1,...,tp+6} and {t1,...,topt6} are the associated
extended partitions, and r an index such that t; =t, < t,41, then fori=1,...,k+3:
T3 o = Toao (tie1) T go) + Tt o + T g (tiv2) Tz oy
Theorem 2. Let dea € S(4,m,do,A), dea € S(4,m,do, A), the multiplicity vec-

tors m, m being as in Lemma 1. Then positive §}(j) exist such that

r+3 ~
Ti%do’ = Z 5;1 (]) Tﬁdo-a
j=r

where T = r; satisfies t; = tr, < tr,41. Let the extended partitions be {ti,..., tris}
and {t1,...,tapys}. Then 63(j), j=r,...,7+ 3, are determined by the formule:

Ti?:dcr(l) (tit1) C(r)
T3 s (ti1) C() + Clr +1) + T2 0 (b112) Cr +2)
T3 1o (tit) C(r)+C(r+1)
j;?d”(l) (ti1) C(r) + Clr+1) + Tﬁdam (tir2) C(r +2)

o) =

SHr+1)=
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T2, | go (tirs) C(r+4) + C(r +3)

i(r+2)=— = = . = ;
TP\ go (tir2) C(r+2) + Cr +3) + 17, 4,0, (tigs) C(r +4)
54 (7’ I 3) . Ti?:rl,do-m (ti+3) 5(7“ + 4)

T2 | o (tir2) Cr+2) + C(r+3) + T2, (tirs) Clr+4)

where, as in (5)

5(2) = / j:i?:da(l) da'g.
supp

To use Lemma 1 and Theorem 2, it remains to calculate T3 (¢;11) and T3 (t;12)-
The derivative formula in Theorem 1 implies

70) = g [ BE0a0 @ - s [ BL@atar

tit1

where

1
5 [(gi + 2qiy1)hi + (2¢i11 + giv2)hita].
One finds easily that

hi(‘]i + 2¢Ii+1)
602(2') ’

hiy2(2qit2 + Git3)

T3(tiv1) =
z( +1) 602(Z+1) 5

TP (ti2) =

and we have everything that is needed for the evaluation of 7;* by means of Theorem 2.

4. Conclusion

We have constructed formulz for calculating with g-splines as linear combinations
of polynomial B-splines. Moreover, all the coefficients involved are positive, and thus
we have to calculate scalar products of positive quantities only, guaranteeing numerical
stability of such an algorithm.
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