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Mozaici kombinatornih dizajna
O. W. Gnilke, M. Greferath, M. O. Pavčević, Mosaics of combinatorial
designs, Des. Codes Cryptogr. 86 (2018), no. 1, 85–95.

Definicija.
Neka su ti -(v , ki , λi ), i = 1, . . . , c parametri kombinatornih dizajna koji
svi imaju isti broj točaka v i blokova b te vrijedi k1 + . . .+ kc = v .
Mozaik s parametrima t1-(v , k1, λ1)⊕ t2-(v , k2, λ2)⊕ · · · ⊕ tc -(v , kc , λc)
je v × b matrica s unosima iz {1, . . . , c} takva da unos i predstavlja
incidencije ti -(v , ki , λi ) dizajna.

Teorem.
Ako postoji rastavljivi t-(v , k, λ) dizajn, onda postoji c-mozaik (c = v/k)

t-(v , k, λ)⊕ · · · ⊕ t-(v , k, λ).

Definicija.
Mozaik u kojem svi dizajni imaju iste parametre zovemo homogenim,
a inače ga zovemo nehomogenim mozaikom. Uniformni/neuniformni?
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2.8.4 MosaicToBlockDesigns

. MosaicToBlockDesigns(M) (function)

Transforms a mosaic of combinatorial designs M with c colors to a list of c block designs in the
Design package format.

2.8.5 ReadMat

. ReadMat(filename) (function)

Reads a list of m× n integer matrices from a file. The file starts with the number of rows m and
columns n followed by the matrix entries. Integers in the file are separated by whitespaces.

2.8.6 WriteMat

. WriteMat(filename, list) (function)

Writes a list of m× n integer matrices to a file. The number of rows m and columns n is written
first, followed by the matrix entries. Integers are separated by whitespaces.

2.8.7 AffineMosaic

. AffineMosaic(k, n, q) (function)

Returns mosaic of designs with blocks being k -dimensional subspaces of the affine space
AG(n ,q). Uses the FinInG package. If the package is not available, the function is not loaded.

2.8.8 DifferenceMosaic

. DifferenceMosaic(G, dds) (function)

Returns the mosaic of symmetric designs obtained from a list of disjoint difference sets dds in the
group G .

2.8.9 PowersMosaic

. PowersMosaic(q, n) (function)

Returns the mosaic of symmetric designs constructed from n -th powers in the field GF(q).

2.8.10 MatAut

. MatAut(M) (function)

Computes the full automorphism group of a matrix M . It is assumed that the entries of M are
consecutive integers. Permutations of rows, columns and symbols are allowed. Represents the matrix
by a colored graph and uses nauty/Traces 2.8 by B.D.McKay and A.Piperno [MP14].
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2.7.12 HadamardMatFilter

. HadamardMatFilter(hl[, opt]) (function)

Eliminates equivalent copies from a list of Hadamard matrices hl . Represents the matrices by
colored graphs (see [McK79]) and uses nauty/Traces 2.8 by B.D.McKay and A.Piperno [MP14].
The optional argument opt is a record for options. Possible components of opt are:

• Dual :=true/false If set to true, dual equivalence is allowed (i.e. the matrices can be trans-
posed). The default is false.

• Positions :=true/false Return positions of inequivalent Hadamard matrices instead of the
matrices themselves.

2.7.13 HadamardToIncidence

. HadamardToIncidence(M) (function)

Transforms the Hadamard matrix M to an incidence matrix by replacing all −1 entries by 0.

2.7.14 IncidenceToHadamard

. IncidenceToHadamard(M) (function)

Transforms the incidence matrix M to a (1,−1)-matrix by replacing all 0 entries by −1.

2.8 Mosaics of Combinatorial Designs

2.8.1 MosaicParameters

. MosaicParameters(M) (function)

Returns a string with the parameters of the mosaic of combinatorial designs M . See [GGP18] for
the definition. Entries 0 in the matrix M are considered empty, and other integers are considered as
incidences of distinct designs.

2.8.2 BlocksToIncidenceMat

. BlocksToIncidenceMat(d) (function)

Transforms a list of blocks d to an incidence matrix. Points correspond to rows, and blocks to
columns.

2.8.3 IncidenceMatToBlocks

. IncidenceMatToBlocks(M) (function)

Transforms an incidence matrix M to a list of blocks. Rows correspond to points, and columns to
blocks.
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V. Krčadinac (PMF-MO) Mali primjeri mozaika 29.5.2024. 4 / 55



PAG 0.2.3

gap> m:=AffineMosaic(1,2,2);
[ [ 1, 2, 1, 2, 1, 2 ],

[ 2, 1, 1, 2, 2, 1 ],
[ 1, 2, 2, 1, 2, 1 ],
[ 2, 1, 2, 1, 1, 2 ] ]

gap> MosaicParameters(m);
"2-(4,2,1) + 2-(4,2,1)"

Zadatak:
Ako k dijeli v , može li se uvijek napraviti (v/k)-mozaik potpunih dizajna?

k-(v , k, 1)⊕ · · · ⊕ k-(v , k, 1)

Jesu li potpuni dizajni rastavljivi?
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gap> m:=AffineMosaic(1,2,3);
[ [ 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3 ],

[ 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1 ],
[ 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2 ],
[ 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1 ],
[ 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2 ],
[ 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3 ],
[ 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2 ],
[ 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3 ],
[ 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1 ] ]

gap> MosaicParameters(m);
"2-(9,3,1) + 2-(9,3,1) + 2-(9,3,1)"
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gap> m:=AffineMosaic(1,2,4);
[ [ 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4 ],

[ 3, 4, 1, 2, 3, 4, 1, 2, 1, 2, 3, 4, 3, 4, 1, 2, 3, 4, 1, 2 ],
[ 2, 3, 4, 1, 2, 3, 4, 1, 1, 2, 3, 4, 2, 3, 4, 1, 2, 3, 4, 1 ],
[ 4, 1, 2, 3, 4, 1, 2, 3, 1, 2, 3, 4, 4, 1, 2, 3, 4, 1, 2, 3 ],
[ 1, 2, 3, 4, 2, 3, 4, 1, 3, 4, 1, 2, 3, 4, 1, 2, 4, 1, 2, 3 ],
[ 3, 4, 1, 2, 4, 1, 2, 3, 3, 4, 1, 2, 1, 2, 3, 4, 2, 3, 4, 1 ],
[ 2, 3, 4, 1, 1, 2, 3, 4, 3, 4, 1, 2, 4, 1, 2, 3, 3, 4, 1, 2 ],
[ 4, 1, 2, 3, 3, 4, 1, 2, 3, 4, 1, 2, 2, 3, 4, 1, 1, 2, 3, 4 ],
[ 1, 2, 3, 4, 4, 1, 2, 3, 2, 3, 4, 1, 2, 3, 4, 1, 3, 4, 1, 2 ],
[ 3, 4, 1, 2, 2, 3, 4, 1, 2, 3, 4, 1, 4, 1, 2, 3, 1, 2, 3, 4 ],
[ 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1, 1, 2, 3, 4, 4, 1, 2, 3 ],
[ 4, 1, 2, 3, 1, 2, 3, 4, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1 ],
[ 1, 2, 3, 4, 3, 4, 1, 2, 4, 1, 2, 3, 4, 1, 2, 3, 2, 3, 4, 1 ],
[ 3, 4, 1, 2, 1, 2, 3, 4, 4, 1, 2, 3, 2, 3, 4, 1, 4, 1, 2, 3 ],
[ 2, 3, 4, 1, 4, 1, 2, 3, 4, 1, 2, 3, 3, 4, 1, 2, 1, 2, 3, 4 ],
[ 4, 1, 2, 3, 2, 3, 4, 1, 4, 1, 2, 3, 1, 2, 3, 4, 3, 4, 1, 2 ] ]

gap> MosaicParameters(m);
"2-(16,4,1) + 2-(16,4,1) + 2-(16,4,1) + 2-(16,4,1)"
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gap> m:=AffineMosaic(1,2,4);
[ [ 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4 ],

[ 3, 4, 1, 2, 3, 4, 1, 2, 1, 2, 3, 4, 3, 4, 1, 2, 3, 4, 1, 2 ],
[ 2, 3, 4, 1, 2, 3, 4, 1, 1, 2, 3, 4, 2, 3, 4, 1, 2, 3, 4, 1 ],
[ 4, 1, 2, 3, 4, 1, 2, 3, 1, 2, 3, 4, 4, 1, 2, 3, 4, 1, 2, 3 ],
[ 1, 2, 3, 4, 2, 3, 4, 1, 3, 4, 1, 2, 3, 4, 1, 2, 4, 1, 2, 3 ],
[ 3, 4, 1, 2, 4, 1, 2, 3, 3, 4, 1, 2, 1, 2, 3, 4, 2, 3, 4, 1 ],
[ 2, 3, 4, 1, 1, 2, 3, 4, 3, 4, 1, 2, 4, 1, 2, 3, 3, 4, 1, 2 ],
[ 4, 1, 2, 3, 3, 4, 1, 2, 3, 4, 1, 2, 2, 3, 4, 1, 1, 2, 3, 4 ],
[ 1, 2, 3, 4, 4, 1, 2, 3, 2, 3, 4, 1, 2, 3, 4, 1, 3, 4, 1, 2 ],
[ 3, 4, 1, 2, 2, 3, 4, 1, 2, 3, 4, 1, 4, 1, 2, 3, 1, 2, 3, 4 ],
[ 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1, 1, 2, 3, 4, 4, 1, 2, 3 ],
[ 4, 1, 2, 3, 1, 2, 3, 4, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1 ],
[ 1, 2, 3, 4, 3, 4, 1, 2, 4, 1, 2, 3, 4, 1, 2, 3, 2, 3, 4, 1 ],
[ 3, 4, 1, 2, 1, 2, 3, 4, 4, 1, 2, 3, 2, 3, 4, 1, 4, 1, 2, 3 ],
[ 2, 3, 4, 1, 4, 1, 2, 3, 4, 1, 2, 3, 3, 4, 1, 2, 1, 2, 3, 4 ],
[ 4, 1, 2, 3, 2, 3, 4, 1, 4, 1, 2, 3, 1, 2, 3, 4, 3, 4, 1, 2 ] ]

gap> MosaicParameters(m);
"2-(16,4,1) + 2-(16,4,1) + 2-(16,4,1) + 2-(16,4,1)"
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gap> m:=AffineMosaic(1,3,2);
[ [ 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4 ],

[ 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 1, 2, 3, 4, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2 ],
[ 2, 3, 4, 1, 1, 2, 3, 4, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1 ],
[ 4, 1, 2, 3, 3, 4, 1, 2, 4, 1, 2, 3, 3, 4, 1, 2, 4, 1, 2, 3, 1, 2, 3, 4, 4, 1, 2, 3 ],
[ 1, 2, 3, 4, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1, 4, 1, 2, 3 ],
[ 3, 4, 1, 2, 4, 1, 2, 3, 4, 1, 2, 3, 2, 3, 4, 1, 1, 2, 3, 4, 4, 1, 2, 3, 2, 3, 4, 1 ],
[ 2, 3, 4, 1, 2, 3, 4, 1, 1, 2, 3, 4, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 3, 4, 1, 2 ],
[ 4, 1, 2, 3, 4, 1, 2, 3, 3, 4, 1, 2, 4, 1, 2, 3, 2, 3, 4, 1, 2, 3, 4, 1, 1, 2, 3, 4 ] ]

gap> MosaicParameters(m);
"2-(8,2,1) + 2-(8,2,1) + 2-(8,2,1) + 2-(8,2,1)"
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PAG 0.2.3

gap> m:=AffineMosaic(1,3,2);
[ [ 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4 ],

[ 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 1, 2, 3, 4, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2 ],
[ 2, 3, 4, 1, 1, 2, 3, 4, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1 ],
[ 4, 1, 2, 3, 3, 4, 1, 2, 4, 1, 2, 3, 3, 4, 1, 2, 4, 1, 2, 3, 1, 2, 3, 4, 4, 1, 2, 3 ],
[ 1, 2, 3, 4, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 3, 4, 1, 2, 2, 3, 4, 1, 4, 1, 2, 3 ],
[ 3, 4, 1, 2, 4, 1, 2, 3, 4, 1, 2, 3, 2, 3, 4, 1, 1, 2, 3, 4, 4, 1, 2, 3, 2, 3, 4, 1 ],
[ 2, 3, 4, 1, 2, 3, 4, 1, 1, 2, 3, 4, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 3, 4, 1, 2 ],
[ 4, 1, 2, 3, 4, 1, 2, 3, 3, 4, 1, 2, 4, 1, 2, 3, 2, 3, 4, 1, 2, 3, 4, 1, 1, 2, 3, 4 ] ]

gap> MosaicParameters(m);
"2-(8,2,1) + 2-(8,2,1) + 2-(8,2,1) + 2-(8,2,1)"
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PAG 0.2.3

gap> m:=AffineMosaic(2,3,2);
[ [ 1, 2, 1, 2, 1, 2, 1, 2, 1, 2, 1, 2, 1, 2 ],

[ 2, 1, 1, 2, 2, 1, 1, 2, 1, 2, 2, 1, 2, 1 ],
[ 1, 2, 2, 1, 2, 1, 1, 2, 2, 1, 1, 2, 2, 1 ],
[ 2, 1, 2, 1, 1, 2, 1, 2, 2, 1, 2, 1, 1, 2 ],
[ 1, 2, 1, 2, 1, 2, 2, 1, 2, 1, 2, 1, 2, 1 ],
[ 2, 1, 1, 2, 2, 1, 2, 1, 2, 1, 1, 2, 1, 2 ],
[ 1, 2, 2, 1, 2, 1, 2, 1, 1, 2, 2, 1, 1, 2 ],
[ 2, 1, 2, 1, 1, 2, 2, 1, 1, 2, 1, 2, 2, 1 ] ]

gap> MosaicParameters(m);
"3-(8,4,1) + 3-(8,4,1)"
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PAG 0.2.3

gap> m:=AffineMosaic(2,3,2);
[ [ 1, 2, 1, 2, 1, 2, 1, 2, 1, 2, 1, 2, 1, 2 ],

[ 2, 1, 1, 2, 2, 1, 1, 2, 1, 2, 2, 1, 2, 1 ],
[ 1, 2, 2, 1, 2, 1, 1, 2, 2, 1, 1, 2, 2, 1 ],
[ 2, 1, 2, 1, 1, 2, 1, 2, 2, 1, 2, 1, 1, 2 ],
[ 1, 2, 1, 2, 1, 2, 2, 1, 2, 1, 2, 1, 2, 1 ],
[ 2, 1, 1, 2, 2, 1, 2, 1, 2, 1, 1, 2, 1, 2 ],
[ 1, 2, 2, 1, 2, 1, 2, 1, 1, 2, 2, 1, 1, 2 ],
[ 2, 1, 2, 1, 1, 2, 2, 1, 1, 2, 1, 2, 2, 1 ] ]

gap> MosaicParameters(m);
"3-(8,4,1) + 3-(8,4,1)"
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PAG 0.2.3
gap> m:=AffineMosaic(2,3,3);
[ [ 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3 ],

[ 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1 ],
[ 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2 ],
[ 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1 ],
[ 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2 ],
[ 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3 ],
[ 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2 ],
[ 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3 ],
[ 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1 ],
[ 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 3, 1, 2, 2, 3, 1, 2, 3, 1, 2, 3, 1 ],
[ 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3, 1, 2, 3, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2 ],
[ 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 1, 2, 3 ],
[ 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2 ],
[ 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3 ],
[ 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 3, 1, 2, 2, 3, 1 ],
[ 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 1, 2, 3 ],
[ 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1 ],
[ 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 1, 2, 3, 2, 3, 1, 3, 1, 2 ],
[ 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 2, 3, 1, 3, 1, 2, 3, 1, 2, 3, 1, 2 ],
[ 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 1, 2, 3 ],
[ 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3, 1, 2, 3, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1 ],
[ 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 1, 2, 3 ],
[ 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 1, 2, 3, 3, 1, 2, 2, 3, 1 ],
[ 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2 ],
[ 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1 ],
[ 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 2, 3, 1, 3, 1, 2 ],
[ 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3 ] ]

gap> MosaicParameters(m);
"2-(27,9,4) + 2-(27,9,4) + 2-(27,9,4)"
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PAG 0.2.3
gap> m:=AffineMosaic(2,3,3);
[ [ 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3 ],

[ 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1 ],
[ 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2 ],
[ 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1 ],
[ 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2 ],
[ 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3 ],
[ 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2 ],
[ 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3 ],
[ 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1 ],
[ 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 3, 1, 2, 2, 3, 1, 2, 3, 1, 2, 3, 1 ],
[ 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3, 1, 2, 3, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2 ],
[ 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 1, 2, 3 ],
[ 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2 ],
[ 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 1, 2, 3 ],
[ 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 3, 1, 2, 2, 3, 1 ],
[ 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 1, 2, 3 ],
[ 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 1, 2, 3, 1, 2, 3, 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1 ],
[ 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 1, 2, 3, 2, 3, 1, 3, 1, 2 ],
[ 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 2, 3, 1, 2, 3, 1, 2, 3, 1, 3, 1, 2, 3, 1, 2, 3, 1, 2 ],
[ 2, 3, 1, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 1, 2, 3 ],
[ 3, 1, 2, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3, 1, 2, 3, 1, 2, 3, 2, 3, 1, 2, 3, 1, 2, 3, 1 ],
[ 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 2, 3, 1, 1, 2, 3 ],
[ 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 3, 1, 2, 1, 2, 3, 3, 1, 2, 2, 3, 1, 1, 2, 3, 1, 2, 3, 3, 1, 2, 2, 3, 1 ],
[ 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2, 3, 1, 2, 1, 2, 3, 1, 2, 3, 3, 1, 2, 2, 3, 1, 2, 3, 1, 1, 2, 3, 3, 1, 2 ],
[ 1, 2, 3, 3, 1, 2, 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 2, 3, 1, 3, 1, 2, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1 ],
[ 2, 3, 1, 3, 1, 2, 3, 1, 2, 1, 2, 3, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 2, 3, 1, 3, 1, 2 ],
[ 3, 1, 2, 3, 1, 2, 1, 2, 3, 2, 3, 1, 3, 1, 2, 1, 2, 3, 2, 3, 1, 1, 2, 3, 2, 3, 1, 3, 1, 2, 2, 3, 1, 3, 1, 2, 1, 2, 3 ] ]

gap> MosaicParameters(m);
"2-(27,9,4) + 2-(27,9,4) + 2-(27,9,4)"
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PAG 0.2.3

gap> m:=AffineMosaic(1,4,2);;
gap> MosaicParameters(m);
"2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1)"

gap> m:=AffineMosaic(2,4,2);;
gap> MosaicParameters(m);
"3-(16,4,1) + 3-(16,4,1) + 3-(16,4,1) + 3-(16,4,1)"

gap> m:=AffineMosaic(3,4,2);;
gap> MosaicParameters(m);
"3-(16,8,3) + 3-(16,8,3)"
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PAG 0.2.3

gap> m:=AffineMosaic(1,4,2);;
gap> MosaicParameters(m);
"2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1)"

gap> m:=AffineMosaic(2,4,2);;
gap> MosaicParameters(m);
"3-(16,4,1) + 3-(16,4,1) + 3-(16,4,1) + 3-(16,4,1)"

gap> m:=AffineMosaic(3,4,2);;
gap> MosaicParameters(m);
"3-(16,8,3) + 3-(16,8,3)"
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PAG 0.2.3

gap> m:=AffineMosaic(1,4,2);;
gap> MosaicParameters(m);
"2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1) + 2-(16,2,1)"

gap> m:=AffineMosaic(2,4,2);;
gap> MosaicParameters(m);
"3-(16,4,1) + 3-(16,4,1) + 3-(16,4,1) + 3-(16,4,1)"

gap> m:=AffineMosaic(3,4,2);;
gap> MosaicParameters(m);
"3-(16,8,3) + 3-(16,8,3)"
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PAG 0.2.3

gap> m:=AffineMosaic(1,4,3);;
gap> MosaicParameters(m);
"2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) +

gap> m:=AffineMosaic(2,4,3);;
gap> MosaicParameters(m);
"2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13)"

gap> m:=AffineMosaic(3,4,3);;
gap> MosaicParameters(m);
"2-(81,27,13) + 2-(81,27,13) + 2-(81,27,13)"
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PAG 0.2.3

gap> m:=AffineMosaic(1,4,3);;
gap> MosaicParameters(m);
"2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) +

gap> m:=AffineMosaic(2,4,3);;
gap> MosaicParameters(m);
"2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13)"

gap> m:=AffineMosaic(3,4,3);;
gap> MosaicParameters(m);
"2-(81,27,13) + 2-(81,27,13) + 2-(81,27,13)"
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PAG 0.2.3

gap> m:=AffineMosaic(1,4,3);;
gap> MosaicParameters(m);
"2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) + 2-(81,3,1) +

gap> m:=AffineMosaic(2,4,3);;
gap> MosaicParameters(m);
"2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13) + 2-(81,9,13)"

gap> m:=AffineMosaic(3,4,3);;
gap> MosaicParameters(m);
"2-(81,27,13) + 2-(81,27,13) + 2-(81,27,13)"
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Mozaici od rastavljivih dizajna

Mosaics of combinatorial designs 91

of points while having disjoint support, therefore completely covering the column without
overlapping each other. Furthermore every li appears exactly once in every row of (Ir ⊗ L),

therefore every block of the original design is contained in every design of the mosaic, which
shows that each design is an exact copy of the original resolvable design. ��

Example 3.5 A 2-(15, 3, 1) resolvable design arranged by parallel classes.

D :=

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢⎢⎢
⎢
⎢
⎢
⎢
⎢⎢
⎣

1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 1 0 0 0 0
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0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 1 0
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⎤

⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥
⎦

.

We choose a simple cyclic shift for the Latin square

L :=

⎡

⎢
⎢
⎢
⎢
⎣

1 5 4 3 2
2 1 5 4 3
3 2 1 5 4
4 3 2 1 5
5 4 3 2 1

⎤

⎥
⎥
⎥
⎥
⎦

,

and calculate the incidence matrix of a mosaic as M = D(I7 ⊗ L).

M :=

⎡

⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎢⎢
⎢⎢⎢⎢⎢
⎢
⎢⎢
⎢⎢
⎢⎢
⎢
⎣

1 5 4 3 2 1 5 4 3 2 5 4 3 2 1 3 2 1 5 4 4 3 2 1 5 5 4 3 2 1 4 3 2 1 5
2 1 5 4 3 1 5 4 3 2 1 5 4 3 2 5 4 3 2 1 5 4 3 2 1 3 2 1 5 4 3 2 1 5 4
3 2 1 5 4 2 1 5 4 3 1 5 4 3 2 4 3 2 1 5 1 5 4 3 2 4 3 2 1 5 4 3 2 1 5
4 3 2 1 5 2 1 5 4 3 2 1 5 4 3 5 4 3 2 1 2 1 5 4 3 5 4 3 2 1 1 5 4 3 2
5 4 3 2 1 1 5 4 3 2 2 1 5 4 3 1 5 4 3 2 1 5 4 3 2 1 5 4 3 2 2 1 5 4 3
1 5 4 3 2 5 4 3 2 1 1 5 4 3 2 1 5 4 3 2 2 1 5 4 3 2 1 5 4 3 5 4 3 2 1
2 1 5 4 3 2 1 5 4 3 5 4 3 2 1 2 1 5 4 3 3 2 1 5 4 1 5 4 3 2 5 4 3 2 1
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4 3 2 1 5 3 2 1 5 4 3 2 1 5 4 1 5 4 3 2 3 2 1 5 4 3 2 1 5 4 4 3 2 1 5
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1 5 4 3 2 4 3 2 1 5 4 3 2 1 5 2 1 5 4 3 1 5 4 3 2 3 2 1 5 4 1 5 4 3 2
2 1 5 4 3 3 2 1 5 4 4 3 2 1 5 3 2 1 5 4 2 1 5 4 3 4 3 2 1 5 2 1 5 4 3
3 2 1 5 4 5 4 3 2 1 3 2 1 5 4 3 2 1 5 4 5 4 3 2 1 1 5 4 3 2 1 5 4 3 2
4 3 2 1 5 4 3 2 1 5 5 4 3 2 1 4 3 2 1 5 5 4 3 2 1 2 1 5 4 3 2 1 5 4 3
5 4 3 2 1 5 4 3 2 1 4 3 2 1 5 4 3 2 1 5 3 2 1 5 4 5 4 3 2 1 3 2 1 5 4

⎤

⎥⎥⎥
⎥
⎥⎥⎥
⎥⎥
⎥⎥⎥⎥
⎥⎥
⎥⎥⎥
⎥
⎥⎥⎥
⎥
⎥
⎦

.

The earlier examples on affine planes can be constructed in this fashion as well.
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Popločavanje grupe diferencijskim skupovima
A. Ćustić, V. Krčadinac, Y. Zhou, Tiling groups with difference sets,
Electron. J. Combin. 22 (2015), no. 2, Paper 2.56, 13 pp.

Definicija.
Popločavanje grupe G je familija u parovima disjunktnih (v , k, λ)
diferencijskih skupova {D1, . . . ,Dc} takva da je D1 ∪ · · · ∪ Dc = G \ {1}.

Razvoj diferencijskog skupa je dev D = {xD | x ∈ G}  sim. dizajn

Teorem.
“Simultani razvoj” popločavanja grupe G diferencijskim skupovima
{D1, . . . ,Dc} je mozaik s parametrima

2-(v , k, λ)⊕ · · · 2-(v , k, λ)⊕ 2-(v , 1, 0).

Taj mozaik ima grupu automorfizama izomorfnu s G koja djeluje regularno
na retke i stupce, odnosno točke i blokove dizajna.
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V. Krčadinac (PMF-MO) Mali primjeri mozaika 29.5.2024. 15 / 55

https://www.combinatorics.org/ojs/index.php/eljc/article/view/v22i2p56
https://www.combinatorics.org/ojs/index.php/eljc/article/view/v22i2p56
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Autotopije i automorfizmi

Definicija.
Neka su A = [aij ] i B = [bij ] c-mozaici dimenzija v × b. Kažemo da su
izotopni ako postoji trojka permutacija (α, β, γ) ∈ Sv × Sb × Sc takva
da vrijedi bij = γ(aα(i) β(j)) za sve i = 1, . . . , v , j = 1, . . . , b. Ako je
A = B, trojku (α, β, γ) zovemo autotopijom mozaika.

Skup svih autotopija s operacijom kompozicije po komponentama tvori
grupu, takozvanu punu grupu autotopija mozaika.

Ako je γ = id , govorimo o izomorfizmu / automorfizmu / (punoj) grupi
automorfizama mozaika.

A. D. Keedwell, J. Dénes, Latin squares and their applications, second
edition, Elsevier/North-Holland, Amsterdam, 2015.
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Homogeni mozaici simetričnih dizajna
Zadatak: Što predstavlja homogeni mozaik simetričnih dizajna s k = 1?

2-(v , 1, 0)⊕ · · · ⊕ 2-(v , 1, 0)︸ ︷︷ ︸
v puta

Propozicija.
Za k ≥ 2 ne postoje “pravi homogeni” mozaici simetričnih dizajna.

Za k ≥ 2 ovakve mozaike simetričnih dizajna smatramo homogenim:
2-(v , k, λ)⊕ · · · 2-(v , k, λ)⊕ 2-(v , 1, 0)

Nužan uvjet za postojanje: v ≡ 1 (mod k)

(7, 3, 1), (11, 5, 2), (13, 4, 1), (15, 7, 3), (16, 6, 2), (19, 9, 4), (21, 5, 1),
(22, 7, 2), (23, 11, 5), (25, 9, 3), (27, 13, 6), (29, 8, 2), (31, 6, 1), (31, 10, 3),
(31, 15, 7), (34, 12, 4), (35, 17, 8), (36, 15, 6), (37, 9, 2), (39, 19, 9), . . .
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Zadatak: Što predstavlja homogeni mozaik simetričnih dizajna s k = 1?
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Mozaici od popločavanja grupa

PAG 39

2.8.4 MosaicToBlockDesigns

. MosaicToBlockDesigns(M) (function)

Transforms a mosaic of combinatorial designs M with c colors to a list of c block designs in the
Design package format.

2.8.5 ReadMat

. ReadMat(filename) (function)

Reads a list of m× n integer matrices from a file. The file starts with the number of rows m and
columns n followed by the matrix entries. Integers in the file are separated by whitespaces.

2.8.6 WriteMat

. WriteMat(filename, list) (function)

Writes a list of m× n integer matrices to a file. The number of rows m and columns n is written
first, followed by the matrix entries. Integers are separated by whitespaces.

2.8.7 AffineMosaic

. AffineMosaic(k, n, q) (function)

Returns mosaic of designs with blocks being k -dimensional subspaces of the affine space
AG(n ,q). Uses the FinInG package. If the package is not available, the function is not loaded.

2.8.8 DifferenceMosaic

. DifferenceMosaic(G, dds) (function)

Returns the mosaic of symmetric designs obtained from a list of disjoint difference sets dds in the
group G .

2.8.9 PowersMosaic

. PowersMosaic(q, n) (function)

Returns the mosaic of symmetric designs constructed from n -th powers in the field GF(q).

2.8.10 MatAut

. MatAut(M) (function)

Computes the full automorphism group of a matrix M . It is assumed that the entries of M are
consecutive integers. Permutations of rows, columns and symbols are allowed. Represents the matrix
by a colored graph and uses nauty/Traces 2.8 by B.D.McKay and A.Piperno [MP14].
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V. Krčadinac (PMF-MO) Mali primjeri mozaika 29.5.2024. 18 / 55



Mozaici od popločavanja grupa

with x, y ∈ D in exactly λ ways. Multiplicative notation is sometimes used, in which case
the “differences” are written as xy−1. For basic results on difference sets, see [2, 17, 22].
More recent surveys on difference sets are [14] and [26].

It is not possible to partition the whole group G into disjoint (v, k, λ) difference sets.
This follows from the necessary existence condition λ(v − 1) = k(k − 1) when v > k >
λ > 1, which is assumed throughout the paper. However, if k divides v − 1, it may be
possible to partition G \ {0} into difference sets. We introduce the following concept.

Definition 1. Let G be a finite group of order v with identity element 0. A (v, k, λ)
tiling of G is a collection {D1, . . . , Dt} of mutually disjoint (v, k, λ) difference sets such
that D1 ∪ · · · ∪Dt = G \ {0}.

Example 2. The following five difference sets are a (31, 6, 1) tiling of the cyclic group
Z31:

D1 = {1, 5, 11, 24, 25, 27},
D2 = {2, 10, 17, 19, 22, 23},
D3 = {3, 4, 7, 13, 15, 20},
D4 = {6, 8, 9, 14, 26, 30},
D5 = {12, 16, 18, 21, 28, 29}.

Tilings of cyclic groups have a nice combinatorial interpretation. We can visualize the
group Zv as a necklace of v beads, with the identity element coloured in black. A (v, k, λ)
tiling corresponds to a colouring of the remaining beads with t colours, such that there
are k beads of every colour. Furthermore, there are exactly λ pairs of equally coloured
beads at each possible distance, and for every colour. Here, a pair of beads is thought
to have two distances, counted clockwise and counterclockwise. The (31, 6, 1) tiling of
Example 2 can be represented as the necklace in Figure 1.

Figure 1: A (31, 6, 1) tiling of Z31.
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Mozaici od popločavanja grupa

gap> t:=[ [ 1, 5, 11, 24, 25, 27 ],
> [ 2, 10, 17, 19, 22, 23 ],
> [ 3, 4, 7, 13, 15, 20 ],
> [ 6, 8, 9, 14, 26, 30 ],
> [ 12, 16, 18, 21, 28, 29 ] ];;

gap> m:=DifferenceMosaic(CyclicGroup(31),t);;

gap> MosaicParameters(m);
"2-(31,6,1) + 2-(31,6,1) + 2-(31,6,1) + 2-(31,6,1) + 2-(31,6,1)"

gap> aut:=MatAut(m);
<permutation group with 3 generators>
gap> Size(aut);
465
gap> StructureDescription(aut);
"C31 : C15"
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Mozaici od popločavanja grupa

(31, 6, 1)⊕ (31, 6, 1)⊕ (31, 6, 1)⊕ (31, 6, 1)⊕ (31, 6, 1)⊕ (31, 1, 0)
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Mozaici od popločavanja grupa
[[0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4],
[4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5],
[5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5],
[5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1],
[1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4],
[4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1],
[1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1],
[1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2],
[2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2],
[2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5],
[5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3],
[3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2],
[2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5],
[5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2],
[2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5],
[5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4,3],
[3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3,4],
[4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5,3],
[3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1,5],
[5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2,1],
[1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4,2],
[2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4,4],
[4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3,4],
[4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4,3],
[3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1,4],
[4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3,1],
[1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3,3],
[3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2,3],
[3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1,2],
[2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0,1],
[1,2,3,3,1,4,3,4,4,2,1,5,3,4,3,5,2,5,2,3,5,2,2,1,1,4,1,5,5,4,0]]
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Nehomogeni mozaici
O. W. Gnilke, M. Greferath, M. O. Pavčević, Mosaics of combinatorial
designs, Des. Codes Cryptogr. 86 (2018), no. 1, 85–95.
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⊕ 2-(v, 1, 0).

Specifically, for v = 31, we have the example and we ask, if, particularly for v = b = 31,
there exist other decompositions of this kind.

Purely arithmetically, we may think of

2-(31, 15, 7) ⊕ 2-(31, 10, 3) ⊕ 2-(31, 6, 1),

however, so far, we have not been able to provide an example of a 3-valued incidence matrix
giving rise to this decomposition.

This paper is devoted to developing a formalisation of the general idea underlying these
thoughts. Square matrices with these properties have appeared in different settings, e.g.,
every Latin square of size v × v is a mosaic of trivial 1-(v, 1, 1) designs, see also [3] for
a connection to Costas arrays. Mosaics of symmetric designs have been investigated in the
context of Hadamard designs [9], and tilings with difference sets [2].

To the best of our knowledge, there has not been a general approach to this phenomenon
in the past, and we hope to contribute to a new chapter in the theory of combinatorial designs
and possibly also that of designs over GF(q).

2 Main definition and necessary conditions

Let us recapitulate the main notion introduced in the previous section.We can take the all-one
matrix J of dimensions v × b and try to write it as a sum of incidence matrices of t-designs:

J = M1 + M2 + · · · + Mc,

where Mj ’s are incidence matrices of designs B j . Since the complement Mi := J − Mi of a
design is a design again [with parameters (v, ki , λi )], this equation is equivalent to the next
one:

Mi = M1 + M2 + · · · + Mi−1 + Mi+1 + · · · + Mc.

If we look at the last expression structurally, we see that we have decomposed every block
of the design Bi into c − 1 differently coloured subblocks in the way that every set of b
subblocks of the same colour constitutes a design. This fact justifies the way we have written
down our constellations:

t-(v, v, b) = t1- (v, k1, λ1) ⊕ t2- (v, k2, λ2) ⊕ · · · ⊕ tc- (v, kc, λc) , (1)

or equivalently

ti -
(
v, ki , λi

) = t1- (v, k1, λ1) ⊕ t2- (v, k2, λ2) ⊕ · · · ⊕ ti−1- (v, ki−1, λi−1)

⊕ti+1- (v, ki+1, λi+1) ⊕ · · · ⊕ tc- (v, kc, λc) . (2)

We would like to point out that it is more natural and elegant to look at this decomposition
on the level of incidence matrices.

Remark 2.1 We want to call a set of designs Bi , with the same number of points v and the
same number of blocks b, disjoint, if there exist incidence matrices Mi for each design, such
that the entrywise maximum of their sum is 1. This is equivalent to no pair of incidence
matrices sharing a common incidence.
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Pitanje. Postoje li uopće nehomogeni mozaici, osim trivijalnih primjera?

t-(v , k, λ)⊕ t-(v , v − k, λ)

Teorem.
Svaki parcijalni mozaik sim. dizajna 2-(v , k1, λ1)⊕ · · · ⊕ 2-(v , kc , λc),

c∑
i=1

ki < v , može se dopuniti do potpunog dodavanjem 2-(v , 1, 0) dizajna.
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2-(31, 6, 1)⊕ 2-(31, 15, 7)

⊕ 2-(31, 1, 0)10

Netrivijalnost znači: c ≥ 3, ki ≥ 3 za i = 1, . . . , c.

Pitanje. Postoje li ovi mozaici simetričnih dizajna?
2-(31, 6, 1)⊕ 2-(31, 10, 3)⊕ 2-(31, 15, 7)

2-(71, 15, 3)⊕ 2-(71, 21, 6)⊕ 2-(71, 35, 17)
2-(79, 13, 2)⊕ 2-(79, 27, 9)⊕ 2-(79, 39, 19)

Pitanje. Postoje li ovi mozaici nesimetričnih dizajna?
2-(10, 3, 2)⊕ 2-(10, 3, 2)⊕ 2-(10, 4, 4) (b = 30)

2-(11, 3, 6)⊕ 2-(11, 4, 12)⊕ 2-(11, 4, 12) (b = 110)
2-(12, 3, 2)⊕ 2-(12, 3, 2)⊕ 2-(12, 6, 10) (b = 44)
2-(13, 3, 1)⊕ 2-(13, 4, 2)⊕ 2-(13, 6, 5) (b = 26)
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2-(31, 6, 1)⊕ 2-(31, 10, 3)⊕ 2-(31, 15, 7)

2-(71, 15, 3)⊕ 2-(71, 21, 6)⊕ 2-(71, 35, 17)
2-(79, 13, 2)⊕ 2-(79, 27, 9)⊕ 2-(79, 39, 19)

Pitanje. Postoje li ovi mozaici nesimetričnih dizajna?
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2-(10, 3, 2)⊕ 2-(10, 3, 2)⊕ 2-(10, 4, 4) (b = 30)

2-(11, 3, 6)⊕ 2-(11, 4, 12)⊕ 2-(11, 4, 12) (b = 110)
2-(12, 3, 2)⊕ 2-(12, 3, 2)⊕ 2-(12, 6, 10) (b = 44)
2-(13, 3, 1)⊕ 2-(13, 4, 2)⊕ 2-(13, 6, 5) (b = 26)
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1 3 3 3 2 3 2 2 3 1 3 2 1 1 3 2 2 3 3 1 3 3 3 2 1 2
1 1 3 3 3 2 3 2 2 3 1 3 2 2 1 3 2 2 3 3 1 3 3 3 2 1
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Table 1. A 2-(13, 3, 1) ⊕ 2-(13, 4, 2)⊕ 2-(13, 6, 5) mosaic.

M = [mij ] is a triple of permutations (α, β, γ) ∈ Sv × Sb × Sc such that
γ(mα(i)β(j)) = mij holds for all i ∈ {1, . . . , v} and j ∈ {1, . . . , b}. Here, α =
(1, 2, . . . , 13), β = (1, 2, . . . , 13)(14, 15, . . . , 26), and γ = () is the identity.

The designs in this mosaic are obtained by developing the ordered differ-
ence families F1 = ({0, 1, 4}, {0, 2, 7}), F2 = ({2, 6, 7, 9}, {1, 3, 10, 11}), and
F3 = ({3, 5, 8, 10, 11, 12}, {4, 5, 6, 8, 9, 12}) in Z13. The first components of
F1, F2, and F3 consitute a partition of Z13, as do the second components.

3. Homogenous mosaics of designs that are not resolvable

Table 2 gives two homogenous mosaics of 2-(9, 3, 2) designs. According
to Table 24 in [3, Section II.1.3], there are 36 designs with these parameters
up to isomorphism, 9 of them resolvable. The first mosaic contains three
isomorphic copies of a non-resolvable 2-(9, 3, 2) design. The second mosaic
contains three non-isomorphic design. The design represented by entries 1
is resolvable, while the designs represented by entries 2 and 3 are not re-
solvable. Hence, these two mosaics cannot be obtained by [6, Theorem 3.4].

We constructed these mosaics by assuming an automorphism α = (1, 2, 3)
(4, 5, 6)(7, 8, 9), β = (1, 2, 3)(4, 5, 6) · · · (22, 23, 24), γ = () of order 3 and us-
ing a modified version of the Kramer-Mesner method [7]. We found more
homogenous mosaics like this with parameters 2-(12, 4, 3) and automor-
phisms of order 11.
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V. Krčadinac (PMF-MO) Mali primjeri mozaika 29.5.2024. 30 / 55

https://web.math.pmf.unizg.hr/~krcko/results/mosaics.html


Nehomogeni mozaici

PAG 39

2.8.4 MosaicToBlockDesigns

. MosaicToBlockDesigns(M) (function)

Transforms a mosaic of combinatorial designs M with c colors to a list of c block designs in the
Design package format.

2.8.5 ReadMat

. ReadMat(filename) (function)

Reads a list of m× n integer matrices from a file. The file starts with the number of rows m and
columns n followed by the matrix entries. Integers in the file are separated by whitespaces.

2.8.6 WriteMat

. WriteMat(filename, list) (function)

Writes a list of m× n integer matrices to a file. The number of rows m and columns n is written
first, followed by the matrix entries. Integers are separated by whitespaces.

2.8.7 AffineMosaic

. AffineMosaic(k, n, q) (function)

Returns a mosaic of designs with blocks being k -dimensional subspaces of the affine space
AG(n ,q). Uses the FinInG package. If the package is not available, the function is not loaded.

2.8.8 DifferenceMosaic

. DifferenceMosaic(G, dds) (function)

Returns the mosaic of symmetric designs obtained from a list of disjoint difference sets dds in the
group G .

2.8.9 PowersMosaic

. PowersMosaic(q, n) (function)

Returns the mosaic of symmetric designs constructed from n -th powers in the field GF(q).

2.8.10 MatAut

. MatAut(M) (function)

Computes the full autotopy group of a matrix M . It is assumed that the entries of M are consecutive
integers. Permutations of rows, columns and symbols are allowed. Represents the matrix by a colored
graph and uses nauty/Traces 2.8 by B.D.McKay and A.Piperno [MP14].
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2.8.11 MatFilter

. MatFilter(ml[, opt]) (function)

Eliminates equivalent copies from a list of matrices ml . It is assumed that all of the matrices have
the same set of consecutive integers as entries. Two matrices are equivalent (isotopic) if one can be
transformed into the other by permutating rows, columns and symbols. Represents the matrices by
colored graphs and uses nauty/Traces 2.8 by B.D.McKay and A.Piperno [MP14]. The optional
argument opt is a record for options. Possible components of opt are:

• Positions :=true/false Return positions of inequivalent matrices instead of the matrices
themselves.

2.9 Global Options

2.9.1 PAGGlobalOptions

. PAGGlobalOptions (global variable)

A record with global options for the PAG package. Components are:

• Silent :=true/false If set to true, functions such as SolveKramerMesner will not print com-
ments reporting the progress of the calculation.

• TempDir :=directory object Temporary directory used to communicate with external pro-
grams.
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gap> mm:=ReadMat("13-346.txt");;

gap> List(mm,MosaicParameters);
[ "2-(13,3,1) + 2-(13,4,2) + 2-(13,6,5)",

"2-(13,3,1) + 2-(13,4,2) + 2-(13,6,5)",
"2-(13,3,1) + 2-(13,4,2) + 2-(13,6,5)",
"2-(13,3,1) + 2-(13,4,2) + 2-(13,6,5)",
"2-(13,3,1) + 2-(13,4,2) + 2-(13,6,5)" ]

gap> Size(mm);
5

gap> Size(MatFilter(mm));
5
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Remark 34. By the Hasse local-global principle, the conditions (n, (−1)(v−1)/2λ)p = 1
for all odd primes p, together with n = k − λ > 0 (non-triviality of the design), imply 
that z2 = nx2 + (−1)(v−1)/2λy2, has a non-trivial rational solution. Multiplying by 
a common denominator of x, y, and z, we find a non-trivial integral solution to the 
Diophantine equation

z2 = nx2 + (−1)(v−1)/2λy2.

This is how the Bruck-Ryser-Chowla theorem is typically presented in the design theory 
literature. This formulation suggests to the reader the possibility of constructing explicit 
solutions to the given equation. These provide no insight into the existence of the design, 
and are typically much harder to compute than the Hilbert symbols themselves.

4.3. Decomposition of symmetric designs

We consider the following question: when can the incidence matrix of a symmetric 
design be written as the sum of two disjoint {0, 1} matrices, each of which is the inci-
dence matrix of a symmetric design? The obvious necessary condition is that designs 
with suitable parameters should exist individually. In this section, we develop a further 
necessary condition in terms of invariants of quadratic forms.

Proposition 35. Suppose that M is the incidence matrix of a symmetric (v, k, λ) design, 
and that M = M1 + M2 where Mi is the incidence matrix of a (v, ki, λi) design.

Then k = k1 + k2 and λ = λ1 + λ2 + α where α = 2k1k2
v−1 is an integer. Furthermore, 

M1M
�
2 + M2M

�
1 = α(J − I).

Proof. A standard counting argument establishes that λi = ki(ki−1)
v−1 . Then

λ = (k1 + k2)(k1 + k2) − 1
v − 1 = λ1 + λ2 + 2k1k2

v − 1 .

This establishes the claim about α.
For the second claim, compute (M1 +M2)(M1 +M2)� = M1M

�
1 +M2M

�
2 +M1M

�
2 +

M2M
�
1 and use the formula for the Gram matrix of the incidence matrix of a symmetric 

design. �
We will apply the theory of quadratic forms in essentially the same way as in the 

Bruck-Ryser-Chowla theorem. A quick computation shows that taking X = M1M
�
2 and 

computing necessary conditions for the existence of X�X yields nothing in addition to 
the existence conditions for M1 and M2. So we are led to the following matrix.

Proposition 36. Let Q = M1M
�
2 +I. Then QQ� = σI+τJ where σ = (k1 − λ1) (k2 − λ2)

− α + 1 and τ = vλ1λ2 + λ2(k1 − λ1) + λ1(k2 − λ2) + α.
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Proof. The result follows from computing QQ� directly, observing that Mi has constant 
row sum and so commutes with J , and substituting α(J − I) for M1M

�
2 + M2M

�
1 . �

Note that the matrix Q is normal (commutes with its transpose), either from a general 
result due to Ryser (Theorem 8.2.1 of [12]), or by computing Q�Q directly.

Theorem 37. Suppose that M = M1 + M2 is a decomposition of symmetric designs. If v
is even then

(k1 − λ1) (k2 − λ2) − 2k1k2
v − 1 + 1

is the square of an integer. If v is odd, then

(σ, σ)(
v−1
2 )

p (σ, v)p = (σ, (−1)v−1/2v)p = 1

for all odd primes p.

Proof. Since the matrix M1M
�
2 + I has constant row sum, it has the all-ones vector as 

an eigenvector, with eigenvalue k1k2 + 1. Hence MM� has constant row sum equal to 
(k1k2 + 1)2. Comparing to the expression for MM� = σI + τJ , we find that

σ + vτ = (k1k2 + 1)2 .

The determinant of σIv + τJv is (σ + vτ)σv−1. Thus if v is even, one requires that σ is 
a square.

Since σ + vτ is square, the application of Proposition 32 with a = σ + τ and b = τ

results in the expression

(σ, σ)(
v−1
2 )

p (σ, v)p .

As in the proof of the Bruck-Ryser-Chowla theorem, this may be further simplified by 
considering v mod 4 and using properties of the Hilbert symbol to achieve the claimed 
result. �

A computer search for feasible parameters (i.e., satisfying integrality and Bruck-Ryser-
Chowla conditions for each component design) shows very few feasible parameter sets.

Corollary 38. If v is even, there is no decomposition of symmetric designs on less than 
10,000 points.

Proof. There is only one parameter set on less than 10, 000 points for which a decompo-
sition could be possible: the trivial conditions for a (2380, 976, 400)-design to decompose 
into a (2380, 183, 14)-design and a (2380, 793, 264)-design are that 976 − 400 = 242 and 
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Proof. There is only one parameter set on less than 10, 000 points for which a decompo-
sition could be possible: the trivial conditions for a (2380, 976, 400)-design to decompose 
into a (2380, 183, 14)-design and a (2380, 793, 264)-design are that 976 − 400 = 242 and 
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Proof. The result follows from computing QQ� directly, observing that Mi has constant 
row sum and so commutes with J , and substituting α(J − I) for M1M

�
2 + M2M

�
1 . �

Note that the matrix Q is normal (commutes with its transpose), either from a general 
result due to Ryser (Theorem 8.2.1 of [12]), or by computing Q�Q directly.

Theorem 37. Suppose that M = M1 + M2 is a decomposition of symmetric designs. If v
is even then

(k1 − λ1) (k2 − λ2) − 2k1k2
v − 1 + 1

is the square of an integer. If v is odd, then

(σ, σ)(
v−1
2 )

p (σ, v)p = (σ, (−1)v−1/2v)p = 1

for all odd primes p.

Proof. Since the matrix M1M
�
2 + I has constant row sum, it has the all-ones vector as 

an eigenvector, with eigenvalue k1k2 + 1. Hence MM� has constant row sum equal to 
(k1k2 + 1)2. Comparing to the expression for MM� = σI + τJ , we find that

σ + vτ = (k1k2 + 1)2 .

The determinant of σIv + τJv is (σ + vτ)σv−1. Thus if v is even, one requires that σ is 
a square.

Since σ + vτ is square, the application of Proposition 32 with a = σ + τ and b = τ

results in the expression

(σ, σ)(
v−1
2 )

p (σ, v)p .

As in the proof of the Bruck-Ryser-Chowla theorem, this may be further simplified by 
considering v mod 4 and using properties of the Hilbert symbol to achieve the claimed 
result. �

A computer search for feasible parameters (i.e., satisfying integrality and Bruck-Ryser-
Chowla conditions for each component design) shows very few feasible parameter sets.

Corollary 38. If v is even, there is no decomposition of symmetric designs on less than 
10,000 points.

Proof. There is only one parameter set on less than 10, 000 points for which a decompo-
sition could be possible: the trivial conditions for a (2380, 976, 400)-design to decompose 
into a (2380, 183, 14)-design and a (2380, 793, 264)-design are that 976 − 400 = 242 and 
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183 − 14 = 132 and 793 − 264 = 232. But Theorem 37 requires that 132 · 232 − 121 =
26 · 32 · 5 · 31 be a perfect square, which it is not. �

In contrast, the conditions at odd orders are rather weaker. We observe that the 
incidence matrix of a (91, 81, 72)-design (the complementary design of a projective plane 
of order 9) cannot be written as the sum of designs with parameters (91, 36, 14)-design 
and a (91, 45, 22)-design. The relevant parameters for the computation are

k1 = 36, λ1 = 14, k2 = 45, λ2 = 22, α = 36, σ = 471

The local invariants are (471, 471)p(471, 91)p for all primes p. The prime 3 divides 471, 
so the invariant at p = 3 simplifies to (3, 3)p(1, 3)p = −1. So Theorem 37 shows that this 
decomposition does not exist.

These methods cannot rule out the existence of a (31, 25, 20)-design (the comple-
ment of a projective plane of order 5) which decomposes into a (31, 15, 7)-design and a 
(31, 10, 3)-design. This is the smallest open case for a decomposition. Finally, we observe 
that solutions to this problem do exist, the sum of a skew-Hadamard design with param-
eters (4t −1, 2t −1, t −1) with a trivial (4t −1, 1, 0)-design gives a (4t −1, 2t, t)-design, so 
the concept is not vacuous [10]. This topic will be considered more fully in forthcoming 
work of the authors.

4.4. Bose-Connor theorem

The Bose-Connor theorem gives non-existence conditions for group-divisible designs.

Definition 39. Let V be a set of size mn, divided into m groups of size n. Let B be a 
set of blocks, each of size k. Then (V, B) is a group-divisible design with parameters 
(mn, n, k, λ1, λ2) if any pair of points from the same group occurs in λ1 blocks and any 
pair of points from distinct blocks occurs together in λ2 blocks.

Standard counting arguments show that each point appears in r = (n−1)λ1+n(m−1)λ2
k−1

blocks (and integrality of this quantity is a necessary condition for the existence of a 
group-divisible design). A group-divisible design is symmetric if the incidence matrix is 
square, in which case r = k as in the usual theory of symmetric designs.

Recall that the Kronecker product of matrices A and B is given (as a block-matrix) by 
[A ⊗B]ij = aijB. In particular, Im⊗Jn is an mn ×mn matrix with n ×n blocks of ones on 
the diagonal and zeros elsewhere. It follows from the definition that the incidence matrix 
of a symmetric group-divisible design is G = (r −λ1 −λ2)I +(λ1 −λ2)Im ⊗Jn +λ2Jmn. 
Non-existence conditions can be derived from the theory of quadratic forms by finding 
conditions under which G is not a Gram matrix. We refer the interested reader to the 
original paper for a proof.
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Proof. The result follows from computing QQ� directly, observing that Mi has constant 
row sum and so commutes with J , and substituting α(J − I) for M1M

�
2 + M2M

�
1 . �

Note that the matrix Q is normal (commutes with its transpose), either from a general 
result due to Ryser (Theorem 8.2.1 of [12]), or by computing Q�Q directly.

Theorem 37. Suppose that M = M1 + M2 is a decomposition of symmetric designs. If v
is even then

(k1 − λ1) (k2 − λ2) − 2k1k2
v − 1 + 1

is the square of an integer. If v is odd, then

(σ, σ)(
v−1
2 )

p (σ, v)p = (σ, (−1)v−1/2v)p = 1

for all odd primes p.

Proof. Since the matrix M1M
�
2 + I has constant row sum, it has the all-ones vector as 

an eigenvector, with eigenvalue k1k2 + 1. Hence MM� has constant row sum equal to 
(k1k2 + 1)2. Comparing to the expression for MM� = σI + τJ , we find that

σ + vτ = (k1k2 + 1)2 .

The determinant of σIv + τJv is (σ + vτ)σv−1. Thus if v is even, one requires that σ is 
a square.

Since σ + vτ is square, the application of Proposition 32 with a = σ + τ and b = τ

results in the expression

(σ, σ)(
v−1
2 )

p (σ, v)p .

As in the proof of the Bruck-Ryser-Chowla theorem, this may be further simplified by 
considering v mod 4 and using properties of the Hilbert symbol to achieve the claimed 
result. �

A computer search for feasible parameters (i.e., satisfying integrality and Bruck-Ryser-
Chowla conditions for each component design) shows very few feasible parameter sets.

Corollary 38. If v is even, there is no decomposition of symmetric designs on less than 
10,000 points.

Proof. There is only one parameter set on less than 10, 000 points for which a decompo-
sition could be possible: the trivial conditions for a (2380, 976, 400)-design to decompose 
into a (2380, 183, 14)-design and a (2380, 793, 264)-design are that 976 − 400 = 242 and 
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183 − 14 = 132 and 793 − 264 = 232. But Theorem 37 requires that 132 · 232 − 121 =
26 · 32 · 5 · 31 be a perfect square, which it is not. �

In contrast, the conditions at odd orders are rather weaker. We observe that the 
incidence matrix of a (91, 81, 72)-design (the complementary design of a projective plane 
of order 9) cannot be written as the sum of designs with parameters (91, 36, 14)-design 
and a (91, 45, 22)-design. The relevant parameters for the computation are

k1 = 36, λ1 = 14, k2 = 45, λ2 = 22, α = 36, σ = 471

The local invariants are (471, 471)p(471, 91)p for all primes p. The prime 3 divides 471, 
so the invariant at p = 3 simplifies to (3, 3)p(1, 3)p = −1. So Theorem 37 shows that this 
decomposition does not exist.

These methods cannot rule out the existence of a (31, 25, 20)-design (the comple-
ment of a projective plane of order 5) which decomposes into a (31, 15, 7)-design and a 
(31, 10, 3)-design. This is the smallest open case for a decomposition. Finally, we observe 
that solutions to this problem do exist, the sum of a skew-Hadamard design with param-
eters (4t −1, 2t −1, t −1) with a trivial (4t −1, 1, 0)-design gives a (4t −1, 2t, t)-design, so 
the concept is not vacuous [10]. This topic will be considered more fully in forthcoming 
work of the authors.

4.4. Bose-Connor theorem

The Bose-Connor theorem gives non-existence conditions for group-divisible designs.

Definition 39. Let V be a set of size mn, divided into m groups of size n. Let B be a 
set of blocks, each of size k. Then (V, B) is a group-divisible design with parameters 
(mn, n, k, λ1, λ2) if any pair of points from the same group occurs in λ1 blocks and any 
pair of points from distinct blocks occurs together in λ2 blocks.

Standard counting arguments show that each point appears in r = (n−1)λ1+n(m−1)λ2
k−1

blocks (and integrality of this quantity is a necessary condition for the existence of a 
group-divisible design). A group-divisible design is symmetric if the incidence matrix is 
square, in which case r = k as in the usual theory of symmetric designs.

Recall that the Kronecker product of matrices A and B is given (as a block-matrix) by 
[A ⊗B]ij = aijB. In particular, Im⊗Jn is an mn ×mn matrix with n ×n blocks of ones on 
the diagonal and zeros elsewhere. It follows from the definition that the incidence matrix 
of a symmetric group-divisible design is G = (r −λ1 −λ2)I +(λ1 −λ2)Im ⊗Jn +λ2Jmn. 
Non-existence conditions can be derived from the theory of quadratic forms by finding 
conditions under which G is not a Gram matrix. We refer the interested reader to the 
original paper for a proof.
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Proof. The result follows from computing QQ� directly, observing that Mi has constant 
row sum and so commutes with J , and substituting α(J − I) for M1M

�
2 + M2M

�
1 . �

Note that the matrix Q is normal (commutes with its transpose), either from a general 
result due to Ryser (Theorem 8.2.1 of [12]), or by computing Q�Q directly.

Theorem 37. Suppose that M = M1 + M2 is a decomposition of symmetric designs. If v
is even then

(k1 − λ1) (k2 − λ2) − 2k1k2
v − 1 + 1

is the square of an integer. If v is odd, then

(σ, σ)(
v−1
2 )

p (σ, v)p = (σ, (−1)v−1/2v)p = 1

for all odd primes p.

Proof. Since the matrix M1M
�
2 + I has constant row sum, it has the all-ones vector as 

an eigenvector, with eigenvalue k1k2 + 1. Hence MM� has constant row sum equal to 
(k1k2 + 1)2. Comparing to the expression for MM� = σI + τJ , we find that

σ + vτ = (k1k2 + 1)2 .

The determinant of σIv + τJv is (σ + vτ)σv−1. Thus if v is even, one requires that σ is 
a square.

Since σ + vτ is square, the application of Proposition 32 with a = σ + τ and b = τ

results in the expression

(σ, σ)(
v−1
2 )

p (σ, v)p .

As in the proof of the Bruck-Ryser-Chowla theorem, this may be further simplified by 
considering v mod 4 and using properties of the Hilbert symbol to achieve the claimed 
result. �

A computer search for feasible parameters (i.e., satisfying integrality and Bruck-Ryser-
Chowla conditions for each component design) shows very few feasible parameter sets.

Corollary 38. If v is even, there is no decomposition of symmetric designs on less than 
10,000 points.

Proof. There is only one parameter set on less than 10, 000 points for which a decompo-
sition could be possible: the trivial conditions for a (2380, 976, 400)-design to decompose 
into a (2380, 183, 14)-design and a (2380, 793, 264)-design are that 976 − 400 = 242 and 
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183 − 14 = 132 and 793 − 264 = 232. But Theorem 37 requires that 132 · 232 − 121 =
26 · 32 · 5 · 31 be a perfect square, which it is not. �

In contrast, the conditions at odd orders are rather weaker. We observe that the 
incidence matrix of a (91, 81, 72)-design (the complementary design of a projective plane 
of order 9) cannot be written as the sum of designs with parameters (91, 36, 14)-design 
and a (91, 45, 22)-design. The relevant parameters for the computation are

k1 = 36, λ1 = 14, k2 = 45, λ2 = 22, α = 36, σ = 471

The local invariants are (471, 471)p(471, 91)p for all primes p. The prime 3 divides 471, 
so the invariant at p = 3 simplifies to (3, 3)p(1, 3)p = −1. So Theorem 37 shows that this 
decomposition does not exist.

These methods cannot rule out the existence of a (31, 25, 20)-design (the comple-
ment of a projective plane of order 5) which decomposes into a (31, 15, 7)-design and a 
(31, 10, 3)-design. This is the smallest open case for a decomposition. Finally, we observe 
that solutions to this problem do exist, the sum of a skew-Hadamard design with param-
eters (4t −1, 2t −1, t −1) with a trivial (4t −1, 1, 0)-design gives a (4t −1, 2t, t)-design, so 
the concept is not vacuous [10]. This topic will be considered more fully in forthcoming 
work of the authors.

4.4. Bose-Connor theorem

The Bose-Connor theorem gives non-existence conditions for group-divisible designs.

Definition 39. Let V be a set of size mn, divided into m groups of size n. Let B be a 
set of blocks, each of size k. Then (V, B) is a group-divisible design with parameters 
(mn, n, k, λ1, λ2) if any pair of points from the same group occurs in λ1 blocks and any 
pair of points from distinct blocks occurs together in λ2 blocks.

Standard counting arguments show that each point appears in r = (n−1)λ1+n(m−1)λ2
k−1

blocks (and integrality of this quantity is a necessary condition for the existence of a 
group-divisible design). A group-divisible design is symmetric if the incidence matrix is 
square, in which case r = k as in the usual theory of symmetric designs.

Recall that the Kronecker product of matrices A and B is given (as a block-matrix) by 
[A ⊗B]ij = aijB. In particular, Im⊗Jn is an mn ×mn matrix with n ×n blocks of ones on 
the diagonal and zeros elsewhere. It follows from the definition that the incidence matrix 
of a symmetric group-divisible design is G = (r −λ1 −λ2)I +(λ1 −λ2)Im ⊗Jn +λ2Jmn. 
Non-existence conditions can be derived from the theory of quadratic forms by finding 
conditions under which G is not a Gram matrix. We refer the interested reader to the 
original paper for a proof.
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Proof. The result follows from computing QQ� directly, observing that Mi has constant 
row sum and so commutes with J , and substituting α(J − I) for M1M

�
2 + M2M

�
1 . �

Note that the matrix Q is normal (commutes with its transpose), either from a general 
result due to Ryser (Theorem 8.2.1 of [12]), or by computing Q�Q directly.

Theorem 37. Suppose that M = M1 + M2 is a decomposition of symmetric designs. If v
is even then

(k1 − λ1) (k2 − λ2) − 2k1k2
v − 1 + 1

is the square of an integer. If v is odd, then

(σ, σ)(
v−1
2 )

p (σ, v)p = (σ, (−1)v−1/2v)p = 1

for all odd primes p.

Proof. Since the matrix M1M
�
2 + I has constant row sum, it has the all-ones vector as 

an eigenvector, with eigenvalue k1k2 + 1. Hence MM� has constant row sum equal to 
(k1k2 + 1)2. Comparing to the expression for MM� = σI + τJ , we find that

σ + vτ = (k1k2 + 1)2 .

The determinant of σIv + τJv is (σ + vτ)σv−1. Thus if v is even, one requires that σ is 
a square.

Since σ + vτ is square, the application of Proposition 32 with a = σ + τ and b = τ

results in the expression

(σ, σ)(
v−1
2 )

p (σ, v)p .

As in the proof of the Bruck-Ryser-Chowla theorem, this may be further simplified by 
considering v mod 4 and using properties of the Hilbert symbol to achieve the claimed 
result. �

A computer search for feasible parameters (i.e., satisfying integrality and Bruck-Ryser-
Chowla conditions for each component design) shows very few feasible parameter sets.

Corollary 38. If v is even, there is no decomposition of symmetric designs on less than 
10,000 points.

Proof. There is only one parameter set on less than 10, 000 points for which a decompo-
sition could be possible: the trivial conditions for a (2380, 976, 400)-design to decompose 
into a (2380, 183, 14)-design and a (2380, 793, 264)-design are that 976 − 400 = 242 and 
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183 − 14 = 132 and 793 − 264 = 232. But Theorem 37 requires that 132 · 232 − 121 =
26 · 32 · 5 · 31 be a perfect square, which it is not. �

In contrast, the conditions at odd orders are rather weaker. We observe that the 
incidence matrix of a (91, 81, 72)-design (the complementary design of a projective plane 
of order 9) cannot be written as the sum of designs with parameters (91, 36, 14)-design 
and a (91, 45, 22)-design. The relevant parameters for the computation are

k1 = 36, λ1 = 14, k2 = 45, λ2 = 22, α = 36, σ = 471

The local invariants are (471, 471)p(471, 91)p for all primes p. The prime 3 divides 471, 
so the invariant at p = 3 simplifies to (3, 3)p(1, 3)p = −1. So Theorem 37 shows that this 
decomposition does not exist.

These methods cannot rule out the existence of a (31, 25, 20)-design (the comple-
ment of a projective plane of order 5) which decomposes into a (31, 15, 7)-design and a 
(31, 10, 3)-design. This is the smallest open case for a decomposition. Finally, we observe 
that solutions to this problem do exist, the sum of a skew-Hadamard design with param-
eters (4t −1, 2t −1, t −1) with a trivial (4t −1, 1, 0)-design gives a (4t −1, 2t, t)-design, so 
the concept is not vacuous [10]. This topic will be considered more fully in forthcoming 
work of the authors.

4.4. Bose-Connor theorem

The Bose-Connor theorem gives non-existence conditions for group-divisible designs.

Definition 39. Let V be a set of size mn, divided into m groups of size n. Let B be a 
set of blocks, each of size k. Then (V, B) is a group-divisible design with parameters 
(mn, n, k, λ1, λ2) if any pair of points from the same group occurs in λ1 blocks and any 
pair of points from distinct blocks occurs together in λ2 blocks.

Standard counting arguments show that each point appears in r = (n−1)λ1+n(m−1)λ2
k−1

blocks (and integrality of this quantity is a necessary condition for the existence of a 
group-divisible design). A group-divisible design is symmetric if the incidence matrix is 
square, in which case r = k as in the usual theory of symmetric designs.

Recall that the Kronecker product of matrices A and B is given (as a block-matrix) by 
[A ⊗B]ij = aijB. In particular, Im⊗Jn is an mn ×mn matrix with n ×n blocks of ones on 
the diagonal and zeros elsewhere. It follows from the definition that the incidence matrix 
of a symmetric group-divisible design is G = (r −λ1 −λ2)I +(λ1 −λ2)Im ⊗Jn +λ2Jmn. 
Non-existence conditions can be derived from the theory of quadratic forms by finding 
conditions under which G is not a Gram matrix. We refer the interested reader to the 
original paper for a proof.
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183 − 14 = 132 and 793 − 264 = 232. But Theorem 37 requires that 132 · 232 − 121 =
26 · 32 · 5 · 31 be a perfect square, which it is not. �

In contrast, the conditions at odd orders are rather weaker. We observe that the 
incidence matrix of a (91, 81, 72)-design (the complementary design of a projective plane 
of order 9) cannot be written as the sum of designs with parameters (91, 36, 14)-design 
and a (91, 45, 22)-design. The relevant parameters for the computation are

k1 = 36, λ1 = 14, k2 = 45, λ2 = 22, α = 36, σ = 471

The local invariants are (471, 471)p(471, 91)p for all primes p. The prime 3 divides 471, 
so the invariant at p = 3 simplifies to (3, 3)p(1, 3)p = −1. So Theorem 37 shows that this 
decomposition does not exist.

These methods cannot rule out the existence of a (31, 25, 20)-design (the comple-
ment of a projective plane of order 5) which decomposes into a (31, 15, 7)-design and a 
(31, 10, 3)-design. This is the smallest open case for a decomposition. Finally, we observe 
that solutions to this problem do exist, the sum of a skew-Hadamard design with param-
eters (4t −1, 2t −1, t −1) with a trivial (4t −1, 1, 0)-design gives a (4t −1, 2t, t)-design, so 
the concept is not vacuous [10]. This topic will be considered more fully in forthcoming 
work of the authors.

4.4. Bose-Connor theorem

The Bose-Connor theorem gives non-existence conditions for group-divisible designs.

Definition 39. Let V be a set of size mn, divided into m groups of size n. Let B be a 
set of blocks, each of size k. Then (V, B) is a group-divisible design with parameters 
(mn, n, k, λ1, λ2) if any pair of points from the same group occurs in λ1 blocks and any 
pair of points from distinct blocks occurs together in λ2 blocks.

Standard counting arguments show that each point appears in r = (n−1)λ1+n(m−1)λ2
k−1

blocks (and integrality of this quantity is a necessary condition for the existence of a 
group-divisible design). A group-divisible design is symmetric if the incidence matrix is 
square, in which case r = k as in the usual theory of symmetric designs.

Recall that the Kronecker product of matrices A and B is given (as a block-matrix) by 
[A ⊗B]ij = aijB. In particular, Im⊗Jn is an mn ×mn matrix with n ×n blocks of ones on 
the diagonal and zeros elsewhere. It follows from the definition that the incidence matrix 
of a symmetric group-divisible design is G = (r −λ1 −λ2)I +(λ1 −λ2)Im ⊗Jn +λ2Jmn. 
Non-existence conditions can be derived from the theory of quadratic forms by finding 
conditions under which G is not a Gram matrix. We refer the interested reader to the 
original paper for a proof.
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183 − 14 = 132 and 793 − 264 = 232. But Theorem 37 requires that 132 · 232 − 121 =
26 · 32 · 5 · 31 be a perfect square, which it is not. �

In contrast, the conditions at odd orders are rather weaker. We observe that the 
incidence matrix of a (91, 81, 72)-design (the complementary design of a projective plane 
of order 9) cannot be written as the sum of designs with parameters (91, 36, 14)-design 
and a (91, 45, 22)-design. The relevant parameters for the computation are

k1 = 36, λ1 = 14, k2 = 45, λ2 = 22, α = 36, σ = 471

The local invariants are (471, 471)p(471, 91)p for all primes p. The prime 3 divides 471, 
so the invariant at p = 3 simplifies to (3, 3)p(1, 3)p = −1. So Theorem 37 shows that this 
decomposition does not exist.

These methods cannot rule out the existence of a (31, 25, 20)-design (the comple-
ment of a projective plane of order 5) which decomposes into a (31, 15, 7)-design and a 
(31, 10, 3)-design. This is the smallest open case for a decomposition. Finally, we observe 
that solutions to this problem do exist, the sum of a skew-Hadamard design with param-
eters (4t −1, 2t −1, t −1) with a trivial (4t −1, 1, 0)-design gives a (4t −1, 2t, t)-design, so 
the concept is not vacuous [10]. This topic will be considered more fully in forthcoming 
work of the authors.

4.4. Bose-Connor theorem

The Bose-Connor theorem gives non-existence conditions for group-divisible designs.

Definition 39. Let V be a set of size mn, divided into m groups of size n. Let B be a 
set of blocks, each of size k. Then (V, B) is a group-divisible design with parameters 
(mn, n, k, λ1, λ2) if any pair of points from the same group occurs in λ1 blocks and any 
pair of points from distinct blocks occurs together in λ2 blocks.

Standard counting arguments show that each point appears in r = (n−1)λ1+n(m−1)λ2
k−1

blocks (and integrality of this quantity is a necessary condition for the existence of a 
group-divisible design). A group-divisible design is symmetric if the incidence matrix is 
square, in which case r = k as in the usual theory of symmetric designs.

Recall that the Kronecker product of matrices A and B is given (as a block-matrix) by 
[A ⊗B]ij = aijB. In particular, Im⊗Jn is an mn ×mn matrix with n ×n blocks of ones on 
the diagonal and zeros elsewhere. It follows from the definition that the incidence matrix 
of a symmetric group-divisible design is G = (r −λ1 −λ2)I +(λ1 −λ2)Im ⊗Jn +λ2Jmn. 
Non-existence conditions can be derived from the theory of quadratic forms by finding 
conditions under which G is not a Gram matrix. We refer the interested reader to the 
original paper for a proof.

??? 2-(31, 6, 1)⊕ 2-(31, 10, 3)⊕ 2-(31, 15, 7) ???
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996 M. Wiese, H. Boche

A related application of ACFU hash functions is to wiretap channels, see [30]. In this
application, an additional requirement is that the blocks {x : f (x, s) = α} have constant
size. We have seen in Sect. 3 that this poses no real restriction on the ACFU functions.

For application in privacy amplification and the wiretap channel problem, there exist
functions which have a smaller seed than ACFU hash functions if |S| > |X |, namely |S| =
|X |, butwhich also achieve the best knownkey or channel rates in the standard settings like the
i.i.d. source setting from the example. They are based on mosaics of near-Ramanujan graphs,
i.e., edge decompositions of a complete bipartite graph with equal-sized color classes into
subgraphs each of which has a very small second-largest eigenvalue [29]. However, so far we
do not know of any such mosaics whose corresponding functions are efficiently computable.

6 Open questions

After our extension results (Theorems 3 and 4), we discussed how the original function g and
thegenerated ĝ or ǧ relatewith respect to equalities in the lower boundson the seed sizes.What
remained open was whether every seed-optimal OCFU hash function can be derived from a
seed-optimal OU hash function. Formulated in terms of mosaics and designs, the question
is: Are the members of every mosaic of BIBDs resolvable? In other words, is the method
of Gnilke, Geferath and Pavčević (Corollary 3) essentially the only way of constructing a
mosaic of BIBDs? By Corollary 2, the members of a mosaics of BIBD(v, k, λ) certainly
need to satisfy the necessary condition b ≥ v + r − 1 for resolvable designs.

If this question can be answered in the positive, then this also implies that dually, any ε-
ACFU hash function with equality in (3.4) is the point extension of an ε-ASU hash function
satisfying equality in (3.11). Another consequence would be that the sum of a mosaic of
BIBDs is doubly-resolvable [5, Remark I.5.16].

More generally, a similar question can be posed about the structure of mosaics which
neither in their “primal” nor their dual version consist of BIBDs. In terms of ACFU hash
functions, this could in particular clarify the relation between seed-optimal ACFU hash
functionswith equality in (3.5) and seed-optimalASUhash functionswith equality in Lemma
8.
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1 2 1 1 2 1 1 3 3 1 2 3 1 3 2 1 3 3 2 2 3 2 3 2
1 1 2 1 1 2 3 1 3 3 1 2 2 1 3 3 1 3 3 2 2 2 2 3
2 1 1 2 1 1 3 3 1 2 3 1 3 2 1 3 3 1 2 3 2 3 2 2
1 3 2 2 3 3 1 2 1 3 3 1 2 1 2 2 2 3 1 3 1 1 3 2
2 1 3 3 2 3 1 1 2 1 3 3 2 2 1 3 2 2 1 1 3 2 1 3
3 2 1 3 3 2 2 1 1 3 1 3 1 2 2 2 3 2 3 1 1 3 2 1
2 3 3 1 3 2 3 2 2 2 2 1 1 3 3 2 1 1 1 2 3 3 1 1
3 2 3 2 1 3 2 3 2 1 2 2 3 1 3 1 2 1 3 1 2 1 3 1
3 3 2 3 2 1 2 2 3 2 1 2 3 3 1 1 1 2 2 3 1 1 1 3







1 2 1 1 2 1 1 3 3 1 3 3 1 3 2 1 2 3 3 2 2 3 2 2
1 1 2 1 1 2 3 1 3 3 1 3 2 1 3 3 1 2 2 3 2 2 3 2
2 1 1 2 1 1 3 3 1 3 3 1 3 2 1 2 3 1 2 2 3 2 2 3
1 3 2 3 3 1 2 2 1 2 1 3 3 3 2 2 3 2 1 2 1 1 3 1
2 1 3 1 3 3 1 2 2 3 2 1 2 3 3 2 2 3 1 1 2 1 1 3
3 2 1 3 1 3 2 1 2 1 3 2 3 2 3 3 2 2 2 1 1 3 1 1
2 3 3 2 3 2 2 3 1 1 2 2 1 1 2 3 1 1 1 3 3 3 1 2
3 2 3 2 2 3 1 2 3 2 1 2 2 1 1 1 3 1 3 1 3 2 3 1
3 3 2 3 2 2 3 1 2 2 2 1 1 2 1 1 1 3 3 3 1 1 2 3




Table 2. Two 2-(9, 3, 2) ⊕ 2-(9, 3, 2)⊕ 2-(9, 3, 2) mosaics.

4. A mosaic of projective planes of order 3

Perhaps our most interesting example is given in Table 3. This is a
homogenous mosaic of symmetric 2-(13, 4, 1) designs, i.e. projective planes
of order 3. We did an exhaustive computer search and found only this
example up to isomorphism and transposition. Its full automorphism group
is of order 3, generated by α = β = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12) and
γ = (1, 2, 3). Mosaics obtained from tilings of a group G by difference
sets have G as an automorphism group acting regularly on the rows and
columns, i.e. points and blocks of the designs. Hence, this mosaic does not
come from a tiling of the group Z13 by (13, 4, 1) difference sets.

In [4] it was proved that tilings of groups with difference sets are not
possible for (13, 4, 1), (15, 7, 3), (21, 5, 1), (35, 17, 8), and (40, 13, 4). Of
course, they are also not possible if there are no difference sets, as is the
case for (31, 10, 3). Symmetric designs with all of these parameters exist
and it might be possible to constructs homogenous mosaics, as we did for
(13, 4, 1).
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C.J. Colbourn, J.H. Dinitz (Eds.), Handbook of combinatorial designs,
2nd edition, Chapman & Hall/CRC, Boca Raton, FL, 2007.

36 2-(v, k, λ) Designs of Small Order II.1

m#x m-multiple of an existing BIBD #x
m#x* m-multiple of #x that does not exist or whose existence is un-

decided
R#x (D#x) residual (derived) design of #x that exists
R#x* (D#x*) residual (derived) design of #x that does not exist or whose

existence is undecided
#x+#y union of two designs on the same set of elements
#x↓#y design #x is a design (V,B) with parameters (v, b, r, k, λ); design

#y is a design (V,D) with parameters (v, b′, b− r, k+ 1, r − λ);

add a new point ∞ to each block of B to obtain B̂; then (V, B̂∪D)
is a design with parameters (v + 1, b+ b′, b, k+ 1, r).

PG (AG) projective (affine) geometry (see §VII.2)
×1 BIBD does not exist by Bruck–Ryser–Chowla (BRC) Theorem

(see §II.6.2)
×2 BIBD is a residual of a BIBD that does not exist by the BRC

theorem, and λ = 1 or 2
×3 RBIBD does not exist by Bose’s condition (see Theorem II.7.28).
HD RBIBD(4t, 8t − 2, 4t − 1, 2t, 2t − 1) exists from a symmetric

(Hadamard) BIBD(4t− 1, 4t− 1, 2t− 1, 2t− 1, t− 1); see §V.1.

Typically no references are given under “Ref” for multiple, derived, or residual designs
of known BIBDs. A trivial formula giving Nd(v,mb,mr, k,mλ) ≥ n+ 1 is often used
provided Nd(v, b, r, k, λ) ≥ n, m ≥ 2, n ≥ 1 (similarly for Nr). The column “Where?”
gives a pointer to an explicit construction.

No v b r k λ Nd Nr Comments, Ref Where?

1 7 7 3 3 1 1 - PG(2,2) II.6.4
2 9 12 4 3 1 1 1 R#3,AG(2,3) 1.22
3 13 13 4 4 1 1 - PG(2,3) 1.26
4 6 10 5 3 2 1 0 R#7,×3 1.18
5 16 20 5 4 1 1 1 R#6,AG(2,4) 1.31
6 21 21 5 5 1 1 - PG(2,4) VI.18.73
7 11 11 5 5 2 1 - 1.26
8 13 26 6 3 1 2 - [1544] 1.27
9 7 14 6 3 2 4 - 2#1,D#20 [1665] 1.19

10 10 15 6 4 2 3 - R#13 [1665] 1.25
11 25 30 6 5 1 1 1 R#12,AG(2,5)
12 31 31 6 6 1 1 - PG(2,5) VI.18.73
13 16 16 6 6 2 3 - [898] 1.32
14 15 35 7 3 1 80 7 PG(3,2) [1241, 1544] 1.28
15 8 14 7 4 3 4 1 R#20,AG2(3,2) [1241, 898] 1.21
16 15 21 7 5 2 0 0 R#19*,×2
17 36 42 7 6 1 0 0 R#18*,×2,AG(2,6)
18 43 43 7 7 1 0 - ×1,PG(2,6)
19 22 22 7 7 2 0 - ×1
20 15 15 7 7 3 5 - PG2(3, 2) [898] 1.30
21 9 24 8 3 2 36 9 2#2,D#40 [1547] 1.23
22 25 50 8 4 1 18 - [1339, 1945] 1.34
23 13 26 8 4 2 2461 - 2#3 [1743]
24 9 18 8 4 3 11 - D#41 [898] 1.24
25 21 28 8 6 2 0 - R#28*,×2
26 49 56 8 7 1 1 1 R#27,AG(2,7)
27 57 57 8 8 1 1 - PG(2,7) VI.18.73
28 29 29 8 8 2 0 - ×1
29 19 57 9 3 1 11084874829 - [1268] VI.16.12
30 10 30 9 3 2 960 - D#54 [537, 856, 1174] VI.16.81
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2.8.4 MosaicToBlockDesigns

. MosaicToBlockDesigns(M) (function)

Transforms a mosaic of combinatorial designs M with c colors to a list of c block designs in the
Design package format.

2.8.5 ReadMat

. ReadMat(filename) (function)

Reads a list of m× n integer matrices from a file. The file starts with the number of rows m and
columns n followed by the matrix entries. Integers in the file are separated by whitespaces.

2.8.6 WriteMat

. WriteMat(filename, list) (function)

Writes a list of m× n integer matrices to a file. The number of rows m and columns n is written
first, followed by the matrix entries. Integers are separated by whitespaces.

2.8.7 AffineMosaic

. AffineMosaic(k, n, q) (function)

Returns a mosaic of designs with blocks being k -dimensional subspaces of the affine space
AG(n ,q). Uses the FinInG package. If the package is not available, the function is not loaded.

2.8.8 DifferenceMosaic

. DifferenceMosaic(G, dds) (function)

Returns the mosaic of symmetric designs obtained from a list of disjoint difference sets dds in the
group G .

2.8.9 PowersMosaic

. PowersMosaic(q, n) (function)

Returns the mosaic of symmetric designs constructed from n -th powers in the field GF(q).

2.8.10 MatAut

. MatAut(M) (function)

Computes the full autotopy group of a matrix M . It is assumed that the entries of M are consecutive
integers. Permutations of rows, columns and symbols are allowed. Represents the matrix by a colored
graph and uses nauty/Traces 2.8 by B.D.McKay and A.Piperno [MP14].

PAG 29

2.4.2 BlockDesignFilter

. BlockDesignFilter(dl[, opt]) (function)

Eliminates isomorphic copies from a list of block designs dl . Uses nauty/Traces

2.8 by B.D.McKay and A.Piperno [MP14]. This is an alternative for the
BlockDesignIsomorphismClassRepresentatives function from the Design package (DESIGN:
Automorphism groups and isomorphism testing for block designs). The optional argument opt is
a record for options. Possible components of opt are:

• Traces :=true/false Use Traces. This is the default.

• SparseNauty :=true/false Use nauty for sparse graphs.

• PointClasses :=s Color the points into classes of size s that cannot be mapped onto each
other. By default all points are in the same class.

• Positions :=true/false Return positions of nonisomorphic designs instead of the designs
themselves.

2.4.3 IntersectionNumbers

. IntersectionNumbers(d[, opt]) (function)

Returns the list of intersection numbers of the block design d . The optional argument opt is a
record for options. Possible components of opt are:

• Frequencies :=true/false If set to true, frequencies of the intersection numbers are also
returned.

2.4.4 BlockScheme

. BlockScheme(d[, opt]) (function)

Returns the block intersection association scheme of a block design d , or fail if d is not
block schematic. The optional argument opt is a record for options. If it contains the component
Matrix :=true, the block intersection matrix is returned instead. Uses the package Association-
Schemes. If the package is not available, BlockScheme always returns the block intersection matrix
and does not check if it defines an association scheme.

2.4.5 PointPairScheme

. PointPairScheme(d[, opt]) (function)

Returns the point pair association scheme of a block design d , or fail if d is not point pair
schematic. The optional argument opt is a record for options. If it contains the component
Matrix :=true, the point pair inclusion matrix is returned instead. The point pair scheme was de-
fined by Cameron [Cam75] for Steiner 3-designs. This command is a slight generalisation that works
for arbitrary designs. Uses the package AssociationSchemes. If the package is not available,
PointPairScheme always returns the point pair inclusion matrix and does not check if it defines
an association scheme.
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gap> m:=ReadMat("9-3-2ex1.txt")[1];

[ [ 1, 2, 1, 1, 2, 1, 1, 3, 3, 1, 2, 3, 1, 3, 2, 1, 3, 3, 2, 2, 3, 2, 3, 2 ],
[ 1, 1, 2, 1, 1, 2, 3, 1, 3, 3, 1, 2, 2, 1, 3, 3, 1, 3, 3, 2, 2, 2, 2, 3 ],
[ 2, 1, 1, 2, 1, 1, 3, 3, 1, 2, 3, 1, 3, 2, 1, 3, 3, 1, 2, 3, 2, 3, 2, 2 ],
[ 1, 3, 2, 2, 3, 3, 1, 2, 1, 3, 3, 1, 2, 1, 2, 2, 2, 3, 1, 3, 1, 1, 3, 2 ],
[ 2, 1, 3, 3, 2, 3, 1, 1, 2, 1, 3, 3, 2, 2, 1, 3, 2, 2, 1, 1, 3, 2, 1, 3 ],
[ 3, 2, 1, 3, 3, 2, 2, 1, 1, 3, 1, 3, 1, 2, 2, 2, 3, 2, 3, 1, 1, 3, 2, 1 ],
[ 2, 3, 3, 1, 3, 2, 3, 2, 2, 2, 2, 1, 1, 3, 3, 2, 1, 1, 1, 2, 3, 3, 1, 1 ],
[ 3, 2, 3, 2, 1, 3, 2, 3, 2, 1, 2, 2, 3, 1, 3, 1, 2, 1, 3, 1, 2, 1, 3, 1 ],
[ 3, 3, 2, 3, 2, 1, 2, 2, 3, 2, 1, 2, 3, 3, 1, 1, 1, 2, 2, 3, 1, 1, 1, 3 ]

]

gap> MosaicParameters(m);
"2-(9,3,2) + 2-(9,3,2) + 2-(9,3,2)"
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gap> m:=ReadMat("9-3-2ex1.txt")[1];

[ [ 1, 2, 1, 1, 2, 1, 1, 3, 3, 1, 2, 3, 1, 3, 2, 1, 3, 3, 2, 2, 3, 2, 3, 2 ],
[ 1, 1, 2, 1, 1, 2, 3, 1, 3, 3, 1, 2, 2, 1, 3, 3, 1, 3, 3, 2, 2, 2, 2, 3 ],
[ 2, 1, 1, 2, 1, 1, 3, 3, 1, 2, 3, 1, 3, 2, 1, 3, 3, 1, 2, 3, 2, 3, 2, 2 ],
[ 1, 3, 2, 2, 3, 3, 1, 2, 1, 3, 3, 1, 2, 1, 2, 2, 2, 3, 1, 3, 1, 1, 3, 2 ],
[ 2, 1, 3, 3, 2, 3, 1, 1, 2, 1, 3, 3, 2, 2, 1, 3, 2, 2, 1, 1, 3, 2, 1, 3 ],
[ 3, 2, 1, 3, 3, 2, 2, 1, 1, 3, 1, 3, 1, 2, 2, 2, 3, 2, 3, 1, 1, 3, 2, 1 ],
[ 2, 3, 3, 1, 3, 2, 3, 2, 2, 2, 2, 1, 1, 3, 3, 2, 1, 1, 1, 2, 3, 3, 1, 1 ],
[ 3, 2, 3, 2, 1, 3, 2, 3, 2, 1, 2, 2, 3, 1, 3, 1, 2, 1, 3, 1, 2, 1, 3, 1 ],
[ 3, 3, 2, 3, 2, 1, 2, 2, 3, 2, 1, 2, 3, 3, 1, 1, 1, 2, 2, 3, 1, 1, 1, 3 ]

]

gap> MosaicParameters(m);
"2-(9,3,2) + 2-(9,3,2) + 2-(9,3,2)"
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gap> dd:=MosaicToBlockDesigns(m);
[ rec( blocks := [ [ 1, 2, 4 ], [ 1, 2, 7 ], [ 1, 3, 6 ], [ 1, 3, 9 ],

[ 1, 4, 5 ], [ 1, 5, 8 ], [ 1, 6, 7 ], [ 1, 8, 9 ], [ 2, 3, 5 ],
[ 2, 3, 8 ], [ 2, 4, 8 ], [ 2, 5, 6 ], [ 2, 6, 9 ], [ 2, 7, 9 ],
[ 3, 4, 6 ], [ 3, 4, 7 ], [ 3, 5, 9 ], [ 3, 7, 8 ], [ 4, 5, 7 ],
[ 4, 6, 9 ], [ 4, 8, 9 ], [ 5, 6, 8 ], [ 5, 7, 9 ], [ 6, 7, 8 ] ],

isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 2, 5 ], [ 1, 2, 7 ], [ 1, 3, 4 ], [ 1, 3, 9 ],

[ 1, 4, 6 ], [ 1, 5, 9 ], [ 1, 6, 8 ], [ 1, 7, 8 ], [ 2, 3, 6 ],
[ 2, 3, 8 ], [ 2, 4, 5 ], [ 2, 4, 9 ], [ 2, 6, 7 ], [ 2, 8, 9 ],
[ 3, 4, 8 ], [ 3, 5, 6 ], [ 3, 5, 7 ], [ 3, 7, 9 ], [ 4, 5, 8 ],
[ 4, 6, 7 ], [ 4, 7, 9 ], [ 5, 6, 9 ], [ 5, 7, 8 ], [ 6, 8, 9 ] ],

isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 2, 4 ], [ 1, 2, 9 ], [ 1, 3, 6 ], [ 1, 3, 8 ],

[ 1, 4, 8 ], [ 1, 5, 6 ], [ 1, 5, 7 ], [ 1, 7, 9 ], [ 2, 3, 5 ],
[ 2, 3, 7 ], [ 2, 4, 6 ], [ 2, 5, 9 ], [ 2, 6, 8 ], [ 2, 7, 8 ],
[ 3, 4, 5 ], [ 3, 4, 9 ], [ 3, 6, 7 ], [ 3, 8, 9 ], [ 4, 5, 8 ],
[ 4, 6, 7 ], [ 4, 7, 9 ], [ 5, 6, 9 ], [ 5, 7, 8 ], [ 6, 8, 9 ] ],

isBlockDesign := true, v := 9 ) ]

gap> Size(BlockDesignFilter(dd));
1
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Homogeni mozaici

gap> dd:=MosaicToBlockDesigns(m);
[ rec( blocks := [ [ 1, 2, 4 ], [ 1, 2, 7 ], [ 1, 3, 6 ], [ 1, 3, 9 ],

[ 1, 4, 5 ], [ 1, 5, 8 ], [ 1, 6, 7 ], [ 1, 8, 9 ], [ 2, 3, 5 ],
[ 2, 3, 8 ], [ 2, 4, 8 ], [ 2, 5, 6 ], [ 2, 6, 9 ], [ 2, 7, 9 ],
[ 3, 4, 6 ], [ 3, 4, 7 ], [ 3, 5, 9 ], [ 3, 7, 8 ], [ 4, 5, 7 ],
[ 4, 6, 9 ], [ 4, 8, 9 ], [ 5, 6, 8 ], [ 5, 7, 9 ], [ 6, 7, 8 ] ],

isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 2, 5 ], [ 1, 2, 7 ], [ 1, 3, 4 ], [ 1, 3, 9 ],

[ 1, 4, 6 ], [ 1, 5, 9 ], [ 1, 6, 8 ], [ 1, 7, 8 ], [ 2, 3, 6 ],
[ 2, 3, 8 ], [ 2, 4, 5 ], [ 2, 4, 9 ], [ 2, 6, 7 ], [ 2, 8, 9 ],
[ 3, 4, 8 ], [ 3, 5, 6 ], [ 3, 5, 7 ], [ 3, 7, 9 ], [ 4, 5, 8 ],
[ 4, 6, 7 ], [ 4, 7, 9 ], [ 5, 6, 9 ], [ 5, 7, 8 ], [ 6, 8, 9 ] ],

isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 2, 4 ], [ 1, 2, 9 ], [ 1, 3, 6 ], [ 1, 3, 8 ],

[ 1, 4, 8 ], [ 1, 5, 6 ], [ 1, 5, 7 ], [ 1, 7, 9 ], [ 2, 3, 5 ],
[ 2, 3, 7 ], [ 2, 4, 6 ], [ 2, 5, 9 ], [ 2, 6, 8 ], [ 2, 7, 8 ],
[ 3, 4, 5 ], [ 3, 4, 9 ], [ 3, 6, 7 ], [ 3, 8, 9 ], [ 4, 5, 8 ],
[ 4, 6, 7 ], [ 4, 7, 9 ], [ 5, 6, 9 ], [ 5, 7, 8 ], [ 6, 8, 9 ] ],

isBlockDesign := true, v := 9 ) ]

gap> Size(BlockDesignFilter(dd));
1
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Homogeni mozaici

gap> MakeResolutionsComponent(dd[1]);
gap> dd[1].resolutions.list;
[ ]

gap> m:=ReadMat("9-3-2ex2.txt")[1];

[ [ 1, 2, 1, 1, 2, 1, 1, 3, 3, 1, 3, 3, 1, 3, 2, 1, 2, 3, 3, 2, 2, 3, 2, 2 ],
[ 1, 1, 2, 1, 1, 2, 3, 1, 3, 3, 1, 3, 2, 1, 3, 3, 1, 2, 2, 3, 2, 2, 3, 2 ],
[ 2, 1, 1, 2, 1, 1, 3, 3, 1, 3, 3, 1, 3, 2, 1, 2, 3, 1, 2, 2, 3, 2, 2, 3 ],
[ 1, 3, 2, 3, 3, 1, 2, 2, 1, 2, 1, 3, 3, 3, 2, 2, 3, 2, 1, 2, 1, 1, 3, 1 ],
[ 2, 1, 3, 1, 3, 3, 1, 2, 2, 3, 2, 1, 2, 3, 3, 2, 2, 3, 1, 1, 2, 1, 1, 3 ],
[ 3, 2, 1, 3, 1, 3, 2, 1, 2, 1, 3, 2, 3, 2, 3, 3, 2, 2, 2, 1, 1, 3, 1, 1 ],
[ 2, 3, 3, 2, 3, 2, 2, 3, 1, 1, 2, 2, 1, 1, 2, 3, 1, 1, 1, 3, 3, 3, 1, 2 ],
[ 3, 2, 3, 2, 2, 3, 1, 2, 3, 2, 1, 2, 2, 1, 1, 1, 3, 1, 3, 1, 3, 2, 3, 1 ],
[ 3, 3, 2, 3, 2, 2, 3, 1, 2, 2, 2, 1, 1, 2, 1, 1, 1, 3, 3, 3, 1, 1, 2, 3 ]

]

gap> MosaicParameters(m);
"2-(9,3,2) + 2-(9,3,2) + 2-(9,3,2)"
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Homogeni mozaici

gap> MakeResolutionsComponent(dd[1]);
gap> dd[1].resolutions.list;
[ ]

gap> m:=ReadMat("9-3-2ex2.txt")[1];

[ [ 1, 2, 1, 1, 2, 1, 1, 3, 3, 1, 3, 3, 1, 3, 2, 1, 2, 3, 3, 2, 2, 3, 2, 2 ],
[ 1, 1, 2, 1, 1, 2, 3, 1, 3, 3, 1, 3, 2, 1, 3, 3, 1, 2, 2, 3, 2, 2, 3, 2 ],
[ 2, 1, 1, 2, 1, 1, 3, 3, 1, 3, 3, 1, 3, 2, 1, 2, 3, 1, 2, 2, 3, 2, 2, 3 ],
[ 1, 3, 2, 3, 3, 1, 2, 2, 1, 2, 1, 3, 3, 3, 2, 2, 3, 2, 1, 2, 1, 1, 3, 1 ],
[ 2, 1, 3, 1, 3, 3, 1, 2, 2, 3, 2, 1, 2, 3, 3, 2, 2, 3, 1, 1, 2, 1, 1, 3 ],
[ 3, 2, 1, 3, 1, 3, 2, 1, 2, 1, 3, 2, 3, 2, 3, 3, 2, 2, 2, 1, 1, 3, 1, 1 ],
[ 2, 3, 3, 2, 3, 2, 2, 3, 1, 1, 2, 2, 1, 1, 2, 3, 1, 1, 1, 3, 3, 3, 1, 2 ],
[ 3, 2, 3, 2, 2, 3, 1, 2, 3, 2, 1, 2, 2, 1, 1, 1, 3, 1, 3, 1, 3, 2, 3, 1 ],
[ 3, 3, 2, 3, 2, 2, 3, 1, 2, 2, 2, 1, 1, 2, 1, 1, 1, 3, 3, 3, 1, 1, 2, 3 ]

]

gap> MosaicParameters(m);
"2-(9,3,2) + 2-(9,3,2) + 2-(9,3,2)"
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Homogeni mozaici

gap> MakeResolutionsComponent(dd[1]);
gap> dd[1].resolutions.list;
[ ]

gap> m:=ReadMat("9-3-2ex2.txt")[1];

[ [ 1, 2, 1, 1, 2, 1, 1, 3, 3, 1, 3, 3, 1, 3, 2, 1, 2, 3, 3, 2, 2, 3, 2, 2 ],
[ 1, 1, 2, 1, 1, 2, 3, 1, 3, 3, 1, 3, 2, 1, 3, 3, 1, 2, 2, 3, 2, 2, 3, 2 ],
[ 2, 1, 1, 2, 1, 1, 3, 3, 1, 3, 3, 1, 3, 2, 1, 2, 3, 1, 2, 2, 3, 2, 2, 3 ],
[ 1, 3, 2, 3, 3, 1, 2, 2, 1, 2, 1, 3, 3, 3, 2, 2, 3, 2, 1, 2, 1, 1, 3, 1 ],
[ 2, 1, 3, 1, 3, 3, 1, 2, 2, 3, 2, 1, 2, 3, 3, 2, 2, 3, 1, 1, 2, 1, 1, 3 ],
[ 3, 2, 1, 3, 1, 3, 2, 1, 2, 1, 3, 2, 3, 2, 3, 3, 2, 2, 2, 1, 1, 3, 1, 1 ],
[ 2, 3, 3, 2, 3, 2, 2, 3, 1, 1, 2, 2, 1, 1, 2, 3, 1, 1, 1, 3, 3, 3, 1, 2 ],
[ 3, 2, 3, 2, 2, 3, 1, 2, 3, 2, 1, 2, 2, 1, 1, 1, 3, 1, 3, 1, 3, 2, 3, 1 ],
[ 3, 3, 2, 3, 2, 2, 3, 1, 2, 2, 2, 1, 1, 2, 1, 1, 1, 3, 3, 3, 1, 1, 2, 3 ]

]

gap> MosaicParameters(m);
"2-(9,3,2) + 2-(9,3,2) + 2-(9,3,2)"
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Homogeni mozaici

gap> dd:=MosaicToBlockDesigns(m);
[ rec( blocks := [ [ 1, 2, 4 ], [ 1, 2, 5 ], [ 1, 3, 4 ], [ 1, 3, 6 ],

[ 1, 5, 8 ], [ 1, 6, 7 ], [ 1, 7, 9 ], [ 1, 8, 9 ], [ 2, 3, 5 ],
[ 2, 3, 6 ], [ 2, 4, 8 ], [ 2, 6, 9 ], [ 2, 7, 8 ], [ 2, 7, 9 ],
[ 3, 4, 7 ], [ 3, 5, 9 ], [ 3, 7, 8 ], [ 3, 8, 9 ], [ 4, 5, 7 ],
[ 4, 5, 9 ], [ 4, 6, 8 ], [ 4, 6, 9 ], [ 5, 6, 7 ], [ 5, 6, 8 ] ],

isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 2, 5 ], [ 1, 2, 7 ], [ 1, 3, 4 ], [ 1, 3, 9 ],

[ 1, 4, 7 ], [ 1, 5, 6 ], [ 1, 6, 8 ], [ 1, 8, 9 ], [ 2, 3, 6 ],
[ 2, 3, 8 ], [ 2, 4, 6 ], [ 2, 4, 9 ], [ 2, 5, 8 ], [ 2, 7, 9 ],
[ 3, 4, 5 ], [ 3, 5, 7 ], [ 3, 6, 9 ], [ 3, 7, 8 ], [ 4, 5, 8 ],
[ 4, 6, 7 ], [ 4, 8, 9 ], [ 5, 6, 9 ], [ 5, 7, 9 ], [ 6, 7, 8 ] ],

isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 2, 4 ], [ 1, 2, 8 ], [ 1, 3, 6 ], [ 1, 3, 7 ],

[ 1, 4, 5 ], [ 1, 5, 9 ], [ 1, 6, 7 ], [ 1, 8, 9 ], [ 2, 3, 5 ],
[ 2, 3, 9 ], [ 2, 4, 8 ], [ 2, 5, 6 ], [ 2, 6, 7 ], [ 2, 7, 9 ],
[ 3, 4, 6 ], [ 3, 4, 8 ], [ 3, 5, 9 ], [ 3, 7, 8 ], [ 4, 5, 7 ],
[ 4, 6, 9 ], [ 4, 7, 9 ], [ 5, 6, 8 ], [ 5, 7, 8 ], [ 6, 8, 9 ] ],

isBlockDesign := true, v := 9 ) ]

gap> Size(BlockDesignFilter(dd));
3
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[ 1, 4, 5 ], [ 1, 5, 9 ], [ 1, 6, 7 ], [ 1, 8, 9 ], [ 2, 3, 5 ],
[ 2, 3, 9 ], [ 2, 4, 8 ], [ 2, 5, 6 ], [ 2, 6, 7 ], [ 2, 7, 9 ],
[ 3, 4, 6 ], [ 3, 4, 8 ], [ 3, 5, 9 ], [ 3, 7, 8 ], [ 4, 5, 7 ],
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Homogeni mozaici

gap> MakeResolutionsComponent(dd[1]);
gap> MakeResolutionsComponent(dd[2]);
gap> MakeResolutionsComponent(dd[3]);

gap> dd[1].resolutions.list;
[ rec( autGroup := Group([ (1,5,8)(2,6,9)(3,4,7), (1,7,6)(2,8,4)(3,9,5), (1,2)(4,5)(7,9) ]),

partition :=
[ rec( blocks := [ [ 1, 2, 4 ], [ 3, 8, 9 ], [ 5, 6, 7 ] ], isBlockDesign := true, v := 9 ),

rec( blocks := [ [ 1, 2, 5 ], [ 3, 7, 8 ], [ 4, 6, 9 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 3, 4 ], [ 2, 7, 9 ], [ 5, 6, 8 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 3, 6 ], [ 2, 7, 8 ], [ 4, 5, 9 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 5, 8 ], [ 2, 6, 9 ], [ 3, 4, 7 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 6, 7 ], [ 2, 4, 8 ], [ 3, 5, 9 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 7, 9 ], [ 2, 3, 5 ], [ 4, 6, 8 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 8, 9 ], [ 2, 3, 6 ], [ 4, 5, 7 ] ], isBlockDesign := true, v := 9 ) ]

) ]

gap> dd[2].resolutions.list;
[ ]
gap> dd[3].resolutions.list;
[ ]
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[ rec( autGroup := Group([ (1,5,8)(2,6,9)(3,4,7), (1,7,6)(2,8,4)(3,9,5), (1,2)(4,5)(7,9) ]),

partition :=
[ rec( blocks := [ [ 1, 2, 4 ], [ 3, 8, 9 ], [ 5, 6, 7 ] ], isBlockDesign := true, v := 9 ),

rec( blocks := [ [ 1, 2, 5 ], [ 3, 7, 8 ], [ 4, 6, 9 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 3, 4 ], [ 2, 7, 9 ], [ 5, 6, 8 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 3, 6 ], [ 2, 7, 8 ], [ 4, 5, 9 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 5, 8 ], [ 2, 6, 9 ], [ 3, 4, 7 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 6, 7 ], [ 2, 4, 8 ], [ 3, 5, 9 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 7, 9 ], [ 2, 3, 5 ], [ 4, 6, 8 ] ], isBlockDesign := true, v := 9 ),
rec( blocks := [ [ 1, 8, 9 ], [ 2, 3, 6 ], [ 4, 5, 7 ] ], isBlockDesign := true, v := 9 ) ]

) ]

gap> dd[2].resolutions.list;
[ ]
gap> dd[3].resolutions.list;
[ ]
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Mozaici projektivnih ravnina
V. Krčadinac, Small examples of mosaics of combinatorial designs,
preprint, 2024. https://arxiv.org/abs/2405.12672SMALL EXAMPLES OF MOSAICS OF COMBINATORIAL DESIGNS 5




0 1 2 1 3 2 3 1 1 3 3 2 2
3 0 2 3 2 1 2 1 2 3 1 1 3
3 1 0 2 1 3 3 3 2 2 1 2 1
3 3 1 0 1 1 2 2 1 2 3 3 2
2 1 1 2 0 2 2 3 3 1 3 1 3
2 3 2 3 3 0 1 3 1 2 2 1 1
1 2 2 2 3 3 0 2 1 1 1 3 3
3 2 3 1 3 1 2 0 3 1 2 2 1
1 1 3 2 2 1 1 3 0 3 2 3 2
1 3 3 1 1 2 3 2 2 0 2 1 3
1 2 1 3 2 2 3 1 3 2 0 3 1
2 2 3 3 1 3 1 1 2 1 3 0 2
2 3 1 1 2 3 1 2 3 3 1 2 0




Table 3. A 2-(13, 4, 1)⊕ 2-(13, 4, 1)⊕ 2-(13, 4, 1) ⊕ 2-(13, 1, 0) mosaic.

The examples presented in this paper are available on the web page

https://web.math.pmf.unizg.hr/~krcko/results/mosaics.html

They can be analyzed using the GAP package Prescribed Automorphism
Groups [8] and our claims about their properties can be verified.
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Mozaici projektivnih ravnina

Za koje redove q postoji q-mozaik projektivnih ravnina reda q?

(q2 + q + 1, q + 1, 1)⊕ · · · ⊕ (q2 + q + 1, q + 1, 1)⊕ (q2 + q + 1, 1, 0)

q 2 3 4 5 7 8 9 · · ·
Popločavanje X 7 7 X X X ? · · ·

Mozaik X X ? X X X ? · · ·
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Mozaici projektivnih ravnina

gap> m:=ReadMat("13-4-1.txt")[1];
[ [ 0, 1, 2, 1, 3, 2, 3, 1, 1, 3, 3, 2, 2 ],

[ 3, 0, 2, 3, 2, 1, 2, 1, 2, 3, 1, 1, 3 ],
[ 3, 1, 0, 2, 1, 3, 3, 3, 2, 2, 1, 2, 1 ],
[ 3, 3, 1, 0, 1, 1, 2, 2, 1, 2, 3, 3, 2 ],
[ 2, 1, 1, 2, 0, 2, 2, 3, 3, 1, 3, 1, 3 ],
[ 2, 3, 2, 3, 3, 0, 1, 3, 1, 2, 2, 1, 1 ],
[ 1, 2, 2, 2, 3, 3, 0, 2, 1, 1, 1, 3, 3 ],
[ 3, 2, 3, 1, 3, 1, 2, 0, 3, 1, 2, 2, 1 ],
[ 1, 1, 3, 2, 2, 1, 1, 3, 0, 3, 2, 3, 2 ],
[ 1, 3, 3, 1, 1, 2, 3, 2, 2, 0, 2, 1, 3 ],
[ 1, 2, 1, 3, 2, 2, 3, 1, 3, 2, 0, 3, 1 ],
[ 2, 2, 3, 3, 1, 3, 1, 1, 2, 1, 3, 0, 2 ],
[ 2, 3, 1, 1, 2, 3, 1, 2, 3, 3, 1, 2, 0 ] ]

gap> MosaicParameters(m);
"2-(13,4,1) + 2-(13,4,1) + 2-(13,4,1)"

gap> aut:=MatAut(m);
Group([ (1,3,2)(4,6,5)(7,9,8)(10,12,11)

(14,16,15)(17,19,18)(20,22,21)(23,25,24)
(28,30,29) ])
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Mozaici projektivnih ravnina

gap> m:=ReadMat("13-4-1.txt")[1];
[ [ 0, 1, 2, 1, 3, 2, 3, 1, 1, 3, 3, 2, 2 ],

[ 3, 0, 2, 3, 2, 1, 2, 1, 2, 3, 1, 1, 3 ],
[ 3, 1, 0, 2, 1, 3, 3, 3, 2, 2, 1, 2, 1 ],
[ 3, 3, 1, 0, 1, 1, 2, 2, 1, 2, 3, 3, 2 ],
[ 2, 1, 1, 2, 0, 2, 2, 3, 3, 1, 3, 1, 3 ],
[ 2, 3, 2, 3, 3, 0, 1, 3, 1, 2, 2, 1, 1 ],
[ 1, 2, 2, 2, 3, 3, 0, 2, 1, 1, 1, 3, 3 ],
[ 3, 2, 3, 1, 3, 1, 2, 0, 3, 1, 2, 2, 1 ],
[ 1, 1, 3, 2, 2, 1, 1, 3, 0, 3, 2, 3, 2 ],
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Mozaici – TO DO lista
Pitanja o mozaicima projektivnih ravnina:

1 Postoji li mozaik za q = 4?
2-(21, 5, 1)⊕ 2-(21, 5, 1)⊕ 2-(21, 5, 1)⊕ 2-(21, 5, 1)⊕ 2-(21, 1, 0)

2 Postoje li “planarna” popločavanja grupa za q = 9 i veće redove?

3 Može li se Hasse-Minkowskijeva teorija primijeniti na ovaj problem?

Kramer-Mesnerova metoda za mozaike

Za automorfizme s γ = id : blokovi su particije v -skupa umjesto
k-podskupova v -skupa

Problemi: G-orbita particija ima vǐse, mozaici “ne vole” automorfizme

Kako raditi za autotopije s γ 6= id?
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Problemi: G-orbita particija ima vǐse, mozaici “ne vole” automorfizme

Kako raditi za autotopije s γ 6= id?
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Mozaici – TO DO lista

Diferencijske familije za mozaike

Nehomogene mozaike 2-(13, 3, 1)⊕ 2-(13, 4, 2)⊕ 2-(13, 6, 5) dobivamo
od ovakvih uredenih diferencijskih familija u Z13:

F1 = ({0, 1, 4}, {0, 2, 7})

F2 = ({2, 6, 7, 9}, {1, 3, 10, 11})

F3 = ({3, 5, 8, 10, 11, 12}, {4, 5, 6, 8, 9, 12})

M. Buratti, J. Yan, C. Wang, From a 1-rotational RBIBD to a partitioned
difference family, Electron. J. Combin. 17 (2010), no. 1, R139, 23 pp.

M. Buratti, On disjoint (v , k, k − 1) difference families, Des. Codes
Cryptogr. 87 (2019), no. 4, 745–755.
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V. Krčadinac (PMF-MO) Mali primjeri mozaika 29.5.2024. 53 / 55

https://doi.org/10.37236/411
https://doi.org/10.37236/411
https://doi.org/10.1007/s10623-018-0511-4
https://doi.org/10.1007/s10623-018-0511-4


Mozaici – TO DO lista
M. Buratti, D. Jungnickel, Partitioned difference families: the storm has
not yet passed, Adv. Math. Commun. 17 (2023), no. 4, 928–934.

M. Buratti, D. Jungnickel, Partitioned difference families and harmonious
linear spaces, Finite Fields Appl. 92 (2023), 102274, 21 pp.

Obojeni dizajni i Z4-kodovi

I. Duursma, T. Helleseth, C. Rong, K. Yang, Split weight enumerators for
the Preparata codes with applications to designs, Des. Codes Cryptogr.
18 (1999), no. 1–3, 103–124.

A. Bonnecaze, E. Rains, P. Solé, 3-colored 5-designs and Z4-codes,
J. Statist. Plann. Inference 86 (2000), no. 2, 349–368.

5-(24, 8, 800)⊕ 5-(24, 8, 800)⊕ 5-(24, 8, 800)
5-(24, 6, 54)⊕ 5-(24, 8, 504)⊕ 5-(24, 10, 2268)

5-(24, (6, 8, 10), 382 536)
(24

6
)

= 134 596
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Hvala na pažnji!
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